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Abstract

We study the norms of the Bloch vectors for arbitrary n-partite quantum states. A

tight upper bound of the norms is derived for n-partite systems with different individual

dimensions. These upper bounds are used to deal with the separability problems. Nec-

essary conditions are presented for m-separable states in n-partite quantum systems.

Based on the upper bounds, classification of multipartite entanglement is illustrated

with detailed examples.
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1 Introduction

Quantum entanglement is a remarkable resource in the theory of quantum information,

with numerous applications in quantum information processing, secure communication and

channel protocols [1–3]. A multipartite quantum state that is not separable with respect to

any bipartition is said to be genuinely multipartite entangled [4–6]. Genuinely multipartite

entangled states have significant advantages in quantum tasks compared with biseparable

ones [7].

The notion of genuine multipartite entanglement (GME) was introduced in [7]. Let

Hdi
i , i = 1, · · ·n, denote di-dimensional Hilbert spaces. An n-partite state ρ ∈ Hd1

1 ⊗Hd2
2 ⊗

· · ·⊗Hdn
n can be expressed as ρ =

∑

i

pi|ψi〉〈ψi|,where
∑

i

pi = 1, 0 < pi ≤ 1, |ψi〉 ∈ Hd1
1 ⊗Hd2

2 ⊗

· · ·⊗Hdn
n are normalized pure states. ρ is biseparable if |ψi〉 (i = 1, · · · , n) can be expressed
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as one of the forms: |ψi〉 = |ψ
j1···jk−1

i 〉 ⊗ |ψjk···jn
i 〉, where |ψ

j1···jk−1

i 〉 and |ψjk···jn
i 〉 denote pure

states in Hj1
i ⊗ · · · ⊗ H

jk−1

i and H
jk
i ⊗ · · · ⊗ H

jn
i , respectively, j1 6= · · · 6= jn ∈ {1, · · · , n},

k = 2, ..., n− 1. Otherwise, ρ is called genuine multipartite entangled. Correspondingly, we

say that the state ρ =
∑

i

pi|ψi〉〈ψi| is m-separable if all the |ψi〉 are tensor products of m

vectors in the subspaces of Hd1
1 ⊗Hd2

2 ⊗ · · · ⊗Hdn
n .

Any quantum state has Bloch representation in multipartite high-dimensional quantum

systems. By using the norms of the Bloch vectors, the density operators in lower dimensions

were discussed in [8,9]. For bipartite and multipartite quantum states, separable conditions

have been presented in [10–13]. The norms of the Bloch vectors for any qudit quantum

states with subsystems less than or equal to four have been investigated in [14]. Then

in [15], Tănăsescu et al. generalized the result of [14] for four-partite quantum systems,

which provided an upper bound on the entanglement measure given by the Bloch vector

norm and a necessary algebraic condition for separability of a general multi-partite quantum

system under any arbitrary partition function. Two multipartite entanglement measures for

n-qubit and n-qudit pure states are given in [16, 17]. In [18], the sum of relative isotropic

strengths of any three-qudit state over d-dimensional Hilbert space cannot exceed d−1 have

been discussed, and the trade-off relations and monogamy-like relations of the sum of spin

correlation strengths for pure three- and four-partite systems are derived. Some sufficient

or necessary conditions of GME were presented in [19–21]. To the detection of GME, the

common criterion is the entanglement witnesses [5, 22–24]. In [6], the norms of the Bloch

vectors give rise to a general framework to detect different classes of GME for arbitrary

dimensional quantum systems. Recently, based on the norms of the correlation tensors,

Zhao et al. [25] have been studied the separability criteria by matrix method and necessary

conditions of separability for multipartite systems are given under arbitrary partition.

In this paper, we study the Bloch representations of quantum states with arbitrary

number of subsystems. In Section 2, we present tight upper bounds for the norms of Bloch

vectors in n-qudit quantum states. These upper bounds are then used to derive tight upper

bounds for entanglement measures in [16, 17]. The upper bounds of the norms of the Bloch

vectors are useful to study the separability. In Section 3, we investigate different subclasses

of bi-separable states in n-partite systems. Necessary conditions for m-separability and

complete classification of n-partite quantum systems are presented.

2 Upper bounds of the norms of Bloch vectors

Let λi, i = 1, · · · , d2 − 1, denote the generators of the special unitary group SU(d),

which satisfy λ†i = λi, Tr(λi) = 0, Tr(λiλj) = 2δij . The following theorem gives the general

result for n-partite quantum states.

