2011.12907v1 [math-ph] 25 Nov 2020

arXiv

Noname manuscript No.
(will be inserted by the editor)

The Witten Index for One-dimensional Non-unitary Quantum
Walks with Gapless Time-evolution

Keisuke Asahara - Daiju Funakawa - Motoki Seki -
Yohei Tanaka

the date of receipt and acceptance should be inserted later

Abstract Recent developments in the index theory of discrete-time quantum walks allow us
to assign a certain well-defined supersymmetric index to a pair of a unitary time-evolution
U and a Z,-grading operator I" satisfying the chiral symmetry condition U* = I'UT . In this
paper, this index theory will be extended to encompass non-unitary U. The existing literature
for unitary U makes use of the indispensable assumption that U is essentially gapped; that is,
we require that the essential spectrum of U contains neither —1 nor +1 to define the associated
index. It turns out that this assumption is no longer necessary, if the given time-evolution U
is non-unitary. As a concrete example, we shall consider a well-known non-unitary quantum
walk model on the one-dimensional integer lattice, introduced by Mochizuki-Kim-Obuse.

Keywords Chiral symmetry, Non-unitary quantum walks, Supersymmetry, Witten index,
Split-step quantum walks
1 Introduction

The theory of (discrete-time) quantum walks has attracted enormous attention over the
past few decades. Despite its apparent simplicity, vast applications of this ubiquitous no-
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tion can be found across multiple disciplines. For instance, the physical utility of quan-
tum walks is especially confirmed for quantum algorithms [Gro96l/ABN*01]], photosyn-
thesis [MRLAGOS,PLM* 10|, and topological insulators [KRBDI10,OK11lKit12al[AO13].
The long-time limit of the velocity distribution of the quantum walker, known as the
the weak limit theorem [Kon02l/GJS04./Suz16], has been a particularly active theme of
rigorous mathematical research on quantum walks in the early years of the 21% century.
Other mathematical studies have taken various points of view: localisation [IKKO04.,[Kon10}
Segl1,JICGMLI12||FES17[FES 18], quantum walks on graphs [AAKVO01/Amb03}/Por16], non-
linear analysis [MSS*18bMSS*18aMSS*19]), unitary equivalence classes [Ohn16l/[Ohn17,
Ohn18[KNO20], time operators [ST19aFMS*20], and continuous limit [MS19].

The present article is a continuation of rigorous mathematical studies of index theory
for chirally symmetric quantum walks from the perspective of supersymmetric quantum
mechanics [CGST16/[CGG*18l[CGS*18|[Suz19l[ST19b.Mat20,/CGWW?20]. Such a quantum
walk can be naturally identified with a pair of a time-evolution operator U : H — H and a
unitary self-adjoint operator I" : H — H, satisfying the chiral symmetry condition;

U*=rTur, (D

where I gives a Z,-grading of the underlying state Hilbert space H = ker(I"—1)@ker(I"+1).
The existing literature mentioned above allows us to assign a certain well-defined Fredholm
index, denoted by ind (I, U), to each abstract chirally symmetric quantum walk (I, U). Note
that this assignation of the Fredholm index requires U to be both essentially unitary (i.e.
U is a unitary element in the Calkin C*-algebra) and essentially gapped (i.e. the essential
spectrum of U, denoted by 0. (U), contains neither —1 nor +1).

The present article extends this index theory to encompass all those time-evolutions U
which fail to be essentially unitary. As a concrete example, we shall explicitly construct such
a time-evolution U with the property that it is essentially gapless, yet the associated index is
well-defined. To put this into context, let us consider the following time-evolution operator
on the state Hilbert space H := £2(Z, C?) of square-summable C2-valued sequences;

Unko := SGOCLSG™'®dCy, )

where the operators S, G, @, C;, C, are defined respectively as the following block-operator
matrices with respect to the orthogonal decomposition H = £2(Z, C) @ £2(Z,C);

(L O _fer 0 (e 0 __[cos8; isind;
$= (O L’l)’ G:= (0 6‘7('”))’ ®:= ( 0 e‘i¢('+]))’ €= (i sin@; cosf; |’

where L is the unitary bilateral left-shift operator defined by LY := ¥(- + 1) for each
¥ e (?(Z,C), and where we assume that four R-valued sequences y = (y(x))xez,
¢ = (Pp(x))xez, 01 = (01(X))xez,02 = (02(x))xez, all of which are identified with the
corresponding multiplication operators on £(Z, C), admit the following two-sided limits:

() =limf(x) €R,  £€{y, 4,601,602}, *=zco. ©)

This model is a natural generalisation of the homogenous model considered in [MKO16),
$1I1.A] with the time-evolution (2)) being consistent with the experimental setup in [RBM*12]]
(see [MKO16, §I-IT] for details). Note that Uy, is non-unitary, unless vy is identically zero.
We shall explicitly construct a Z,-grading operator Iy, : H — 9 in a highly non-
trivial fashion, so that (I, Umko) forms a chirally symmetric quantum walk. Complete
classification of the two topological invariants ind (Iiko, Umko) and 0ess(Umko) can be found
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in this paper. In particular, we show that oess(Unko) is a subset of the union of the unit circle
T and the real line R, given explicitly by the following formula;

Oess (Umko) = 0 (=00) U 0 (+00),

where the sets o-(£o00) € TUR depend only on the two asymptopic values 61 (£00), 6, (£0).
As in Fig. [0 it is shown in this paper that for each x = +co, there exists a well-defined
subinterval [y_(x),y+(x)] of [0, o], which enables us to classify o (%) into 6 different
cases in total, depending on the sign s(%) of — sin 6 (%) sin 6, (*).

Case I Case IT Case ITI
Im Im Im
\ e < , ;7 N .
I / \
: —t— —
\ / Re Re \\ ' Re
[y < y-(x) Y-(%) < ly(R)| < ys(*) Y+ () < ly(0)l

Fig. 1 The set o-(x) € T UR is classified into Cases I, II, II as above according to the size of |y (x)|. If
s(*) =1 (resp. if s(x) = —1), then the black regions (resp. gray regions) in each of the above three cases
depict the subset o (). Therefore, there are 6 distinct cases in total. In particular, o~ () is a connected subset
of T'U R containing either —1 or +1, and so Case Il is of significant importance.

