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Abstract

Quantum walk search may exhibit phenomena beyond the intuition
from a conventional random walk theory. Omne of such examples is
exceptional configuration phenomenon — it appears that it may be
much harder to find any of two or more marked vertices, that if only
one of them is marked. In this paper, we analyze the probability
of finding any of marked vertices in such scenarios and prove upper
bounds for various sets of marked vertices. We apply the upper bounds
to large collection of graphs and show that the quantum search may
be slow even when taking real-world networks.

1 Introduction

Quantum walks are quantum counterparts of classical random walks [I].
Similarly to classical random walks, there are two types of quantum walks:
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discrete-time quantum walks (DTQW), introduced by Aharonov et al. [2],
and continuous-time quantum walks (CTQW), introduced by Farhi et al. [3].
For the discrete-time version, the step of the quantum walk is usually given
by two operators — coin and shift — which are applied repeatedly. The coin
operator acts on the internal state of the walker and rearranges the ampli-
tudes of going to adjacent vertices. The shift operator moves the walker
between the adjacent vertices.

Quantum walks have been useful for designing algorithms for a variety
of search problems [4]. To solve a search problem using quantum walks, we
introduce the notion of marked elements (vertices), corresponding to elements
of the search space that we want to find. We perform a quantum walk on the
search space with one transition rule at the unmarked vertices, and another
transition rule at the marked vertices. If this process is set up properly, it
leads to a quantum state in which the marked vertices have higher probability
to be found than the unmarked ones. This method of search using quantum
walks was first introduced in [5] and has been used many times since then.

In contrary to classical random walks, the behavior of the quantum walk
can drastically change if the search space contains more than one marked
element. In 2008 Ambainis and Rivosh [6] have studied DTQW on two-
dimensional grid and showed that if the diagonal of the grid is fully marked
then the probability of finding a marked element does not grow over time.
Later, in 2015 Wong and Ambainis [7] have analysed DTQW on the simplex
of complete graphs and showed that if one of the complete graphs is fully
marked then there is no speed-up over classical exhaustive search. In both
cases the configuration consists of ©(yv/N) marked vertices. The same year
Nahimovs and Rivosh [8, 0] have studied DTQW on two-dimensional grid
for various placements of multiple marked vertices and demonstrated config-
urations of a constant number of marked vertices (naming them ezceptional
configurations) for which the walk have no speed-up over classical exhaus-
tive search. Later, Nahimovs and Santos [10] have extended the results to
general graphs. Note, that the existence of exceptional configurations is not
a universal phenomenon, but a feature of a DTQW model with specific coin
operator [11].

Recently Ambainis et al. [12] proposed a quantum walk search algorithm,
that is known to be quadratically faster than regular random walks in finding
any set of marked vertices. Despite this it is still possible to utilize exceptional
configurations. The phenomenon was used to show that quantum algorithms
are not secure against malicious input modification [13], and to detect perfect
matching in a bipartite graph [14].

The reason why some configurations are exceptional is that for such con-
figurations the initial state of the algorithm is close to a 1-eigenvector of a step



of the walk algorithm. Therefore, the probability of finding a marked vertex
stays close to the initial probability and does not grow over time. Nahimovs,
Khadiev and Santos [15] analysed the search for a set of connected marked
vertices forming an exceptional configuration and proved the upper bound
on the probability of finding a marked vertex. The proved bound, however,
depends on a parameter — a sum of squares of amplitudes of edges between
the marked vertices inside the stationary state — which was left unestimated.

In this paper we continue the analysis and prove the upper bound in
explicit form, which depends on properties of the graph and the configuration
of marked vertices. In particular we show that useful bounds can be derived
based only on the order and size of the graph and its marked component,
and how strongly marked component is connected with rest of the graph.
Additionally, we analyse several examples of sets of marked vertices and
show tightness of our bounds in the worst case scenario. Finally, we apply the
bounds to random graphs and networks representing real-world dependencies.

2 Preliminaries

2.1 Graph theory preliminaries

Let G = (V, E) be a simple graph, by which mean that the graph is undi-
rected, unweighted, contains no loops or multiple edges. In this paper we
will consider only simple graphs. We say that the graph is bipartite if there
exists a non-empty U C V such that £ C U x (V\U). We call U a bipartite
set. We define I(v) to be the set of edges incident to v, and N(v) to be
the set of adjacent vertices (neighbourhood of v). Furthermore, we define a
degree of the vertex deg(v) = |I(v)| = |N(v)|. We call a sequence

Py, = (U1 = w,e€1,V2,€2,...,Vk-1,€k-1,Vk = U)a (1)

where e; = {v;,v;41} a path, if each vertex appears exactly once, allowing
v; = vg. If v1 = vy, we call the path a cycle. We call |P| := k — 1 the length
of the path P. Let d be the diameter in a graph, i.e. the maximum distance
between any pair of vertices in G. We call vertex v a leaf iff deg(v) = 1.

We call a graph H = (Vig, Ey) a subgraph of G iff Vy CV and Ey C E.
Furthermore, a subgraph is a spanning subgraph iff Vy = V. Note that G
is a (spanning) subgraph of G as well. We call subgraph H = (V, Ey) an
induced subgraph of G iff for each v,w € Vg we have {v,w} € Ey <=
{v,w} € Eg.

We call graph a forest if it does not contain any cycles. A tree is a
connected forest. We say graph is unicyclic if it contains exactly one cycle.
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Every connected unicyclic graph has precisely |V| edges. One can prove the
following theorem.

Lemma 1. Let G = (V| E) be a connected undirected graph with a subgraph
C being a cycle. Then there exists a connected, unicyclic, spanning subgraph
H C G such that C C H.

