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Abstract Quantum dense coding plays an important role in quantum cryptography
communication, and how to select a set of appropriate unitary operators to encode
message is the primary work in the design of quantum communication protocols.
Shukla et al. proposed a preliminary method for unitary operator construction based
on Pauli group under multiplication, which is used for dense coding in quantum dia-
logue. However, this method lacks feasible steps or conditions, and cannot construct
all the possible unitary operator sets. In this study, a feasible solution of constructing
unitary operator sets for quantum maximal dense coding is proposed, which aims to
use minimum qubits to maximally encode a class of t-qubit symmetric states. These
states have an even number of superposition items, and there is at least one set of

⌈ t
2

⌉
qubits whose superposition items are orthogonal to each other. Firstly, we propose
the procedure and the corresponding algorithm for constructing 2t -order multiplica-
tive modified generalized Pauli subgroups (multiplicative MGP subgroups). Then,
two conditions for t-qubit symmetric states are given to select appropriate unitary
operator sets from the above subgroups. Finally, we take 3-qubit GHZ, 4-qubit W,
4-qubit cluster and 5-qubit cluster states as examples, and demonstrate how to find
all unitary operator sets for maximal dense coding through our construction solution,
which shows that our solution is feasible and convenient.
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Fig. 1 Two types of quantum communication process based on dense coding: (a) is one-way communi-
cation and (b) is two-way communication. In the one-way communication, the sender firstly encodes the
classical information into quantum states using dense coding, and transmits them to the receiver through
the quantum channel. Finally, the receiver gets the transmitted states and measures them to get the classi-
cal information (i.e., quantum decoding). In the two-way communication, the receiver firstly send message
qubits (which are used for massage encoding) to the sender, and the remaining steps are the same as the
one-way communication process.

1 Introduction

With the development of quantum technology, quantum cryptography has become
a hot topic, which has attracted more and more attention in the field of cryptogra-
phy and physics. Many kinds of quantum cryptography protocols have been pro-
posed, including quantum key distribution (QKD) [1,2,3], quantum secret sharing
(QSS) [4,5,6,7], quantum secure direct communication (QSDC) [8,9,10,11], quan-
tum key agreement (QKA) [12,13,14,15], and quantum machine learning [16,17,18,
19] has recently become a research hotspot. Quantum dense coding [20,21,22] is a
frequently used method in quantum information theory, and it plays an important role
in quantum cryptography communication. In general, communication process based
on dense coding can be divided into two categories: one-way and two-way commu-
nication, which can be illustrated in in Fig. 1.

In quantum information theory, a qubit can be utilized to transmit more than one
bits of classic information, which is called dense coding. However, maximal dense
coding is a special type of dense coding, which require a qubit to transmit two bits
of classical information, to be more accurate, in a dense coding scheme, a t-qubit
preshared entanglement can be traded as at most 2t classical bits given that there are
an error-free qubit channel and an error-free pre-shared entanglement [23,24]. The
main focus of this paper is about the maximal dense coding. As we all know, how to
select a set of appropriate unitary operators to encode message is the primary work in
the design of quantum communication protocols. Suppose the initial state is t-qubit
state |φ0⟩, in order to implement maximal dense coding, we need 2t unitary operators
{U0,U1,U2, · · · ,U2t−1} to operate on |φ0⟩, and then get 2t mutually orthogonal state
vectors {|φ0⟩ , |φ1⟩ , · · · , |φi⟩ , · · · , |φ2t−1⟩}, where |φi⟩=Ui |φ0⟩ (0 ≤ i ≤ 2t −1).

However, how to construct an appropriate unitary operator set {U0,U1,U2, · · · ,U2t−1}
to encode message is not an easy work. Taking 3-qubit GHZ state as an example, we
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require an 8-order unitary operator group to operate
⌈ 3

2

⌉
=2 qubits, which means

we need select eight operators from G2 = {I,X ,Y,Z}⊗ {I,X ,Y,Z}, and there are
C8

16 = 12870 possible combinations. Obviously, not all combinations are multiplica-
tive groups, and it will be a hard work if we check them one by one. At present, its
construction mostly depends on the non-systematic search. Meanwhile, as the number
of qubits increases, this experience-based method becomes more and more difficult.
So, it is of both theoretical and practical importance to find out an effective solution
of constructing unitary operator sets.

In 2013, Shukla et al. [25] proposed a preliminary method for unitary opera-
tor construction based on the multiplication group, which is used for dense coding
in quantum dialogue. They firstly construct a few subgroups of Gn (n-fold tensor
products of Pauli matrices, n indicates the number of operated qubits) through the
subgroups of G

′
1 (i.e., {I,X ,Y,Z} ,{I,X} ,{I,Y} ,{I,Z}) , and then select appropriate

unitary operator sets for a specific quantum state according to mutually-orthogonal-
state distinguishable principle. However, this method is not feasible due to lack of
detailed steps or conditions, what’s more, it cannot construct all the possible unitary
operator sets. In order to solve these problems, a feasible solution of constructing
unitary operator sets for quantum maximal dense coding is proposed, which uses
minimum qubits to encode a class of t-qubit symmetric states. These states have two
constraints: (1) The number of superposition items of the quantum state must be even.
(2) There is at least one set of

⌈ t
2

⌉
qubits whose superposition items are orthogonal

to each other.
The remaining parts of the paper are organized as follows. In Section 2, some pre-

liminaries, i.e., the modified generalized Pauli group, the Sylow theorem and quantum
distinguishability principle, are introduced. In Section 3, Shukla et al.’s preliminary
method for unitary operator construction is briefly reviewed. And our solution of
constructing unitary operator sets for quantum maximal dense coding is detailedly
introduced in Section 4, which consists of two phases: constructing multiplicative
MGP subgroups, and selecting appropriate unitary operator sets. In Section 4.1, the
procedure and corresponding algorithm for constructing 2t -order multiplicative MGP
subgroups are described elaborately. After that, two conditions for quantum symmet-
ric states are introduced concretely in Section 4.2. Taking 3-qubit GHZ state, 4-qubit
W, 4-qubit cluster and 5-qubit cluster states as quantum resource, we demonstrate that
how to find all appropriate unitary operator sets through the above solution. Finally,
Section 5 is dedicated for conclusion.

2 Preliminaries

2.1 The modified generalized Pauli group

As we know, Pauli group is defined as P1 = {±σi,±iσi,±σx,±iσx,±σy,±iσy,±σz,±iσz}.
Here, the inclusion of ±1 and ±i ensures that P1 is closed under normal multiplica-
tion, but in quantum mechanics, the effects of ±σi and ±iσi on a quantum state
are same. So we ignore the global phase from the product of matrices to redefine
the multiplication operator for two elements of the group. Since the Hilbert space



4 Wenjie Liu et al.

of t-qubit system is C2t
, then we need 2t unitary operators to get 2t mutually or-

thogonal state vectors. In this paper, the unitary operators are formed by combin-
ing Pauli operators (more precisely by combining

{
σi,σx, iσy,σz

}
). It is straight-

forward that
{

σi,σx, iσy,σz
}

forms a group under multiplication (without global
phase), which is called modified Pauli group. Thus we obtain a modified Pauli group
G1 =

{
σi,σx, iσy,σz

}
= {I,X ,Y,Z} where the effect of I,X ,Y,Z on |0⟩ and |1⟩ are

described as Eq. 1, {
I |0⟩ → |0⟩
I |1⟩ → |1⟩ ,

{
X |0⟩ → |1⟩
X |1⟩ → |0⟩ ,{

Y |0⟩ → −|1⟩
Y |1⟩ → |0⟩ ,

{
Z |0⟩ → |0⟩

Z |1⟩ → −|1⟩ ,

(1)

here, Y = ZX . Now we may define the modified generalized Pauli group (MGP group)
Gn as one whose elements are all n-fold tensor products of Pauli matrices, i.e., Gn =
G1 ⊗G1 ⊗·· ·⊗G1. Take G2 as an example,

G2 = G1 ⊗G1 = {I,X ,Y,Z}⊗{I,X ,Y,Z}
= {I ⊗ I, I ⊗X , I ⊗Y, I ⊗Z,X ⊗ I,X ⊗X ,X ⊗Y,X ⊗Z,

Y ⊗ I,Y ⊗X ,Y ⊗Y,Y ⊗Z,Z ⊗ I,Z ⊗X ,Z ⊗Y,Z ⊗Z}
(2)

is a group of order 16. In general, Gn = G1
⊗n is a group of order 22n = 4n.

