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The non-Markovianity of the stochastic process called the quantum semi-Markov (QSM) process
is studied using a recently proposed quantification of memory based on the deviation from semigroup
evolution, that provides a unified description of divisible and indivisible channels. This is shown
to bring out the property of QSM processes to exhibit memory effects even in the CP-divisible
regime, in agreement with an earlier result. An operational meaning to the non-Markovian nature
of semi-Markov processes is also provided.

I. INTRODUCTION

Open quantum systems is the study of the evolution
of the system of interest taking into account the effect
of its environment [1, 2]. The effect of the environment
is encoded in the nature of its interaction with the sys-
tem of interest [3–5]. Traditionally, weak system envi-
ronment interaction is associated with Markovian (mem-
oryless) regime, where the environmental time scale is
much smaller than the system time scale. A more in-
volved scenario occurs when the effects of memory are
considered, and is broadly called non-Markovian dynam-
ics. Defining, characterizing, detecting and quantifying
non-Markovianity of open system dynamics has been an
intense research activity in the last decade [6–11]. This
has impacted a wide range of applications, ranging from
quantum cryptography [12–14], quantum walks [15, 16],
quantum thermodynamics [17], quantum coherence and
correlations [18–21].

Historically speaking, a process’ deviation from being
a semigroup was associated with non-Markovianity [7].
Later, in the quantum dynamical maps approach, one
discarded this notion in favour of a stronger definition
of completely positive (CP-) divisibility [22]. A revisit
to the historical definition was proposed in [10], where
a quantitative notion of non-Markovianity was devel-
oped by identifying it with deviation from “temporal self-
similarity”, the property of a system dynamics whereby
the propagator between two intermediate states is inde-
pendent of the initial time, which was then identified with
the quantum dynamical semigroup (QDS). In each of the
number of approaches devoted to the study of open sys-
tem dynamics, such as the GKSL master equation ap-
proach [23, 24], collisional models [25, 26], and process
tensor formalism [27], the way (non-)Markovianity is de-
fined tends to vary. Another approach was made in [28]
by introducing a post-Markovian master equation. These
models aren’t equivalent: for example, a process that is
non-Markovian according to the CP-divisibility condition
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[22] may not be non-Markovian according to the distin-
guishability or information back-flow criterion [29].

As mentioned earlier, a universal definition of non-
Markovianity has remained elusive and in this light there
have been recent proposals of reinstating a definition
that accounts for memory effects present even in CP-
divisible processes. See for example, a definition of
non-Markovianity introduced based on conditional past-
future (CPF) correlations [30, 31] and also the one based
on deviation from temporal self-similarity of map [10].
Also, one may define a hierarchy of divisibility of quan-
tum dynamical maps, namely P-divisibility [32], CP-
divisibility [22] and L-divisibility [33]. The latter has
been shown to be equivalent to the semigroup evolution.
In this light, one may argue that L-divisibility, lack of
CPF correlations, and temporal self-similarity of dynam-
ical maps, are equivalent definitions pertaining to the
semigroup evolution, while deviation from any of these
notions signals non-Markovian evolution of the weakest
form, even when the dynamics is CP-divisible.

A class of quantum processes are the so-called semi-
Markov processes [34] whose dynamical maps can devi-
ate from being a one-parameter semigroup. In classical
statistics, the term “semi-Markov” denotes continuous-
time processes characterized by jump probabilities be-
tween sites (that a system can occupy) and waiting
time distributions (WTDs) determining the time between
jumps. The process reduces to a Markov chain when
the WTD is an exponential distribution, and is non-
Markovian for general WTDs, since the prior time that
has been spent in the state can manifest in the subse-
quent statistics as a memory effect. The quantum semi-
Markov process is the quantum analogue of the classical
case, with the jumps realized by CPTP maps acting on
the reduced state of the system [35]. Noteworthy in the
present context is that quantum semi-Markov processes
can be CP-divisible in certain parametric regimes and
CP-indivisible in others. In this work, we show that the
memory in the semi-Markov process can also be indi-
cated and quantified using the temporal self-similarity
criterion of Ref. [10]. This provides a new perspective
on the memory effect of semi-Markov processes. This ap-
proach was earlier applied to a class of noises called the
Power Law (PL) and Ornstein-Uhlenbeck (OU) noises
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that have memory kernel with colored spectral density
but are Markovian according to the CP-divisibility condi-
tion [15]. Thus, for example, this criterion can be used to
indicate the memory of OU noise, which is operationally
non-Markovian in the sense that it can delay entangle-
ment sudden death in an entangled two-spin system evo-
lution [36].

