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Abstract

We study a problem that arises naturally in the discrete quantum computation model
introduced in Gatti and Lacalle (Quantum Inf Process 17:192, 2018). Given an
orthonormal system of discrete quantum states of level k (k € N), can this system be
extended to an orthonormal basis of discrete quantum states of the same level? This
question turns out to be a difficult problem in number theory with very deep implica-
tions. In this article, we focus on the simplest version of the problem, 2-qubit systems
with integers (instead of Gaussian integers) as coordinates, but with normalization
factor ,/p (p € N¥), instead of V2K, being p a prime number. With these simplifica-
tions, we prove the following orthogonal version of Lagrange’s four-square theorem:
Given a prime number p and vy, ..., vt € 7% 1 < k < 3, such that ||v1-||2 = p for
all 1 <i < kand (v;|v;) = O0forall 1 <i < j < k, then there exists a vector
v = (x1, X2, X3, x4) € Z* such that (v;|v) =0 forall 1 <i < k and

2 2 2 2 2
lvll” = x7 + x5 + x5 + x5 = p.

This means that, in Z*, any system of orthogonal vectors of norm p can be completed
to a basis. Besides, we conjecture that the result holds for every integer norm p > 1
and for every space Z" where n = 0 mod 4, and that the initial question has a positive
answer.
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1 Introduction

The model of discrete quantum computation introduced in [5] is focused on the discrete
quantum states (from now on discrete states). Its objective is to define a set of discrete
states that verify the following properties: It describes real states in quantum physics,
preserves the main characteristics of quantum states (superposition and entanglement),
allows to approximate general quantum states and, above all, contains simple quantum
states. Of all the possible sets of discrete states, there is one that, fulfilling the first three
properties, is the most outstanding in terms of simplicity of the states. It is the set of
Gaussian coordinate states, which includes all the quantum states whose coordinates
in the computational basis, except for a normalization factor V2, belong to the ring
of Gaussian integers

Zlil = {a + bi | a,b € Z}.

For this, the authors introduce a set of quantum gates that verify the following
properties: It contains quantum gates that transform discrete states into discrete states
and it generates all discrete states. The model includes two elementary quantum gates
that verify the above properties: H and G. The Hadamard gate H allows superposition,
while the other one, G, is a 3-qubit gate. Two of them are control qubits, while the
third is the target. If the control qubits are in state | 1), then the gate V is applied to the

third qubit
1 0
- %)

These quantum gates allow the construction of all Gaussian coordinate states ([5],
Theorem 3.8) and allow to identify these states with the discrete states on which the
model of discrete quantum computation is based.

Then an n-qubit ¥ is a discrete state if and only if there is a natural number £ such
that

2"—1
U= Z(aj +bji)|j)  withaj,b; €Z forall 0<j <2". (1)
Vo =

Therefore, the discrete state ¥ is associated with the Diophantine equation
@G+ b4 A ad_ +bh_ =2 with aj,bj €Z forall 0 < j <2".  (2)

The index k in the normalization factor provides an interesting point of view about the
discrete states [5]. Namely, the states can be classified in different levels of discretiza-
tion, depending on k. Given a discrete state, the authors say that it belongs to the level
k if k is in smaller natural number for which Eq. (2) is fulfilled. These levels depict the
degree of precision or approximation of discrete states in relation to continuous states.

The results that we present in this article are closely linked to the properties and to
the conjecture about the generation of discrete quantum gates (from now on discrete
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gates) exposed in [5]. The authors define the discrete gates as those quantum gates that
leave the set of discrete states invariant. They prove that a quantum gate is a discrete
gate if and only if in its matrix representation, with respect to the computational
basis, its columns are discrete states of levels of the same parity ([5], Theorem 4.2).
Obviously the rows of the discrete gates verify the same property. They also prove a
surprising property that initially was not part of the objectives of the discrete quantum
computing model: Every 2-qubit discrete gate can be decomposed into a product of H
and G gates ([5], Theorem 4.16). They also conjecture that every n-qubit discrete gate,
with n > 3, can also be generated within the model ([5], Abstract and Introduction).
In our work, we reformulate (expand) this conjecture in the following way.

Conjecture 1 Given a set of n-qubit discrete states of levels of the same parity and
orthogonal two to two, it is possible to build all of them simultaneously (applying a
given circuit to different states of the computational basis), using the conforming gates
H and G.

Observe that the conjecture also makes sense for 2-qubits, since in [5] it has only
been proved for sets of 4 discrete states. And note that the conjecture is also interesting
in the non-discrete case, since it asks about the possibility of simultaneously construct-
ing up to 2" quantum states simultaneously. In this case, the conjecture is obviously
true. Simply complete the orthonormal basis, for example using the Gram—Schmidt
method, and decompose the resulting unitary matrix into product of basic quantum
gates. Therefore, it makes sense to ask whether it is in the case of discrete quantum
computation.

Before continuing, let us relax the discrete state level definition given in [5] to
any value of k for which the discrete state verifies Eq. (2). We will call these values
widespread levels. Note that if k is a widespread level of a discrete state then k + 2 is
also. To prove this, it is enough to divide the normalization factor by 2 and multiply by
2 the Gaussian coordinates of the representation of the discrete state with widespread
level k [in Eq. (1)]. Then, a discrete state has widespread level k if and only if it is of
the form ko + 2, where ko is the level of the discrete state and j a natural number.
This property allows to write all discrete states (with levels of the same parity) at the
same widespread level.

Let us see that, somehow, building a set of orthogonal discrete states is equivalent
to completing the set to an orthonormal basis. For this reason, we will focus on this
article in the following problem.

Problem 1 Given a natural number k and W1, ..., ¥; n-qubit discrete states with
widespread level k, 1 < j < 2", such that (¥;|W¥,,) = 0forall1 <i <m < j, then
is there an n-qubit discrete state with widespread level k, ¥, such that (&;|¥) = 0
foralll <i <j?