The present article is organised as follows. §2.1lis a preliminary. In §2.2]we state the main
theorems of this paper, proofs of which will be completely deferred to §31 In particular, it is
shown in Theorem[Blthat the 2-step chirally symmetric quantum walk (I k0, Unko) can be nat-
urally generalised to another m-step chirally symmetric quantum walk, denoted by (13, U,,)
in this paper, where m can be any fixed non-zero integer. This new model also unifies the one-
dimesional unitary quantum walks in [ABN*01,[Kon02l[SuzI16/[KRBDI10|KBF*12|[Kit12bl
FES17FES18IFES19,|ST19blMat20,/Tan20]]. Complete classification of the two topological
invariants ind (13, U;,) and oess(Uy,,) can be collectively found in Theorem [C] With the aid
of Theorems [Blto[Cl we show in §2.3] that the non-unitary time-evolution U, can have a
well-defined index, yet it is essentially gapless (see Example [7lfor details). This construction
is based upon Case II in Fig.[Il In §3] we prove the main theorems in §2 In particular, we
shall make use of an abstract form of the one-dimensional bulk-boundary correspondence to
fully classify ind (I;,,, U,,). The paper concludes with the summary and discussion in §41

2 Main theorems and discussion

Proofs of the main theorems of the current section can be collectively found in §3



4 Keisuke Asahara et al.

2.1 Preliminaries

By operators we shall always mean everywhere-defined bounded operators between Hilbert
spaces throughout this paper. An operator X is said to be Fredholm, if ker X, ker X* are
finite-dimensional and if X has a closed range. If X is Fredholm, then the Fredholm index
of X is defined by

ind X := dimker X — dim ker X*.

If the domain and range of X are identical, then the (Fredholm) essential spectrum of X is
defined by 0ess(X) := {z € C | X — z is not Fredholm}. In particular, we call X essentially
gapped, if —1,+1 ¢ 05 (X) following [CGG*18I/CGS*18].

A chiral pair on H is any pair (I", U) of a unitary self-adjoint operator I" on H and an
operator U on H satisfying the chiral symmetry condition (I)). Note that I" gives a Z,-grading
of the underlying Hilbert space H = ker(I" — 1) @ ker(I" + 1), and that I" = 1 & (—1) with
respect to this orthogonal decomposition, where 1 denotes the identity operator on a Hilbert
space throughout this paper. The operator U can be written as U = R +iQ, where R, Q are
the real and imaginary parts of U respectively. More precisely, R, Q admit the following
block-operator matrix representations:

(R O
#=(% &,

| i
ker(I'-1)@ker(I'+1) QO 0 ker(I'-1) @ker(I'+1)

“

where the first equality (resp. second equality) follows from [I', R] := 'R — RI" = 0O (resp.
from {I",Q} :=T'Q + QI =0).

Definition 1. Let (I", U) be a chiral pair on a Hilbert space H, and let Q be the imaginary
part of U given by the second equality in (@). Then the chiral pair (I",U) is said to be
Fredholm, if 0 ¢ 0. (Q) (or, equivalently, Q¢ is Fredholm). In this case, the Witten index
of the Fredholm chiral pair (I", U) is defined by ind (I, U) := ind Qy.

We shall make use of the following unitary invariance property of the Witten index
throughout this paper;

Lemma 2 (unitary invariance). Let (I',U),(I"",U’) be two chiral pairs on two Hilbert
spaces H, H’ respectively. If (I',U),(I"’,U’) are unitarily equivalent in the sense that
(', U’) = (e'T'e, €*Ue) for some unitary operator € : H' — H, then (I',U) is Fredholm
if and only if so is (I'',U’). In this case, we have ind (I",U) = ind (I"", U’).

2.2 Main theorems

We are now in a position to introduce the main model of the present article;

Definition A. Let m be a fixed non-zero integer, and let (1;,,, U,,) be the pair of the following
block-operator matrices with respect to £2(Z, C2) = £2(Z) @ ¢*(Z) :

p qL™
= Al
rm (L—mq* _p('_m))9 ( )

. p qL™ e~ 2 (+D) g oy=y (D) px
oy ) ey )
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where we assume that three convergent R-valued sequences 7y (y(xX))xez, P
(p(x))xez,a = (a(x))yxez and two convergent C-valued sequences g = (q(x))xez,b =
(b(x))xez satisfy the following conditions:
P +1g)IP = 1, xez, (A3)
a()?+ b0 =1, xez, (Ad)
§(xe0) 1= lim £(x), £ ely.p.a.q,b}, (AS)
p(oy o [TEIE) ()20, fargb(oo) A6
0, g(£00) =0, 0,

where argw of a non-zero complex number w is uniquely defined by w = /32" and
argw € [0, 27).

The pair (I;,, Uy,) introduced in Definition[Al where T, is unitary self-adjoint by (A3),
turns out to be a chiral pair. Indeed, U,, can be uniquely written as U,, = I},,C, where C is
self-adjoint, and so

U, = (I;,C) = C* T}, = Chy = [2CTy = LuUnlon,

where the second last equality follows from I;2 = 1. The chiral pair (I}, U,,) unifies all of
the following existing models on the one-dimensional integer lattice Z :

e If m = 1 and if y is identically O, then U, is the unitary evolution of a split-step
quantum walk model considered in [KRBDI10|KBF*12|[Kit12bl[FFS17,[FEST8|[FFS19]
ST19blMat20lTan20]. In particular, if we set p = 0, then this model becomes the usual
one-dimensional quantum walk model considered in [ABN"01,Kon02l/Suz16].

e If m = 2, then U, turns out to be equivalent to the non-unitary evolution operator Uy
given by @) in sense of the following theorem.