Proof. The proof is constructive. Let us start with Hy = G. If Hy contains
precisely |V| edges, then it matches the requirements of the theorem. If not,
it means it has another cycle C';. Let e be an edge that is in C; but not in C,
Then we construct new graph Hy; = (V, Ep, \ {e}). Removing the edge from
a cycle does not break connectivity, and still we have C' C H; C G, but with
H; having one edge less. By repeating the procedure for k = 2,... |E|—|V]|,
we construct connected spanning subgraphs Hj, of G having |E| — k edges
and satisfying C' C Hj,. By construction H C H\g_y| has |V| edges, hence
is a unicyclic graph and satisfies requirement from the lemma. O

2.2 Quantum walks

Let G = (V, E) be a simple, undirected graph. We define a location register
with basis states |v) for v € V and a direction or a coin register, which for a
vertex v has deg(v) = |N(v)| basis states |w) for w € N(v). The state of the

quantum walk is given by
=2 2 awlvw) @)

vEV weN (v)

One can consider the state of the quantum walk as a state spanned by a
directed graph. Indeed, a single basic state |v, w) has a natural interpretation
as arc (v, w) [16]. Note that in general o, # Q.-

A step of the quantum walk is performed by first applying C = I ® C’,
where C” is a unitary transformation on the coin register. The usual choice
of transformation on the coin register is Grover’s diffusion transformation D.
Then, the shift transformation S is applied,

S = ZZWU (v, w|, (3)

veV weN (v)

which for each pair of connected vertices v,w swaps an amplitude of arc
(v, w) with an amplitude of arc (w,v).

The quantum walk starts in the equal superposition over all vertex-
direction pairs

vEV weN (v

4



It can be verified that the state stays unchanged, regardless of the number
of steps.

To use the quantum walk as a tool for search, we introduce the notion
of marked vertices. We perform the quantum walk with one set of transfor-
mations at unmarked vertices, and another set of transformations at marked
vertices. Usually the separation between marked and unmarked vertices is
given by the query transformation (), which flips the sign at a marked vertex,
irrespective of the coin state, i.e. @ |v,w) = — |v,w) iff v is marked. In this
case a step of the quantum search is given by the transformation U = SCQ.

The running time of the walk and the probability of finding a marked
vertex in general case depends on both the structure of the graph and the
configuration, i.e. the number and the placement of marked vertices.

2.3 Stationary states

We call a state of the quantum walk [¢)s) a stationary state if it is not
changed by the step of the walk U, namely |1)s) = U |1)ss) E| The step of
the walk depends on a set of marked vertices V);. In order to identify sets
of marked vertices which result in inefficient quantum search, we need to
consider stationary states with overlap | (¢ss]10o) | being as large as possible.

It turns out that we may limit ourselves to a special class of stationary
states (given by Theorem [2)) as there exists a state of this form which has
maximal overlap with the initial state among all stationary states (for the
given set of marked vertices).

Theorem 2 ([10,I1]). Let G = (V, E) be undirected graph. Consider a state
) =D v 2wen(w) Qow [V, w) with the following properties:

1. forallv eV and w € N(v) Quyuw = Qu o,
2. if v € V is marked, then EweN(v) Qyw =0,
3. if v € V is unmarked, then for any w,u € N(v) we have ay .y = Oty

Then ) is a stationary state of the quantum search operator U.

Fig.[l|shows two different stationary states for the same set of marked vertices
for a two-dimensional grid.

! The existence of stationary states is not a universal phenomenon, but a feature of a
quantum walk model. For DTQW model it depends on a coin transformation used by the
walk [T1].



Figure 1: Stationary states for the two-dimensional grid. Marked vertices
are colored in blue.

Theorem 3 ([11]). There exists a stationary state of the form as in The-
orem [ that mazimizes the overlap between it and the initial state over all
possible stationary states.

The following theorem gives the conditions for a configuration (set) of
marked vertices to have a stationary state:

Theorem 4 ([I1]). Let G = (V, E) be an undirected graph with a set of
marked vertices Vi and let Gy = (Vag, Enp) be its subgraph induced by V.
Then the step of the quantum walk has a stationary state if:

1. Gy is non-bipartite;
2. Gy is bipartite with bipartite set Uy, and
Z degg(u) = Z degg(v), (5)
uelUps veV\Un
where degq(v) is the degree of vertex v in the graph G.

Note that this class of configurations of marked vertices does not exhaust all
possible configurations with small success probability [I7]. To simplify the
further discussion we give the following definition.

Definition. Let G = (V, E) be an undirected graph, let Vi be a set of marked
vertices with 1 < |Viy| < |V|. Let Gor = (Vir, Ear) be a connected induced
graph of G that satisfies the items 1 or 2 from Theorem [{ In this case we

call Gy a Single-Amplitude Marked Component (SAMC) of G.
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Consider a SAMC Gy = (Vyy, Ey) of graph G = (V, E). If the subgraph
induced by V' \ Vs is connected, then from Theorem [2| (properties 1 and
3) it follows that all amplitudes of a stationary state outside the Gj; must
be equal. If the subgraph is not connected, we can still find a stationary
state for which “outside” amplitudes are equal [17], however, the state is not
guaranteed to have maximal overlap with the initial state.