Theorem 1. Let ρ ∈ Hd1
1 ⊗Hd2

2 ⊗· · ·⊗Hdn
n (n ≥ 3, 2 ≤ d1 ≤ d2 ≤ · · · ≤ dn, dn ≤ d1 · · ·dn−1)
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be an n-partite quantum state. We have

∥
∥T(12···n)∥∥2 ≤ 2n







1−

∑

1≤i1<···<in−1≤n

di1 · · · din−1 −
n∑

i=1

di + (n− 2)dn

(n− 2)d1 · · · dn−1d2n







. (1)

Proof. ρ has the Bloch representation:

ρ =
1

d1 · · · dn
Id1 ⊗ · · · ⊗ Idn +

1

2

(
1

d2 · · · dn

d21−1
∑

i1=1

t
(1)
i1
λi1 ⊗ Id2 ⊗ · · · ⊗ Idn + · · ·

+
1

d1 · · · dn−1

d2n−1
∑

in=1

t
(n)
in
Id1 ⊗ Id2 ⊗ · · · ⊗ λin

)

+ · · ·

+
1

2n

n∑

k=1

d2
k
−1
∑

ik=1

t
(1···n)
i1···inλi1 ⊗ λi2 ⊗ · · · ⊗ λin,

(2)

where Idi denotes the di × di identity matrix , i = 1, · · · , n, t
(1)
i1

= Tr(ρλi1 ⊗ Id2 ⊗ · · · ⊗

Idn), · · · , t
(j1···jk)
ij1 ···ijk

= Tr(ρλij1 ⊗ · · · ⊗ λijk ⊗ Idjk+1
⊗ · · · ⊗ Idjn ), · · · , t

(1···n)
i1···in = Tr(ρλi1 ⊗ λi2 ⊗

· · · ⊗ λin) and T(1), · · · ,T(j1···jk), · · · ,T(1···n) are the vectors (tensors) with the elements

t
(1)
i1
, · · · , t

(j1···jk)
ij1 ···ijk

, · · · , t
(1···n)
i1···in (1 ≤ j1 < · · · < jk ≤ n, is = 1, · · · , d2s − 1, s = 1, · · · , n), respec-

tively.

Set
∥
∥T(1)

∥
∥
2
=

d21−1∑

i1=1

(

t
(1)
i1

)2

,

· · · ,

∥
∥T(j1···jk)

∥
∥
2
=

jk∑

s=j1

d2s−1∑

is=1

(

t
(j1···jk)
ij1 ···ijk

)2

,

· · · ,

∥
∥T(1···n)

∥
∥
2
=

n∑

s=1

d2s−1∑

is=1

(

t
(1···n)
i1···in

)2

,

x1 =
1

d2···dn

∥
∥T(1)

∥
∥
2
+ · · ·+ 1

d1···dn−1

∥
∥T(n)

∥
∥
2
,

x2 =
1

d3···dn

∥
∥T(12)

∥
∥
2
+ · · ·+ 1

d1···dn−2

∥
∥T(n−1,n)

∥
∥
2
,

· · · ,

xn =
∥
∥T(12···n)

∥
∥
2
.

For a pure state ρ = |ψ〉〈ψ|, one has Tr(ρ2) = 1, namely,

Tr(ρ2) =
1

d1 · · · dn
+

1

2
x1 +

1

22
x2 + · · ·+

1

2n
xn = 1. (3)

In the following we denote ρj1 , ρj2···jn the reduced density matrix for the subsystem H
dj1
j1

and

H
dj2
j2

⊗ · · · ⊗H
djn
jn

, j1 6= · · · 6= jn ∈ {1, 2, · · · , n}. One computes that,
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ρj1 =
1

dj1
Idj1 +

1

2

d2j1
−1
∑

ij1=1

t
(j1)
ij1
λij1 ,

ρj2···jn =
1

dj2 · · · djn
Idj2 ⊗ · · · ⊗ Idjn+

1

2

(
1

dj3 · · · djn

d2j3
−1
∑

ij3=1

t
(j3)
ij3
λij3 ⊗ · · · ⊗ Idjn + · · ·

+
1

dj2 · · · djn−1

d2jn−1
∑

ijn=1

t
(jn)
ijn

Idj2 ⊗ · · · ⊗ λijn

)

+ · · ·

+
1

2n−1

n∑

s=2

d2js−1
∑

ijs=1

t
(j2···jn)
ij2 ···ijn

λij2 ⊗ · · · ⊗ λijn .