Theorem B. Let Uy, be given by @), where we assume that four convergent R-valued
sequences y, ¢, 01, 0> admit the two-sided limits of the form Q). Then there exists a unitary
self-adjoint operator I'nio on £2(Z, C2), such that (Ipke, Umko) forms a chiral pair. Moreover,
the chiral pair (Ihkos Umko) is unitarily equivalent to the chiral pair (I3,U,), where the
sequences p, q,a, b are defined respectively by

pi=—sin@(-+1), g:=—icosO(-+1), a:=sinf, b:=icosbe' ?*?+)) (BI)

Complete classification of the two topological invariants ind (13,,, Uy,) and oess(Uyy,) can
be collectively found in the following theorem;

Theorem C. If (I;,,,U,,) is the chiral pair in Definition[] then we have the following two
assertions:

(i) Classification of the Witten index. For each x = +co, we let

p(*) .
P2 + [g(R)2 cosh?(2y (%))

(ChH

py(*) =
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Then the chiral pair (I}, Up) is Fredholm if and only if |p,(x)| # |a(x)| for each
* = +090. In this case, we have the following index formula;

0, Ipy (=e0)| < la(=e0)|, [py(+e0)| < |a(+e0)],
ind (I, Unm) _ Jsgnp(+e0), |py (=e0)| < la(=00)|, [py(+e0)| > |a(+e0)],
m —sgn p(=c0), [Py (=e0)| > la(=e0)|, [py (+e0)| < |a(+e0)],
sgn p(+00) —sgn p(=c0),  [py(=0)| > a(=e0)], |py (+e0)| > [a(+e0)],
(€2

where the sign function sgn : R — {—1, 1} is defined by

—, x#0,
sgnx = |x| (C3)
1, x=0.

(i) Classification of the essential spectrum. For each x = +oo, we let

s(%) = sgn (p(*)a(x)), (C4

Ax(¥) := [p(¥)a(*)|cosh(2y (%)) + |g(*)b(¥)], (C5)

e = | {(x 2 = 1)" ‘ s(%)x € [A_(*),A+(*)]} . (C6)
ne{-1,+1}

Then the essential spectrum of Uy, can be written as 0ess(Upy,) = 07 (—00) U o (+00). Fur-
thermore, for each x = +co there exists a well-defined closed interval [y_ (%), y+(*)] C
[0, oo], such that the set o (%) admits the following further classification:

e Case L. If|y(%)| < y_(%), then [A_(x), A (*)] C [-1, 1], and so o-(x) C T.

e CaselIl. Ify_(*) < |y(%x)| < y4+(*), then [A_(%),1] C [-1,1] and [1,AL(*)] C

[1, 0], and so o (%) is a connected subset of T U R containing s(x).

e CaseIIL Ify.(*) < |y(x)|, then [A_ (%), Ar(*)] C [1, ), and so o(*) C R.

More explicitly, for each x = oo the closed interval [y_(x), y+(%x)] is given by

yi(k) = %cosh_1 ( (CTH

1+ Iq(*)b(*)l)
lp()a(x)] )’

where cosh™ denotes the inverse function of [0,00] 3 x +—> coshx € [1,c0] with
1/0 := co by convention.

Explicit formulas for o-(x) € T U R in Cases L, II, III of Theorem [Cl (ii) will be given
shortly in §2.3] This will allow us to classify o (%) into the 6 different cases as in Fig.[Il

Remark 3. If y is identically zero and if m = 1, then U, is the unitary time-evolution
of a split-step quantum walk, and the formula for ind (77, U;) can be found in [ST19b}
Mat20|[Tan20]. Similarly, under the same assumption, Theorem[Cl(ii) coincides with [ST19bl
Theorem 30] or [Tan20, Theorem B (ii)].

2.3 Discussion

Let us start with the following lemma;
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Lemma 4. Let (I',U) be an abstract chiral pair on a Hilbert space H, and let Q be the
imaginary part of U. If U is essentially unitary (i.e. U*U — 1,UU" — 1 are compact), then

z-27"
2i

Oess(Q) = { ZE€ U'ess(U)} . ©)

That is, if U is essentially unitary, then the chiral pair (I', U) is Fredholm if and only if U is
essentially gapped in the sense of §2.11

Proof. The formula (3) can be easily proved by using the spectral mapping theorem and
the trigonometric polynomial p(z) := (z — z*)/(2i). We omit the proof, since an analogous
argument can be found in [Tan20, Lemma 3.6 ]. m]

As in the following theorem, given an abstract chiral pair (I", U), where U may not
necessarily be essentially unitary, the essential gappedness of U is no longer an indispensable
assumption to ensure the Fredholmness of the chiral pair (1", U);

Theorem 5. With the notation introduced in Theorem|[Ql suppose that the following hold
true for each % = +oo :

Ipy () # la(x)],  y-(6) <ly(R)] < y+(%). (6)
Then (I,,,, Uy,) is Fredholm, yet U, fails to be essentially gapped.

Proof. Let us first start with further classification of 0. (U) given by Theorem [C] (ii). We
consider the following R-valued function g defined on (—oco, —1] U [1, o0);

g(x) =x+Vx2 -1, x € (=00, —1] U [1, 00).

Fig.2lshows the graphs of g, 1/g;

j j x
_\ -1 1
-1
Fig. 2 The black graph corresponds to g, and the gray graph corresponds to g~!.
Evidently, g(x)g(-x)~' = =1 for |x| > 1. It follows that for each x = oo the set o (%)

admits the following further classification;
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e Casel. If |y(%)| < y_(%), then
o (%) = {z€T|Rez € [A_(*x), Ay (*)]}, s(x) =1,
{z€T|Rez € [-As(*),-A_(*)]}, s(x)=-1.

e Casell. If y_(x) < |y(*)| < y+(x), then

(%) = {z€T|Reze [A-(%), 1]} U [g(A+ ()7, g(As(%)], s(x) =1,

{zeT|Reze [-1,-A_ (M)} U [-g(A+ (%), =g(A () '], s(%) = -1
e CaseIIlL If y,(x) < |y(%)], then
) - { [g(A () g(A- )TV A1) (AL s =1,
[-8(A+ (%)), =g (A- ()T U [=g(A-(¥) 7", =g (AL () 7'], s(%) = ~1.

That is, o (%) is classified into the 6 different cases as in Fig.[I] It immediately follows from

Theorem [ and (@) that (I;,,, U,,) is Fredholm, and that oes(U,,) = 0 (—00) U o (+00). In

particular, for each * = +oo the set o (%) is classified as Case II. That is, each o (%) is a

connected subset of T U R containing either —1 or +1, and so U, fails to be essentially

gapped. The claim follows. O
The current section concludes with the following two numerical examples:

Example 6. Let (I;,,, U,,) be the chiral pair in Theorem[C] Let
po :=0.2, ap :=0.1, vo :=0.4.