A stationary state of SAM(ﬂ with large (maximal in case of subgraph
induced by V' \ Vi, is connected) overlap can be written as

o) =a Y D> lwwyta Y c(fvwh)(vw) + |wv)  (6)

UEV\VM wEN(v {'U,w}GE]w

where a < 1/+/2|E| — 2|Ey| — DM [17]. D™ denotes the number of edges
from Vy; to V'\ Vi, We need to find a mapping ¢ : Fyy — R (assignment of
amplitudes ¢({v, w})) such that the overlap between the initial state and the
stationary state above is maximized. Note, that ¢ must satisfy the property
2 of Theorem 2

The paper [15] proves the bound on the success probability of the walk:

Theorem 5 ([15, 17]). Consider a graph G = (V, E) with a SAMC Gy =
(VM, EM) Let

) =a D> D fewy+a Y cfwo})(o,w) +|w,v))  (7)
veV\Viy weN (v) {v,w}eEN

be a stationary state of SAMC. Then the probability pys(t) of finding a marked
vertex at time t satisfies

max py(t) < 1 it (Z A(e) +2DM + QIEM\> . (8)

>0 ~ 2|E| - 2|Ey| — 5

While | E|, |E)| and DM depend on G and Vj; only, there might exist multiple
assignments of c(e) and, therefore, Y c*(e) is not uniquely defined. In the
next section, which is the main result of the paper, we will focus on estimating
the sum.

3 The upperbounds on success probability for
general SAMC

In this section we present a results concerning upperbounds for general
graphs, and examples showing their tightness. Our results are organized

2More precisely, of the step of the quantum walk with a set of marked vertices Viy.
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as follows. In the Sec. we formulate notation and present the optimiza-
tion problem which will play a central role in rest of our paper. The main
results of our paper concerning general graphs are splitted into three parts.
In Sec. we present general results concerning trees. In Sec. we present
results for nonbipartite graphs. In Sec. [3.4 we present results concerning
bipartite graphs. Finally, in Sec. we conclude our results.

Our proofs are constructive, in the sense that they allow constructing the
stationary state.

3.1 The optimization problem

In Theorem [5| we have shown a general upperbound, which is true for any
mapping ¢ : Ey; — R satisfying some special requirement. Thus our goal
is to find such ¢, that the bound is as small as possible. This gives us an

optimization problem, which we define below.
Let Gy = (Var, Eyr) be a SAMC of some graph G. Let

W =a 3 Y Pwyta S e{w o)) (vw) +hw,v).  (9)

UEV\V]M ’LUGN(’U) {U,W}EE}M

be a stationary state of the quantum search. Conditions 1. and 3. from
Theorem [2] are satisfied by the form of the stationary state. For Condition
2., we have to satisfy for all v € V),

a|N(v)\ Vu| +a Z c({v,w}) =0

weN (v)NVr

Y. cl{vw}) =—IN@)\ Vul.

weN (v)NVy

(10)

For simplicity let us define conditioning function K : Vi — R of the form
K(v) = —=|N(v) \ Vir|. We can turn the original problem of minimizing the
RHS from the upperbound presented in Theorem 5| into equivalent, purely
classical optimization problem

minimize | c[|3
cle:Ep—R
. (11)
subject to Z cle) =—=K(v) forve V.

EEI(U)QEJW

Instead of solving the minimization problem we will construct a ¢, and thus
stationary state, with sufficiently small ||c||3. By presenting suitable examples
we will show that at least in complexity our derivation is tight in the sense
of choice of c.



Let us now introduce notation used in the paper. We denote ||K|| =
max,evy, |[K(v)] and [[K|1 = >, oy [K(v)]. Let Vi C Vi, then we will
use notation ||K||}* = > ey [ K (v)]. In particular for disjoint A, B we have
| K[|+ | K|¥ = || K]|s"“Z. In the paper we will use convention Y, , f(i) = 0,
thus || K% = 0 as well. Furthermore | K|} = || K.

Note that G is SAMC of a connected graph, we have || K| = (1) and
|K]y = Q(1). Furthermore for bipartite SAMC with bipartite set Uy we
have based on item 2. from Theorem [

Y Kw= ) K(@). (12)

ueUpny ’UGVM\UM

3.2 Success probability for trees SAMC

Let us start with the preliminaries concerning rooted trees. We call T' =
(V,E,v) a rooted tree iff (V| F) is a tree and v € V. For such graph, for
each vertex w € V there exists a unique path P,,. The length of the path is
denoted by d(w, v). We call the height of the tree h(T) the length of maximal
path to its root, i.e.

For each w € V' \ {v} there exists an edge e,(w) which is the first edge of
the path P,,, that is the edge which connects the vertex w to its parent
p(w). Let Ng(w) be a collection of vertices w is a parent of. Let Io(w) =
I(w) \ {ep,(w)} be a collection of edges incident to w. Note that for the root
we have N¢(v) = N(v) and Io(v) = I(v).

For any rooted tree we can define a natural partial order (V,=<) called
tree-order. We have w’ < w iff the path P, passes through w. We denote
D(w) ={u €V :u < w} aset of all descendants of w. Note, that we assume
w is its own descendant. We call (V, £*) a linear extension of the partial order
iff the <* is linear and for each w < w’ we have w <* w’. We can create
linear extension as follows. First, we list all leaves. Then, we inductively
list all neighbors of already listed elements, unless they are already included
or unless they are root. At the very end we add the root. Note that the
root v is the unique maximum for both tree-order and its linear extension.
Furthermore, the minimal elements of the tree-order are leafs. Please find an
example on Fig. [2|

Let us start with simple graph-theoretic bound. While the lemma does
not provide immediate application in quantum walk theory, we leave the
proof here so that the reader get used to concept of linear extension of tree
order, and the induction made on it.



the direction of < and <* orders

(a) rooted tree

@00 (- C-C---0-@

(b) Exemplary <* order

Figure 2: An example of @ rooted tree, @ and its exemplary linear order
<* . Leaves are marked blue, and root is marked red.