2.2 Sylow theorem

Sylow theorem: If G is a group of order pkm, with p prime, and (p, m) = 1. For every
prime factor p, there exists a Sylow p-subgroup of G and indeed the order of a Sylow
p-subgroup is pi (i ≤ k). and the Sylow p-subgroups of a group (for a given prime p)
are conjugate to each other.

In this paper, we utilize a 4n-order Gn. For 4n-order Gn, p = 2,m = 1,k = 2n and
in general Gn has Sylow 2-subgroups of order 2,4,8, ...,2k. Thus G2 has subgroups
of order 16, 8, 4, 2, 1. Obviously the largest subgroup is the group Gn itself and it
has only one subgroup of order 2k. But we are concerned about subgroups of order
2i where 0 ≤ i ≤ k in general and specially about subgroups of order 2k−1. To be
specific, giving t-qubit initial states, we utilize 2t unitary operators on initial state to
get 2t mutually orthogonal states. So we must operate at least

⌈ t
2

⌉
qubit. Thus the

group Gn must satisfy that
⌈ t

2

⌉
≤ n ≤ t (n represents the number of operated qubits).

2.3 Quantum distinguishability principle

The indistinguishability of non-orthogonal quantum states is at the heart of quantum
computation and quantum information. It is the essence of our assertion that a quan-
tum state contains hidden information that is not accessible to measurement, and thus
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plays a key role in quantum algorithms and quantum cryptography [26]. The indis-
tinguishability of qubits can be explained as follows: if two qubits |ϕ⟩ and |φ⟩ are
satisfied

∥⟨ϕ |φ⟩∥2=cosθ , (3)

here θ is the angle between two non-orthogonal qubits, and 0< θ < π

2 , cosθ ̸= 0, then
the two qubits are indistinguishable. The indistinguishability of two qubits means that
no precise results can be obtained for any operation or measurement. For example,
operating on either of the two qubits will inevitably produce some incorrect results
with a certain probability. Eq. 3 also define indistinguishability degree as below,

D = ∥⟨ϕ |φ⟩∥2=cosθ , (4)

here 0 ≤ D ≤ 1. Obviously, D = 1 represents that these two qubits are absolutely in-
distinguishable; D= 0 represents that these two qubits are absolutely distinguishable.
That is to say, those mutually orthogonal states are distinguishable [26] (we call it as
the mutually-orthogonal-state distinguishable principle in this paper).

Distinguishability is most easily understood using the metaphor of a game involv-
ing two parties, Alice and Bob. Suppose a fixed set of states {|ϕ1⟩ , |ϕ2⟩ , · · · , |ϕn⟩} is
given, Alice chooses a state |ϕi⟩(1 ≤ i ≤ n) from the set. She gives the state |ϕi⟩ to
Bob, whose task it is to identify the index i of the state Alice has given him. Suppose
the states |ϕi⟩ are orthonormal. Then Bob can do a quantum measurement to dis-
tinguish these states, using the following procedure. Define measurement operators
Mi ≡ |ϕi⟩⟨ϕi|, one for each possible index i, and an additional measurement operator
M0 defined as the positive square root of the positive operator I−∑i ̸=0 |ϕi⟩⟨ϕi|. These
operators satisfy the completeness relation, and if the state |ϕi⟩ is prepared then the
probability of obtaining measurement outcome i is p(i) = ⟨ϕi|Mi |ϕi⟩= 1, so the re-
sult i occurs with certainty. Thus, it is possible to reliably distinguish the orthonormal
states |ϕi⟩.

3 Review on Shukla et al.’s preliminary method for unitary operator
construction

In 2013, Shukla et al. [25] proposed a preliminary method for unitary operator con-
struction based on the group under multiplication, which is used for maximal dense
coding in quantum dialogue. For a certain t-qubit quantum state, these operators will
be at least

⌈ t
2

⌉
-qubit operators (according to Sylow theorem in Section 2.2). So, for

3-qubit states, we need the 8-order subgroups of G2 to complete the maximal dense
coding. Since each Pauli gate is self inverse, so {I,X} ,{I,Y} ,{I,Z} are subgroups
of G1 consequently. The following are 8-order subgroups of G2:

G1
2 (8)=G1 ⊗{I,X}

= {I ⊗ I, I ⊗X ,X ⊗ I,X ⊗X ,Y ⊗ I,Y ⊗X ,Z ⊗ I,Z ⊗X}
G2

2 (8)=G1 ⊗{I,Y}
= {I ⊗ I, I ⊗Y,X ⊗ I,X ⊗Y,Y ⊗ I,Y ⊗Y,Z ⊗ I,Z ⊗Y}

G3
2 (8)=G1 ⊗{I,Z}

= {I ⊗ I, I ⊗Z,X ⊗ I,X ⊗Z,Y ⊗ I,Y ⊗Z,Z ⊗ I,Z ⊗Z}
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G4
2 (8)={I,X}⊗G1

= {I ⊗ I, I ⊗X ,X ⊗ I,X ⊗X ,Y ⊗ I,Y ⊗X ,Z ⊗ I,Z ⊗X}
G5

2 (8)={I,Y}⊗G1
= {I ⊗ I,Y ⊗ I, I ⊗X ,Y ⊗X , I ⊗Y,Y ⊗Y, I ⊗Z,Y ⊗Z}

G6
2 (8)={I,Z}⊗G1

= {I ⊗ I,Z ⊗ I, I ⊗X ,Z ⊗X , I ⊗Y,Z ⊗Y, I ⊗Z,Z ⊗Z} .
where G j

n (m) denotes jth subgroup of m-order (m < 4n) of the group Gn whose order
is 4n. Similarly, it can construct 3n subgroups of order 22n−1 of Gn as follows:

G⊗i
1 ⊗{I,X}⊗Gn−i−1

1 ,

G⊗i
1 ⊗{I,Y}⊗Gn−i−1

1 ,

G⊗i
1 ⊗{I,Z}⊗Gn−i−1

1 ,
where 0 ≤ i ≤ n− 1. For example, it can easily obtain the following 32-order sub-
groups of G3:

G1
3 (32) = G2 ⊗{I,X} ,

G2
3 (32) = G2 ⊗{I,Y} ,

G3
3 (32) = G2 ⊗{I,Z} ,

G4
3 (32) = {I,X}⊗G2,

G5
3 (32) = {I,Y}⊗G2,

G6
3 (32) = {I,Z}⊗G2,

G7
3 (32) = G1 ⊗{I,X}⊗G1,

G8
3 (32) = G1 ⊗{I,Y}⊗G1,

G9
3 (32) = G1 ⊗{I,Z}⊗G1.

However, the authors declared the above sets of subgroups are not complete. For
example, the following 8-order subgroups of G2, are not in above sets,

G7
2 (8) = {I ⊗ I, I ⊗Z,Z ⊗ I,Z ⊗Z,X ⊗X ,Y ⊗X ,X ⊗Y,Y ⊗Y}

G8
2 (8) = {I ⊗ I,Z ⊗Z,X ⊗Y,Y ⊗X , I ⊗X ,Z ⊗Y,Y ⊗ I,X ⊗Z}

G9
2 (8) = {I ⊗ I,Z ⊗Z,X ⊗Y,Y ⊗X ,X ⊗ I,Y ⊗Z,Z ⊗X , I ⊗Y}

G10
2 (8) = {I ⊗ I,X ⊗ I, I ⊗X ,X ⊗X ,Z ⊗Z,Y ⊗Z,Z ⊗Y,Y ⊗Y}

G11
2 (8) = {I ⊗ I,Y ⊗ I, I ⊗Y,Y ⊗Y,Z ⊗Z,Z ⊗X ,X ⊗Z,X ⊗X} .

Next, all the unitary operators of a subgroup are applied on the given quantum
state and the orthogonality of the output states are checked in quantum dialogue. If
the output states are mutually orthogonal, then the corresponding subgroup of unitary
operators can be used to implement quantum dialogue using the given quantum state.
Based on the mutually-orthogonal-state distinguishable principle, they list specific
quantum states and corresponding operator sets that may be used to quantum dialogue
which can be seen in Tab. 1.

