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Abstract We define the quantum-incoherent relative entropy of coherence (QI REC)
of quantum channels in the framework of the resource theory by using the Choi-
Jamiolkowsky isomorphism. Coherence-breaking channels are introduced as free op-
erations and their corresponding Choi states as free states. We also show the rela-
tionship between the coherence of channel and the quantum discord and find that
basis-dependent quantum asymmetric discord can never be more than the QI REC
for any quantum channels. Also, we prove the QI REC is decreasing for any di-
visible quantum incoherent channel and we also claim it can be considered as the
quantumness of quantum channels. Moreover, we demonstrate that for qubit chan-
nels, the relative entropy of coherence (REC) can be equivalent to the REC of their
corresponding Choi states and the basis-dependent quantum symmetric discord can
never exceed the coherence.

Keywords Quantum-incoherent relative entropy. Choi states. Coherence-breaking
channels. Quantum discord

1 Introduction

Quantum resource theories (QRTs) approach play a significant role in quantum in-
formation theory, in particular, to determine the measures for evaluating physical
resources [1,2,3,4]. QRTs are defined by constraints that characterize a set of free
operations that do not generate a resource and the corresponding set of free states
that are devoid of the resource. These restrictions may arise from either fundamental
conservation laws or practical restrictions resulting from the difficulty of performing
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quantum operations. In other words, a strong framework for studying various quan-
tum phenomena can be provided by QRTs. Using this perspective to study quantum
systems is natural since their characteristic quantum features can be destroyed due
to processes such as decoherence. Taking into account that the structure of QRTs is
very general, i.e., the great freedom in the definition of free states and free oper-
ations, QRTs can be applied to study many different branches of quantum physics
such as entanglement [5,6], quantum reference frames and asymmetry [7], quantum
thermodynamics [8], nonlocality [9], non-Markovianity [10], quantum coherence and
superposition [11,12,13,14,15,16,17], etc. According to a common structure in all
QRTs, one can see similarities and connections between different QRTs in terms of
available resource measures and resource reversibility [1,18,19,20,21,22]. On the
other hand, there are cases where multi-resources are required to accomplish a spe-
cific task, so attempts have been made to combine the different QRTs as resource
theory of thermodynamics that it is a mixture of the purity theory and the asymmetry
theory [21].

Quantum coherence is one of the most prominent features of quantum systems
and it is an important physical resource in many quantum information processes as it
can be provided at a specific cost and consumed to accomplish useful tasks [11,12,13,
14,15,16,17]. In the resource theory of coherence, the diagonal states in a reference
basis are chosen as the free states, which are known as incoherent states, and the in-
coherent operations that can not generate the coherence are known as free operations
[4]. So far, many efforts have been accomplished to understand this phenomenon and
its relation with other quantum resources, such as quantum entanglement, quantum
magic, quantum discord, etc. [23,24,25,26,27,28,29,30].

The quantumness of open systems is extremely fragile due to the inevitable inter-
actions with their surrounding environment, which leads to different noisy quantum
channels [31]. It is very important to know the ability of these channels to change
physical resources such as quantum coherence [32], hence, the quantum resource the-
ory can help us to understand how the quantum properties of a system change under
such evolutions. For this reason, in this paper, we investigate the coherence of quan-
tum channels within the framework of the resource theory. To achieve this aim, we
use Choi-Jamiolkowski isomorphism [31] and introduce coherence-breaking chan-
nels (CBCs) as free operations and their corresponding Choi states as free states
[33]. In our framework, the Quantum-incoherent relative entropy of coherence (QI
REC) of quantum channels is equivalent to the QI REC of their corresponding Choi
states [25,34]. We show that it consists of two parts: the relative entropy of coher-
ence (REC) of open system and the basis-dependent quantum asymmetric discord
[35,36,37], where the former is zero for both quantum unital channels and quan-
tum incoherent channels. On the other hand, one can prove the QI REC of channel
is decreasing for divisible quantum incoherent channels and it can be a witness of
non-Markovianity for quantum incoherent channels. Also, we demonstrate for qubit
channels, the REC can be equivalent to the REC of their corresponding Choi states
and the basis-dependent quantum symmetric discord can never be more than it. Our

results will provide new light for a better understanding of the relationship between
the coherence of channels and quantum correlations, and the coherence of a quantum
channels can be considered as the quantumness of that.
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We emphasize our formalism can be extended to the resource theory of entan-
glement for quantum channels. So, observing the analogical similarity between CBC
and entanglement breaking channels (EBC) [38], one can define these operations as
free channels and their corresponding Choi states as free states. In light of this, one

can able to define the relative entropy of entanglement (REE) for quantum channels
in the context of QRT [39].