Lemma 6. Let T(V, E,v) be a rooted tree with height h. Then
> ID@)P < VPR (1)
ueV\{v}

Proof. Note that for V' = {v} tree has height 0, thus the statement is true.
We will show the statement by proving inductively

> D) < hy|D(u)P?, (15)

weD(u)\{u}

for all w € V in linear extension of tree order <*. Here h,, is the longest
path from w to its descendant. Note that for © = v we have the original
statement. The equation above is true for u being a leaf. For other nodes we
have

Y, DwP= Y > IDOF+ Y D)

weD(u)\{u} weN¢ (u) te D(w)\{w} wEN¢ (u)

> D)+ > [D(w))?

wEN¢c(u) wENe(u)

<(he=1) ), ID@P+ > D@ (4

wEN¢g(u) wENc (u)

IN

<he Y D@ <h | > D)

wENc (u) weENe(u)

< hu| D(u)|*.
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]

We start with a lemma which will be used in most of proofs, including
those related to graphs not being trees.

Lemma 7. Let T = (V, E,v) be a rooted undirected tree and K : V — R.
Then there is a unique function ¢ : E — R satisfying condition in Eq.
for all vertices except the root. Furthermore it satisfies

vuev | 3 cle)| < KT, (17)
e€lc(u)
Vue V\ {v} le(ep(w) < [|K|7™. (18)

Proof. For |V| =1 Egs. are straightforward. Suppose |[V| > 1.
Let vy,...,v, = v be vertices enumerated according to some linear ex-
tension <* of the tree-order of 7. We will assign the values of ¢(e,(v;)) and
prove Egs. and inductively with the given order of vertices. Note
that uniqueness comes directly from the construction.
Suppose v; is a leaf. According to condition from Eq. , we have

S ele) = clep(v)) = —K(v). (19)

e€l(v;)

Note that in this case Eq. and are trivially fulfilled as D(v;) = {v;}.
Suppose v; is not a leaf. Then, according to the order <*, for all edges

e € Ic(v;) value of c(e) is specified. According to condition from Eq. we

have
S oele)= D cle) +clep(vy) = —K(vy). (20)
ecl(v;) e€lc(vi)
From this we have

clep(vi)) == Y ele) = K(vy). (21)

e€lc(vi)

Let us start with proving Eq. for v;:

)IIRCIESD DTN DI ECTOIEND SN L

e€lc(vi) e€lc(vi) ueNe(v;) ueNe(v;) (22)
= [[E

where the second inequality comes from the induction assumption on Eq. ,
and the last equality results from the fact that we enumerated all descendants

11



of v; except v;. Suppose v; is not the root. We have

el =| = D2 ele) = K@) <| 3 ele)] + 1K)

eclc(vi) eclc(vi) (23)
D(v;)\v; D(v;
< KP4 K (0)] = | KD

]

We would like to emphasize that the condition given in Eq. is not
satisfied for the root. However, since any tree is a bipartite graph, the K
function should satisfy Eq. , which has not been assumed here. Let us
present the explicit upper-bound on the [|c||? for general tree graph.

Proposition 8. Let G = (V, E) be a tree and a SAMC of some connected
graph, and let K be an appropriate conditioning function. Then there exists
a unique solution c of optimization problem given in Eq. . Furthermore,
for arbitrary rooted tree T = (V, E,v) we have

lel3< S ()’ (24

ueV\{v}

Proof. Let v € V, and let T = (V, E,v) be a rooted tree with height h.
Based on Lemma [7| there is unique ¢ satisfying condition of Eq. for
every u € V' \ {v}. Hence, we need to show that the constraint holds for v
as well.

Let V}, be a set of vertices located at distance k from root. Note that

0=K(v)+ Z cle) = K(v) + Z c(ep(wy))
)

ecl(v w1ENc(v)
=K@+ Y (= Y clelw) - Kw)

w1ENg(v) w2ENc (wr) (25)
=K@)— > K(w)— Y cley(ws)) =...
= K@)~ Y K@)+ Y K(ws)-+(~1)" Y K(uw),

where second line comes from Eq. (21). We have obtained an equivalent
form of condition on K given by Eq. . Thus, c is a proper solution. The
Eq. comes directly from applying Lemma . O]

Finally let us formulate a final result concerning the success probability
of trees.
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Theorem 9. Let Gy = (Via, Ey) be a tree SAMC of connected graph G =
(V,E), and let K be an appropriate conditioning function. Then there exists
a unique solution c of the optimization problem Fy. . Then the probability
pr(t) of finding any element from Vi, at time t satisfies

d|Va*|| K |I? )
2|E] - 2|Enm| -

ntngaoxpM(t) = (9( (26)

where d is the diameter of the graph.

Proof. Based on the Theorem |5 I we have only to upperbound the part ||¢||3+
2DM_ Note that DM < [Vy]||K]|| based on the definition of DM. Using
Proposition [§ we have

le3< Y (1K) < 3 (K ID@)Y
ueV\{v} ueV\{v} (27)
<IKIP Y 1D < IK]2IVad,
ueV\{v}

where last inequality comes from Lemma [0 and the fact that for any rooted
tree the height is smaller than its diameter. Note that D = O(]|c||3), and
|Eyv| = |Var| — 1, which ends the proof. O

Note that RHS will converge to zero if | F| will be sufficiently large. This
is in fact general result that will happen in further graphs as well.

The upperbound presented in the theorem above may be inexact for two
reasons. First, the original bound from Theorem 5| may be not tight in
general. Second, the bound on ||c||? may be not sufficiently tight. However,
we will show that in the worst case scenario the latter bound is tight.

Let d be odd and n > d be even. We consider the following graph with n
vertices. Let vy,...,v5_; be vertices forming a path in the given order, and
let ¢1,...,t,y and uq, ..., u,y for n’ = "‘TdH be vertices connected to v; and
vg_; respectively, as in Fig. . Let K : v+— k > 0 be a constant conditioning
function. Since the graph is a tree, by the Theorem [§|the function ¢ is unique
and thus optimal.