Table 1 List of some quantum states and corresponding appropriate operator sets

Quantum state Unitary operator set

2-qubit Bell state G1 (4)
3-qubit GHZ state G1

2 (8) ,G
2
2 (8) ,G

4
2 (8) ,G

5
2 (8)

4-qubit cluster state G2 (16)
5-qubit cluster state G4

3 (32) ,G5
3 (32) ,G7

3 (32) ,G8
3 (32)
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As described above, the first 6 subgroups G1
2,G

2
2,G

3
2,G

4
2,G

5
2,G

6
2 of G2 are con-

structed by Shukla et al.’s method, but the extra subgroups G7
2,G

8
2,G

9
2,G

10
2 ,G11

2 are
just provided as supplements in Ref. [25]. Besides, we also find that the eleven sub-
groups are also incomplete, which results in the incompleteness of the unitary opera-
tor sets for a given quantum state. Obviously, Shukla et al.’s method cannot construct
all the subgroups of Gn (including G2 and G3). That is to say, there are no feasible
steps and conditions to get all subgroups.

4 Solution of constructing unitary operator sets for maximal dense coding with
a class of symmetric states

In order to solve the problem mentioned in the above section, we propose a solution
of constructing unitary operator sets to implement maximal dense coding with a class
of t-qubit symmetric states. And these states have two constraints:
Constraint 1: Every state has an even number of superposition items.
Constraint 2: There is at least one set of

⌈ t
2

⌉
qubits whose superposition items are

orthogonal to each other.
For transmitting 2t message through a t-qubit symmetric state, we need a unitary

operator set {U0,U1 · · · ,U2t−1} to operate on n=
⌈ t

2

⌉
qubits of the state. Our solution

consists of two phases: (1) constructing multiplicative MGP subgroups {U0,U1 · · · ,U2t−1}
which must be a group under multiplication, and (2) selecting appropriate unitary
operator sets to operate the state and making sure the results meet the mutually-
orthogonal-state distinguishable principle. In order to reduce the searching scope, a
two-step construction method and its algorithm are proposed respectively in the first
phase. In the later phase, two conditions for quantum symmetric states are given to
select appropriate unitary operator sets from the obtained multiplicative MGP sub-
groups.

4.1 Constructing multiplicative MGP subgroups

4.1.1 Method of constructing multiplicative MGP subgroups

For the sake of more intuitive, any 2t -order multiplicative MGP subgroup Gi
n (i is the

index of subgroup set) can be described in the form of Fig. 2, where Gi
n can be divided

into two lines. Obviously, Gi
n = (UA1 ⊗UA2 ⊗·· ·⊗UAn)∪ (UB1 ⊗UB2 ⊗·· ·⊗UBn).

Fig. 2 The structure of a 2t -order multiplicative MGP subgroup
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Through analyzing their structural characteristics of multiplicative MGP sub-
groups that are transformed into the forms of Fig. 2, we propose a two-step method
to construct the multiplicative MGP subgroups.

Step 1: Select k = n−2 columns from Gi
n in Fig. 2, and fill them with G1,

UAk1 ⊗UAk2 ⊗·· ·⊗UAkn−2
UBk1 ⊗UBk2 ⊗·· ·⊗UBkn−2

∣∣∣∣UAki =UBki = G1, (5)

where (i ∈ {1,2,3, · · ·n−2}).
For the sake of brevity, we put UAk1 ,UAk2 , · · · ,UAkn−2 and UBk1 ,UBk2 , · · · ,UBkn−2

together, place the remainders (i.e., UAkn−1 ,UAkn and UBkn−1 ,UBkn ) in the end, and get
the structure of Fig. 3. Obviously, the left side of the dotted line in Fig. 3 are n− 2
columns filled with G1.

Fig. 3 The structure division of Gi
n

Step 2: The remaining 2 columns are processed as Eq. 6 and Eq. 7
If t= 2n−1, there are two situations to construct the multiplicative MGP sub-

groups: 

(1)
UAkn−1=UBkn−1 = {I,X} ,{I,Y}or{I,Z}
UAkn={I,X}{I,Y}or{I,Z} ,UBkn = G1 −UAkn

s = n−1

(2)
UAkn−1 ,UAkn = {I,X} ,{I,Y}or{I,Z}
UBkn−1 = G1 −UAkn−1 ,UBkn = G1 −UAkn

s = n−2

(6)

If t= 2n, there is only one situation to construct the multiplicative MGP sub-
groups: UAkn−1=UBkn−1 = G1

UAkn={I,X}{I,Y}or{I,Z} ,UBkn = G1 −UAkn

s = n−1
(7)

where s is the number of equal columns in Gi
n.

The remaining 2 columns (in the right side of the dotted line in Fig. 3) are pro-
cessed according to the parity of t. To be specific, when t is odd (i.e., t= 2n−1), there
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are two situations to construct the multiplicative MGP subgroups: one is UAkn−1 =
UBkn−1 , UAkn ∪UBkn =G1, then we can get s= n−1; the other is UAkn−1 ∪UBkn−1 =G1,
UAkn ∪UBkn = G1, and s = n− 2. But when t is even (i.e., t= 2n), there is only one
situation: UAkn−1 =UBkn−1 = G1, UAkn ∪UBkn = G1, and obtain s = n−1.

The above two steps can be more formalized into the form of Algorithm 1. After
the execution of the algorithm, we can get a set

{
Gi

n
}

. But the size of the set, i.e., the
number of multiplicative MGP subgroups we obtained, is the topic we are interested
in. In fact, it can be deduced from Eq. 5 and Eq. 6. Define λ as the number of Gi

n, if
t is odd (i.e., t = 2n−1),

λ =


3∗C1

1=3, n = 1
3∗C1

2+3∗3∗C2
2=15, n = 2

Cn−2
n

(
3∗C1

2 +3∗3∗C2
2
)
= n(n−1)

2 ∗15, n > 2
, (8)

and if t is even (i.e., t = 2n), λ=1. So, the obtained multiplicative MGP subgroups
are

{
Gi

n |1 ≤ i ≤ λ
}

.

4.1.2 Examples

Taking n = 2 and n = 3 as examples, we demonstrate our construction method in
detail as follows.

(1) n = 2
When n = 2 (i.e., we select 2 qubits to operate), so k = n− 2 = 0, which means

there is no columns to be filled with G1 in Step 1. Then referring to Step 2 (also Eq. 6),
there are two possible situations: t = 2n−1 = 3 (i.e., 3-qubit state), t = 2n = 4 (i.e.,
4-qubit state), and their multiplicative MGP subgroups can be described in the form
of Fig. 4 as Eq. 9 and Eq. 10.

If t=3, there are two situations:

(1)
UAk1 =UBk1 = {I,X} ,{I,Y}or{I,Z}
UAk2 = {I,X}{I,Y}or{I,Z} ,UBk2 = G1 −UAk2
s = 1

(2)
UAk1 ,UAk2 = {I,X} ,{I,Y}or{I,Z}
UBk1 = G1 −UAk1 ,UBk2 = G1 −UAk2
s = 0

(9)

If t=4: UAk1=UBk1=G1
UAk2 = {I,X}{I,Y}or{I,Z} ,UBk2 = G1 −UAk2
s = 1

(10)

here, k1 ̸= k2 and k1,k2 ∈ {1,2}.
For 3-qubit state (i.e., t = 3), we need an 8-order multiplicative MGP subgroups in

quantum maximal dense coding. It can be decomposed into the union of two 4-order
MGP subgroups in the form of Fig. 4. According to Eq. 8, there are 15 multiplicative
MGP subgroups exist for 3-qubit state:
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Algorithm 1 Constructing multiplicative MGP subgroups
Input: G1={I,X ,Y,Z} , t;
Output:

{
Gi

n
}

;
1: n =

⌈ t
2

⌉
;

2: i = 1;
3: //Select n−2 columns filled with G1 (UAk1 ,UAk2 , · · · ,UAkn−2 and UBk1 ,UBk2 , · · · ,UBkn−2 );
4: for r = 1;r ≤ n−2;r++ do
5: UAkr=G1;
6: UBkr=G1;
7: end for
8: //Deal with the remaining 2 columns;
9: for x = n−1;x ≤ n;x++ do

10: for y = n−1;y ̸= x and y ≤ n;y++ do
11: if t is odd then
12: for set in {{I,X} ,{I,Y} ,{I,Z}} do
13: UAkx ⇐ set;
14: UAky ⇐ set;
15: UBkx=UAkx ;
16: UBky=G1 −UAky ;
17: Output Gi

n =UAk1 ⊗UAk2 ⊗·· ·⊗UAkn ∪UBk1 ⊗UBk2 ⊗·· ·⊗UBkn ;
18: i++;
19: end for
20: for set in {{I,X} ,{I,Y} ,{I,Z}} do
21: UAkx ⇐ set;
22: UAky ⇐ set;
23: UBkx=G1 −UAkx ;
24: UBky=G1 −UAky ;
25: Output Gi

n =UAk1 ⊗UAk2 ⊗·· ·⊗UAkn ∪UBk1 ⊗UBk2 ⊗·· ·⊗UBkn ;
26: i++;
27: end for
28: else
29: //t is even;
30: UAkx=G1;
31: UBkx=G1;
32: for set in {{I,X} ,{I,Y} ,{I,Z}} do
33: UAky ⇐ set;
34: UBky=G1 −UAky ;
35: Output Gi

n =UAk1 ⊗UAk2 ⊗·· ·⊗UAkn ∪UBk1 ⊗UBk2 ⊗·· ·⊗UBkn ;
36: i++;
37: end for
38: end if
39: end for
40: end for