For a pure state ρ = |ψ〉〈ψ|, we have

Tr(ρ2j1) = Tr(ρ2j2···jn), (4)

which holds for any j1 6= · · · 6= jn ∈ {1, 2, · · · , n}. We obtain

n∑

j1=1

1

dj1
Tr(ρ2j1) =

n∑

j1=1

1

dj1
Tr(ρ2j2···jn). (5)

Hence we get

n∑

i=1

1

d2i
+

1

2

n∑

i=1

1

di

∥
∥T(i)

∥
∥
2
=

n

d1 · · ·dn
+
n− 1

2
x1+

n− 2

22
x2 + · · ·+

1

2n−1
xn−1.

Then

1

22
x2 =

1

n− 2

(
n∑

i=1

1

d2i
−

n

d1 · · · dn

)

+

1

2(n− 2)

(
n∑

i=1

1

di

∥
∥T(i)

∥
∥
2
− (n− 1)x1

)

− · · · −
1

2n−1(n− 2)
xn−1.

(6)
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Substituting (6) into (3), we get

1

2n
xn =

[

1−
1

n− 2

(
n∑

i=1

1

d2i
−

2

d1 · · ·dn

)]

−

1

2(n− 2)

(
n∑

i=1

1

di

∥
∥T(i)

∥
∥
2
− x1

)

− · · · −
n− 3

2n−1(n− 2)
xn−1

≤1−

∑

1≤i1<···<in−1≤n

di1 · · · din−1 −
n∑

i=1

di + (n− 2)dn

(n− 2)d1 · · · dn−1d2n

where the inequality holds for

n∑

i=1

1

d2i
−

2

d1 · · · dn
≥

∑

1≤i1<···<in−1≤n

di1 · · · din−1 −
n∑

i=1

di + (n− 2)dn

d1 · · · dn−1d2n
(7)

n∑

i=1

1

di

∥
∥T(i)

∥
∥
2
− x1 =

n∑

i=1

(
1

di
−

1

d1 · · · di−1di+1 · · · dn

)
∥
∥T(i)

∥
∥
2
≥ 0, (8)

the inequation (8) holds for di ≤ d1 · · · di−1di+1 · · · dn, i = 1, · · · , n. And x3, · · · , xn−1 ≥ 0.

In fact, the inequation (7) holds if and only if

n−1∑

i=1

(dn − di)(
1

d2i
−

1
n∏

i=1

di

) ≥ 0. (9)

Since dn ≥ di, and d2i ≤
n∏

i=1

di, i = 1, · · · , n − 1, so the inequation (9) holds, which is

equivalent to hold for inequation (7). Hence we get

xn ≤ 2n







1−

∑

1≤i1<···<in−1≤n

di1 · · · din−1 −
n∑

i=1

di + (n− 2)dn

(n− 2)d1 · · ·dn−1d2n







, n ≥ 3.

Then we consider a mixed state ρ with ensemble representation ρ =
∑

i

pi|ψi〉〈ψi|, where
∑

i

pi = 1, 0 < pi ≤ 1, by the convexity of the Frobenius norm one derives

∥
∥T(12···n)(ρ)

∥
∥
2
=

∥
∥
∥
∥
∥

∑

i

piT
(12···n)(|ψi〉〈ψi|)

∥
∥
∥
∥
∥

2

≤
∑

i

pi
∥
∥T(12···n)(|ψi〉〈ψi|)

∥
∥
2

≤2n







1−

∑

1≤i1<···<in−1≤n

di1 · · · din−1 −
n∑

i=1

di + (n− 2)dn

(n− 2)d1 · · · dn−1d2n







, n ≥ 3,

which ends the proof.
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Remark 1: Theorem 1 is a generalization of Proposition 1 and Proposition 2 given in [25].

When n = 3, 2 ≤ d1 ≤ d2 ≤ d3, d3 ≤ d1d2, we obtain that

∥
∥T(123)

∥
∥
2
≤ 8

(

1−
d1d2 + d1d3 + d2d3 − d1 − d2

d1d2d
2
3

)

which coincide with the upper bound in [25]. When n = 4, 2 ≤ d1 ≤ d2 ≤ d3 ≤ d4, d4 ≤

d1d2d3, we obtain that

∥
∥T(1234)

∥
∥
2
≤ 16

(

1−
d1d2d3 + d1d2d4 + d1d3d4 + d2d3d4 − d1 − d2 − d3 + d4

d1d2d3d
2
4

)

which also coincide with the upper bound in [25].