The plan of the paper is as follows. In Section II we re-
view a measure of non-Markovianity introduced in [10].
In Section III, we briefly review classical and quantum
semi-Markov processes, particularly focusing on dephas-
ing quantum semi-Markov processes. In Section IV, we
argue that quantum semi-Markovian processes that are
CP-divisible can be non-Markovian and quantify the non-
Markovianity of these processes using a recently intro-
duced measure [10]. In Section IV, we point out the pos-
sible usefulness of quantum semi-Markov processes from
an information theoretic perspective. Then we conclude
in Section VI.

II. MEASURE OF NON-MARKOVIANITY
BASED ON THE DEVIATION FROM

TEMPORAL SELF-SIMILARITY OF THE MAP

Here, we briefly review the definition and quantifica-
tion of quantum memory effects based on the temporal
self-similarity criterion [10]. This quantification can be
used to indicate a weak form of memory even in case
of CP-divisible dynamics, and will be applied to semi-
Markov processes in a later section.

A generic two-parameter dynamical map is given by
Φ(t, ti) = T exp{

∫ t
ti
L(τ)dτ} with ti < τ < t where T is

the time-ordering operator. Now, an infinitesimal map
may be given by (δΦ)ρ(t) = T exp

(∫ t+dt
t

L(τ)dτ
)
ρ(t) =

(1 + L(t)dt)ρ(t). Consider the quantity ‖δΦ(t) − δΦ‖ =
‖L(t)dt − Ldt‖, where Φ = exp{tL} is the dynamical
semigroup generated by a time-independent generator L.
Here, ‖A‖ =

√
AA† is the trace norm. Based on this, Ref.

[10] defines a measure of non-Markovianity as a function
of the magnitute of deviation from semigroup evolution,
which for brevity may be called the SSS measure (after
the authors’ names):

ξ = min
L

1

T

∫ T

0

‖χL(t) − χL‖dt, (1)

where χ• ≡ (• ⊗ I) |Ψ〉 〈Ψ| and |Ψ〉 is the unnormalized
maximally entangled state |Ψ〉 ≡

∑
j |j, j〉. As a simple

illustration, consider the measure applied to dephasing
noise of a d-dimensional quantum system (qudit). Inter-
estingly, the measure turns out to be independent of the
system dimension in the context of Pauli channels.

Consider a qudit depolarizing channel, described by
L[ρ] =

∑
α
γα(t)
d (Uα[ρ] − (d − 1)ρ), where Uα[ρ] =∑

j A
j
αρA

j†
α , where Aα are the Pauli operators in prime

power dimension d, and α ∈ {1, 2, 3}. As a simple in-
stance of applying the SSS measure, consider a family of

dephasing channels L[ρ] = γz(t)
d (Uz[ρ]− ρ). We have

ξ = min
L

1

T

∫ T

0

‖χL(t) − χL‖dt

= min
γ

1

Td

∫ T

0

dt(γz(t)− γ)

× ‖
∑
k

(Zkd ⊗ 1d) |j, j〉 〈j, j| (Z
k,†
d ⊗ 1d)‖

= min
γ

1

T

∫ T

0

dt|γz(t)− γ|, (2)

where γz(t) is the decay rate of the process in the region
beyond the semigroup and γ is the (time-independent)
Lindblad rate characterizing the semigroup evolution.

It is important to note here that this quantification
of non-Markovianity is applicable quite generally, even
to maps that are non-invertible, whereas one based on
regions where a decoherence rate is negative [37], can
overestimate the quantity, because positivity of the de-
coherence rates is only sufficient but not necessary in case
of non-invertible maps [38].

III. CLASSICAL AND QUANTUM
SEMI-MARKOV PROCESSES

A classical stochastic process is one which takes a valid
probability distribution to another valid probability dis-
tribution. For example, consider a classical stochastic
process [39] in which a system, characterized by a set
of states, jumps from one state to another with a jump
probability π, such that the dynamics of the system is
given by

Q(τ) =

(
1− π π
π 1− π

)
f(τ) ≡ Πf(τ), (3)

where Π is the transition matrix and f(τ) is called the
waiting time distribution. If the probability distribution
which characterizes the time distribution of the system to
stay in a particular state is given by an exponential prob-
ability distribution say f(τ) = λe−λτ , then the process
is classically Markovian, and non-Markovian otherwise.
The survival probability is g(t) = 1−

∫ t
0
dτf(τ).