G1
2 (8)=({I, X}⊗{ I,X} )∪ ({Y, Z}⊗{ I,X} )

G2
2 (8)=({I, X}⊗{ I,Y} )∪ ({Y, Z}⊗{ I,Y} )

G3
2 (8)=({I, X}⊗{ I,Z} )∪ ({Y, Z}⊗{ I,Z} )

G4
2 (8)=({I, X}⊗{ I,Y} )∪ ({I, X}⊗{X ,Z} )

G5
2 (8)=({I, Y}⊗{ I,Y} )∪ ({I, Y}⊗{X ,Z} )

G6
2 (8)=({I, Z}⊗{ I,Y} )∪ ({I, Z}⊗{X ,Z} )

G7
2 (8)=({I, Z}⊗{ I,Z} )∪ ({X , Y}⊗{X ,Y} )

G8
2 (8)=({I, Y}⊗{ I,X} )∪ ({X , Z}⊗{Z,Y} )

G9
2 (8)=({I, X}⊗{ I,Y} )∪ ({Z, Y}⊗{Z,X} )
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Fig. 4 The structure of a 2-qubit multiplicative MGP subgroup

G10
2 (8)=({I, X}⊗{ I,X} )∪ ({Z, Y}⊗{Z,Y} )

G11
2 (8)=({I, Y}⊗{ I,Y} )∪ ({Z, X}⊗{Z,X} )

G12
2 (8)=({I, X}⊗{ I,Z} )∪ ({Y, Z}⊗{Y,X} )

G13
2 (8)=({I, Z}⊗{ I,X} )∪ ({Y, X}⊗{Y,Z} )

G14
2 (8)=({I, Y}⊗{ I,Z} )∪ ({X , Z}⊗{Y,X} )

G15
2 (8)=({I, Z}⊗{ I,Y} )∪ ({X , Y}⊗{Z,X} )

Here, G1
2,G

2
2,G

3
2,G

4
2,G

5
2,G

6
2 belong to the case of s= 1, and G7

2,G
8
2,G

9
2,G

10
2 ,G11

2 ,G12
2 ,G13

2 ,G14
2 ,G15

2
belong to the case of s = 0.

For 4-qubit state (i.e., t = 4), we need a 16-order multiplicative MGP subgroups in
quantum maximal dense coding. It can be decomposed into the union of two 8-order
MGP subgroups in the form of Fig. 5 as follows:

G1
2 (16) = {{I,X ,Y,Z}⊗{I,X}}∪{{I,X ,Y,Z}⊗{Y,Z}}

G2
2 (16) = {{I,X ,Y,Z}⊗{I,Y}}∪{{I,X ,Y,Z}⊗{X ,Z}}

G3
2 (16) = {{I,X ,Y,Z}⊗{I,Z}}∪{{I,X ,Y,Z}⊗{X ,Y}} .

Actually, the above three subgroups are the same: G2 (16)= {{I,X ,Y,Z}⊗{I,X ,Y,Z}}.
(2) n = 3
When n = 3, so k = n− 2 = 1, which means UAk1 = UBk1 = G1 (k1 ∈ {1,2,3}).

Then referring to Step 2, there are two possible situations: t = 2n−1= 5 (i.e., 5-qubit
state), t = 2n= 6 (i.e., 6-qubit state), and their specific multiplicative MGP subgroups
can be described in the form of Fig. 5 as Eq. 11 and Eq. 12.

If t=5, there are two situations:

(1)
UAk2 =UBk2 = {I,X} ,{I,Y}or{I,Z}
UAk3 = {I,X}{I,Y}or{I,Z} ,UBk3 = G1 −UAk3
s = 2

(2)
UAk2 ,UAk3 = {I,X} ,{I,Y}or{I,Z}
UBk2 = G1 −UAk2 ,UBk3 = G1 −UAk3
here, s = 1

(11)

If t=6, UAk2=UBk2=G1
UAk3 = {I,X}{I,Y}or{I,Z} ,UBk3 = G1 −UAk3
here, s = 2

(12)

here, k1 ̸= k2 ̸= k3 and k2,k3 ∈ {1,2,3}.
For 5-qubit state (i.e., t = 5), a 32-order multiplicative MGP subgroups is required

in maximal dense coding. It can be decomposed into the union of two 16-order MGP
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Fig. 5 The structure of a 3-qubit multiplicative MGP subgroup

subgroups in the form of Fig. 5. According to Eq. 8, there are 45 multiplicative MGP
subgroups exist for 3-qubit unitary operator sets. Here, because the number of 45 is
too large, we only list 15 multiplicative MGP subgroups in which G1 is in the last
column. Then, we can quickly list them as follows:

G1
3 (32)=G1

2 ⊗G1

G2
3 (32)=G2

2 ⊗G1

G3
3 (32)=G3

2 ⊗G1

G4
3 (32)=G4

2 ⊗G1

G5
3 (32)=G5

2 ⊗G1

G6
3 (32)=G6

2 ⊗G1

G7
3 (32)=G7

2 ⊗G1

G8
3 (32)=G8

2 ⊗G1

G9
3 (32)=G9

2 ⊗G1

G10
3 (32)=G10

2 ⊗G1

G11
3 (32)=G11

2 ⊗G1

G12
3 (32)=G12

2 ⊗G1

G13
3 (32)=G13

2 ⊗G1

G14
3 (32)=G14

2 ⊗G1

G15
3 (32)=G15

2 ⊗G1
Here, G1

3,G
2
3,G

3
3,G

4
3,G

5
3,G

6
3 belong to the case of s= 2, and G7

3,G
8
3,G

9
3,G

10
3 ,G11

3 ,G12
3 ,G13

3 ,G14
3 ,G15

3
belong to the case of s = 1.

For 6-qubit state (i.e., t = 6), we need a 64-order multiplicative MGP subgroups in
quantum maximal dense coding. It can be decomposed into the union of two 32-order
MGP subgroups in the form of Fig. 5 as follows:

G1
3 (64) = {{I,X ,Y,Z}⊗{I,X ,Y,Z}⊗{I,X}}∪{{I,X ,Y,Z}⊗{I,X ,Y,Z}⊗{Y,Z}}

G2
3 (64) = {{I,X ,Y,Z}⊗{I,X ,Y,Z}⊗{I,Y}}∪{{I,X ,Y,Z}⊗{I,X ,Y,Z}⊗{X ,Z}}

G3
3 (64) = {{I,X ,Y,Z}⊗{I,X ,Y,Z}⊗{I,Z}}∪{{I,X ,Y,Z}⊗{I,X ,Y,Z}⊗{X ,Y}} .

Obviously, they can be expressed as below:
G3 (64) = {{I,X ,Y,Z}⊗{I,X ,Y,Z}⊗{I,X ,Y,Z}}.
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4.2 Selecting appropriate unitary operator sets

4.2.1 Two conditions to select the appropriate unitary operator sets

In the previous section, we demonstrate how to construct the multiplicative MGP sub-
groups. Compared to the original exhaustive method, this method can greatly reduce
the scale of calculation. Next, we need to select appropriate unitary operator sets from
the above MGP subgroups. For a specific quantum state, there are two conditions as
follows.
Condition 1: In each MGP subgroup Gi

n, the elements with even number of Z are not
allowed.