The solution function c takes the form

—k, e = {Ul,ti},
cle) =< —k, e ={vg_1,u}, (28)
(— 1)Z+1(” — Dk, e={vi,vi;1}.

13
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Figure 3: Glued stars with maximal 2n/ + d — 1 number of nodes and d’
diameter

Thus, we have

lell3 = 2n'k* + (d — 2)((=1)"" (0 — 1)k)”
2 (J_ 2)(71/ . 1)2]€2 (29)

Note that n' = "‘T‘Z“, hence n' = O(n — d). If we choose d < n/2, then the

graph satisfies the theorem statement.

3.3 Success probability for nonbipartite SAMC

In this section we will show an upperbound for general non-bipartite SAMC.
The proof, visualized on Fig. [4] goes as follows. First, we choose an unicyclic
spanning subgraph of SAMC. Since SAMC is non-bipartite, we can find such
graph with cycle of odd length. Then we set the values of edges for edges
outside the cycle, as it was done in Theorem [/} Then, we solve the system
of linear equations in order to determine the values of ¢ for the rest of the
edges. Finally, we upperbound the norm of ||cl[3.

Proposition 10. Let G = (V, E) be a non-bipartite SAMC of some connected
graph with an appropriate conditioning function K and cycle of odd length g.
Then there exists solution ¢ of the optimization problem Eq. such that

9 _ _
lellz < SIVPIEIP + (VI = 9)(IVI = g+ 12 K, (30)

and

3_
el < (V1 Jo) 151 (31)
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find

set values

A 4

on the circle

Figure 4: The sketch of the proof for non-bipartite and bipartite graphs.
First, unicyclic graph is chosen, all edges not belonging to the unicyclic
graphs are set to 0. Then, we set all values for edges outside the cycle
(marked blue). Finally, values for edges on the cycle graphs are set.

Proof. Let C = (V¢, Ec) be a cycle of G of length g, with vertices vy,..., v
with respectively eq,...,e; where e; = {v;,v;11}. Let H = (V,Ey) be a
connected, unicyclic spanning subgraph of G containing C. We set c(e) = 0
foralle e E\ Ey.

Now let us consider graph (V, Ey\ E¢). Such constructed graph is a forest
which consists of g trees such that each tree contains precisely one vertex from
cycle C. Each tree can be considered as an ordered tree T; = (V}, E;, vj) with
root v; € V¢, and by Lemma [7| we can define uniquely c for each tree such
that

)| < K|, (32)

vu € Vi \ {u;} w<<>
e(e)| < KN, (33)

Vu €V ‘

eelé(u)

Now let us consider the missing part of the domain of ¢, which is E¢.
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Based on the condition of Eq. the values c(e;) must satisfy

cle) +elejn) =— D cle) = K(vji1) = 241 (34)

eelé+1(vj+1)

Since there is odd number of variables, there exists unique solution of the

form ) _
c(ej) = (—21)J (Z(—l)kzk -y (—1)k2k> : (35)
Note that since we have

<] Y e

eefé(vj)

Vi\{v; Vj
K ()| < IKM + K ()] = K1Y, (36)

we have as well

Q|

[e(e;)] < 2| <

k=1

1 1
> S IEIE = S (37)
k=1

N —

Finally using all of the equations above we have

g g — g
g v;\?
lelly = D leten)? + D2 D le(e) < Gk 1+ > (111
j=1 j=1 ecE; j=1 ecE; (38)

<

<

_ 3_
11+ (V1= K12 = (V1= Fo) I,

where we used |V;| < |[V|—g+1, Z?Zl |E;| = (|[V]| —g), and equations given
before. Furthermore using |V;| < (|[V|—g+1) and || K||{ < |A|||K]| we have

_ g N2
lelly < S11E+ >3 (1K1Y

jil BEE]'
_ g
g _ 39
SVEIRIE+ 30 S (VI- g+ DK 39)
]21 EGEJ'

g _ _
< JIVEPIET + (VI=9)(V] =g+ DIIEIP

IN
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Figure 5: Nonbipartite graph for which the unique solution ¢ : £ — R
satisfies Y, pc*(e) = O(g(|Vm| — g+ 1)?|| K||?). We have distinguished with
thick lines a unique cycle of the graph

Contrary to the case of trees, here uniqueness of ¢ function is guaranteed
only if the marked component is unicyclic itself. Note also that for different
unicyclic subgraphs we obtain different solutions c. Let us now formulate the
success probability upper-bound for general non-bipartite graph and general
K function.

Theorem 11. Let Gy = (Viy, Ey) be a non-bipartite SAMC of connected
graph G = (V| E) with an appropriate conditioning function K. Then the
probability py(t) of finding any element from Vy; at time t satisfies

Ve ]2 )
2\E| — 2|En| — DY )’

max py(t) = (9< (40)

t>0

Proof. Based on the Theorem [5| we have to upperbound the part ||c[|3 +
2DM_ Note that DM < |Vy|||K|| based on the definition of DM. Using
Proposition [10| and noting 3 < g < [Vis| we have |[c[|5 = O(|Vu|*|| K?).
Since DM = O(|Vy|||K||) and |Ey| = O(|Vas|?), we obtained the RHS of
the upperbound. O

Let us now present an example that shows tightness of the result above.
Let a SAMC Gy = (Var, Er) be a graph with Vo = {vy, ..., v5, w1, ..., wy—5}

with odd g, and edge set constructed as follows:
1. vy,...,v; forms a cycle in given order,
2. for each i =1,...,n — g we have {v;,w;} € E,

see Fig. || for visualization. The graph G is unicyclic, hence the ¢ function
is unique. Let us consider conditioning function K : v — k& > 0. Note that
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function of the form

_ka €= {thi}a
—a—-1)/2 — {u-
C(@) _ k(” .? )/ ) € - {Ug,’Ul}, . (41)
kin—g—1)/2, e = {v;,vi41} and i odd,

—k(n—g—1)/2—k, e={v;,vi41} and i even

is a unique solution of optimization problem Eq. (11). Finally we have

lell3 = (0 = )2+ T2 (ko — g~ 1)/2° + L% (<kn — g~ 1)/2 ~ k?