As a special case, consider d1 = · · · = dn = d in Theorem 1. We have

Corollary 1. Let ρ ∈ Hd
1 ⊗Hd

2 ⊗ · · · ⊗Hd
n (n ≥ 3, d ≥ 2) be an n-qudit quantum state. We

have
∥
∥T(12···n)∥∥2 ≤

2n [(n− 2)dn − ndn−2 + 2]

(n− 2)dn
. (10)

Remark 2: The upper bound of Corollary 1 is the same as in [15] and [25]. And Corollary

1 is the generalization of the results of [14]. When n = 3, 4, the results of Corollary 1 reduce

to the ones in [14] and [15]. And when n = 3, the upper bound of Corollary 1 is 8(d−1)2(d+2)
d3

,

which tighter than the upper bound of Corollary 2.2 given in [18].

The Bloch vectors are used to define a valid entanglement measure in [16,17] as follows.

For an n-qudit pure state, the entanglement measure is defined as:

ET(|ψ〉) =

(
d

2

)n
2 ∥
∥T(1···n)∥∥−

(
d(d− 1)

2

)n
2

, (11)

where T(1···n) is defined as a vector with elements t
(1···n)
i1···in = Tr(ρλi1 ⊗ λi2 ⊗ · · · ⊗ λin). Our

results can give rise to an upper bound of the entanglement:

Corollary 2. For any n-qudit pure state ρ ∈ Hd
1 ⊗ Hd

2 ⊗ · · · ⊗ Hd
n (n ≥ 3, d ≥ 2), the

entanglement measure has the upper bounds:

ET(|ψ〉) ≤

(
d

2

)n
2

[√

dn −
n

n− 2
dn−2 +

2

n− 2
− (d− 1)

n
2

]

, (12)

which coincide with the upper bound in [15].

3 The Necessary conditions for m-separable states

Now we study separability problems of n-partite quantum systems based on the upper

bounds of the norms of Bloch vectors. Let ρ ∈ Hd1
1 ⊗Hd2

2 ⊗ · · ·⊗Hdn
n , n ≥ 3, 2 ≤ d1 ≤ d2 ≤

6



· · · ≤ dn. If ρ can be written as ρ =
∑

i

pi|ψi〉〈ψi|, where
∑

i

pi = 1, 0 < pi ≤ 1, |ψi〉 is one

of the following sets: {|φj1〉 ⊗ |φj2···jn〉} , · · · , {|φ1〉 ⊗ · · · ⊗ |φn〉} , {|φj1j2〉 ⊗ |φj3···jn〉} , · · · ,

where j1 6= · · · 6= jn ∈ {1, · · ·n}. Then ρ is called (1, n − 1) separable, · · · , (1, · · · , 1)
︸ ︷︷ ︸

n

separable, (2, n− 2) separable, · · · , respectively.

Lemma 1. Let ρj ∈ H
dj
j (j = 1, · · · , n, dj ≥ 2) be the reduced density operator of ρ. We

have
∥
∥T(j)

∥
∥
2
≤

2(dj − 1)

dj
. (13)

Proof. ρj has the Bloch representation:

ρj =
1

dj
Idj +

1

2

d2j−1
∑

ij=1

t
(j)
ij
λij , (14)

where t
(j)
ij

= Tr(ρjλij ), T
(j) is a vector with entries t

(j)
ij
, j = 1, · · · , n, ij = 1, · · · , d2j − 1.

Since Tr(ρ2j) ≤ 1, i.e. 1
dj

+ 1
2

∥
∥T(j)

∥
∥
2
≤ 1, one obtains (13).

Lemma 2. Let ρjk ∈ H
dj
j ⊗ Hdk

k (1 ≤ j < k ≤ n, 2 ≤ dj ≤ dk) be the reduced density

operator of ρ. We have
∥
∥T(jk)

∥
∥
2
≤

22(d2j − 1)

d2j
. (15)

Proof. ρjk has the Bloch representation:

ρjk =
1

djdk
Idj ⊗ Idk +

1

2dk

d2j−1
∑

ij=1

t
(j)
ij
λij ⊗ Idk+

1

2dj

d2
k
−1
∑

ik=1

t
(k)
ik
Idj ⊗ λik +

1

4

d2j−1
∑

ij=1

d2
k
−1
∑

ik=1

t
(jk)
ij ik

λij ⊗ λik ,

(16)

where t
(j)
ij

= Tr(ρjkλij ⊗ Idk), t
(k)
ik

= Tr(ρjkIdj ⊗ λik), t
(jk)
ij ik

= Tr(ρjkλij ⊗ λik). T(j), T(k)

and T(jk) are vectors with entries t
(j)
ij
, t

(k)
ik

and t
(jk)
ij ik

(1 ≤ j < k ≤ n, ij = 1, · · · , d2j − 1, ik =

1, · · · , d2k − 1). Set

∥
∥T(j)