If a(+00) := +ag and p(£o0) := *py, then (C7) becomes

1-1-p2J1-a}

1
y_(=o0) = y_(+00) = = cosh™! = 0.350396,
2 |poaol

1 1+J1-p2J1-d?
¥+ (=00) =y, (+00) = = cosh™! = 2.64283.
2 |Poaol

If we let y (£00) := yp, then y_(+00) < |yg| < y4(%00). It follows from (C8)) that oess (U,,) =
o (—00) = o (+0), since s(—o0) = s(+00) = 1. More precisely, the set 0ess(Uy,) = 0 (£00)
is classified as Case II:

As = |poao| cosh(2yo) + 1 = pg/1 — ag,

Oess(Unm) ={z € T|Rez € [A_, 1]} U [g(As) ™", g(AL)].

The black region in Cases II of Fig. [l depicts the connected subset oess(Uy,) of TUR
containing 1. It follows that U,, is not essentially gapped. Furthermore, (CI)) becomes

|pol
P2+ (1 = po) cosh?(2yp)

|py (£00)| = =0.150876 > |a(xo0)| = 0.1.

It follows that (I, U,,) is Fredholm, and ind (73, U,;;) = m(+1 — (=1)) = 2m by the index
formula (C2). That is, we have constructed the Fredholm chiral pair (1}, U,,), in such a way
that U, fails to be essentially gapped, yet ind (I3,,, U,,,) = 2m is well-defined.
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Example 7. Let Uy, be the non-unitary evolution operator given by (2)), where we assume
the existence of the two-sided limits (3). We define p, g, a, b according to (BI)), and Theo-
rem [Blasserts (I, Umko) = (I, Uz), where ~ denotes unitary equivalence of chiral pairs.
As in Example[6] we choose 01 (£00), f5(+00), ¥ (+00) in such a way that

p(£o0) = +0.2, a(xo0) = +0.1, y(zo0) =0.4.

It follows that (I'iko, Umko) = (I3, Up) is Fredholm, and ind (1o, Unko) = 4. Furthermore,
Uniko 1s essentially gapless.

3 Proofs of the main theorems
3.1 Unitary invariance of the Witten index (Lemma[2))

We prove the unitary invariance of the Witten index (Lemma 2)). Note that the special case
of this invariance principle for unitary U can be found in [SuzI9| Corollary 3.6], the proof
of which makes use of a spectral mapping theorem for chirally symmetric unitary operators
[SS16lISS19]. We give the following direct proof instead;

Proof of Lemmal2l Let (I',U), (I'’, U’) be two unitarily equivalent chiral pairs on a Hilbert
space H. That is, there exists a unitary operator € on H, such that (I, U’) = (¢*I'e, €*Ue).
Let H, :=ker(I"' ¥ 1), and let H, := ker(I"’ ¥ 1). We may assume that the operator € admits
the following block-operator matrix representation;

€= (E+ 6,+) €4 7_{.; — H,, €4 H — H,,
- ’ €t H, — H._, e H — H..

€_ €

Recall that the operators U, U’ admit the following block-operator matrix representations
respectively according to §2.1}

U= (R1 tQ;;) U’ - (R; i(Q())*)
Q0 Ra [y a9 100 Ry Jyremn

Since 0 = el” —I'e,where I' =1 @ (—1) and I'"" = 1 @ (—1), we obtain

0= € e4\(1 0 B 10 € €4\ (& —ey + —€r =€\ [ 0 —2e,
T \e e 10 -1 0-1)\ese -] e —€ € € | \2e,- O |°

This implies e = €, @ e_ : H] & H' — H, & H_, and so

Ue= (e, ®€)U(e, ®c.) = (E+le+ lf+Qof—) _ (Rl Q) ) .

ie*Quer € Rre_ iQ(’) R;

Since Q6 = €2 Qoe€,, wWhere €, €_ are unitary, we have that Qg is Fredholm if and only if so
is Q. In this case, ind Q¢ = ind Q). The claim follows. O
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3.2 Unitary transform of the Mochizuki-Kim-Obuse model (Theorem [B)
Proof of Theorem[Bl We shall make use of the fact that the operator S commutes with any
diagonal block-operator matrices in this proof. We have

UnkoCy' = S(G®)C,S(G ™' @)

N e 0 cos B, isin@,) (e rH¢ 0
- —y(+l)—-1p(-+ e y(+l)—iop(+
S 0 e vCHD=io(+D [\;isin @, cos s, S 0 er(+h-ig(+D)

B S(ey”“’ 0 )(cos 0, isin92) (e"’('”)*id’('”) 0 )

0 e CD-ig(+D [\isin @, cos 6y 0 evio
cos 9267—7(~+1)+i(¢+¢(~+1)) i sin 0ye%Y
= 18in 02 (H) cog @aer-r(+D-i(gro(+1) | S

where the third equality follows from L*'¥ = W(- + 1) for any ¥ € £2(Z). If o» = ((z) Bl)

denotes the second Pauli matrix, then 0'22 =1, and so

cos 9267—7(~+1)+i(¢+¢(~+1)) i sin 0ye%Y
U'“k":(S‘TZ)”Z( i sin fpe27(+1) €08 G~ (+D=i($+4(+1)) (So2)(02C1)
Singze_z')’(""]) _iCOS0287_7('+])_i(¢+¢('+1))
= (So2) (i €08 o7 —7 (HDH (G0 (+1)) — sinBye? (So2)(02C1)

ae 2y (1) proy=y(+1)
= (So2) (beyy(.ﬂ) —aed” ) (Sa2)(02Ch).

If we let 7 := (02 C1)(S0%), where 0 C; and So are unitary involutions, then

ae Y+ proy=y(+1)

1" Umion = (802)(02C1)(S072) (bey—y(»+l) ) (802)(2C1)(02C1) (So2)

ae—27(~+1) b*ey—V(""l)
= (802)(02C1)(So») (bey—)’('”) )

—ae®

—ae%

It remains to compute (So»)(0»C1)(So7);

[ 0 —iL\( sinf; —icosb 0 —iL) _
(So)(02C1)(So») = (iL_l 0 )(icos@l —sin@l)(z’L—] 0 )—Fz.