Based on the following result, every 2-qubit discrete gate can be decomposed into
a product of H and G gates ([5], Theorem 4.16); it is easy to establish the follow-
ing equivalence: For 2-qubits, Conjecture 1 is true if and only if Problem 1 has an
affirmative answer.

We have established the relationship between Problem 1, whose study is the objec-
tive of this article, and the simultaneous construction of discrete states of levels of the
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same parity and orthogonal two to two (Conjecture 1). The resolution of this prob-
lem would allow us to build bases with special characteristics, and it would help us to
demonstrate the conjecture that any n-qubit discrete gate, withn > 3, can be generated
with the elementary quantum gates of the discrete quantum computation model [5].

Undoubtedly the problem that is studied in this article has important connections
with the model of discrete quantum computing and, consequently, with quantum com-
puting. As we are going to see, it also has implications for scientific fields such as
number theory, geometry of numbers and theory of lattices. In addition, we believe that
discrete models will have a great influence on quantum information theory and, indi-
rectly, on quantum physics itself. Quantum computing, to be viable, needs some kind
of discretization and that quantum physics, somehow, allows some self-correcting sys-
tem beyond the quantum error-correcting codes. We will analyze these considerations
in the conclusions.

Now, let us analyze the connection between discrete quantum computing and
Lagrange’s four-square theorem. The fact that establishes this connection is that the
discrete states have to satisfy Eq. (2). Lagrange’s four-square theorem [8] says that
every natural number is a sum of four squared integer numbers and, consequently,
guarantees that there exist discrete states for any level k > 0 and for any number of
qubits n > 1.

As we have already commented, the discrete quantum computation model would
have better properties if all orthonormal systems of discrete states could always be
extended to an orthonormal basis, i.e., if Problem 1 has an affirmative answer.

Problem 1 is an orthogonal version of Lagrange’s four-square theorem, i.e., the dis-
crete state ¥ must verify the Diophantine equation (2) and the following orthogonality
conditions:

(F;|@) =0 forall 1 <i <.

Note that given a value of k, if Eq. 2 has a solution for a 1-qubit, then it has a
solution for every number of qubits n > 2. Nevertheless, this generalization is not
necessarily true for Problem 1, because of orthogonality conditions. Therefore, the
problem has its own entity for any number of qubits #.

Problem 1 turns out to be a difficult question in number theory and has deep implica-
tions. For this reason, we begin with the following simplification that most resembles
Lagrange’s four-square problem: n = 2, integers as coordinates instead of Gaussian
integers and normalization factor ,/p, being p a prime number, instead of V2K,

Problem 2 Given a prime number p and vy, ..., vx € 78 1 < k < 3, such that
lvill> = p forall 1 <i < k and (vilvj)) =0 foralll <i < j <k, then is
there a vector v = (x1, X2, X3, X4) € Z* such that (vilv) =0 forall 1 <i < k and
vl = x} 4+ x5 + x5 +xF = p?

The outline of the article is as follows: In Sect. 2, we prove the main result. In Sect. 3,
we expose several generalizations and conjectures related to the proposed problems. In
Sect. 4, we include some conclusions. Finally we include references and “Appendices
A and B,” respectively. In “Appendix A,” we put Problem 2 in context, discussing
the main results related to Lagrange’s four-square problem. And in “Appendix B,” we
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include the demonstration of the most complicated case of the main result given in
Sect. 2.

2 Orthogonal version of Lagrange’s four-square theorem

Firstof all, let us introduce some basic concepts. Given a natural number 1 < k < 4 and
asetof vectors vy, . .., vx € Z* such that ||v;||> = pforall 1 <i < k and (vilvj) =0
forall 1 <i < j <k,wewill say that § = {vy, ..., vt }is a p-orthonormal system
and, if k = 4, that S is a p-orthonormal basis.

Given a p-orthonormal system S, we will call support of S, supp(S), to
{i | 3j such that the i-coordinate of v; # 0} and we will say that [supp(S)| is the
support size of S.

In this context, the problem we are dealing with (Problem 2) is stated as follows:
Given a prime number p and a p-orthonormal system S = {vy,..., v}, 1 <k <3,
prove that there exists v € Z* such that (v;|v) =0 forall 1 <i <k and ||v]? = p.

To prove the result, we consider four cases. Three of them are solved with basic
linear algebra techniques. However, the fourth case is much more difficult and requires
the use of lattices and some number theory results. The details of this case are included
in “Appendix B.”

Case 1: one-vector p-orthonormal systems.

If the p-orthonormal system S has a single vector v = (x1, x2, X3, X4), the solu-
tion (valid for all p > 1) is trivial: The required vector is, for example, v =
(x2, —x1, X4, —X3).

Case 2: two-vector p-orthonormal systems with support size 2.

If the p-orthonormal system S has two vectors with [supp(S)| = 2, the solution (valid
for all p > 1) is as well trivial. Suppose, without loss of generality, that supp(S) =
{1,2}, vi = (x1,x2,0,0) and v2 = (y1, ¥2,0,0). Then, the required vector is, for
example, v = (0, 0, x1, x2).

Case 3: three-vector p-orthonormal systems.

If the p-orthonormal system § has three vectors, their exterior product allows us to
obtain the required vector (valid for all p > 1).

We will use identities among polynomials in many variables whose demonstration
only requires proving that the polynomial expansion of the difference of both members
of the equalities equals 0. We will call this type of proof polynomial checking.

Given the coordinates of the three vectors of S, vi = (x1, x2, X3, x4), v2 = (y1, ¥2,
v3, ya) and v3 = (21, 22, 23, 24), wWe consider the exterior product ¢ = (¢, t2, 13, 14)
where

X2 X3 X4 X1 X3 X4
n=—1y2 Y3 y4|, b=|yY1 Y3 Y4|,
22 23 24 21 23 24
X1 X2 X4 X1 X2 X3
B3=—|y1 Y2 y|andtgz=|y1 y2 y3|.
21 22 4 Z1 22 23

It can be proved, by polynomial checking, that (v;|t) = Oforall 1 <i <3.