∥
∥
2
=

d2j−1
∑

ij=1

(

t
(j)
ij

)2

,

∥
∥T(k)

∥
∥
2
=

d2
k
−1
∑

ik=1

(

t
(k)
ik

)2

,

∥
∥T(jk)

∥
∥
2
=

d2j−1
∑

ij=1

d2
k
−1
∑

ik=1

(

t
(jk)
ij ik

)2

.

For a pure state ρjk = |ψ〉〈ψ|, one has Tr(ρ2jk) = 1, namely,

Tr(ρ2jk) =
1

djdk
+

1

2dk

∥
∥T(j)

∥
∥
2
+

1

2dj

∥
∥T(k)

∥
∥
2
+

1

4

∥
∥T(jk)

∥
∥
2
= 1. (17)

7



Let ρj and ρk be the reduced density matrices with respect to the subsystems 1 ≤ j < k ≤ n.

Since for a pure state ρjk, Tr(ρ
2
j) = Tr(ρ2k), i.e.

1
dj
+ 1

2

∥
∥T(j)

∥
∥
2
= 1

dk
+ 1

2

∥
∥T(k)

∥
∥
2
. Therefore,

we get

∥
∥T(jk)

∥
∥
2
=
22(d2j − 1)

d2j
−

2(dj + dk)

djdk

∥
∥T(j)

∥
∥
2

≤
22(d2j − 1)

d2j
.

(18)

Now we consider a mixed state ρjk with ensemble representation ρjk =
∑

i

pi|ψi〉〈ψi|,

where
∑

i

pi = 1, 0 < pi ≤ 1, by the convexity of the Frobenius norm one derives

∥
∥T(jk)(ρjk)

∥
∥
2
=

∥
∥
∥
∥
∥

∑

i

piT
(jk)(|ψi〉〈ψi|)

∥
∥
∥
∥
∥

2

≤
∑

i

pi
∥
∥T(jk)(|ψi〉〈ψi|)

∥
∥
2

≤
22(d2j − 1)

d2j
,

which ends the proof.

For the n-partite quantum state ρ ∈ Hd1
1 ⊗Hd2

2 ⊗ · · · ⊗Hdn
n , n ≥ 3, 2 ≤ d1 ≤ · · · ≤ dn,

consider the m-partition of n-qudit quantum state ρ, we denote m = (k1, · · · , km), where
m∑

s=1

ks = n, 1 ≤ k1 ≤ · · · ≤ km ≤ n − 1 and nj =
j∑

s=1

ks, 1 ≤ j ≤ m, 1 ≤ nj ≤ n. By

Theorem 1, dnj
≤ dnj−1+1 dnj−1+2 · · · dnj−1 if 3 ≤ kj ≤ n − 1, 1 ≤ j ≤ m. Moreover, denote

the following:

a1 =
2(d1−1)

d1
,

· · · ,

anp
=

2(dnp−1)
dnp

,

anb
=

22(d2nb−1−1)
d2nb−1

,

· · · ,

anb+(q−1)
=

22
(

d2nb+(q−1)−1−1

)

d2nb+(q−1)−1

· · · ,

anc
= 2t






1−

∑

dinc−(t−1)
···dinc−1

−
t−1
∑

i=0
dnc+i +(n−2)dnc

(t−2)dnc−(t−1)···dnc−1d2nc






,

· · · ,

anc+(s−1)
= 2t






1−

∑

dinc+(s−1)−(t−1)
···dinc+(s−1)−1

−
t−1
∑

i=0
dnc+(s−1)+i+(n−2)dnc+(s−1)

(t−2)dnc+(s−1)−(t−1)···dnc+(s−1)−1d2nc+(s−1)






, t ≥ 3.

(19)
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where p+ q + · · ·+ s = m, p+ 2q + · · ·+ ts = n, 1 ≤ p, b, q, · · · , c, s ≤ m.