The paper is organized as follows. In Sec. II, a review of the quantum channels
and the Choi representation is provided. In Sec. III, we briefly study the resource the-
ory of coherence. We define the QI REC of quantum channels within the framework
of the quantum resource theory in Sec. IV. We focus on the coherence of qubit chan-
nels in Sec. V. To illustrate the coherence of channel, two examples are investigated
in Sec. VI. The paper concludes in Sec. VII.

2 Quantum channels

A quantum channel is a linear map that satisfies the completely positive and trace-

preserving (CPTP) conditions [31]. It can be shown that such mapping admits dila-
tions as following form

Λ(ρ) = TrE[USE(ρS ⊗ ρE)U
†
SE ], (1)

where ρS and ρE are state of an open system and its environment, respectively, and
USE denotes the unitary time evolution operator of the total system. On the other
hand, the CPTP map Λ can be represented by Kraus form [31], and is shown by

Λ(ρ) =
∑

i

KiρKi, (2)

where Ki are Kraus operators that
∑
K†

iKi = I . Note that the quantum channels
can have several Kraus representations.

In this work, we focus on another representation of the quantum channel where
it is known as the Choi matrix. According to Choi-Jamiolkowski isomorphism, any
CPTP map can be related to a density matrix of the composite systemAS in whichA
is an auxiliary system with the same dimension d as S. The Choi state of the channel
Λ is defined as

ΩΛ = (IA ⊗ ΛS)(|Ψ〉〈Ψ |), (3)

where |Ψ〉 = 1√
d

∑
i |ii〉 is a maximally entangled state of SA. It is important to

emphasize that there is a unique Choi state for every quantum channel includes all
the channel’s information [31]. Hence, we claim the coherence of any channel can be
determined by the coherence of its corresponding Choi state.

To define the coherence of a channel, we review the resource theory of coherence
in the next section.



4 F. H. Kamin1 et al.

3 The resource theory of coherence

As stated in the Introduction, quantum coherence is a physical property that is used
as a resource for quantum systems. Hence, the quantitative determination of co-
herence for quantum systems has been extensively studied [40,41,42,43,44]. Let us
consider the Hilbert space H with fixed basis |i〉i=0,...,d−1, then an incoherent state

is defined as δ =
∑d−1

i δi| i〉〈 i|. The set of incoherent states is be denoted by I and

|ψ〉 = 1√
d

∑d−1
i eiθ|i〉 is a maximally coherent state where θi is an arbitrary phase.

A completely positive and trace preserving map Λ is maximally incoherent (MIO)
if Λ(δ) ∈ I for any state δ ∈ I [45]. Meanwhile, an incoherent operation (IO) has

a Kraus representation such that
KiδK

†
i

Tr(KiδK
†
i
)
∈ I for all n and δ ∈ I [4]. By this

restriction, the Kraus operators can be in the form Ki =
∑d−1

j=0 cij |di(j)〉〈j| for any
incoherent operation, which are incoherent and di(j) is a function of the index j and
cij are coefficients [46]. If di(j) is a permutation or one-to-one, then K†

i is also in-
coherent as well as Ki. It is explicit from the definition that IO ⊆MIO. In resource
theory of coherence, the incoherent states and the incoherent operations are known
as free states and free operations, respectively. A meaure for quantum coherence of
state ρ is characterized by a function C(ρ) which satisfies the following properties
[4]:

i . C(ρ) ≥ 0, for any ρ and C(δ) = 0 if only if δ ∈ I;
ii . The coherence cannot increase under MIO map Λ, i.e., C(Λ(ρ)) ≤ C(ρ);

iii . For every Λ ∈ IO with Kraus representation {Ki}, the coherence is non-
increasing on average under selective measurement, i.e.,

∑
i piC(ρi) ≤ C(ρ),

where ρi =
KiρK

†
i

Tr(KiρK
†
i
)
;

iv . The coherence cannot increase by mixing quantum states, i.e., C(
∑

i piρi) ≤∑
i piC(ρi).