If we let I'yo := nlan™, then n*Iyon = I3. The claim follows. O

3.3 Classification of the topological invariants (Theorem [C))
3.3.1 Strictly local operators

To prove Theorem [C] let us first introduce one preliminary concept beforehand. With the
obvious orthogonal decomposition £%(Z, C") = EB';:I £2(Z,C) in mind, we shall consider
an operator of the form '

Zly(:,k an(y,- )L ... Zl;z,k ain(y, )L
A= : : , )
S kam (3L BN ann(y, LY
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where k is a finite natural number, and where each a;;(y, ) = (a;;(y,x))xez is an arbitrary
bounded C-valued sequence viewed as a multiplication operator on £2(Z,C) = @x C.
An operator the form () will be referred to as a (one-dimensional) strictly local operator

following [[CGS™18| §1.2].

Theorem 8 ([Tan20, Theorem Al). Let A be a strictly local operator of the form (1) with
the property that the following two-sided limits exist:

ajj(y,£00) = lim a;;(y,x) €C, ihj=1,....,n, -k <y <k. ®)
X—*00 ;
Let
Sy pan(y, )Y .. TX_ 4 ain(y, £o0) LY
A(xo0) := : : , 9)
Sk am (3, £00)LY . BN ann(y, 2o0) LY
T pan(y,x0)2 L B ain(y, £00)2”
y y
A(z, +0) := : : , zeT. (10)
Zszk any (y,+00)7” ... Zszk Apn (y, £00)z”
y y

Then the following assertions hold true:
(i) We have that A is Fredholm if and only if T 5 z — det A(z, %) € C is nowhere vanishing

on T for each x = +oo. In this case, the Fredholm index of A is given by

ind (A) = wn (detA(-,+oo)) —wn (detA(-,—oo)), 11

where wn (det A(, *)) denotes the winding number of the continuous functionT 3 7 —>
det A(z, ) € C with respect to the origin.
(ii) The essential spectrum of A is given by
Oess(A) = Oess (A(=00)) U Oess (A (+00)),
Tes(AR) = | Jor(A(z ), =0,

zeT

Theorem [§] can be viewed as an abstract form of the one-dimensional bulk-boundary
correspondence [CGG*18| Corollary 4.3] (see [Tan20, §2] for details).

3.3.2 Proof of Theorem[((i)

Notation 9. We shall make use of the notation introduce in Definition [Al For notational
simplicity, we use the following notation throughout §3.3.2

e~ 2v(+D) 4 oy—y (D) =

(r’ U) = (rm’ Um)’ C:= ((;1 g:) = (67_7('+1)b

—e¥a

With the above notation, the operator U can be written as U = I'C.
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In order to compute ind (I", U) we shall closely follow [Tan20} §3.2]. Note first that the
underlying Hilbert space £2(Z, C?) admits the following two orthogonal decompositions:

2(2,C?) =ker(I' = 1) @ ker(I" + 1) = 2(2) & 2(2),

where ker(I" ¥ 1) # ¢2(Z). On one hand, the imaginary part Q of U admits an off-diagonal
block operator matrix representation with respect to the former decomposition as in the
second equality of @), where the Fredholm index of Qg : ker(I" — 1) — ker(I" + 1) is
by definition ind (I, U). On the other hand, the same operator Q can not be expressed as
an off-diagonal block-operator matrix with respect to the latter decomposition. The unitary
invariance of the Witten index (Lemma [2]) motivates us to construct a unitary operator
€ : {2(Z) — (*(Z), in such a way that the imaginary part e*Qe of the new chiral pair
(e*Te, €*Ue) become off-diagonal with respect to £2(Z) & £2(Z).

Lemma 10. Let R, Q be the real and imaginary parts of U respectively. For each x € 7Z, let
0(x) be any real number satisfying g(x) = |q(x)|e!?™ | and let p. (x) := /1 + p(x). Let

=2iQ¢, = pse'’L"Bp. — p_B'L™"e ™ p_ — |ql(a) — aa(- +m)), (12)
2R, i=p-e"’L"Bp, + po L™ p_ + piay + plan(- +m), (13)
2R, = pye?L"Bp_+p_B L™ p, — pPay - plas(-+m). (14)

Then there exists a unitary operator € on £*(Z,C?), such that the following block-operator
matrix representations hold true with respect to £*(Z,C?) = £2(Z) ® £*(Z) :

* _ 1 0 * _ RE] IQZ * _ RE] 0 * _ 0 Q*g
eFe—(O_l), eUe—(l.Qfo RE;’), eRe—(O R.)’ €Qe= 0e 00,

Moreover, the chiral pair (I', U) is Fredholm if and only if Q ¢, is Fredholm. In this case,
ind (I",U) =ind Q. (15)
As we shall see below, the derivation of the index formula (I3) only requires the bound-
edness of the given sequences vy, p,a, q, b, and so (A3) turns out to be redundant. Note,

however, that this assumption (A3J) is necessary to prove the index formula (C2).

Proof. Note first that I can be written as

r=( » gL™ \_(1 0 \(p q\(1 0
\L™g —p(=m)) 0 L™ \q" —p]\O L™)"

where the middle matrix on the right hand side of the second equality admits the following
diagonalisation. For each x € Z we have

«[P(x) q(x) _(10 _ (1t 0 p+(x) —p-(x)
6()()6) (q(x)* _p(x)) GO(X) = (0 _]) 5 EO(X) = 6 (0 e—i@(x)) (p_(x) p+(x) ) (16)

Since € := P, 7 €0(x) is unitary, the following operator is also unitary;

(1t o) 1 (1t 0 \(p-p-
€= 0L™ €0 = \/z 0 L memi0 p- P+ .
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It follows from the first equality that

er {1 ON(1 ON(p g\(1 O\(1 O _ (P qa)__ (10
cres )6 ) b ez 2o )

where the last equality follows from (16).