Then from Lemmas 1, 2 and Theorem 1, we have

∥
∥T(1)

∥
∥
2
≤ a1,

· · · ,
∥
∥T(np)

∥
∥
2
≤ anp

,

∥
∥T(nb−1,nb)

∥
∥
2
≤ anb

,

· · · ,
∥
∥
∥T(nb+(q−1)−1,nb+(q−1))

∥
∥
∥

2

≤ anb+(q−1)
,

∥
∥T(nc−(t−1),··· ,nc)

∥
∥
2
≤ anc

,

· · · ,
∥
∥
∥T(nc+(s−1)−(t−1),··· ,nc+(s−1))

∥
∥
∥

2

≤ anc+(s−1)
, t ≥ 3.

where T(u) is a vector with the entries t
(u)
iu

(u = 1, · · · , np, iu = 1, · · · , d2u−1).T(xy) is a vector

with entries t
(xy)
ixiy

(x = nb − 1, · · · , nb+(q−1) − 1, y = nb, · · · , nb+(q−1), ix = 1, · · · , d2x − 1, iy =

1, · · · , d2y−1). · · · . T(x1,··· ,xt) is a vector with entries t
(x1···xt)
ix1 ···ixt

(x1 = nc−(t−1), · · · , nc+(s−1)−

(t− 1), · · · , xt = nc, · · · , nc+(s−1), ix1 = 1, · · · , d2x1
− 1, · · · , ixt

= 1, · · · , d2xt
− 1).

The following theorem gives the necessary conditions of m-separability.

Theorem 2. Let ρ ∈ Hd1
1 ⊗Hd2

2 ⊗· · ·⊗Hdn
n (n ≥ 3, 2 ≤ d1 ≤ d2 ≤ · · · ≤ dn) be an n-partite

quantum state. If ρ is m-separable we have

∥
∥T(12···n)∥∥2 ≤

np∏

f=1

af

nb+(q−1)
∏

g=nb

ag · · ·

nc+(s−1)
∏

h=nc

ah, (20)

where m = (k1, · · · , km),
m∑

s=1

ks = n, 1 ≤ k1 ≤ · · · ≤ km ≤ n − 1 and nj =
j∑

s=1

ks, 1 ≤

j ≤ m, 1 ≤ nj ≤ n, dnj
≤ dnj−1+1 dnj−1+2 · · · dnj−1 if 3 ≤ kj ≤ n − 1, 1 ≤ j ≤ m.

af , ag, ah (f = 1, · · · , np, g = nb, · · · , nb+(q−1), h = nc, · · · , nc+(s−1)) are given in (19).

Proof. If ρ = |ψ〉〈ψ| is an m-separable pure state, where |ψ〉 ∈ Hd1
1 ⊗ Hd2

2 ⊗ · · · ⊗ Hdn
n .

Without lose of generality, assume that

|ψ〉 =|φ1〉 ⊗ · · · ⊗ |φnp
〉 ⊗ |φnb−1,nb

〉 ⊗ · · · ⊗
∣
∣
∣φnb+(q−1)−1,nb+(q−1)

〉

⊗ · · ·

⊗
∣
∣φnc−(t−1),··· ,nc

〉
⊗ · · · ⊗

∣
∣
∣φnc+(s−1)−(t−1),··· ,nc+(s−1)

〉

.
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We have

t
(1···n)
i1···in =Tr (|ψ〉〈ψ|λi1 ⊗ · · · ⊗ λin)

=Tr (|φ1〉〈φ1|λi1) · · ·Tr
(
|φnp

〉〈φnp
|λinp

)
·

Tr
(

|φnb−1,nb
〉 〈φnb−1,nb

| λinb−1 ⊗ λinb

)

· · ·

Tr

(∣
∣
∣φnb+(q−1)−1,nb+(q−1)

〉〈

φnb+(q−1)−1,nb+(q−1)

∣
∣
∣

λinb+(q−1)−1,nb+(q−1)
⊗ λinb+(q−1)−1,nb+(q−1)

)

· · ·

Tr

(
∣
∣φnc−(t−1),··· ,nc

〉 〈
φnc−(t−1),··· ,nc

∣
∣

λinc−(t−1)
⊗ · · · ⊗ λinc

)

· · ·

Tr

(∣
∣
∣φnc+(s−1)−(t−1),··· ,nc+(s−1)

〉〈

φnc+(s−1)−(t−1),··· ,nc+(s−1)

∣
∣
∣

λinc+(s−1)−(t−1)
⊗ · · · ⊗ λinc+(s−1)

)

=t
(1)
i1

· · · t
(np)
inp

t
(nb−1,nb)
inb−1inb

· · · t
(nb+(q−1)−1,nb+(q−1))
inb+(q−1)−1inb+(q−1)

· · ·

t
(nc−(t−1),··· ,nc)
inc−(t−1)···inc

· · · t
(nc+(s−1)−(t−1),··· ,nc+(s−1))
inc+(s−1)−(t−1)···inc+(s−1)

.