This classical concept, when transported to the quan-
tum context in its weakest sense, gives the quantum
semi-Markov (QSM) process, whose time-local and time-
nonlocal master equations are studied in Ref. [40].

Suppose a channel defines the CPTP projector P,
which is a CPTP map with the idempotency property,
i.e., Pρ = P2ρ. The generator of the corresponding open
quantum system dynamics may be written as

L(t) = γ(t)[P − 1], (4)

where, γ(t) is the time-dependent decay rate. Equiva-
lently, noting that the map Φ(t) = T exp{

∫ tmax

t0
L(τ)dτ}
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itself obeys a non-local master equation

dΦ(t)

dt
=

∫ t

0

K(t− τ)Φ(τ)dτ, (5)

the non-local generator K(t) may be given an alternate
representation via the memory kernel function k(t) as

K(t) = k(t)[P − 1], (6)

where the nature of the memory kernel function k(t) de-
termines if the dynamics is non-Markovian or not. The
non-local equation for the map gives rise to the solution

Φ(t) = g(t)1 + (1− g(t))P, (7)

with g(t) = 1−
∫ t
0
dτf(τ), where f(t) is associated with

the memory kernel k(t) via the Laplace transform f̃(t) =∫ t
0
dτe−utf(τ) such that

k̃(t) =
uf̃(t)

1− f̃(t)
. (8)

The dynamical map Φ(t) representing a quantum process
of the above type (6), is said to be semi-Markov if f(t) ≥
0 and

∫∞
0
dτf(τ) ≤ 1 [41].

On the other hand, if the two-time correlation func-
tion of the environment spectral density is delta corre-
lated then the Born-Markov approximation holds with
the K(τ) = 2δ(τ)L, giving rise to semigroup evolution [2]
and the dynamical map is given by Φ(t) = exp(tL).

IV. EXAMPLE 1: SEMI-MARKOV DEPHASING

Semi-Markov dephasing with convolution between
same waiting time distributions

As a first example, we consider a dephasing quantum
semi-Markov process given by the operator-sum repre-
sentation Φ(t)[ρ] =

∑
j CjρC

†
j , with the Kraus operators

C1 =

√
1 + q(t)

2
1 ; C2 =

√
1− q(t)

2
Z, (9)

with

q(t) = e−st/2
(

cosh

[
ηst

2

]
+

1

η
sinh

[
ηst

2

])
, (10)

where

η =

√
1− 8

p

s2
. (11)

The function q(t) is obtained by considering a convo-
lution f(t) = f(t) ∗ f(t) of two exponential (memoryless)
waiting time distributions having the form f(t) = λe−λt,
which is a special instance of the Erlang distribution,

with shape parameter k ≡ 1. Here λ has the physical
interpretation of rates determining the speed of the pro-
cess [39]. Note that a delta correlated memory kernel k(t)
with q(t) taking an exponential form (q(t) = e−2λt), leads
to a semigroup evolution with constant decay rate λ. In
the case below which we consider, the two convolved pro-
cesses are identical, so that the parameters are s = 2λ
and p = λ2 in the expression for q(t). Interesting point
here to note is that a convolution of two same exponential
waiting time distribution need not result in a CP-divisible
evolution. In fact, the example below with convolution of
same functions fi leads to not only CP-indivisible process
but also P-indivisible process, which can be straightfor-
wardly verified by the distinguishability measure [29, 39].
In fact, for a process involving a single decoherence chan-
nel, P-indivisibility and CP-indivisibility are equivalent
[39].

For p < s2

8 , the process is said to be Markovian
according to divisibility and distinguishability criteria
even though it is non-Markovian classically. It is CP-
indivisible when p > s2

8 . When p → 0, we have a QDS
limit, that is q(t) = 1.

In the time-local master equation

dρ

dt
= γ(t)[σzρσz − ρ], (12)

describing the dephasing process as given above, the de-
cay rates given by [11, 39]

γ(t) = −1

2

d

dt

(
ln q(t)

)
. (13)

where q(t) is given in Eq. (10). For the particular evo-
lution we consider, the decay rate in the semigroup limit
turns out to be γ = 0, i.e., the identity map, which is
trivially a semigroup. We have plotted the SSS measure
for this process in the Figure (2), corresponding to the
right divided region.