Because the elements with even number of Z have the same operational effect as
the unit cell in the subgroup (i.e., I⊗n). So if any element of Gi

n has even number of Z,
Gi

n is unable to achieve maximal dense coding. For 3-qubit quantum states, we need
2-qubit unitary operators and the element I⊗ I and Z⊗Z have the same effect, which
help us exclude G3

2,G
6
2,G

7
2,G

8
2,G

9
2,G

10
2 ,G11

2 .
Condition 2: For a specific quantum state, we select

⌈ t
2

⌉
qubits to operate and the

product states of operated qubits must be mutually orthogonal.
The product states of operated qubits can consist of a multi-qubit state set. In order

to meet the requirement of Condition 2, all the product states in the set must be mutu-
ally orthogonal. Taking one of 4-qubit cluster states, |c⟩4 =

1
2 (|0000⟩+ |0011⟩+ |1100⟩− |1111⟩)1234,

as an example, if we choose the 1st and 2nd qubits as operated qubits, the product
states of these two qubits consist of the set {|00⟩ , |00⟩ , |11⟩ , |11⟩}. Obviously, the ele-
ments of the set are not mutually orthogonal, so this encoding method cannot achieve
maximal dense coding. However, if we operate the 1st and 3rd qubits, then the 2-qubit
product state set is {|00⟩ , |01⟩ , |10⟩ , |11⟩}, so the encoding method can work because
all the elements are mutually orthogonal. Therefore, the positions of operated qubit
for |c⟩4 are relatively deterministic, i.e., one of the operated qubits must be chosen
from qubit 1 or 2, and the other is qubit 3 or 4.

The above two conditions enable us to select the appropriate unitary operator sets
and feasible encoding method with regard to a certain quantum state. To verify its
correctness, we take 2-qubit Bell, 3-qubit GHZ, 4-qubit cluster and 5-qubit cluster
states as examples, and demonstrate how to select all appropriate unitary operator
sets.

4.2.2 Examples

Taking 3-qubit GHZ state, 4-qubit W, 4-qubit cluster and 5-qubit cluster states as
quantum resource in maximal dense coding, we demonstrate that how to find all
appropriate unitary operator sets through the above solution.

(1) 3-qubit GHZ state
In the area of quantum information theory, a GHZ (Greenberger-Horne-Zeilinger [27])

state is an entangled quantum state of M > 2 subsystems. In the case of each subsys-
tem being two-dimensional, that is for qubits, it reads

|GHZ⟩= |0⟩⊗M + |1⟩⊗M

√
2

. (13)
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The simplest one is the 3-qubit GHZ state:

|GHZ⟩3=
(|000⟩+ |111⟩)√

2
. (14)

Taking |GHZ⟩3 as an example, after the construction phase, the multiplicative
MGP subgroups are shown as follows,

G1
2 (8)=({I, X}⊗{ I,X} )∪ ({Y, Z}⊗{ I,X} )

= {I ⊗ I, I ⊗X ,X ⊗ I,X ⊗X ,Y ⊗ I,Y ⊗X ,Z ⊗ I,Z ⊗X}
G2

2 (8)=({I, X}⊗{ I,Y} )∪ ({Y, Z}⊗{ I,Y} )
= {I ⊗ I, I ⊗Y,X ⊗ I,X ⊗Y,Y ⊗ I,Y ⊗Y,Z ⊗ I,Z ⊗Y}

G3
2 (8)=({I, X}⊗{ I,Z} )∪ ({Y, Z}⊗{ I,Z} )

= {I ⊗ I, I ⊗Z,X ⊗ I,X ⊗Z,Y ⊗ I,Y ⊗Z,Z ⊗ I,Z ⊗Z}
G4

2 (8)=({I, X}⊗{ I,Y} )∪ ({I, X}⊗{X ,Z} )
= {I ⊗ I, I ⊗Y,X ⊗ I,X ⊗Y, I ⊗X , I ⊗Z,X ⊗X ,X ⊗Z}

G5
2 (8)=({I, Y}⊗{ I,Y} )∪ ({I, Y}⊗{X ,Z} )

= {I ⊗ I, I ⊗Y,Y ⊗ I,Y ⊗Y, I ⊗X , I ⊗Z,Y ⊗X ,Y ⊗Z}
G6

2 (8)=({I, Z}⊗{ I,Y} )∪ ({I, Z}⊗{X ,Z} )
= {I ⊗ I, I ⊗Y,Z ⊗ I,Z ⊗Y, I ⊗X , I ⊗Z,Z ⊗X ,Z ⊗Z}

G7
2 (8)=({I, Z}⊗{ I,Z} )∪ ({X , Y}⊗{X ,Y} )

= {I ⊗ I, I ⊗Z,Z ⊗ I,Z ⊗Z,X ⊗X ,X ⊗Y,Y ⊗X ,Y ⊗Y}
G8

2 (8)=({I, Y}⊗{ I,X} )∪ ({X , Z}⊗{Z,Y} )
= {I ⊗ I, I ⊗X ,Y ⊗ I,Y ⊗X ,X ⊗Z,X ⊗Y,Z ⊗Z,Z ⊗Y}

G9
2 (8)=({I, X}⊗{ I,Y} )∪ ({Z, Y}⊗{Z,X} )

= {I ⊗ I, I ⊗Y,X ⊗ I,X ⊗Y,Z ⊗Z,Z ⊗X ,Y ⊗Z,Y ⊗X}
G10

2 (8)=({I, X}⊗{ I,X} )∪ ({Z, Y}⊗{Z,Y} )
= {I ⊗ I, I ⊗X ,X ⊗ I,X ⊗X ,Z ⊗Z,Z ⊗Y,Y ⊗Z,Y ⊗Y}

G11
2 (8)=({I, Y}⊗{ I,Y} )∪ ({Z, X}⊗{Z,X} )

= {I ⊗ I, I ⊗Y,Y ⊗ I,Y ⊗Y,Z ⊗Z,Z ⊗X ,X ⊗Z,X ⊗X}
G12

2 (8)=({I, X}⊗{ I,Z} )∪ ({Y, Z}⊗{Y,X} )
= {I ⊗ I, I ⊗Z,X ⊗ I,X ⊗Z,Y ⊗X ,Y ⊗Y,Z ⊗X ,Z ⊗Y}

G13
2 (8)=({I, Z}⊗{ I,X} )∪ ({Y, X}⊗{Y,Z} )

= {I ⊗ I, I ⊗X ,Z ⊗ I,Z ⊗X ,Y ⊗Y,Y ⊗Z,X ⊗Y,X ⊗Z}
G14

2 (8)=({I, Y}⊗{ I,Z} )∪ ({X , Z}⊗{Y,X} )
= {I ⊗ I, I ⊗Z,Y ⊗ I,Y ⊗Z,Z ⊗X ,Z ⊗Y,X ⊗X ,X ⊗Y}

G15
2 (8)=({I, Z}⊗{ I,Y} )∪ ({X , Y}⊗{Z,X} )

= {I ⊗ I, I ⊗Y,Z ⊗ I,Z ⊗Y,X ⊗Z,X ⊗X ,Y ⊗Z,Y ⊗X} .
Now, we exclude G3

2,G
6
2,G

7
2,G

8
2,G

9
2,G

10
2 ,G11

2 who violate Condition 1, that is, the
appropriate unitary operator sets are G1

2,G
2
2,G

4
2,G

5
2,G

12
2 ,G13

2 ,G14
2 ,G15

2 . Further, as an
example, in Tab. 2 we have provided group multiplication table for G12

2 (8). Similar
group multiplication tables and tables for maximal dense coding can easily be con-
structed for all other cases mentioned here. Since this verification is an easy task,
we have not provided such tables here. Besides, the positions of the two operated
qubits which satisfy Condition 2 are arbitrary. Then, Tab. 3 illustrates that G12

2 can be
operated on qubit 1 and 2 of 3-qubit GHZ state.
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Table 2 Group multiplication table for G12
2

Unitary operators I ⊗ I I ⊗Z X ⊗ I X ⊗Z Y ⊗X Y ⊗Y Z ⊗X Z ⊗Y

I ⊗ I I ⊗ I I ⊗Z X ⊗ I X ⊗Z Y ⊗X Y ⊗Y Z ⊗X Z ⊗Y
I ⊗Z I ⊗Z I ⊗ I X ⊗Z X ⊗ I Y ⊗Y Y ⊗X Z ⊗Y Z ⊗X
X ⊗ I X ⊗ I X ⊗Z I ⊗ I I ⊗Z Z ⊗X Z ⊗Y Y ⊗X Y ⊗Y
X ⊗Z X ⊗Z X ⊗ I I ⊗Z I ⊗ I Z ⊗Y Z ⊗X Y ⊗Y Y ⊗X
Y ⊗X Y ⊗X Y ⊗Y Z ⊗X Z ⊗Y I ⊗ I I ⊗Z X ⊗ I X ⊗Z
Y ⊗Y Y ⊗Y Y ⊗X Z ⊗Y Z ⊗X I ⊗Z I ⊗ I X ⊗Z X ⊗ I
Z ⊗X Z ⊗X Z ⊗Y Y ⊗X Y ⊗Y X ⊗ I X ⊗Z I ⊗ I I ⊗Z
Z ⊗Y Z ⊗Y Z ⊗X Y ⊗Y Y ⊗X X ⊗Z X ⊗ I I ⊗Z I ⊗ I