> gk*(n — g —1)*/4 = Q@gIK[*(n — g+ 1)%)
(42)

As we can see in case of g &~ n/2 our theorem is tight.

3.4 Success probability for bipartite SAMC

Finally, we will prove similar bounds for bipartite graphs. The proofs again
follow the sketch presented on Fig. |4l However, bipartite graphs do not have
cycles of odd length. This in turn implies that for fixed unicyclic graph
solution c is no longer unique.

Proposition 12. Let G = (V, E) be a bipartite SAMC of connected graph
with an appropriate conditioning function K and cycle of length g. Then
there is a solution ¢ of optimization problem Ejq. such that

lellz < gV IEIEN? + (VI = g) (V] - g+ 1)1 K] (43)

and
el < VK. (44)

Proof. The proofs goes similarly to proof of Theorem [10] up to system of
linear equations. In this case we have an even number of equations with
either no solutions, or infinite number of solutions. Since K satisfies Eq.
it turns that the solution is parametrized by single free variable and takes

the form X

c(e;) = (—=1)7H! ‘(—1)kzk + (=1)7 2. (45)

QI

=
I

where z is a free parameter. Let z := 2z;. Then

—_

g

g
2l + l2gl <Dzl < ) IENY = 1K) (46)
j k=1 k=1

QI

|ele)] <

bl
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Finally, similarly to the proof of Theorem

lell = Z elen) P+ > le(e)?

7j=1 BEEj (47)
<glE|t+(VI-9lK|i = [VIIK|3

and
lell; < gVEPIK?+ (V] = 9)(IVI - g+ 1)?| K. (48)
O]

Below we present an upperbound for general bipartite graphs. The proof
goes the same as it was the non-bipartite case.

Theorem 13. Let Gy = (Viy, Enr) be a bipartite SAMC of connected graph
G = (V, E) with an appropriate conditioning function K. Then the probabil-
ity par(t) of finding any element from Vi, at time t satisfies

ViPIEI?
2\E| — 2|En| — DM

IgaoxpM(t) = (’)( (49)

Note that in the proof we searched for unicyclic spanning subgraph, while
we could search for spanning tree and use Theorem [0} Careful analysis would
show the same bound O(|Vy,|3||K]|?), since diameter of any spanning tree is
at most |Viy|.

3.4.1 Special case: constant conditioning function K

We can lower the upperbound for bipartite SAMC if we assume K to be
constant. The proof goes the same way as previous proofs, however it differ
in details regarding the estimation of the ||c||3.

Proposition 14. Let G = (V, E) be a bipartite SAMC of some graph with
an appropriate constant conditioning function K and with cycle of length g.
Then there exists a solution ¢ of optimization problem Ejq. such that

lellz < VI(IV] =g+ D K] (50)

Proof. Whole construction of ¢ and other variables remains the same, as in
Theorem [I2] however we can provide more explicit form of ¢ on edges from
cycle. Note that according to the construction we have

o= —2) — K, (51)
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where 29 == " 1.(05) c(e). Thus we can do following

c(ej) = (=1)* ii(—l) 2+ (1)
= (-1 :(—1)’“(22 +K') + (1) (52)
= (—1) i:l(—l)kz,g + K?/ (1= (1)) + (=1)""z
Hence for |z| = |21| we havje
le(ed)] < K[| + g(ﬂ/ﬂ —DIK[ = (V]=g+DIK]. (53)

Hence, similarly as in Theorem [12] we have

lellz < Z e(en) P+ D le(e)?

7j=1 eeEj 54
<g(VI=g+1IKI* + (VI =9 (V] - g+ D*| K]
= [VI(IV] =g+ 1)K

]

Again the proof goes similar as in previous cases, apart from the fact that
upperbound |Eys| = O(|Vi|?) is no longer useful here.

Theorem 15. Let Gy = (Viy, Ey) be a bipartite SAMC of a connected graph
G = (V, E) with appropriate constant conditioning function K and cycle of

length g. Then the probability py(t) of finding any element from Vi, at time
t satisfies

(\VMKIVMI — g+ 12K + IEM|>'

_ 55
2|E| — 2|Ex| — DM (55)

max pa(t) =

Now let us present an example which shows our results concerning bipar-
tite graphs are almost tight in worst case scenario. Let us consider SAMC
with vertices

V=A{v1,...,05,w1, ..., Wy t1, ... o, } (56)

with g being even, g/2 odd, with n’ = "ng and edge set constructed as
follows:
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Figure 6: Bipartite graph for which the optimal solution ¢ : E — R satisfies
Yoenc®le) = O(g(n — g + 1)%|K||*). We distinguish a unique cycle with
thick lines

1. vy,...,v5 form a cycle in the given order,
2. for each i =1,...,n" we have {v;,w;} € E and {vgﬂ,ti} €E.

Let us consider conditioning function K : e — k for fixed £k > 0. Then
K satisfies Eq. and, by the proof of Theorem we have one-variable
parameterized solution. Let us consider the family of functions constructed
as in the proof of Theorem

(—k, e = {v1,w;},

—k, €= {Ug+17ti}7

k(n'+1)/24 22—k, e={v,vi}, i=1,3,...,3/2,
—k(n'+1)/2 — z, e={v,vi}, i=24,...,g/2—1
kn'+1)/2—2z—k, e={v,vi1}, i=g/2+1,5/2+3,...,7,
(—k(n' +1)/2 + z, e=A{v,vin}, i=9/2+2,9/2+4,...,9— 1.