@ Springer



34  Page6o0f20 J.Lacalle, L. N. Gatti

In order to calculate ||7]|2, let us prove that tl.2 = p*(p — xi2 — yi2 - ziz) for all
1 < i < 4. We do it for #4 since, by symmetry, the demonstration for the rest of
coordinates of ¢ is analogous.

Considering the vectors x = (x, x2, x3), y = (¥1, y2, ¥3) and z = (21, 22, 23), We
can prove, again by polynomial checking, that

2= IxIP Iy I zl1® + 2(x[y) (x]2) (v]2)
—llx I (y12) = IylI*(xlz)? = izl ly)2. A3)

Now we can prove that

P* (p—xd =33 = 23) = 1P Iy IP 12l 4+ 26x19) x1) (012)
=212 = Iy IPixl2)® = Iz xly)?, @)

entering on the right side of the previous equality the values

IxI?=p—x2,  (x|y) = —xaya,
IylI>=p—y:,  (xlz) = —x424,
IzI? = p—2z3,  (ylz) = —yaza

and applying, once again, polynomial checking.

Joining Eqs. 3 and 4, it is concluded that t} =p*(p — x‘% — y‘% - zi).

Finally, the vector v = ¢/ p has the required properties: (v;|v) = Oforall1 <i <3
and [[v]|* = p.
Case 4: two-vector p-orthonormal system with support size > 2.
Given a prime number p and a p-orthonormal system S = { vy, v> } with [supp(S)| >
2, there exists v € Z* such that it verifies (vi|v) = (v2|v) = 0 and ||v]|*> = p (see
Theorem 3).

Details of the demonstration are included in “Appendix B.”

The following theorem is a consequence of the four cases considered previously.

Theorem 1 Given a prime number p and a p-orthonormal system in Z*, S, then S
can be extended to a p-orthonormal basis.

3 Generalizations

We have proved that every p-orthonormal system of vectors in Z* can be extended to
a p-orthonormal basis if p is a prime number. Besides, we have verified the result for
every 1 < p < 10,000. In this section, all verifications for given values of p and n
have been made by exhaustive checking of all p-orthonormal systems in Z", using a
specific C program on a personal computer. From the previous results, we conjecture
that the following result holds.

Conjecture 2 Given an integer number p > 1 and a p-orthonormal system in 72, S,
then S can be extended to a p-orthonormal basis.

@ Springer



Discrete quantum computation and Lagrange’s four-square. .. Page 7 of 20 34

The most natural generalization of the problem is to consider it in any dimension
n > 1, i.e., to study the problem in Z".

Problem 3 Given an integer number p > 1 and a p-orthonormal system in 7", S, can
S be extended to a p-orthonormal basis?

An analogous construction to that given in Sect. 2, Case 1 shows the result forn = 2.
Note that if p cannot be written as a sum of two squares [6] (the prime decomposition
of p contains a prime congruent to 3 mod4 raised to an odd power), there are no
p-orthonormal systems in Z2. The case of dimension 4 has already been studied, and
in the case n = 8, we have checked the result for 1 < p < 36.

To analyze the problem in other dimensions, we try to find counterexamples that
help us to understand in which cases the problem has a positive answer. If p is not a
square and there exists a p-orthonormal basis in Z", then there are counterexamples for
p in dimension n + 1. Indeed, let {v; ..., v,} be a p-orthonormal basis in dimension
n. Then {w; ..., w,} is a p-orthonormal system in dimension n + 1 that cannot be
extended to a p-orthonormal basis, being:

wj = (j1,...,Vj,,0) where v; =(j1,...,0j,) 1 <j<n.
This construction allows us to find counterexamples for any dimension n #

Omod4, n # 1 and n # 2. Given an integer p > 1, we consider the p-orthonormal
basis S; = {v1, v, v3, v4} in Z* and the matrix A,

v = (x1, X2, X3, X4) X1 X2 X3 x4

vy = (—Xx2, X1, —X4, X3) —X) X] —X4 X3
and A = ,

v3 = (—x3, X4, X1, —X2) —X3 X4 X] —X2

v4 = (X4, X3, —X2, —X1) X4 X3 —Xx2 —X|

where p = x12 +x§ +x32 —}—x‘%. If p can be written as a sum of two squares, p = yl2 —i—y%,
we define the p-orthonormal basis S» = {u1, u»} in Z? and the matrix B,

ur = (1, y2) and B[ M
v2 = (=y2, 1) - n)’

Then, the rows of the following matrices Cq, C; and C3 define non-extensible p-
orthonormal systems, for dimensions n such that n mod 4 is 1, 2 or 3, respectively:

(1) Cyif pisnotasquare,n = 1l mod4 and n # 1.
(ii) Cj if p cannot be written as a sum of two squares, n = 2mod4 and n #* 2.
(iii) Czif pisnotasquare and can be written as a sum of two squares and # = 3 mod 4.

A .. 0 0 A .. 0 0 0 A - 0 0 O
Ci=|: . = = Cr=\|: - = = Cy = oo
: T : oo 0 100
o --- A O o --- A 0 O 0 0o B 0
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The experimental verifications and the previous counterexamples make us think
that the generalization of Conjecture 2 should be the following.

Conjecture 3 Givenn = 0mod4 (n > 1) and p > 1 and a p-orthonormal system in
7", S, then S can be extended to a p-orthonormal basis.