One of the measures that satisfy all the above requirements is the REC defined by
[4]

Cr(ρ) = min
δ∈I

S(ρ‖δ) = S(ρd)− S(ρ), (4)

where S(ρ‖δ) = tr[ρ(Logρ − Logδ)] is the relative entropy [31], and the diagonal
part of ρ in the reference basis {|i〉} is ρd =

∑
i | i〉〈 i|ρ| i〉〈 i|.

In the next section we use the resource theory and introduce the QI REC of
channels.

4 The Resource theory of coherence for quantum channels

In the previous section we introduced the resource theory of coherence for states.
Here, we intend to define, in the context of the resource theory, a measure to deter-
mine the coherence of quantum channels. To achieve this purpose, we have to define
the set of free states and free operations.

Free operations: The free operations cannot generate resources, e.g., in resource
theory of entanglement the LOCC are considered as free operations [47,5,6]. In this
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paper, we consider coherence-breaking channels CBCs as free operations [33]. A
quantum incoherent channel Λ is called coherence-breaking if Λ(ρ) is an incoherent
state for any state ρ. The set of all CBCs denoted by Scbc. A coherence-breaking

channel kills any coherence present in the state and this is our motivation in this
work.

Free states: The Choi states corresponding to the free operations are regarded as
the free states. The set of free states can be introduced by the following form

F = {ΩΦ | Φ ∈ Scbc}. (5)

The corresponding Choi states of all coherence-breaking channels have the following
form [33]

ΩΦ =
∑

i

λiρi ⊗ |i〉〈i|. (6)

It is clear that F is a set of quantum-incoherent states and (Λ ⊗ I)ΩΦ ∈ F for
every state ΩΦ ∈ F and Λ ∈ Scbc. By using the Choi-Jamilkowski isomorphism, we
define the QI REC of channels as [25,34]

CQI(Λ) = Cr(Ω
A|S
Λ ) = min

ΩΦ∈F
S(ΩΛ‖ΩΦ), (7)

with the minimization taken over the set of F . Applying the Theorem 2 in [48],
CQI(Λ) can also be written as

CQI(Λ) = S(∆S(ΩΛ))− S(ΩΛ), (8)

in which ∆S(ΩΛ) =
∑

i(I ⊗ |i〉〈i|)ΩΛ(I ⊗ |i〉〈i|). Notice that the relative entropy
of Choi states is monotonicity decreasing under the local quantum incoherent opera-
tions.

In the following, we are going to obtain the relationship between the QI REC of
channel and quantum correlations. For this purpose, we regard the basis-dependent
quantum asymmetric discord [35,36,37]

DA|S(ΩΛ) = I(ΩΛ)− I[∆S(ΩΛ)], (9)

where I(ρAS) = S(ρS)+S(ρA)−S(ρAS) is mutual information [31]. With the help
of Eq.(9), it is straightforward to obtain the following equality

CQI(Λ) = Cr(ρS) +DA|S(ΩΛ). (10)

where CQI(Λ) compose of the REC of open system and the quantum asymmetric
discord. The Eq. (10) tells us that CQI(Λ) ≥ DA|S(ΩΛ), or in other words, the
quantum asymmetric discord can never exceed the QI REC for any quantum chan-
nels.