(57)
With these functions we have
min [le. |3 = min ((n - g)k°
+ “C%Q(k(n’ +1)/2+2—k)?
+ QT_Q(—k(n' +1)/2 — 2)? (58)
g+

+ %(k(n' $1)/2 - 2 — k)

+ T2k )2+ 27),



which is the quadratic function in z. One can note, that it takes the form
2>+ C, where C does not depend on z. Thus, it takes its minimum at z = 0
and therefore

g—2
32

: 2 2, 9F2.5

= O(g K|[*(n — g+ 1)%)

k*(n—g+2)? (59)

3.5 Overview of the results for general graphs

In previous section we present several theorems which, depending on the
properties of the marked component or K function, yields different upper-
bounds. All of them can be gathered into single suitable equation.

Theorem 16. Let Gy = (Viy, En) be a SAMC of a connected graph G =
(V,E) and an appropriate conditioning function K. Let D™ denotes the
number of edges from Vi to V' \ Viy. Then the probability py(t) of finding
any element from Vy; at time t satisfies

Va1 K2
=0 _ . 60
max P (t) (2|E\—2|EM|—DM (60)

We would like to emphasize several interesting additional remarks. The
proofs of the theorem were always constructive. Furthermore, it turned out
that for trees and unicyclic nonbipartite graphs the function ¢ is unique.
These properties are particularly helpful, as the optimal ¢ is needed to show
the tightness of the bound derived in the theorem above.

Furthermore for general K we have provided similar bounds on ||c[|3 in
terms of || K||; instead of || K||, which may be more precise when not all values
are close to the maximum of K.

4 Special graphs

In this section we will provide how we can apply Theorem [16] for several im-
portant classes of graph. From this moment we will assume that we're given
a connected graph G = (V, E') with corresponding SAMC G = (Vi En).

First, suppose graph G is bounded-degree, and we have finite order SAMC
Gyr. Then Vi, Ey, DM and ||K|| are also bounded by constant. Further-
more, |E| = O(n). Hence the success probability of finding any vertex is
O(1/n).

Similarly, one can show that success probability of finding any vertex
from constant-order SAMC in d-regular graphs is O(d/n). Note that d may
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grow with n, and unless d < n, we have that the success probability grows
very slowly. This is expected, as for complete graph, which for our model is
equivalent to Grover search, there is success probability 1 — o(1) at proper
measurement time.

Finally, let us focus on random graph models. In [13] authors considered
exceptional configuration as a way to maliciously decrease the efficiency of
quantum search. They considered Erdés-Rényi [18], Watts-Strogatz [19] and
Barabdsi-Albert graphs [20] as potential input graphs, on which the quantum
search is run. In particular, authors considered what is the efficiency of
their attack, for these models, see Fig. 2 in the paper, which was defined
as the ratio of the success probability between single marked component
and SAMC. While for Erdos-Rényi and Watts-Strogatz models it turned out
that the success probability is much smaller for SAMC, for Barabasi-Albert
the numerical results were not obvious. In fact, it turned out, that by an
appropriate change of measurement time we can keep high efficiency of the
search. Below we will present an analytical quantification of this effect.

Let us start with Erd6s-Rényi model G(n, p) of graphs of order n, where
p is the probability that any two vertices are connected. Note that for p >
(14 ¢)log(n)/n the graphs are connected and almost regular, which means
that almost surely for any vertex v we have deg(v) = np(l + o(1)). This
means that we can use the same reasoning as it was for regular graphs, and
show, that the probability for finite |V)| is of order O(d/n) = O(np/n) = p.
For sparse graphs, where np = O(logk (n)), the success probability decreases
almost like 1/n.

Watts-Strogatz graphs are transitioned model between Erdos-Rényi graphs
and regular ring lattice [19]. While contrary to Erdds-Rényi model it pro-
duces small-world graphs, the graphs are again almost-regular. This enables
us following the above reasoning.

Finally let us consider Barabdsi-Albert model G(n,mg). Graphs in this
model are constructed by consecutively adding new nodes, and connecting
them to mg already existing nodes. It is the first model which is scale-free,
thus not regular or even almost-regular. The minimum degree is always my,
which is constant, while the largest degree A grows like ©(y/n) [21].

Let us consider finite order SAMC . Any graph sampled from Barabasi-
Albert distributions has |E| = nmg(1 + o(1)) edges. Since V), is finite, so is
Ey. Note that DM < |Vi/|A = O(y/n). This simplifies our bound to

max py(t) = O (|| K]*/n). (61)

Note that ||K|| equals to the maximal degree over marked vertices. If the
marked vertex has a degree ©(y/n), then we obtain max;>¢pa(t) = O(1),
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which does not provide us anything interesting. However, most of the ver-
tices in Barabdsi-Albert model are bounded [22], and for them the success
probability is O(1/n). This provides us an example of important class, for
which the success probability strongly depends on the vertices being marked.
We claim that such variety of the results explains the robustness obtained
and presented on Fig. 2 in [13].

5 Conclusions

In this paper we presented a general upperbound on success probability,
which takes the following form

Theorem 17. Let Gy = (Vr, Ey) be a SAMC of a connected graph G =
(V,E) and an appropriate conditioning function K. Then the probability
pu(t) of finding any element from Vy, at time t satisfies

Ve P12 )
2\E| — 2|En| — DY )’

(62)

max py(t) = O <

The result can be applied to any graph and marked subgraph combina-
tion, as long as the appropriate quantum search operation have a stationary
state which is uniform over edges not being marked. We also provided ex-
amples, which show our results are tight in complexity.