But, what happens if p is a square? We have verified the result for n = 3,5 and
1?<p<100>,n=6and 1> < p <332, n=7and 1> < p < 13%andn =9
and 12 < p < 22. Nevertheless, we have found that Problem 3 has a negative answer
ifn =9, p=9and S = {(1, ..., 1)}. This counterexample can be generalized as
follows: If n = 7% and p = n jp* are odd integers, then the set S = {v| = (p, ..., p)}
cannot be extended to a p-orthonormal basis in Z". Indeed, S cannot be extended with
a vector v because, on the one hand, the number of odd components of v must be odd
because ||v]|?> = p is odd and, on the other hand, the number of odd components of v
must be even because (v |v) = 0 is even. Hence, if p is a square, our conjecture is as
follows.

Conjecture 4 Given numbers n > 1 and p > 1, so that either n is even or p is
even orn{ p, and a p*-orthonormal system in 7", S, then S can be extended to a
p*-orthonormal basis.

3.1 Structural properties of the problem

Given the integer number k and the vectors u = (x1,...,x,) and v = (¥1, ..., Yn)
belonging to Z", we denote the parity of k by P(k) = k mod?2, the parity of u by
P(u) = (x1 + - -+ + x,) mod 2 and the parity of u and v by P(u, v) = (u|v) mod 2.
Note that P(u) = P(||u|?).

These definitions allow us to consider the conditions of p-orthonormality in terms
of parities (module 2), proving the following result.

Proposition 1 Given a p-orthonormal system in Z", S = {vy, ..., vg}, then it holds
that P(p) = P(v;), 1 <i <k, and P(v;,v;) =0,1<i <j <k

3.2 Orthogonal extensions

Given a set of vectors belonging to Z", S = {vy, ..., v}, such that (v;|v;) = 0 for all
1 <i < j <k, we will say that S is an orthogonal system and, if k = n, that S is an
orthogonal basis.

The relaxation of the condition from p-orthonormality to orthogonality allows to
extend any orthogonal system. Indeed, Lemma 1 (“Appendix B”’) does not depend
on the normalization of the vectors and can be applied in Z", proving the following
proposition.

Proposition 2 Given an orthogonal system in Z", S, then S can be extended to an
orthogonal basis.

Given an orthogonal setin Z", S = {vy, ..., v} (1 < k < n), we denote the norm
of S by N(S) = max{[|lv;|*> | | < i < k}. So, an interesting problem, in view of
Proposition 2, is the following:
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Problem 4 Given an orthogonal system in 7", S, determine the orthogonal basis with
the smallest norm that extends S.

3.3 Conjecture about discrete states

Finally, we also believe that the answer to Problem 1 is positive. This fact is gathered
in the following conjecture.

Conjecture 5 Given anatural number k and ¥, . . ., W; n-qubit discrete states of with
widespread level k, 1 < j < 2", such that (¥;|W,,) =0 forall 1 <i <m < j, then
there exists an n-qubit discrete state with widespread level k, ¥, such that (¥;|¥) = 0
foralll <i < j.

4 Conclusions

As we have established in “Introduction,” the orthogonal version of Lagrange’s four-
square theorem presented in this article is closely related to the discrete quantum
computation model. The results obtained in the analysis of the proposed problem as
well as in the generalizations included in Sect. 3 establish key properties of this model.
The complexity of the proof presented in “Appendix B” clearly shows the difficulty
of the studied problem and its connection to number theory, geometry of numbers and
theory of lattices.

In “Introduction,” we also comment that, in our opinion, the discrete quantum
computation model, and indirectly the results of the present article, will have great
influence on quantum information theory and on quantum physics. Researchers in
quantum computing have learned that error control is a hugely complex problem,
have mostly abandoned the project of building a quantum computer and have gone to
work in quantum simulation.

We believe that with the current quantum physics, quantum computing is not scal-
able without technological cost overruns. The unitary evolution of quantum systems
prevents the design of self-correcting systems based on attraction basins. These sys-
tems, which include digital electronics, automatically transform any state of the basin
of attraction into the state without error that this represents. Obviously the current
quantum physics does not allow to do this. And quantum error-correcting codes do
not verify any of the two key hypotheses with which classic error-correcting codes
work: All small errors are corrected and correction circuits do not introduce new errors.
Decoherence introduces non-local errors that, although they are small if we consider
them in short time intervals, the quantum error-correcting codes are not able to correct.

From the point of view of physics, a universal quantum computer is a system that
can evolve from the |0 . . . 0) state of zero entropy to any state (final n-qubit) following
any path (algorithm) and keeping the entropy (error) close to zero. Raised like this,
the second principle of thermodynamics puts serious doubts about the viability of the
construction of such a system, more if we also take into account the impossibility of
implementing an effective self-correcting structure.
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All these difficulties could be overcome if quantum physics, in some way, could be
discretized. We believe that current quantum physics predicts an unlimited capacity
of superposition and, consequently, of entanglement and parallelism and that this fact
is unrealistic. A second quantization, presumably of quantum states, would allow a
physics with less capacity of superposition, entanglement and parallelism, but easier
to control. We believe that in this context models of discrete quantum computing will
be important.

Appendix A: Main results related to Lagrange’s four-square problem

Long before Lagrange proved his theorem, Diophantus had asked whether every pos-
itive integer could be represented as the sum of four perfect squares greater than or
equal to zero. This question later became known as Bachet’s conjecture, after the 1621
translation of Diophantus by Bachet. In parallel, Fermat proposed the problem of rep-
resenting every positive integer as a sum of at most n n-gonal numbers. Lagrange [8]
proved the square case of the Fermat polygonal number theorem in 1770, also solving
Bachet’s conjecture. Gauss [4] proved the triangular case in 1796 and the full polyg-
onal number theorem was not solved until it was finally proved by Cauchy in 1813.
Later, in 1834, Jacobi discovered a simple formula for the number of representations
of an integer as the sum of four integer squares.