Table 3 Maximal dense coding of 3-qubit GHZ state using the elements of G12
2 (8)

Unitary operators
on qubits 1 and 2 3-qubit GHZ state

U0=I⊗I 1
2 (|000⟩+ |111⟩)

U1=I⊗Z 1
2 (|000⟩−|111⟩)

U2=X⊗I 1
2 (|100⟩+ |011⟩)

U3=X⊗Z 1
2 (|100⟩−|011⟩)

U4=Y⊗X 1
2 (−|110⟩+ |001⟩)

U5=Y⊗Y 1
2 (|110⟩+ |001⟩)

U6=Z⊗X 1
2 (|010⟩−|101⟩)

U7=Z⊗Y 1
2 (−|010⟩−|101⟩)

(2) 4-qubit W state
The W state [28] is one of the two non-biseparable classes of three-qubit states

(the other being the GHZ state), which can not be transformed (not even probabilis-
tically) into each other by local quantum operations. The notion of W state has been
generalized for t qubits,

|Wt⟩= t−1/2 (|1⟩1|0⟩2 . . . |0⟩t + |0⟩1|1⟩2 . . . |0⟩t+ . . .+ |0⟩1|0⟩2 . . . |1⟩t) (15)

In order to describe it more clearly, we take |W1⟩4=
1
2 (|1100⟩+ |0110⟩+ |0011⟩+ |1001⟩)

as example to demonstrate as bellow. Its multiplicative MGP subgroup is:
G2 (16) = G1 ⊗G1

= {I ⊗ I, I ⊗X , I ⊗Y, I ⊗Z,X ⊗ I,X ⊗X ,X ⊗Y,X ⊗Z,
Y ⊗ I,Y ⊗X ,Y ⊗Y,Y ⊗Z,Z ⊗ I,Z ⊗X ,Z ⊗Y,Z ⊗Z} .

Obviously, G2 (16) directly satisfies Condition 1. And referring to Condition 2, the
positions of the two operated qubits are arbitrary, Tab. 4 illustrates that G2 (16) can
be operated on qubit 1 and 2 of |W1⟩4 to implement maximal dense coding.

(3) 4-qubit and 5-qubit cluster states
In quantum information and quantum computing, cluster state

∣∣φ{k}
〉

C is rela-
tive common non-maximal entanglement state which obey the set eigenvalue equa-
tions [29]:

K(a)∣∣φ{k}
〉

C = (−1)ka
∣∣φ{k}

〉
C, (16)
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Table 4 Maximal dense coding of |W1⟩4 using the elements of G2 (16)

Unitary operators on qubits 1 and 2 4-qubit W state |W1⟩4

U0=I⊗I 1
2 (|1100⟩+ |0110⟩+ |0011⟩+ |1001⟩)

U1=I⊗X 1
2 (|1000⟩+ |0010⟩+ |0111⟩+ |1101⟩)

U2=I⊗Y 1
2 (−|1100⟩− |0110⟩+ |0011⟩+ |1001⟩)

U3=I⊗Z 1
2 (|1000⟩+ |0010⟩− |0111⟩− |1101⟩)

U4=X⊗I 1
2 (|0100⟩+ |1110⟩+ |1011⟩+ |0001⟩)

U5=X⊗X 1
2 (|0000⟩+ |1010⟩+ |1111⟩+ |0101⟩)

U6=X⊗Y 1
2 (|0000⟩+ |1010⟩− |1111⟩− |0101⟩)

U7=X⊗Z 1
2 (−|0100⟩− |1110⟩+ |1011⟩+ |0001⟩)

U8=Y⊗I 1
2 (|0000⟩− |1010⟩− |1111⟩+ |0101⟩)

U9=Y⊗X 1
2 (|0100⟩− |1110⟩− |1011⟩+ |0001⟩)

U10=Y⊗Y 1
2 (−|0100⟩+ |1110⟩− |1011⟩+ |0001⟩)

U11=Y⊗Z 1
2 (|0000⟩− |1010⟩+ |1111⟩− |0101⟩)

U12=Z⊗I 1
2 (−|1100⟩+ |0110⟩+ |0011⟩− |1001⟩)

U13=Z⊗X 1
2 (−|1000⟩+ |0010⟩+ |0111⟩− |1101⟩)

U14=Z⊗Y 1
2 (−|1000⟩+ |0010⟩− |0111⟩+ |1101⟩)

U15=Z⊗Z 1
2 (|1100⟩− |0110⟩+ |0011⟩− |1001⟩)

where K(a) are the correlation operators

K(a) = σ
(a)
x ⊗

b∈N(a)
σ
(b)
z , (17)

here, σx and σz are Pauli matrices, N (a) denotes the neighbourhood of a and {ka ∈ {0,1}|a ∈C}
is a set of binary parameters specifying the particular instance of a cluster state.

According to Eq. 16, it is apparent that one of the 4-qubit, 5-qubit cluster states
can be expressed as |c⟩4 =

1
2 (|0000⟩+ |0011⟩+ |1100⟩− |1111⟩)1234 and |c⟩5=

1
2 (|00000⟩+ |00111⟩+ |11011⟩−|11100⟩)12345,

respectively. Taking the above two states for example, we show how to seek the ap-
propriate unitary operator sets of cluster state.

For 4-qubit cluster state, its multiplicative MGP subgroup is as below:
G2 (16) = G1 ⊗G1

= {I ⊗ I, I ⊗X , I ⊗Y, I ⊗Z,X ⊗ I,X ⊗X ,X ⊗Y,X ⊗Z,
Y ⊗ I,Y ⊗X ,Y ⊗Y,Y ⊗Z,Z ⊗ I,Z ⊗X ,Z ⊗Y,Z ⊗Z} .

Obviously, G2 (16) directly satisfies Condition 1. For |c⟩4, Condition 2 has a certain
constraint on the position of corresponding operated qubits, that is, one of the oper-
ated qubits must be chosen from qubit 1 or 2, and the other is qubit 3 or 4. Tab. 5
illustrates that G2 (16) can be operated on qubit 1 and 4 of 4-qubit cluster state for
maximal dense coding.

For 5-qubit cluster state, the multiplicative MGP subgroups are as follows,
G1

3 (32)=G1
2 ⊗G1

G2
3 (32)=G2

2 ⊗G1
G3

3 (32)=G3
2 ⊗G1

G4
3 (32)=G4

2 ⊗G1
G5

3 (32)=G5
2 ⊗G1

G6
3 (32)=G6

2 ⊗G1
G7

3 (32)=G7
2 ⊗G1
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Table 5 Maximal dense coding of 4-qubit cluster state using the elements of G2 (16)

Unitary operators on qubits 1 and 4 4-qubit cluster state

U0=I⊗I 1
2 (|0000⟩+ |0011⟩+ |1100⟩− |1111⟩)

U1=I⊗X 1
2 (|0001⟩+ |0010⟩+ |1101⟩− |1110⟩)

U2=I⊗Y 1
2 (−|0001⟩+ |0010⟩− |1101⟩− |1110⟩)

U3=I⊗Z 1
2 (|0000⟩− |0011⟩+ |1100⟩+ |1111⟩)

U4=X⊗I 1
2 (|1000⟩+ |1011⟩+ |0100⟩− |0111⟩)

U5=X⊗X 1
2 (|1001⟩+ |1010⟩+ |0101⟩− |0110⟩)

U6=X⊗Y 1
2 (−|1001⟩+ |1010⟩− |0101⟩− |0110⟩)

U7=X⊗Z 1
2 (|1000⟩− |1011⟩+ |0100⟩+ |0111⟩)

U8=Y⊗I 1
2 (−|1000⟩− |1011⟩+ |0100⟩− |0111⟩)

U9=Y⊗X 1
2 (−|1001⟩− |1010⟩+ |0101⟩− |0110⟩)

U10=Y⊗Y 1
2 (|1001⟩− |1010⟩− |0101⟩− |0110⟩)

U11=Y⊗Z 1
2 (−|1000⟩+ |1011⟩+ |0100⟩+ |0111⟩)

U12=Z⊗I 1
2 (|0000⟩+ |0011⟩− |1100⟩+ |1111⟩)

U13=Z⊗X 1
2 (|0001⟩+ |0010⟩− |1101⟩+ |1110⟩)

U14=Z⊗Y 1
2 (−|0001⟩+ |0010⟩+ |1101⟩+ |1110⟩)

U15=Z⊗Z 1
2 (|0000⟩− |0011⟩− |1100⟩− |1111⟩)

G8
3 (32)=G8

2 ⊗G1
G9

3 (32)=G9
2 ⊗G1

G10
3 (32)=G10

2 ⊗G1
G11

3 (32)=G11
2 ⊗G1

G12
3 (32)=G12

2 ⊗G1
G13

3 (32)=G13
2 ⊗G1

G14
3 (32)=G14

2 ⊗G1
G15

3 (32)=G15
2 ⊗G1.