By taking partial trace over the ancilla A one can obtain the state of the system S
as

ρS = TrA(ΩΛ) =
1

d

∑

i

KiK
†
i . (11)
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Suppose Λ is a quantum unital channel, i.e.,
∑

iKiK
†
i =

∑
iK

†
iKi = I , so we

conclude Cr(ρS) is zero for any quantum unital channel.
The state of the system, Eq. (11) for an incoherent quantum channel has the fol-

lowing form

ρS =
1

d

d−1∑

l=0

∑

i

cilc
∗
il|di(l)〉〈di(l)|, (12)

where the Kraus operator isKi =
∑d−1

j=0 cij |di(j)〉〈j|. Since ρS in the above equation
is an incoherent state then Cr(ρS) is also zero. So, the QI REC of the unital and
the incoherent channels equals to DA|S(ΩΛ). Besides, we prove the QI REC is
decreasing for divisible incoherent channels in the following proposition.

Proposition. If Λ is a divisible incoherent channel then CQI(Λ) is decreasing.
Proof. Assume Λ is a divisible incoherent channel, i.e., Λt+ǫ,0 = Λt+ǫ,tΛt,0. Using
the facts that the QI REC in Eq.(7) is reduced under local incoherent channels, then
we have CA|S

r ((I ⊗ Λ)(ρAS)) ≤ C
A|S
r (ρAS). So, one can write

CA|S
r (ρAS(t+ ǫ)) = CA|S

r ((I ⊗ Λt+ǫ,0)(ρAS(0))),

= CA|S
r ((I ⊗ Λt+ǫ,tΛt,0)(ρAS(0)))

= CA|S
r ((I ⊗ Λt+ǫ,t)(ρAS(t)))

≤ CA|S
r (ρAS(t)), (13)

The inequality (13) shows that the coherence of the channel is decreasing and the
proof is complete.
According to the above proposition the QI REC can be regarded as a witness for the
non-Markovianity of quantum incoherent channels.

Now one can ask a question: what is the relation between the QI REC and the
quantumness of a channel? Taking into account Eq.(7), it is clear as long as the QI
REC of a channel is reduced, the channel will be closer to a CBC. This means that
the coherence of the output state of the channel is also decreased, thus the output
state becomes more classical. Therefore, the QI REC of channel can be considered
as a measure of the quantumness of the channel. It is important to say that we
interpret the quantumness, the amount of quantumness remains in the state of the

system during the evolution, and this is different from the channel’s ability to create
quantum correlations.

5 Coherence of qubit channels

In this section, we consider the evolution of a single qubit under a quantum channel.
An arbitrary qubit is expressed as ρ = 1

2 (I + r.σ) , where r is the 3-dimensional
Bloch vector with r ∈ R3(|r| ≤ 1) and σi are Pauli matrices. A qubit channel, Λ,
can be represented by a 4× 4 matrix in the following form [49,50]

F =

(
1 0

τ T

)
, (14)
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where, T is a 3 × 3 real matrix and τ and 0 are 3-dimensional column and row
vectors, respectively. Then we have

Λ(ρ) =
1

2
[I + (T r+ τ ).σ]. (15)

It is worthwhile to note that any qubit channel can be written as [49,50]

F =




1 0 0 0
τ ′1 λ1 0 0
τ ′2 0 λ2 0
τ ′3 0 0 λ3


 , (16)

where, λ’s are singular values of the matrix T . For all coherence-breaking qubit chan-
nels the matrix F is in the following form [33]

FΦ =




1 0 0 0
0 0 0 0
0 0 0 0
τ3 0 0 λ3


 , (17)

and the corresponding Choi matrix is

ΩΦ =




1 + τ3 − λ3 0 0 0
0 1 + τ3 + λ3 0 0
0 0 1− τ3 + λ3 0
0 0 0 1− τ3 − λ3


 . (18)

Here, ΩΦ is an incoherent matrix. Therefore, for qubit channels in the form of
Eq. (17), the coherence of the channel coincides with the REC of its corresponding
Choi state

Cr(Λ) = Cr(ΩΛ) = min
ΩΦ∈F

S(ΩΛ‖ΩΦ), (19)

and regarding the Eq.(4), we have

Cr(Λ) = S(Ωd
Λ)− S(ΩΛ). (20)

Also, by using the basis-dependent quantum symmetric discord [35,36,37]

D(ΩΛ) = I(ΩΛ)− I[(Ωd
Λ)], (21)

The coherence of qubit channel gets the following form

Cr(Λ) = Cr(ρS) + Cr(ρA) +D(ΩΛ). (22)

The above equation tells us that the quantum symmetric discord D(ΩΛ) can

never exceed the coherence Cr(Λ) for qubit channels.