Given a bounded operator X on ¢*(Z,C?), we introduce the shorthand X, = €*Xe.
With this convention in mind, we have [I.,R.] =0 = {l¢,Qc}, where I = 1 @& (—1) with
respect to £2(Z, C?) = £2(Z) @ £>(Z). It follows that we have the following representations:

_ (R O _( 0 (@) _ 0 - [Re 1(Qg)
) IR 20 S R e

It remains to show that the three operators Q¢ , Ry, , R, introduced above coincide with the
ones defined by the formulas (I2)-(T4). Note that

B (1 0\ (2R, 2i(Q.)"\ [ 2R. 2i(Q.)*
ZCE‘FS(ZUS)‘(O —1)(21'Q;]0 2R, |~ \-2i0,, -2R., |- (%)

It remains to compute 2C.. We have

st (21 0 _ (Phar+pRas(+m) ~lgl(ar - ax(-+m)
0 a ~lgl(a1 = ax(- +m)) pZai+pias(-+m) )’
2¢* 08"\ _ p-eL"Bp,+p L e p_ —p e L"Bp_+pSLTmep,
B 0) T e LBy~ pp L p —pre L B~ p L )
It follows from the above two equalities that

a1 O (08" [ 2Rq 20
2C =2¢ (0 a/z)€+2€ (/3 0)6_(—21'Q50 —2R502 (19)

By comparing (I8) with (I9), we see that (I7)) also holds true without the superscript ’.
Note that £2(Z, C?) = £2(Z) @ £*(Z) can be identified with the orthogonal sum £2(Z) &
{0} ® {0} @ £2(Z) through the following unitary transform;

2(Z,C?) 5 (¥, ¥,) —> (¥1,0,0,¥,) € 2(2) @ {0} & {0} & £2(Z).

It is then easy to show that the operator Q. admits the following block-operator matrix
representations:

o o

0= (g, %) _
2(Z)ot*(Z)

0. 0 , (20)

coeoo
cool
(=}

(=)
S o OO

€ 2(Z)o{0}@{0}@l2(Z)

where 0 denotes the zero operator of the form 0 : {0} — {0}, and where ¢*(Z) ® {0} =
ker(I'.—1) and {0}&¢*(Z) = ker(I'.+1). On the other hand, the imaginary part Q . associated
with (I, U,) admits the following off-diagonal block-operator matrix representation with
respect to £2(Z,C?) = ker(I', — 1) ® ker(Ic + 1) as in @);

0- ( 0 (@ 0 Q%)

7 =\ . 2n
0g 0 ker(I'. —1) @ker(I+1) og O (£2(2)8{0}) o ({0}02(Z))
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It follows from 20)-@2I) that Q7 is an off-diagonal block-operator matrix of the form;
0o 0
20={gz o)

Since 0 is a Fredholm operator of zero index, we have that Q7 is Fredholm if and only if
Q, is Fredholm. In this case, we have ind Q;’O =indQ¢ +ind0 =indQ + 0 = ind Q.
The claim follows from Lemma 2l O

It remains to compute the Fredholm index of the strictly local operator Q, given by
{12, where 6 = (6(x))ez can be any R-valued sequence satisfying g(x) = |g(x)|e‘?™ for
each x € Z. Note that Theorem [§] (i) is not immediately applicable to this operator Q ¢,, since
it is not necessarily true that 6 is convergent. More precisely, for each x = +co, if g(*) # 0,
then we can explicitly construct 6 in such a way that 6(x) = lim,_4 (x) holds true. On the
other hand, if g(%x) = 0, then the same conclusion cannot be drawn in general. In order to
overcome this hindrance, we shall closely follow [Tan20, Lemma 3.4];

Lemma 11. There exist two R-valued sequences 6, = (0+(x))xez, 0- = (6-(X))xez, such
that
eT0(=20Q)e " = pupe (4 m)B(- + m)el 0700 [

_p_p_(_ _ m)ﬂ*e—i(a(~—m)—9,(~—m)+9+) L™ (22)

~lgl(ar = az(- +m))e =%,

where the three coefficients of the above strictly local operator have the following limits for
each % = 0 :

lim (p () (x + m)B (x4 me! 0D ) = (14 p(r))b(w)e ™), (23)
lim (p-(x)p-(x = m)B(x)* e (T =0-Com 0} — (1 p(a)b(x) e, (24)
lim (1g(6)l(@1 () = @2+ m))e =000 ) = 2lg(x)lax) cosh(2y(x).  (25)

Proof. For each x € Z we let

*(x) 1= +oo, x>0, 0, (x) = 0(x), p(x(x)) = =+I,
T e, x<0, U0 px() # =1

Note that (22)) immediately follows from (I2]). We let
O :=0-0,+0_(-+m), ©r:=0(-—m)—0_(-—m)+0,, ©Os:=6_—8,.

It suffices to prove the following equalities:

lim (p+(x)p+ (x +m)e® <X>) = (14 p(#))e?™, (26)
lim (p-(0)p-(x = m)e® ) = (1= p()e ), @n
i (Jg(]e® ™) = g1 @8)

Let x = +00, and let x be any integer satisfying |x| > |m|.If |p(%x)| < 1, then 8,(x) = 0_(x) =
0. In this case, (26)-(28) follow from the fact that as x — * we have ©;(x) — 6(x) for
each j = 1,2, and @3(x) — 0. On the other hand, if |p(%)| = 1, then g(x) = 0, and so 28)
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becomes trivial. We need to check the following cases separately: p(x) = —1 and p(%x) = +1.
If p(x) = —1, then @28) holds trivially, and 7)) follows from _(x — m) = §(x — m) and
0.+(x) = 0 = 6(%), where the last equality follows from (Af). Similarly, if p(%) = +1, then
holds trivially, and 26) follows from 6. (x) = 8(x) and 6_(x + m) = 0 = (*). i

Since the Fredholm index is invariant under multiplication by invertible operators,
ind (e7"*Qqe'%) =indQ,, = ind (I, V).

We are now in a position to apply Theorem[§] (i) to A := e™%Q e’ Since the two-sided
limits of the coefficients of —2iA. are given respectively by @23)-@23), we introduce the
following notation according to (10));

c(%) := |q(*)|a(*x) cosh(2y (%)), (29
=2i f(z,%) = (p(%) + Db(*)e P " + (p(x) — Db(x) e 10X _2¢(%),  (30)

where x = +c0 and z € T. It follows from Theorem 8] (i) that A = e~?% Q . ¢'%- is Fredholm
if and only if f(-, %) is nowhere vanishing on T for each * = +co. In this case, we have

ind (I",U) =ind A = wn(f(-,+00)) — wn(f(-, —0)), (€28)
where the last equality is a special case of (II). It remains to compute the winding number
of f(-,%).