The same year in which Lagrange proved his theorem, Waring asked whether each
natural number k has an associated positive integer s such that every natural number
is the sum of at most s natural numbers to the power of k. For example, every natural
number is the sum of at most 4 squares, 9 cubes or 19 fourth powers. The affirmative
answer to the Waring’s problem, known as the Hilbert—Waring theorem, was provided
by Hilbert in 1909.

A natural generalization of Lagrange’s problem is the following: Given natural
numbers a, b, ¢ and d, can we solve n = axl2 + bx% + cx% + dxf for all positive
integers n in integers x1, xp, x3 and x4? Lagrange’s four-square theorem answered
in the positive the case a = b = ¢ = d = 1 and the general solution was given
by Ramanujan [10]. He proved that if we assume that a < b < ¢ < d then there
are exactly 54 possible choices for a, b, ¢ and d such that the problem is solvable in
integers x1, x2, x3 and x4 for all n € N. Ye [15] establishes formulas for the number of
representations of integers by the quadratic forms x12 4+ x,f +m (x,% gttt x%k)
for m = 2,4, and Eum et al. [3] study the representation number of a nonnegative
integer by the quaternary quadratic form x% + 2x§ + x% + xf + x1x3 + X1x4 + X2X4.
Sun [13] and Ju et al. [7] have studied a generalization of the problems of Lagrange
and Remanujan, in which x1, x3, x3 and x4 are replaced by generalized octagonal
numbers.

Another generalization, due to Mordel [9], tries to represent positive definite integral
binary quadratic forms instead of positive integers. He proved that the quadratic form
xlz + x% + x% + xf + x52 represents all positive definite integral binary quadratic forms.

Sun et al. [12,14] has proposed some refinements of Lagrange’s theorem such
as, for example, the following: n € N can be written as xlz + x% + x32 + xi with
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X1, X2, X3, X4 € Z such that x| + x2 + x3 (or x1 + 2x3, or x| + x2 + 2x2) is a square
(or a cube).

Appendix B: Case 4—two-vector p-orthonormal system with support
size > 2

Notations and basic properties

We consider Z* as a part of the vector space R* provided with the inner product (v|w) =
X1y1 + x2y2 + x3y3 + Xay4, where v = (x1, x2, x3, x4) and w = (y1, y2, 3, y4) are
vectors of R*, and with the canonical basis {ey,...,e4}.

Given a set of linearly independent vectors vy, ..., vx € R*, they generate the
lattice A = {bjvy + -+ brvg | by, ..., b € Z} [1] and constitute a basis of A, B.
So the dimension of A will be k. From now on, we will only consider bases whose
vectors belong to 72 ie., A will always be an integral lattice.

Given a point v € A, described by its coordinates in B, v = (b;)p, the num-
ber N(v) = |[v]|> = (v|v) is called the norm of v and can be calculated by the
expression N (v) = b’ Gb, where G is the Gram matrix of the vectors of B. The deter-
minant of G, det(G), is an invariant of A whose square root is denoted by det(A). So
det(A) = +/det(G), and geometrically, it is interpreted as the volume of the funda-
mental parallelepiped of A. The matrix G is symmetric and positive definite and is
associated with a quadratic form that collects the main properties of A.

Let us consider the coordinate matrix V, formed by the vectors of the basis B of A
placed by rows. If V is a square matrix, we can compute the determinant of A from
V, det(A) = |det(V)], and it holds that det?(V) = det(G).

However, we are not interested in A, but rather in its orthogonal lattice

At ={veZ* (vlv)=0forall 1 <i <k}
The resolution method of systems of linear Diophantine equations [2] computes a

basis of AL with 4 — k vectors. Then the dimension of A+ will be k- = 4 — k. In
order to do this we have to solve the linear system VX = 0, computing the Smith

normal form [11] of V and its invariant factors oy, . .., o:
o L e GL(Z)
LVR = " = N such that ReGLiZ)
: 0<oap,..., o
®k ailaz, ... oog—1og.
Lemma 1 Given a number p > 1 and a p-orthonormal system S = {vy,..., v},

1 < k < 3, with associated lattice A, then the last 4 — k columns of the matrix R, in
the Smith normal form of V, constitute a basis of A*.

Proof It holds that VX = 0 <& LVRR'X = L0 = 0, and considering ¥ =
R™'X,wehavethat VX =0 & NY =0 < y; = --- = y; = 0. So, the basis
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34  Page 12 0f 20 J. Lacalle, L. N. Gatti

that generates the solutions of VX = 0 is B = {Rers+1,..., Req},i.e., the set with
the last 4 — k columns of R. O

We will use again the polynomial checking introduced in Sect. 2 Case 3, specifically
in Propositions 3 and 4 and in Lemma 3.

Proposition 3 Given a prime number p and a p-orthonormal system S = {vy, va },
v = (X1, ..., x4)andvy = (y1, ..., y4), with |supp(S)| > 2, then gcd(x1, ..., X4) =
ged(y1, ..., y4) = 1 and the invariant factors of V also verify a1 = aa = 1.

Proof Suppose, by contradiction, that gcd(xy,...,x4) = g > 1. Then N(v;) =
gz(xi2 + -+ xf) = p, where xi’ = Rl forall 1 <i < 4, and this fact contradicts

the primality of p. So, we have that gcd(xy, ..., xs4) = 1, and in the same way, we
conclude that ged(yy, ..., y4) = 1. Applying these results, together with the property
of the first invariant factor, we get o = 1.

In order to obtain the value of oy, we will use the following identity, that can be
proved by polynomial checking:

2
X3 X4
Y3 Y4

2
X1 X3
yroy3

2
X1 X2

NEON @) = o) = |31 2

By hypothesis, N(v1)N (v2) — (v1|v2)? = p2. Suppose, again by contradiction, that
g = ged(mya, ..., m34) > 1, where

Xi Xj

e —
Y iy

Then p2 = gz(m’é + -+ mgi) and there are, at least, two minors different from
0 because [supp(S)| > 2. These facts contradict the primality of p. So, we have that
gcd(mia, ..., m3q) = 1, and since this value matches the second invariant factor, we
getap = 1. O

Finally, we introduce the fundamental result of the branch of number theory called
the geometry of numbers, proved by Minkowski in 1889.