6 Examples

In this section the coherence of the channel will be illustrated by means two exam-
ples.
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Fig. 1 (Color online). Plot of CQI (Λ
AD) as a function of the parameter p, for amplitude damping chan-

nel.

6.1 Amplitude damping channel

Here, we calculate the coherence for an amplitude damping channel with Kraus op-
erators K0 = |0〉〈0| + √

1− p|1〉〈1| and K1 =
√
p|0〉〈1| [31]. The corresponding

Choi matrix for this channel is given by

ΩΛAD =




1
2 0 0

√
1−p
2

0 0 0 0
0 0 p

2 0√
1−p
2 0 0 1−p

2


 , (23)

and the coherence of the channel will be

Cr(Λ
AD) =

p− 1

2
log (

1− p

2
) +

2− p

2
log (

2− p

2
) +

1

2
. (24)

The behavior of the coherence of the channel (dashed red line) of the correspond-
ing Choi state in terms of p is plotted in Fig. 1. From the figure one can see that the
amount of coherence is reduced by increasing the parameter p from 0 to 1 and it is
very close to the quantumnessQC(Λ

AD) which is defined in [30].

6.2 Phase covariant channel

Here, we consider a general model of qubit dynamics which includes dephasing,
dissipation and heating effects [52,53,54]. The time-local master equation for this
evolution is given by

dρ

dt
= −i(ω + h(t))[σz , ρ] +

γz(t)

2
(σzρσz − ρ)

+
γ1(t)

2
(σ+ρσ− − 1

2
{σ−σ+ρ})

+
γ2(t)

2
(σ−ρσ+ − 1

2
{σ+σ−, ρ}),

(25)
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where γi(t)(i = 1, 2, z) are time-dependent decay rates, σ± are the raising and
lowering operators of the qubit, σz is the Pauli spin operator in the z-direction and
h(t) time-dependent frequency shift and ω is the transition frequency of the qubit.
It should be noted that the decay rates are time-dependent functions which can be
negative at some times. The Eq. (25) is the most general time-local master equations
for a qubit which indicates a phase covariant transform. The Choi matrix for such a
transformation will be in the following form

ΩΛω
=




1+κ(t)+η‖(t)

4
0 0

η⊥(t)
2

0
1−κ(t)−η‖(t)

4
0 0

0 0
1+κ(t)−η‖(t)

4
0

η⊥(t)
2

0 0
1−κ(t)+η‖(t)

4


, (26)

with

κ(t) = −e−Γ (t)(1 + 2G(t)) + 1,

η‖(t) = e−Γ (t),

η⊥(t) = e−Γ (t)/2−Γz(t),

(27)

where the terms in the above equations are defined as

Γ (t) =

∫ t

0

dt′(
γ1(t

′)

2
+
γ2(t

′)

2
),

Γz(t) =

∫ t

0

dt′γz(t
′),

G(t) =

∫ t

0

dt′eΓ (t′) γ2(t
′)

2
,

(28)

It is clear from that Cr(ρS) = 0. The coherence of channel Λω can be evaluated as

Cr(Λω) = −1± κ(t) + η‖(t)

4
log

1± κ(t) + η‖(t)

4

+
1 + η‖(t)±

√
κ2(t) + 4η2⊥(t)

4
× log

1 + η‖(t)±
√
κ2(t) + 4η2⊥(t)

4
.