Lemma 12. Let I', C be as in Theorem[Q and let x = +00. Let f(-, %) be defined by (30)-
29), and let p,, (%) be defined by (CI). Then the image of T 3 z +— f(z,%) € C does not
contain the origin if and only if |p, (%)| # |a(x)|. In this case, we have

m-sgnp(%), |py(*)| > la(x)],

(32)
0, lpy (3] < la(x)].

wn(f (-, %)) = {

Proof. Let us first prove that the image of T 5 z — f(z, %) € C does not contain the origin
if and only if |p(*)b(%)| # |c(*)|, and

m-sgnp(x), |[p(x)b(x)| > [c(¥)],
0, Ip(*)D(%)| < [c()].
Let us consider the following function on R;

2F(s) = (Ip()b(®)| + [b(*))e™ + (Ip(x)b(*)| = [b(*) e
=2|p(*)b(*)| cos s +i2|b(x)|sin s, s €R.

wn(f(-,%)) = { (33)

Since p(*) = sgn p(%)|p(*)| and b(x) = !¢ ¥ |b(x)|, for each ¢ € [0, 27] we have

=2 f(e" ) +2c(%) = (p(*) + Db(R)e' P ™ + (p(x) = Db(x) X e
=sgn p(x) - 2F (sgn p(*)(6(*) + 0’ (%) + mt)).

It follows that —i f(e'", %) = sgn p(*) - F(sgn p(x)(8(x) + 6’(*) + mt)) — c¢(x) for each
t € [0,2n], where the constant —i does not play any significant role in this proof. If
p(*)b(*) = 0, then the image of the function [0,2n] > t > —if(e’,%) € C coincides
with that of the vertical line segment [—1,1] 3> r +> —c(%) + it|b(%)| € C passing



16 Keisuke Asahara et al.

through —c(x). That is, the image of f(-,%) does not contain the origin if and only if
lc(x)| # 0 = |p(*)b(%)|, and in this case wn( f(-, %)) = 0. This is a special case of (33).

On the other hand, if p(x)b(x) # 0, then the image of the curve [0,27] > ¢ +—
—if(e",*) € C is the ellipse in Fig. 3] with m - sgn p(*) being its winding number with
respect to the center —c(x) on the real axis;

R
—e(0) - |p(*)b(*)|\—y—6(*) +1p(Rb()]| e

Fig. 3 The above figure shows the image of the curve [0,27] 3t — —i f (e, %) € C.

If |p(x)b(%x)| > |c(x)|, then the origin is inside the interior of the ellipse, and so
wn(f(-, %)) = wn(—if(-, %)) = sgnp(x). If |[p(*x)b(x)| < |c(x)]|, then the origin is inside
the exterior of the ellipse, and so wn(f (-, x)) = 0. Clearly, the ellipse —i f goes through the
origin if and only if |p(*)b(*)| = |c(¥)].

It remains to check that (32) coincides with (@3). If the notation s simultane-
ously denotes >,=, <, then |p(*)b(*)| s |c(%)| if and only if p(%)*(1 — a(%)?) s
lg(%)|%a(%)* cosh® 2y (%)) if and only if p(*)> s a(*)*(p(*)* + |g(*)|* cosh® 2y (%)).
Rearranging the last expression gives |p, ()| s |a(*)|. The claim follows. m]

Proof of Theorem[Q(i). The index formula (C2)) immediately follows from (3I) and (32). ©

It might be possible to give another proof for the index formula (C2)) by making use of the
recent developments of the scattering-theoretic techniques for discrete-time quantum walks
[Suz16RST17/RST18/MSS*18blMor19,/Wad20l). This possibility is briefly mentioned in
[ST19bl §6].

3.3.3 Proof of Theorem[((ii)
Proof of Theorem[Q(ii). Note first that U,, is a strictly local operator of the following form;

U - pe’zy('”)a + queV*V('*'l)b peyfy(-ﬂ)b* - que2‘/a )
m — .

Lg e g — p(- = m)e? YD p Lmg* e (4D p* 4 p(- = m)e*Ya
It follows from Theorem [§] (ii) that

Oess (Um) = Oess (U (—=00)) U Oess (Upn (+00)),
Oess (U (%)) = U a (Um(Z, *)) > * = +00,

zeT
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where for each % = o0 and each z € T the 2 x 2 matrices U,, (%) and U,,(z, %) are defined
respectively by:

Uy (%) = ( gRb(F)L™ + p(¥)a(x)e ™) —(g(x)a(x)e?r® L™ —p(*)b(*)*)),

q(x)*a(x)e” 7L — p(x)b(x) g(*) b(*)*L™" + p(x)a(x)e*” ™
O,z %) = g(x)b(*)Z" + p(x)a(x)e™ P —(g(x)a(¥)e* M 2" — p(x)b(%)")
MO g0 a(R)e P = p(x)b(x) g(*)*b(*) T + p(K)a(k)e ) |

Let % = %00 be fixed. It remains to compute o (%) := U, c(0.27] & (Um(e™, %)) . We let

Xi(e") ~Yi(e™)

On(elt, %) = (Yz(e”) X (e') ) s t € [0,2n].

We get the following characteristic equation;
det(Up (e, %) = 1) = % = (Xi (") + X2 (") A + X (") Xa(e") + Y1 (e")Ya(e). (34)

Since the produce g(x)b (%) can be written as g (%)b(x) = |g(x)b(x)|e!( )+ %) by (AF),
we obtain the following two equalities:
X1 (e™) + Xa () = 2|g(%)b(%)]| cos(0(*) + 0’ (%) + mt) + 2p(*)a(x) cosh(2y (%)),
Xi(e")Xa(e") + Yi(eMYa(e") = 1.
Then the characteristic equation (34)) becomes
A% = 2(p(x)a(x) cosh(2y (%)) + |g(x)b(*)| cos(8(%) + 6" (%) + mt))A+1=0.  (35)
This equation motivates us to introduce the following notation;
A(k, 5) := p(x)a(x) cosh(2y(x)) + |[g(x)b(*)]s, -1<s<1,
Le(ky8) = A(k, 8) £ VA(x, 5)2 — 1, —1<s<1,
Indeed, (33)) becomes A2 — 2A (%, cos(6(*) + 6’ (%) +mt))A + 1 = 0 with the above notation,

and so o (I:/m(ei’, %)) is a finite set consisting only of 2. (%, cos(8(x) +6’(x) +mt)) for each
t € [0,2r]. We have

c®= | o 0)= [ (xoy= |J 9},

tel0,27] se[-1,1] se[-1,1]

where the second equality follows from the fact that [0,27] 5 r > cos(6(%) + 6’(%) +
mt) € [—1, 1] is surjective and the last equality follows from A, (%, )A_(%,t) = 1 for each
t € [0,2x]. It follows that o’ (%) coincides with the set o(x) given by (C6). Note first that
[A-(*), As(*)] C [-1, o) follows from

—1 < =lg(x)b(%)| < la(x)b(*)] cosh(2y (¥)) — lg(*)b(*)| = A_(*) < Au(%).