Theorem 2 ([1]) Let K be a convex set in R which is symmetric with respect to the
origin. If the volume of K is greater than 2" times the volume of the fundamental
domain (parallelepiped) of a lattice A, then K contains a nonzero lattice point.

Two-vector p-orthonormal system with support size > 2

First of all, let us get a basis of A+, B+, by computing a Smith quasi-normal form
in which L € GL;(Q). Note that in this case Lemma 1 also holds. Let V be the
coordinate matrix of the p-orthonormal system S = {vy, vy } with [supp(S)| > 2,
vy = (x1, X2, X3,x4), v2 = (¥1, ¥2, Y3, y4) and p > 1. Suppose, rearranging the
coordinates of v; and v; if necessary, that
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X1 X2

X 0,
17 yroo»

#0 and 4 € supp(S), i.e., x4 # 0or ys # 0.

The Smith quasi-normal form of S is:

LeGL(Q
(¢ 0 0 O R € GL4(Z)
LVR_(O ed 0 0) such that 0<cd

R = R| Ry R3 R4 Rs,

where the matrices L and R;, | < i < 5, and the parameters c and d are those that
appear in Table 1.

Lemma 2 Given a number p > 1 and a p-orthonormal system S = {v1, vy} with
associated lattice A, then B+ = {wi, wa} is a basis of AL, where

c1 dy cd; T e d crdy T erdy’

" yilcrx301 4 +c2x204)  dixs0100
2 = —

_()Czyé_xwéal XYy xyToay )

)

cirerd cd
yé/‘(cl X3T| T4 —C2X104) dixaorty dixat) €] yfl T4 cpdp
cicrd cd ’ cd cd T ocd )’

Proof We obtain the result just by multiplying the matrices R, Ry, R3, R4 and Rs
and applying Lemma 1 to the Smith quasi-normal form of S. O

Remark 1 Let V and Gy be the coordinate matrix and the Gram matrix, respectively,
of the set of vectors B U BL, and let G be the Gram matrix of the set of vectors BL.
Then, det?(V) = det(Gy) = p*det(G), and since det?> (A1) = det(G), we concluded

det(V
that det(4L) = [9SHWI

We can use Remark 1 to compute det(AJ-) and, indirectly, to study the matrix G,
considered as a symmetric positive definite quadratic form.
Proposition 4 Given a number p > 1 and a p-orthonormal system S = {v1,v2},
with associated lattice A, then det(AJ‘) = %, where c and d are the parameters that
c

appear in Table 1.

Proof To obtain the result we only have to compute det(V), by Remark 1. Developing
the expression of the determinant of V, where wi and w; are the vectors obtained in
Lemma 2, we obtain:

@ Springer



34 Page 14 0f 20 J. Lacalle, L. N. Gatti

Table 1 Smith quasi-normal form data

o] 2200
T 101+ 1211 =€) = ged(xy, x)
Ri=|® & 00 [Yi=oitun
—x2 x|
00 10 fy) = =Sy + =y
0 0 01 c1 c1
—X
o 0 023 0 ¢y + 3370 = ¢ = ged(ey, x3)
RR=| 0 1 0 0 ¥ =0o2y] + 12y3 = 0201y + 0211 Y2 + 1233
n 0 4 0 ;X3 ¢ TX3 —X3 cl
73 B=—"yt —-»=——0y1t+t—1uy+ —y
0 0 0 1 2 (&) (&) 1) 1)
o3 0 0 =%
0O 1 0 0
Rs=17 o | o |03tun=c= ged(ca, x4)
3 0 0 2
¥ =03y] + 134 = 030201y] + 030271 y2 +0312)3 + T34
/ —X4 g, 2 —X4 —X4 —X4 2
Y= ——Y1 + —y4=——0201y1 + ——02T1y2 + ——12y3+ — )4
C C C C C C
1 0
oy
1 0 0 0
0 5
o4
Ry = 9 Y404+ Via = di = ged(v5, ¥%)
0 = % 0
0 0 0 1
1 0 0 0
_ J
e |0 s 0 2], Voo = d = sed(dr
s=lo o0 1 § 105 + y415 = d = ged(dy, yy)
d)
0 5 0 7

det(V)cieadicd = cyy (Cl (X%M — x1X4y1 + x2 (x2y4 — X4y2)>
+x3 (X101 + xzfl) (x3y4 — X4y3)> (yéfm + yém)
+d (C%yé (62 (x1y2 — x2y1) + X1X4Y40271
— X407 (X2y461 + x4 (171 — y201))>
+c1x3y) (62 (X1y3f1 —x2y301 +x3 (Y201 — ym))
+Xx472 <x1y4fl — x2y401 + x4 (Y201 — ¥171) ))
+ )3 (6‘2 <x12y3 — x1X3y1 + x2 (X2¥3 — X32) )
+x4(xfy4fz — X1 <X3y401 02 + x4 (y172 — y30102))

+x2 <x2y4fz — X3y4027T| + x4 (¥302T] — Y272) ))))

@ Springer



Discrete quantum computation and Lagrange’s four-square. .. Page 15 of 20 34

Table 2 Monomials of det(V)cjcocd

1 c1c2x12y% 2 clc2x12y32

3 qclezyf 4 —2cieax1x2y1)2

5 X —C1C2X1X3Y1)3 6 X —C1C2X1X4Y1 V4

7 clczx%ylz 8 clch%yg

9 C1CQX%y§ 10 X —C1C2X2X3)2)3

11 X —C1C2X2X4 Y2 V4 12 clczxgyf

13 X —C1C2X3X4Y3 Y4 14 X —c1x7x4Y1¥40102
15 X —C1X|X2X4Y1Y4027T] 16 X —C]X]X2X4Y2 V40102
17 X —C1X[X3X4Y3Y40102 18 X clxlxzylzalaz