(29)

Now let us assume both environment thermal and dephasing are at the same
temperature T . Also, we ignore the effect of the Lamb shift corrections of the first
term. The decay rates of heating and dissipation reservior are γ1(t)/2 = Nf(t) and
γ2(t)/2 = (N + 1)f(t), respectively, where N is the mean number of thermal pho-
tons. The function f(t) depends on the form of the reservoir spectral density and for
a Lorentzian spectrum it is expressed as [55]

f(t) = Re{ ċ(t)
c(t)

}, (30)
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with

c(t) = e−
t

2 [cosh (
dt

2
) +

1

d
sinh (

dt

2
)]c(0), (31)

where d =
√
1− 2R, and R = γ0/λ is a dimensionless positive number, in which

γ0 is an effective coupling constant and λ is the width of the spectral density of the
environment. For R < 1/2 (weak coupling) the dynamics is divisible (Markovian)
while for R > 1/2 (strong coupling), it becomes non-divisible (non-Markovian).

We consider the spectral density J(ω) = α(ωs/ωs−1
c )e−ω/ωc for pure dephasing

dynamic, where ωc is the cutoff frequency, s the Ohmicity parameter and α the cou-
pling constant. In this case, the decay rate for the dephasing channel is determined by
[56,57,58]

γz(t) =

∫
dωJ(ω) coth (

h̄ω

2kBT
)
sin (ωt)

ω
. (32)

The memory time of the dephasing environment can be defined by 1/ωc. To char-

acterize the relation between the cutoff frequency of the dephasing environment and
the width of the spectral density of the thermal reservoir one can introduce a new pa-
rameter β = ωc/λ. In dephasing dynamics the non-Markovianity, γz(t) < 0, occurs
whenever s > scrit(T = 0) = 2 [59]. Hence, the dynamics of the whole system can
be determined by two parameters R and s.

Fig. 2 (Color online). Dynamics of the coherence Cr(Λω) as a function of λt. (a) the weak-coupling
(Markovian) regime, R = .01 and s = 0.5; (b) the strong-coupling (non-Markovian) regime, R = 10
and s = 3.5.

In this paper, we take T = 0 thus the dephasing rate γz(t) is independent of
temperature and heating and dissipation rates are zero and f(t), respectively. Then
one can obtain the following expressions

Γ (t) = −ℜ(ln [u(t)]),
Γz(t) =

α

s− 1
Γ̃ (s)(1 − (1 + ω2

c t
2)

×[cos (s arctan (ωct)) + ωct sin (s arctan (ωct))]),

κ(t) = −(1− exp [ℜ(ln [u(t)])]),
(33)
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where u(t) = {c(t)/c(0)}2 and Γ̃ (s) is the Euler gamma function.
At this point, we now return to the coherence problem of the phase covariant

channel in Eq. (29). The dynamical behavior of coherence for quantum channel Λω

as a function of λt is shown in Fig. 2. We assume that the memory time of the de-
phasing and thermal environments is the same, i.e., we choose the parameter β = 1.
In Fig. 2a, the evolution is Markovian since we have s = 0.5 and R = 0.01. The
coherence of channel is ploted for s = 3.5 and R = 10 in Fig. 2b, that the dynam-
ics is non-Markovian. As can be seen the coherence of channel is decreasing for the

Markovian regime over time while in non-Markovian regime the coherence of chan-
nel damply oscillates and increase in some time intervals, which this behavior is due
to non-divisibility of the dynamics.

7 Conclusion

In this paper, we have shown the quantum-incoherent relative entropy of coherence
(QI REC) of a quantum channel is equivalent to the QI REC of its Choi state. We
have used the Choi-Jamiolkowski isomorphism, within the framework of QRT, to
define it. Where, the coherence-breaking channels (CBCs) are considered as free op-
erations and their corresponding Choi states as free states. It is demonstrated the QI
REC consists of two parts: the REC of open system and the basis-dependent quantum
asymmetric discord that the former is zero for both the quantum unital and quantum
incoherent channels. Also, it is shown that the QI REC is decreasing for any divis-
ible quantum incoherent channel and it can be considered as a witness of the non-

Markovianity for incoherent channels. Also, we have proposed that the coherence
of the channel can be regarded as the measure of the quantumness of that. Finally,
we found that the coherence of qubit channels can coincide with the REC of their
corresponding Choi states and the basis-dependent quantum symmetric discord can
never exceed the coherence. Ultimately, it is worthwhile to note that our results could
open a new way to better understand the relationship between quantum coherence as
a physical resource and other quantum resources, such as quantum correlations.
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