Referring to Condition 1, we know the effect of I ⊗ I ⊗ I is the same as Z ⊗ Z ⊗
I, so G1

3,G
2
3,G

3
3,G

6
3,G

7
3,G

8
3,G

9
3,G

10
3 ,G11

3 ,G13
3 ,G15

3 need to be excluded. That is, the
appropriate unitary operator sets are G4

3,G
5
3,G

12
3 ,G14

3 . If we swap the first column
and the second column of G4

3,G
5
3,G

12
3 ,G14

3 , the other four unitary operator sets (i.e.,
G4′

3 ,G
5′
3 ,G

12′
3 ,G14′

3 ) are obtained. And referring to Condition 2, the positions of the
three operated qubits are arbitrary. The appropriate unitary operator sets are shown
concretely as follows,

G4
3 (32)=({I,X}⊗{I,Y}⊗G1)∪ ({I,X}⊗{X ,Z}⊗G1)

G5
3 (32)=({I,Y}⊗{I,Y}⊗G1)∪ ({I,Y}⊗{X ,Z}⊗G1)

G12
3 (32)=({I,X}⊗{I,Z}⊗G1)∪ ({Y,Z}⊗{Y,X}⊗G1)

G14
3 (32)=({I,Y}⊗{I,Z}⊗G1)∪ ({X ,Z}⊗{Y,X}⊗G1)

G4′
3 (32)=({I,Y}⊗{I,X}⊗G1)∪ ({X ,Z}⊗{I,X}⊗G1)

G5′
3 (32)=({I,Y}⊗{I,Y}⊗G1)∪ ({X ,Z}⊗{I,Y}⊗G1)

G12′
3 (32)=({I,Z}⊗{I,X}⊗G1)∪ ({Y,X}⊗{Y,Z}⊗G1)

G14′
3 (32)=({I,Z}⊗{I,Y}⊗G1)∪ ({Y,X}⊗{X ,Z}⊗G1) .

here, G4
3,G

5
3,G

4′
3 ,G

5′
3 belong to the case of s = 2, and G12

3 ,G14
3 ,G12′

3 ,G14′
3 belong to

the case of s = 1, and maximal dense coding of 5-qubit cluster state using G4′
3 (32) is

demonstrated in Tab. 6.
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Table 6 Maximal dense coding of 5-qubit cluster state using the elements of G4′
3 (32)

Unitary operators on qubits 1, 2and 3 5-qubit cluster state

U0=I⊗I⊗I 1
2 (|00000⟩+ |00111⟩+ |11011⟩− |11100⟩)

U1=I⊗X⊗I 1
2 (|01000⟩+ |01111⟩+ |10011⟩− |10100⟩)

U2=Y⊗I⊗I 1
2 (−|10000⟩− |10111⟩+ |01011⟩− |01100⟩)

U3=Y⊗X⊗I 1
2 (−|11000⟩− |11111⟩+ |00011⟩− |00100⟩)

U4=I⊗I⊗X 1
2 (|00100⟩+ |00011⟩+ |11111⟩− |11000⟩)

U5=I⊗X⊗X 1
2 (|01100⟩+ |01011⟩+ |10111⟩− |10000⟩)

U6=Y⊗I⊗X 1
2 (−|10100⟩− |10011⟩+ |01111⟩− |01000⟩)

U7=Y⊗X⊗X 1
2 (−|11100⟩− |11011⟩+ |00111⟩− |00000⟩)

U8=I⊗I⊗Y 1
2 (−|00100⟩+ |00011⟩− |11111⟩− |11000⟩)

U9=I⊗X⊗Y 1
2 (−|01100⟩+ |01011⟩− |10111⟩− |10000⟩)

U10=Y⊗I⊗Y 1
2 (|10100⟩− |10011⟩− |01111⟩− |01000⟩)

U11=Y⊗X⊗Y 1
2 (|11100⟩− |11011⟩− |00111⟩− |00000⟩)

U12=I⊗I⊗Z 1
2 (|00000⟩− |00111⟩+ |11011⟩+ |11100⟩)

U13=I⊗X⊗Z 1
2 (|01000⟩− |01111⟩+ |10011⟩+ |10100⟩)

U14=Y⊗I⊗Z 1
2 (−|10000⟩+ |10111⟩+ |01011⟩+ |01100⟩)

U15=Y⊗X⊗Z 1
2 (−|11000⟩+ |11111⟩+ |00011⟩+ |00100⟩)

U16=I⊗Y⊗I 1
2 (−|01000⟩− |01111⟩+ |10011⟩− |10100⟩)

U17=I⊗Z⊗I 1
2 (|00000⟩+ |00111⟩− |11011⟩+ |11100⟩)

U18=Y⊗Y⊗I 1
2 (|11000⟩+ |11111⟩+ |00011⟩− |00100⟩)

U19=Y⊗Z⊗I 1
2 (−|10000⟩− |10111⟩− |01011⟩+ |01100⟩)

U20=I⊗Y⊗X 1
2 (−|01100⟩− |01011⟩+ |10111⟩− |10000⟩)

U21=I⊗Z⊗X 1
2 (|00100⟩+ |00011⟩− |11111⟩+ |11000⟩)

U22=Y⊗Y⊗X 1
2 (|11100⟩+ |11011⟩+ |00111⟩− |00000⟩)

U23=Y⊗Z⊗X 1
2 (−|10100⟩− |10011⟩− |01111⟩+ |01000⟩)

U24=I⊗Y⊗Y 1
2 (|01100⟩− |01011⟩− |10111⟩− |10000⟩)

U25=I⊗Z⊗Y 1
2 (−|00100⟩+ |00011⟩+ |11111⟩+ |11000⟩)

U26=Y⊗Y⊗Y 1
2 (−|11100⟩+ |11011⟩− |00111⟩− |00000⟩)

U27=Y⊗Z⊗Y 1
2 (|10100⟩− |10011⟩+ |01111⟩+ |01000⟩)

U28=I⊗Y⊗Z 1
2 (−|01000⟩+ |01111⟩+ |10011⟩+ |10100⟩)

U29=I⊗Z⊗Z 1
2 (|00000⟩− |00111⟩− |11011⟩− |11100⟩)

U30=Y⊗Y⊗Z 1
2 (|11000⟩− |11111⟩+ |00011⟩+ |00100⟩)

U31=Y⊗Z⊗Z 1
2 (−|10000⟩+ |10111⟩− |01011⟩− |01100⟩)

5 Conclusion

In this study, we proposed a feasible solution of constructing unitary operator sets for
quantum maximal dense coding, which uses minimum qubits to maximally encode a
class of t-qubit symmetric states. Our solution consists of two phases: (1) constructing
multiplicative MGP subgroups which must be a group under multiplication, and (2)
selecting appropriate unitary operator sets to operate the state. Compared with Shukla
et al’s method, we provide detailed steps and conditions which can greatly reduce the
construction workload. In addition, our solution can obtain more unitary operator sets
for a specific quantum state than Shukla et al’s method , which is concluded in Tab. 7.
It should be noted that, for 4-qubit W state, Shukla et al.’s method provides G8

2 (8)
and G9

2 (8) to encode 8 bits message, while our solution provides G2 (16) to encode
16 bits message. In some degree, their method is for dense coding and our solution is
for maximal dense coding.
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Our solution is just suitable for a class of symmetric states, and is not a general
solution for every symmetric states. Appendix A gives two examples which violate
Constraint 1 or 2. Therefore, how to find a general unitary operator construction so-
lution is our future direction, and we will try to explore it from the perspective of
entanglement persistence [29], translation symmetry [30] and number of superposi-
tion items.