Semi-Markov dephasing with convolution between
different waiting time distributions

Earlier we noted that convolution of same waiting time
distribution gives rise to CP-indivisible process, whose
decay rate consisted of both negative (CP-indivisible)
and positive (CP-divisible) regions, which were captured
by our measure. Interestingly, convolution between two
different waiting time distribution for the earlier de-
phasing process leads to a master equation of the form
L[ρ] = γ(t)(σzρσz − ρ) with [39]

γ(t) =
2p

s

1

1 + η coth( st2 η)
(14)

where q(t) and η are given as before in Eqs. (10) and (11),
but only with the change that the function q(t) is now
obtained by considering a convolution f(t) = f1(t) ∗ f2(t)
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FIG. 1. (Color online) Plot of the decay rate of the semi-
Markov process (9), in the CP-indivisible regime.

of two exponential (memoryless) waiting time distribu-
tions of the form f1(t) = λ1e

−λ1t and f2(t) = λ2e
−λ2t,

where λi have the physical interpretation of rates deter-
mining the speed of the process and the parameters are
set to s = λ1 + λ2 and p = λ1λ2 [39].

Note that this semi-Markov process is CP-divisible
with all-time positive decay rate as the condition that
the convolution of different waiting time corresponds to
the region p ≥ s2

8 . However, it is CP-divisible quantum
non-Markovian according to our measure corresponding
to the left divided region in Figure (2).

Now we show that this dephasing semi-Markov process
is "quantum" non-Markovian even in the CP-divisible
region according to the measure introduced in [10], and
we will also quantify the non-Markovianity in the CP-
indivisible region.

Quantifying non-Markovianity of quantum
semi-Markov dephasing

Note that the dephasing process in Eq. (9) in the CP-
indivisible region, i.e., p > s2

8 , corresponds to a singular
generator at the master equation level. The decay rate
for the process (9) is obtained as

γ(t) =
2p

s
√

1− 8p
s2 coth

(
1
2st
√

1− 8p
s2

)
+ s

. (15)

For p < s2

8 , the process is CP-divisible. Considering
the case of s = 1, for p = 3 > 1

8 the process is CP-
indivisible and the decay rate is plotted in Figure (1).
Since the range of p is unbounded after s2

8 , the measure
Eq. (1) goes to infinity as p goes to infinity. Therefore, a
new measure must be considered that is the normalized
version of ξ defined in Eq. (1) and fits in the range {0, 1}.
A convenient renormalized measure would be ζ = ξ

1+ξ .
The figure (2) shows the deviation of the semi-Markov
process from QDS structure for s = 1, for the range p ∈

0.0 0.1 0.2 0.3 0.4 0.5
0.00

0.05

0.10

0.15

p

ζ

FIG. 2. (Color online) Normalized (ζ ≡ ξ
1+ξ

) non-
Markovianity measure ζ (of the SSS measure ξ given in Eqs.
(1) and (2)) with respect to the parameter p, which provides
a unified description of the CP-divisible region correspond-
ing to different waiting time distributions i.e., (λ1 6= λ2), and
CP-indivisible region corresponding to same waiting time dis-
tributions (λ1 = λ2) regimes of the QSM process. Here s = 1,
with a fixed time-interval of T = 1 and for the parameter p,
we consider the range {0, 1

2
}. We can show that the semi-

group form corresponds to the point where p = 0. That is,
when p is this value, then γ = 0 (a constant, for a given
value of s). The figure illustrates the effects of deviation from
QDS; when p > s2/8 (for s = 1), we get the regime where its
non-Markovian by the standard measures. The vertical line
at p = 1

8
divides the CP-divisible and CP-indivisible regions

of the quantum semi-Markov processes.

[0, 12 ]. This brings out the non-Markovian behavior of
semi-Markov processes, even in the CP-divisible regime.