If p(x)a(x) = 0, then A.(x) = |q(*)b(*)| < 1. This is a special case of Case I, since
- (%) = y4(%) = oo according to (C7). It remains to consider the case p(x)a(*) # 0. We
shall make use of the fact that the hyperbolic cosine is an even function throughout. It follows
from (C7)) that

Ip(*)a(x)| cosh(2y:(*)) =1 £ [g(*)b(%)|. (36)
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Case L. If |y(x)| < y_(%), then
A (%) < [p(x)a(*)] cosh(2y_(x)) +q(*)b(*)| = 1,

where the first inequality follows from cosh(2y (%)) < cosh(2y-(x)) and the last equality
follows from (B6). Thus [A_(*), Ay (*)] € [-1,1].

CaselIL. If y_(x) < |y(%)| < y+(%), then it follows from (36) that A_ (%) < 1 < Ay (%).
It follows that the interval [A_(x), A4 (x)] € [—1, o) can be written as the following union;

[A-(%), Ar(R)] = [A-(%), 1] U [1, Ay (%)].
Case ITI. If y, (%) < |y(%)|. Then [A_(%*), AL (*)] C [1, ) follows from

1 =[p(x)a(x)[cosh(2y.(x)) - lg(x)b(¥)| < A_(%),

where the first equality follows from (36)) and the last inequality follows from cosh(2y, (*x)) <
cosh(2y(%)). ]

In the setting of 2-phase quantum walks, a typical computation of the essential spectrum
makes use of the discrete Fourier transform and Weyl’s criterion for the essential spectrum
(see, for example, [FES17, Lemma 3.3]). Weyl’s criterion is applicable to, for example,
non-compact perturbations (see, for example, [SS17]]), but its usage is restricted to normal
operators. This is why Weyl’s criterion is not suitable for Theorem [Cl (ii).

4 Conclusion
4.1 Summary

The following is a brief summary of the present article. A chiral pair on a Hilbert space
H is by definition any pair (I", U) of a unitary self-adjoint operator I" : H — H and a
bounded operator U : H — H satisfying the chiral symmetry condition (I). It is shown
in §2.T]that we can assign to each abstract chiral pair (I, U) the well-defined Witten index,
denoted by ind (1", U) in this paper. Note that this assignation of the Fredholm index is
a natural generalisation of the existing index theory [CGS™16|/CGG™18/CGS*18\[Suz19]
ST19blMat20] for essentially unitary U, where ind (I, U) is referred to as the symmetry
index in the first three papers.

A motivating example for this paper is the non-unitary time-evolution Upy, defined by
@), where we assume the existence of the two-sided limits as in (3. Recall that this evolution
operator is consistent with the experimental setup in [RBM*12]]. It is shown in Theorem
that the operator Unko forms a chiral pair with respect to the unitary self-adjoint operator
ko = (02C1Son) I (03 C1So»)*, where 0 denotes the second Pauli matrix, and that the
chiral pair (ko Umko) can be naturally generalised to another chiral pair (7,, U,,), where
m can be any fixed integer. This new model (75, U,,) also unifies several one-dimensional
unitary quantum walk models as in §2.21 Complete classification of the two associated
topological invariants ind (I;,,, U,,) and oess(Uy,) can be collectively found in Theorem [Cl
Our classification of ind (75, U,,) makes use of an abstract form of the one-dimensional bulk-
boundary correspondence, the precise statement of which can be found in Theorem [8] (i).

Finally, it is shown in Lemma [ that given an abstract chiral pair (I, U) with U being
essentially unitary, we have that ind (I", U) is a well-defined Fredholm index if and only if U
is essentially gapped in the sense that —1, +1 ¢ 05 (U). It turns out that this characterisation
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does not hold true in general, if U fails to be essentially unitary. To put this into context, we
consider the non-unitary evolution Uy, It is shown in Example [] that we can choose the
asymptotic values 6 (£00), 85 (+00),y(£00), in such a way that Up, is essentially gapless,
yetind (I", U) is a well-defined non-zero integer.

4.2 Discussion

The main results of the current paper may stimulate further developments in the rigorous
mathematical studies of non-unitary discrete-time quantum walks. In particular, each of the
following specific topics is the subject of another paper in preparation.

4.2.1 Further spectral analysis of the Mochizuki-Kim-Obuse model

Complete classification of oess(Umko) is given in this paper. In particular, we show that
Tess(Umko) 1 a subset of T U R, and that it depends only on the asymptotic values
01(£00), 87 (£00),y(+00). Note, however, that it is not known to the authors whether or
not the entire spectrum of Upy, is also a subset of T U R. Detailed spectral analysis of the
evolution-operator Upyg, may turn out to be difficult, partly because the discrete spectrum
of such a non-normal operator is in general laborious to characterise (see, for example,
[BC19, §11I]). Note also that we expect the discrete spectrum to be non-stable under compact
perturbations unlike 0ess(Unko)-

4.2.2 Topologically protected bound states

Let (I',U) be a chiral pair. If U is unitary, then the non-zero vectors in ker(U ¥ 1) can
be referred to as fopologically protected bound states [KRBD10,KBF*12![Suz19,/[ST19b}
Mat20]. It is well-known that the Witten index ind (1", U) gives a lower bound for the
number of topologically protected bound states in the following precise sense (see, for
example, [Suz19, Theorem 3.4 (ii)]);

lind (I, U)| < dimker(U — 1) + dimker(U + 1), (37)

where the chiral pair (I", U) is assumed to be Fredholm. It follows that if ind (I, U) is non-
zero, then U has at least one topologically protected bound state. Whether or not an estimate
analogous to (37)) holds true for non-unitary U is an open problem.
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