(21)

Thus

∥
∥T(12···n)∥∥2 =

∥
∥T(1)

∥
∥
2
· · ·
∥
∥T(np)

∥
∥
2

∥
∥T(nb−1,nb)

∥
∥
2
· · ·
∥
∥T(nb+(q−1)−1,nb+(q−1))

∥
∥
2
· · ·

∥
∥T(nc−(t−1),··· ,nc)

∥
∥
2
· · ·
∥
∥T(nc+(s−1)−(t−1),··· ,nc+(s−1))

∥
∥
2

≤

np∏

f=1

af

nb+(q−1)
∏

g=nb

ag · · ·

nc+(s−1)
∏

h=nc

ah.

(22)

Then for any mixed state ρ =
∑

k

pk|ψk〉〈ψk| ∈ Hd1
1 ⊗Hd2

2 ⊗ · · · ⊗Hdn
n , where

∑

k

pk = 1,

0 < pk ≤ 1,by the convexity of the Frobenius norm one derives

∥
∥T(12···n)(ρ)

∥
∥
2
=

∥
∥
∥
∥
∥

∑

k

pkT
(12···n)(|ψk〉〈ψk|)

∥
∥
∥
∥
∥

2

≤
∑

k

pk
∥
∥T(12···n)(|ψk〉〈ψk|)

∥
∥
2

≤

np∏

f=1

af

nb+(q−1)
∏

g=nb

ag · · ·

nc+(s−1)
∏

h=nc

ah.

(23)
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Remark 3: The upper bounds of Theorem 2 is a generalization of Theorem 2 given

in [15] and Theorem 7 given in [25], respectively. Set d1 = · · · = dn = d, and a1 = · · · = anp
,

anb
= · · · = anb+(q−1)

= a2, · · · , anc
= · · · = anc+(s−1)

= at. Then (20) gives rise to

∥
∥T(12···n)∥∥2 ≤ a

p
1a

q
2 · · · a

s
t . (24)

which coincide with Theorem 2 in [15] and Theorem 7 in [25].

Remark 4: Let ρ ∈ Hd1
1 ⊗Hd2

2 ⊗Hd3
3 ⊗Hd4

4 be a four-partite quantum state. One has

∥
∥T(1234)

∥
∥
2
≤







24(d1−1)
d1

{

1− d2d3+d2d4+d3d4−2d4
d2d3d

2
4

}

, if ρ is (1, 3) separable;

24(d21−1)(d23−1)
d21d

2
3

, if ρ is (2, 2) separable;

24(d1−1)(d2−1)(d23−1)
d1d2d

2
3

, if ρ is (1, 1, 2) separable;

24
4
∏

i=1
(di−1)

4
∏

i=1
di

, if ρ is (1, 1, 1, 1) separable.

(25)

The following two examples show that the upper bounds in Theorem 2 are nontrivial

and are tight.

Example 1: Consider the quantum state ρ ∈ H2
1 ⊗H2

2 ⊗H2
3 ⊗H2

4 ⊗H2
5 ,

ρ = x(|ψ〉〈ψ|+ |ϕ〉〈ϕ|) +
1− 2x

32
I32, (26)

where |ψ〉 = 1√
2
(|00000〉 + |11111〉), |ϕ〉 = 1

2
(|00001〉 + |00010〉 + |00100〉 + |01000〉). Since

∥
∥T(12345)

∥
∥
2
=

3∑

i1,··· ,i5=1

(

t
(1···5)
i1···i5

)2

, where t
(1···5)
i1···i5 = Tr(ρλi1 ⊗· · ·⊗λi5) are the entries of T

(12345),

we have
∥
∥T(12345)

∥
∥
2
= 20x2. Thus for 3

√
5

10
< x ≤

√
15
5
, ρ is not (1, 4) or (1, 2, 2) separable.

For
√
15
5

< x ≤ 1, ρ is not (2, 3) separable. For
√
5
5
< x ≤ 3

√
5

10
, ρ is not (1, 1, 3) separable.

For
√
15
10

< x ≤
√
5
5
, ρ is not (1, 1, 1, 2) separable. For

√
5

10
< x ≤

√
15
10
, ρ is not (1, 1, 1, 1, 1)

separable.