19 X clxlxiy%alaz 20 X clxlxz%y%alaz

21 X —61X%X4y2y402n 22 X —C1X2X3X4Y3Y402T]
23 X clxzxiy%azrl 24 X clxzxfy%azrl

25 X clxzxiygaztl 26 X —c1x32x4y1 Y4002
27 X —6'1X§X4y2y4(7211 28 X —61X3ZX4)’3Y4T2

29 X 01X3x4%y1y30102 30 X Clxwf)’zy,chzfl

31 X c1x3x§y32r2 32 X —ch%x3y1y301

33 X —CX]X2X3Y1 Y371 34 X —C2X1X2X3Y2Y301]
35 X 02x1x§y1261 36 X clexgy%al

37 X 702x%X3y2y3 T 38 X c2x2x32y12t1

39 X czxzxgy%r] 40 X 7x12x_gX4y1 Y401 T2
41 X —X|X2X3X4Y] V4TI T2 42 X —X]X2X3X4Y2V401 T2
43 X X1 x§X4y1 y401202 44 X x1x32)c4y2y401 0T
45 X xIX3x4%y1201 (%) 46 X —x1X3x2y]y301202
47 X xlxyﬁy%altz 48 X —x1X3ny2y3010211
49 X —X§X3X4y2y4fl ™ 50 X X2x32X4y1 Y401027]
51 X x2x§X4y2y402t12 52 X x2x3x2y% 172

53 X —x2x3xiy1y301021’1 54 X x2x3x2y%1’112

55 X —xz)C3x%y2y362r12

where all the parameters appear in Table 1.

Throughout the proof, we will replace expressions by applying equalities from
Table 1.

Substituting the underlined expressions by ¢ and dy, respectively, all occurrences
of dy are canceled. Similarly, substituting c1y5, c2y5 and cy; for the expressions

X1y2 — X2)1,
c1ys — x3(o1y1 + 71y2) and
c2y4 — x4(0201y1 + 02T1y2 + T2Y3),

respectively, the parameter ¢ disappears from the second equality member.
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Table 3 Monomials resulting from operations

14 X 15 —c%x1x4y1y402 16 X 21 —cfx2x4y2y4c72
17 X 22 7c]2x3X4y3y4¢72 18 X 23 c%x‘%y]zaz

19 X 24 clzxf y%oz 20 X 25 C%x‘% )'%az

32 X 33 —C1C2X1X3Y1)3 34 X 37 —C1CpX2X3Y2 V3
35 38 c1 czxgylz 36 39 c1 czxgy%

40 X 41 —C1X1X3X4Y1Y4T2 42 X 49 —C1X2X3X4Y2V4T2
43 X 50 c1x32x4y1y4<7102 44 X 51 01X§X4y2y402t1
45 X 52 clxngy%rz 46 X 53 —clxyc%ylygalaz
47 X 54 clxgxfy%rz 48 X 55 —clxgx%yzygazrl
14 X 40 —C1C2X1X4V1 V4 16 X 42 —C1C2X2X4Y2 V4
17 X 28 —C1C2X3X4Y3)4 18 45 clczxiylz

19 47 clczx‘%y% 20 31 clczx‘%yg

26 X 43 0 27 X 44 0

29 X 46 0 30 X 48 0

5 32 —2c1ex1X3Y1)3 6 14 —2c1c2x1X4y1y4
10 34 —2¢102X2X3Y2Y3 11 16 —2c102X2X4Y2 Y4
13 17 —2¢102X3X4Y3V4

The expression det(V)cjcacd is a homogeneous polynomial of total degree 6 in
the variables c1, ¢, X1, X2, X3, X4, Y1, Y2, ¥3 and y4, in which only the parameters o7,
71, 02 and 1y appear. The monomials of the aforementioned polynomial are included
in Table 2 and are identified by indexes placed in the first cells of the corresponding
rows.

In order to eliminate the parameters o1, 71, 02 and 72, we group the monomials of
Table 2 in pairs to apply the following operations:

(1) Substitute xjo1 + x271 by cj.
(2) Substitute cjo2 + x372 by c».
(3) Cancel opposite monomials.
(4) Add equal monomials.

Applied operations are detailed in Table 3, where the resulting monomials are
identified by the indexes of the first monomials that are operated on. Each time an
operation is applied, the monomials involved are marked with a x to the right of the
index that identifies the monomial, so as not to use them again. The operations are
done iteratively on monomials of Tables 2 and 3 that are not marked, until no operation
can be further applied.

All the resulting monomials have the factor cjcy. Therefore, by simplifying this
factor the next equality is obtained:
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Table4 Monomials of N (w )c%c%d 12 and resulting from operations

1 c%x%y% 6 —Zc‘lx%x3y1y3(r1

2 C%xlzyf 7 —2c1x1x2X3y1¥371 —2C%X1X3y1y3
3 —ZC%Xl)Czylyz 8 —2¢1X1X2X32Y301]

4 c%x%y% 9 —201X%X3y2y3 7 —ZCfX2X3 23
5 c%x%y%

10 x%x%y%of c%x%y% 11 x%x%y%alz c%x%y%

12 2x1 xzxgylzal 71 13 2x1 x2x32y§01 T

14 x%x%y%rlz 15 x%x%y%r%

det(V)ed = x7y3 +x2y2 + x2y3 — 2xX1xX2)1)2 — 2X1X3)1)3 — 2X1X4V1 V4
X3y7 + X3y3 + x3y7 — 2x2X3)2)3 — 2X2X4 V24 + X3 Y2
—2x3X4y3y4 + Xfylz + Xfyg + x}y% + X32y12 + x32y§-

By polynomial checking, it is easy to verify the next equality:

det(V)ed = (x12 + x% + x32 + xf) (y12 + y% + y32 + yf) — (x1y1 +x2y2 + X33 +x4y4)2.