Finally, we applied our results for a variety of wide class graphs, which
includes bounded degree graphs, regular graphs, and selected important ran-
dom graph models. For many cases we showed that the success probability
decreases at least as O(1/|V]). However for Barabasi-Albert model, we have
shown that the success probability bound depends on the marked vertices.
By this we explained the robustness obtained in [13].

We believe that further analysis of exceptional configurations may im-
prove the already obtained results concerning the malicious input data mod-
ification [13], or may help generalizing the algorithms for detecting perfect
matching [14].

Acknowledgements

NN is supported by the QuantERA ERA-NET Cofund in Quantum Tech-
nologies implemented within the European Union’s Horizon 2020 Programme
(QuantAlgo project). KK is uspported by RFBR according to the research
project No. 19-37-80008. AG has been partially supported by National Sci-
ence Center under grant agreement 2019/32/T/ST6/00158. AG would also

24



like to acknowledge START scholarship from the Foundation for Polish Sci-
ence.

References

1]

2]

[9]

[10]

[11]

[12]

R. Portugal, Quantum walks and search algorithms. Springer, New York,
2013.

Y. Aharonov, L. Davidovich, and N. Zagury, “Quantum random walks,”
Physical Review A, vol. 48, no. 2, pp. 1687-1690, 1993.

E. Farhi and S. Gutmann, “Quantum computation and decision trees,”
Physical Review A, vol. 58, pp. 915-928, 1998.

D. Reitzner, D. Nagaj, and V. Buzek, “Quantum walks,” in Acta Physica
Slovaca 61, vol. 6, pp. 603-725, 2011. arxiv.org/abs/1207.7283.

N. Shenvi, J. Kempe, and K. B. Whaley, “A quantum random walk
search algorithm,” Physical Review A, vol. 67, no. 052307, 2003.

A. Ambainis and A. Rivosh, “Quantum walks with multiple or moving
marked locations,” in Proceedings of SOFSEM, pp. 485496, 2008.

T. G. Wong and A. Ambainis, “Quantum search with multiple walk
steps per oracle query,” Phys. Rev. A, vol. 92, Aug 2015.

N. Nahimovs and A. Rivosh, “Quantum walks on two-dimensional grids
with multiple marked locations,” in Proceedings of SOFSEM 2016,
vol. 9587, pp. 381-391, 2016. arXiv:quant-ph/150703788.

N. Nahimovs and A. Rivosh, “Exceptional configurations of quantum
walks with Grover’s coin,” in Proceedings of MEMICS, pp. 79-92, 2015.

N. Nahimovs and R. Santos, “Adjacent vertices can be hard to find by
quantum walks,” in Proceedings of SOFSEM 2017, vol. 10139, pp. 256—
267, 2017.

K. Prusis, J. Vihrovs, and T. G. Wong, “Stationary states in quantum
walk search,” Phys. Rev. A, vol. 94, 2016.

A. Ambainis, A. Gilyén, S. Jeffery, and M. Kokainis, “Quadratic
speedup for finding marked vertices by quantum walks,” arXiv preprint
arXiw:1903.07493, 2019.

25


arxiv.org/abs/1207.7283
arXiv:quant-ph/150703788

[13]

[14]

[18]

[19]

[20]

[21]

22]

A. Glos and J. A. Miszczak, “Impact of the malicious input data mod-
ification on the efficiency of quantum spatial search,” Quantum Infor-
mation Processing, vol. 18, no. 11, p. 343, 2019.

N. Nahimovs, R. A. Santos, and K. Khadiev, “Adjacent vertices can
be hard to find by quantum walks,” Moscow University Computational
Mathematics and Cybernetics, vol. 43, no. 1, pp. 32-39, 2019.

K. Khadiev, N. Nahimovs, and R. A. M. Santos, “On the probabil-
ity of finding marked connected components using quantum walks,”
Lobachevskii Journal of Mathematics, vol. 39, pp. 1016-1023, Sep 2018.

P. Sadowski, J. A. Miszczak, and M. Ostaszewski, “Lively quantum
walks on cycles,” Journal of Physics A: Mathematical and Theoretical,
vol. 49, no. 37, p. 375302, 2016.

A. Glos and N. Nahimovs, “Comment on Nahimovs et al. ‘On the prob-

ability of finding marked connected components using quantum walks’”

arXiw preprint arXw:1907.12277, 2019.

P. Erdos and A. Rényi, “On the evolution of random graphs,” Publ.
Math. Inst. Hung. Acad. Sci, vol. 5, no. 1, pp. 17-60, 1960.

D. J. Watts and S. H. Strogatz, “Collective dynamics of ‘small-
world networks,” nature, vol. 393, no. 6684, p. 440, 1998.

R. Albert and A.-L. Barabasi, “Statistical mechanics of complex net-
works,” Reviews of modern physics, vol. 74, no. 1, p. 47, 2002.

A. Flaxman, A. Frieze, and T. Fenner, “High degree vertices and eigen-
values in the preferential attachment graph,” Internet Mathematics,
vol. 2, no. 1, pp. 1-19, 2005.

B. e. Bollobas, O. Riordan, J. Spencer, and G. Tusnady, “The degree
sequence of a scale-free random graph process,” Random Structures &
Algorithms, vol. 18, no. 3, pp. 279-290, 2001.

26



	1 Introduction
	2 Preliminaries
	2.1 Graph theory preliminaries
	2.2 Quantum walks
	2.3 Stationary states

	3 The upperbounds on success probability for general SAMC
	3.1 The optimization problem
	3.2 Success probability for trees SAMC
	3.3 Success probability for nonbipartite SAMC
	3.4 Success probability for bipartite SAMC
	3.4.1 Special case: constant conditioning function K

	3.5 Overview of the results for general graphs

	4 Special graphs
	5 Conclusions