Table 7 List of specific quantum states and corresponding unitary operator sets constructed by Shukla et
al.’s and our method

Quantum state Shukla et al.’s Ours

2-qubit Bell state G1 (4) G1 (4)
3-qubit GHZ state G1

2 (8) ,G
2
2 (8) ,G

4
2 (8) ,G

5
2 (8) G1

2 (8) ,G
2
2 (8) ,G

4
2 (8) ,G

5
2 (8) ,G

12
2 (8) ,G13

2 (8) ,G14
2 (8) ,G15

2 (8)
4-qubit W state G8

2 (8), G9
2 (8) G2 (16)

4-qubit cluster state G2 (16) G2 (16)
5-qubit cluster state G4

3 (32) ,G5
3 (32) ,G7

3 (32) ,G8
3 (32) G4

3 (32) ,G5
3 (32) ,G4′

3 (32) ,G5′
3 (32) ,G12

3 (32) ,G14
3 (32) ,G12′

3 (32) ,G14′
3 (32)
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Appendix

Our solution is not applicable to the state which violates the two constraints

In this paper, a feasible solution of constructing unitary operator sets for quantum
maximal dense coding is proposed, which uses minimum qubits to encode a class
of t-qubit symmetric states. These states have two constraints: (1) the number of
superposition items of quantum states must be even. (2) there is at least one set of⌈ t

2

⌉
qubits whose superposition items are orthogonal to each other.

That is to say, our solution is not suitable for those quantum states which violate
the two constraints. In order to describe it more clearly, we take |W ⟩3=

1√
3
(|001⟩+ |010⟩+ |100⟩)

and |W2⟩4=
1
2 (|0001⟩+ |0010⟩+ |0100⟩+ |1000⟩) as examples to demonstrate as bel-

low.
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(1) |W ⟩3=
1√
3
(|001⟩+ |010⟩+ |100⟩)

Obviously, |W ⟩3 violates Constraint 1. Its multiplicative MGP subgroups after the
construction phase are as follows,

G1
2 (8)=({I, X}⊗{ I,X} )∪ ({Y, Z}⊗{ I,X} )

= {I ⊗ I, I ⊗X ,X ⊗ I,X ⊗X ,Y ⊗ I,Y ⊗X ,Z ⊗ I,Z ⊗X}
G2

2 (8)=({I, X}⊗{ I,Y} )∪ ({Y, Z}⊗{ I,Y} )
= {I ⊗ I, I ⊗Y,X ⊗ I,X ⊗Y,Y ⊗ I,Y ⊗Y,Z ⊗ I,Z ⊗Y}

G3
2 (8)=({I, X}⊗{ I,Z} )∪ ({Y, Z}⊗{ I,Z} )

= {I ⊗ I, I ⊗Z,X ⊗ I,X ⊗Z,Y ⊗ I,Y ⊗Z,Z ⊗ I,Z ⊗Z}
G4

2 (8)=({I, X}⊗{ I,Y} )∪ ({I, X}⊗{X ,Z} )
= {I ⊗ I, I ⊗Y,X ⊗ I,X ⊗Y, I ⊗X , I ⊗Z,X ⊗X ,X ⊗Z}

G5
2 (8)=({I, Y}⊗{ I,Y} )∪ ({I, Y}⊗{X ,Z} )

= {I ⊗ I, I ⊗Y,Y ⊗ I,Y ⊗Y, I ⊗X , I ⊗Z,Y ⊗X ,Y ⊗Z}
G6

2 (8)=({I, Z}⊗{ I,Y} )∪ ({I, Z}⊗{X ,Z} )
= {I ⊗ I, I ⊗Y,Z ⊗ I,Z ⊗Y, I ⊗X , I ⊗Z,Z ⊗X ,Z ⊗Z}

G7
2 (8)=({I, Z}⊗{ I,Z} )∪ ({X , Y}⊗{X ,Y} )

= {I ⊗ I, I ⊗Z,Z ⊗ I,Z ⊗Z,X ⊗X ,X ⊗Y,Y ⊗X ,Y ⊗Y}
G8

2 (8)=({I, Y}⊗{ I,X} )∪ ({X , Z}⊗{Z,Y} )
= {I ⊗ I, I ⊗X ,Y ⊗ I,Y ⊗X ,X ⊗Z,X ⊗Y,Z ⊗Z,Z ⊗Y}

G9
2 (8)=({I, X}⊗{ I,Y} )∪ ({Z, Y}⊗{Z,X} )

= {I ⊗ I, I ⊗Y,X ⊗ I,X ⊗Y,Z ⊗Z,Z ⊗X ,Y ⊗Z,Y ⊗X}
G10

2 (8)=({I, X}⊗{ I,X} )∪ ({Z, Y}⊗{Z,Y} )
= {I ⊗ I, I ⊗X ,X ⊗ I,X ⊗X ,Z ⊗Z,Z ⊗Y,Y ⊗Z,Y ⊗Y}

G11
2 (8)=({I, Y}⊗{ I,Y} )∪ ({Z, X}⊗{Z,X} )

= {I ⊗ I, I ⊗Y,Y ⊗ I,Y ⊗Y,Z ⊗Z,Z ⊗X ,X ⊗Z,X ⊗X}
G12

2 (8)=({I, X}⊗{ I,Z} )∪ ({Y, Z}⊗{Y,X} )
= {I ⊗ I, I ⊗Z,X ⊗ I,X ⊗Z,Y ⊗X ,Y ⊗Y,Z ⊗X ,Z ⊗Y}

G13
2 (8)=({I, Z}⊗{ I,X} )∪ ({Y, X}⊗{Y,Z} )

= {I ⊗ I, I ⊗X ,Z ⊗ I,Z ⊗X ,Y ⊗Y,Y ⊗Z,X ⊗Y,X ⊗Z}
G14

2 (8)=({I, Y}⊗{ I,Z} )∪ ({X , Z}⊗{Y,X} )
= {I ⊗ I, I ⊗Z,Y ⊗ I,Y ⊗Z,Z ⊗X ,Z ⊗Y,X ⊗X ,X ⊗Y}

G15
2 (8)=({I, Z}⊗{ I,Y} )∪ ({X , Y}⊗{Z,X} )

= {I ⊗ I, I ⊗Y,Z ⊗ I,Z ⊗Y,X ⊗Z,X ⊗X ,Y ⊗Z,Y ⊗X} .
Now, we exclude G3

2,G
6
2,G

7
2,G

8
2,G

9
2,G

10
2 ,G11

2 who violate Condition 1, that is, the
appropriate unitary operator sets are G1

2,G
2
2,G

4
2,G

5
2,G

12
2 ,G13

2 ,G14
2 ,G15

2 . And referring
to Condition 2, the positions of the two operated qubits are arbitrary. Unfortunately,
all sets we constructed could not implement maximal dense coding with minimal
qubits. Therefore, our solution is not suitable for |W ⟩3. Taking G4

2 (8) as an example,
Tab. 8 illustrates the output states of it are not mutually orthogonal which cannot
implement maximal dense coding with 2 qubits.

(2) |W2⟩4=
1
2 (|0001⟩+ |0010⟩+ |0100⟩+ |1000⟩).

Obviously, |W2⟩4 violates Constraint 2. Its multiplicative MGP subgroup is
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Table 8 Maximal dense coding of 3-qubit W state(incorrect,just for explanation)

Unitary operators
on qubits 1 and 2 3-qubit W state

U0=I⊗I 1√
3
(|001⟩+ |010⟩+ |100⟩)

U1=I⊗X 1√
3
(|011⟩+ |000⟩+ |110⟩)

U2=X⊗I 1√
3
(|101⟩+ |110⟩+ |000⟩)

U3=X⊗X 1√
3
(|111⟩+ |100⟩+ |010⟩)

U4=I⊗Y 1√
3
(−|011⟩+ |000⟩− |110⟩)

U5=I⊗Z 1√
3
(|001⟩− |010⟩+ |100⟩)

U6=X⊗Y 1√
3
(−|111⟩+ |100⟩− |010⟩)

U7=X⊗Z 1√
3
(|101⟩− |110⟩+ |000⟩)

G2 (16) = G1 ⊗G1
= {I ⊗ I, I ⊗X , I ⊗Y, I ⊗Z,X ⊗ I,X ⊗X ,X ⊗Y,X ⊗Z,

Y ⊗ I,Y ⊗X ,Y ⊗Y,Y ⊗Z,Z ⊗ I,Z ⊗X ,Z ⊗Y,Z ⊗Z} .
Although G2 (16) satisfies Condition 1. But, |W2⟩4 does not satisfy Condition 2, that
is, we can not select

⌈ 4
2

⌉
= 2 operated qubits which satisfies that the product states

of operated qubits are mutually orthogonal. So, |W2⟩4 cannot be used to implement
maximal dense coding with 2 qubits.
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