By hypothesis, the second member of the previous equality is equal to p>. Therefore,
by applying Remark 1, we conclude that:

p
det(A1) = =
et(A™) od

Lemma 3 Given a number p > 1, a p-orthonormal system S = {vi,v2} and
wy the first vector of the basis B of the orthogonal lattice A, then N(wi) =
p(p —x3 —y9) .
T’ where c> and dy are the parameters in Table 1.
Proof The proof is similar to that of Proposition 4. Considering the vector w obtained
in Lemma 2 and calculating N (w), the following equality is obtained:

N(wi)eicdd] = eyh? + cixdys? (of + i) + 2c1c003 04 ¥4 (x171 — x201) + 3947 (xf +x3) .

Substituting in the second member of equality ¢ yé by —x2y1 + x1y2 and ¢ yg by
—Xx301y1] — X371 Y2 +c1y3, a homogeneous polynomial of total grade 6 in the variables
€1, X1, X2, X3, ¥1, y2 and y3 is obtained, in which only the parameters o and 7| appear.

The monomials of the aforementioned polynomial are listed in Table 4. The results
of the following substitution are also included in the table: Replace xjo1 4+ x271 by c1.
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All the remaining monomials are multiplied by the factor c%. Therefore, simplifying
this factor, we obtain:

N(wi)eid} = x7y3 +x7y3 = 2xixoy1y2 + 2357 + 2553
—2X1X3y1Y3 — 2X2X3Y2y3 + X3 )7 + X3 V3.

By polynomial checking, it is easy to verify the next equality:

N(wi)eddf = (xf +x3 + x5 +x3) (v + 35 + 35 +3)
—(y 2232 +x3y3 +xaya)? =7 (0 + 33 + 33 +33)
—y7 (57 + 23 + x3 4+ x7) 4 2x4y4 (X131 + X224+ X3Y3 + X474).

By hypothesis, the second member of the previous equality is equal to p* — pr -
pyf. Therefore, we conclude that:

2 2
plp—x5—v
N(w)) = #‘
cydj

O

Lemma 4 Given a prime number p and a p-orthonormal system S = {vy, vy } with
lsupp(S)| > 2, associated with the lattice A, then ¢ = d = 1, where ¢ and d are the
parameters that appear in Table 1.

Proof Accordingto Table 1, itholds thatc = ged(xy, x2, x3, x4), and by Proposition 3,
we conclude that ¢ = 1. This result implies that the Smith quasi-normal form described
in Table 1 is actually a normal form, because in this case L € GLy(Z), and conse-
quently, d is the second invariant factor of V. Considering once more Proposition 3,
we conclude thatd = 1. O

Proposition 5 Given a prime number p, a p-orthonormal system S = { vy, vy } with
|supp(S)| > 2 and the Gram matrix G of the basis B+ = { w1, w } of the orthogonal
lattice AL, then it holds that plG.

n oA
A

Let us consider the value of © = N(w;) obtained in Lemma 3. The prime fac-
torization of p(p — xf - y‘%) contains only one factor p, because p is prime and
—-p<p-— x‘% — yZ < p. (Remember that we are assuming that x4 7% 0 or y4 # 0.)
Then, the prime factorization of c% d12 does not contain p, because the number of
times it contains each prime factor is even. Consequently, c% d12 [(p — xf — yf) and
this implies that p | u, i.e., u = p u'. Moreover, || < p.

Applying Proposition 4, Lemma 4 and the property det>(A1) = det(G), we get
p? = pu'v—2Z% This implies p | 22, and keeping in mind that p is a prime, we have
that p | A, ie, A= pA'.

Reconsidering the previous equality, and canceling a factor p, we obtain p =
w' v — pA'%. This implies again that p | u' v, and considering that p is prime and
| < p,wegetplv,ie,v=pv.

Proof Suppose that the Gram matrix G =
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! !

. . AN .

We arrive to the final conclusion that G = p (l)f/ 1/)’ ie., plG. m]
Theorem 3 Given a prime number p, a p-orthonormal system S = {vy, vy} with
|supp(S)| > 2 and associated lattices A and AL, there exists v € A such that it
verifies N(v) = p.

Proof Let G be the Gram matrix of the basis B~ of the associated lattice A~
Proposition 4, Lemma 4 and property det’> (A1) = det(G) allow us to conclude that

det(G) = p?. Applying now Proposition 5, we obtain that G’ = — is an unimodular

P
matrix, i.e., G’ € GLy(Z), and that, given a vector v € AL N@w) =b'Gb = pif
and only if b’ G’ b = 1, b being the coordinate vector of v in the basis B.

LetK = {x € R?|x" G'x < 1}and {uy, u»} be an orthonormal basis of eigenvec-
tors of G’ with eigenvalues A1 and A1, respectively. Note that A1 and A, are real, since G’
is symmetric, positive, because G is definite positive, and verify A; Ao = det(G’) = 1.
Then K is the ellipse 11x24+Ay? < 1, withrespect to the reference system determined
by u1 and u7, and has volume n\/%\/% =7.

Givena 0 < € < 1, let be E, the ellipse K scaled by a factor f. = \/%? + €. The

ellipse E. has volume ff > n%r—z = 22, Then, for Theorem 2, there exists a point

b in the lattice Z> (with volume of the fundamental domain 1) such that » % 0 and
b € E.. Since the set of points of Z? that belong to any of the ellipses E, is finite, it
is shown that there is a point b in the lattice Z> such that b # 0 and b € K.

The point b defines a vector v € AL that verifies 0 < b' G’ b < 1. Then, it holds
b' G' b = 1, since b* G’ b is integer, and, at last, is the wanted vector of AL, because

N@w)=b'Gb=p. O
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