Example 2: Consider the quantum state ρ ∈ H2
1 ⊗H3

2 ⊗H4
3 ⊗H5

4 ,

ρ = x|ψ〉〈ψ|+
1− x

120
I120, (27)

where |ψ〉 = 1√
2
(|0〉1|0〉2|0〉3|4〉4 + |1〉1|0〉2|0〉3|0〉4), |0〉1 := [1, 0]T , |1〉1 := [0, 1]T , |0〉2 :=

[1, 0, 0]T , |0〉3 := [1, 0, 0, 0]T , |0〉4 := [1, 0, 0, 0, 0]T , |4〉4 := [0, 0, 0, 0, 1]T (T is the transpose).

Since
∥
∥T(1234)

∥
∥
2
=

4∑

k=1

d2
k
−1
∑

ik=1

(

t
(1···4)
i1···i4

)2

, where t
(1···4)
i1···i4 = Tr(ρλi1 ⊗ · · · ⊗ λi4) are the entries of

T(1234), we can compute that
∥
∥T(1234)

∥
∥
2
= 6x2. Thus for

√
263
15

< x ≤
√
30
4
, ρ is not (1, 3)
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separable. For
√
30
4
< x ≤ 1, ρ is not (2, 2) separable. For

√
30
6
< x ≤

√
263
15

, ρ is not (1, 1, 2)

separable. For 2
√
30

15
< x ≤

√
30
6
, ρ is not (1, 1, 1, 1) separable.

From the above results, we are able to classify the entanglement of n-partite quantum

states by using the norms of the Bloch vector
∥
∥T(12···n)

∥
∥
2
. The upper bounds of

∥
∥T(12···n)

∥
∥
2

can be used to identify the m-separable n-partite quantum states, which include the fully

separable states and the genuine multipartite entangled states as special classes.

4 Conclusion

Classification and detection of quantum entanglement are basic and fundamental prob-

lems in theory of quantum entanglement. We have investigated the norms of the Bloch

vectors for arbitrary n-partite quantum systems. Tight upper bounds of the norms have

been derived, and used to derive tight upper bounds for entanglement measure defined by

the norms of Bloch vectors. The upper bounds have a close relationship to the separabil-

ity. Necessary conditions have been presented for m-separable quantum states. With these

upper bounds a complete classification of n-partite quantum states has been obtained. Our

results may highlight further studies on the quantum entanglement.
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[15] Tănăsescu, A., Popescu, P.:Bloch vector norms of separable multi-partite quantum sys-

tems. Europhys. Lett. A 126, 60003 (2019)

[16] Hassan, A.S.M., Joag, P.S.:An experimentally accessible geometric measure for entan-

glement in N-qubit pure states. Phys. Rev. A, 77, 062334 (2008).

[17] Hassan, A.S.M., Joag, P.S.: Geometric measure for entanglement in N-qudit pure states.

Phys. Rev. A, 80, 042302 (2009).

[18] Yu, B., Jing, N.H, Li-Jost, X.Q.:Distribution of spin correlation strengths in multipartite

systems. Quantum Inf. Process. 18, 344 (2019)

[19] van Loock, P. and Furusawa, A.: Detecting genuine multipartite continuous-variable

entanglement. Phys. Rev. A 67, 052315 (2003)

[20] Zhao, M. J., Zhang, T. G., Li-Jost, X.Q., and Fei, S. M.: Identification of three-qubit

entanglement. Phys. Rev. A 87, 012316 (2013)

13



[21] Li, M., Wang, J., Shen, S.Q, Chen, Z.H., and Fei, S. M.: Detection and measure of

genuine tripartite entanglement with partial transposition and realignment of density

matrices. Scientific Reports 7, 17274 (2017)

[22] Bancal, J.D., Gisin, N., Liang, Y.C., and Pironio, S.: Device-Independent Witnesses of

Genuine Multipartite Entanglement. Phys. Rev. Lett. 106, 250404 (2011)

[23] Jungnitsch, B., Moroder, T., and Gühne, O.:Entanglement witnesses for graph states:

General theory and examples. Phys. Rev. A 84, 032310 (2011)

[24] Wu, J.Y., Kampermann, H., Bruß, D., Klockl, C. and Huber, M.: Determining lower

bounds on a measure of multipartite entanglement from few local observables. Phys.

Rev. A 86, 022319 (2012)

[25] Zhao, H., Zhang, M.M., Jing, N.H, Wang, Z.X.:Separability criteria based on Bloch

representation of density matrices. Quantum Inf. Process. 19, 14 (2020)

14


	1 Introduction
	2 Upper bounds of the norms of Bloch vectors
	3 The Necessary conditions for m-separable states
	4 Conclusion