Decoherence mitigation in semi-Markov dephasing
processes

Given the quantum states ρj occuring with probability
pj , the maximum amount of classical information that
can be encoded using them is upper bounded by the
Holevo χ quantity χ := S(ρ)−

∑
k pkS(ρk). The quantity

S(ρ) = −Tr(ρ log ρ), is the von Neumann entropy.
Keeping in mind that information contained in the

quantum states decay under decoherence, one may an-
alyze the effect of semi-Markov processes on the Holevo
bound which gives an upper bound on the accessible in-
formation. In [42], accessible information was used to re-
instate the interpretation of information back-flow, first
discovered in [29], with non-Markovianity of the quan-
tum evolution. As is known, information back-flow is as-
sociated with the recurrence of distinguishability of two
initially orthogonal states under non-Markovian CPTP
maps. Figure (3) depicts the decay of Holevo informa-
tion under the semi-Markov processes in the semigroup
limit, and in the CP-divisible and CP-indivisible regimes.
It is worth noting that, semi-Markov processes in the CP-
divisible regime can mitigate the loss of information by
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FIG. 3. (Color online) The Holevo information χ as a func-
tion of time for various values of the parameter p, which
determines the appropriate regions. Here, s = 1 in all the
considered cases. The bold, orange curve corresponds to CP-
indivisible region with p = 2; the blue, dashed curve to semi-
Markov with p = 1

10
; and yellow dot-dashed curve to the

semigroup evolution with p = 1
100

.

slowing down the rate of information leakage into the
environment, i.e., slowing down the rate of decrease of
distinguishability, while CP-indivisible processes can, for
certain intervals, revive the same. In that, we observe
that slowing down of the decoherence corresponds to a
semi-Markov process with different parameters in the
convolution product of two waiting time distributions,
while the revivals of lost information corresponds to con-
volution of the waiting time distributions with same pa-
rameters. This provides an operational meaning to the
non-Markovian behavior of quantum semi-Markov pro-
cesses. It is important to note that semigroup evolu-
tion corresponds to weaker system-environment coupling,
hence it is natural that the decay of information is very
slow. In contrast to this, one expects that the decay is
rapid when the coupling is strong enough. In this light,
semi-Markov processes may be thought to be interme-
diate between the two extreme cases of semigroup and
strong non-Markovian behavior, which manifests itself by
mitigating the loss of information. One should note that
semi-Markovian processes can also be non-Markovian ac-
cording to the measure due to Breuer-Laine-Piilo (BLP)
[29]. In fact, the dynamics considered in Eq.(9) is BLP
non-Markovian in the CP-indivisible region. This could
be envisaged to have potential applications in quantum
information processing. In order to harness the advan-
tages due to semi-Markov nature of the noise, one may
consider a possibility of simulating the noisy evolution
of the qubit. See for example, [43] where an all-optical
simulation of random telegraph noise is given.

V. EXAMPLE 2: SEMI-MARKOV NON-UNITAL
CHANNEL

Here we consider a non-unital dynamics of a qubit as
follows. Following Eq.(7), the evolution map may be
given by

Φ(t) = [1−
∫ t

0

dτf(τ)]1+ [

∫ t

0

dτf(τ)]P (16)

where P is the CPTP projector defined by

P[ρ] = |0〉〈0|Tr(ρ) (17)

The process Eq. (16) can be interpreted as a quantum
particle on a lattice with damped hopping, with waiting
time distribution given by f(t) mentioned before and the
survival probability of the particle given by g(t) = 1 −∫ t
0
dτf(τ). Consider a waiting time distribution of the

form

f(t) = λ tanh(λt) sech(λt) (18)

where λ is a eal number. Note that f(t) ≥ 0 and∫∞
0
f(t) ≤ 1 for all t and for λ > 0, hence it is a

semi-Markov process. The master equation is obtained
straightforwardly:

L(t) = λ tanh(λt)[P − 1], (19)

where P is given by Eq.(17). Here λ parametrizes a fam-
ily with the limit λ→0 corresponding to the identity map,
Clearly, the dynamical map Φ for this process deviates
from semigroup evolution as it is not constant; further-
more, as the Lindblad rate γ(t):=λ tanh(λt) > 0 for all
t > 0 and for λ > 0, the processes CP-divisible. We will
now show that it is non-Markovian process according to
our measure. In this family, the QDS limit is the identity
map, obtained by setting λ → 0. which is of course the
trivial semigroup. In this example of a semi-Markov pro-
cess, there is no CP-indivisible region, unlike the previous
one. (CP-indivisible regions can be introduced by letting
λ take imaginary values, which can be implemented by a
slightly different parametrization scheme).

From Eq.(1), the SSS measure for this process turns
out to be simply

ξ =
1

T

∫ t

0

|γ(t)− γ|dt

where γ(t) = λ tanh(λt) for the CP-divisible non-
Markovian regime and γ = 0 is the semigroup rate for
this process. Therefore, for a simple case of T = 1, the
measure becomes

ξ =

∫ 1

0

λ tanh(λt)dt = ln cosh(λ).

As one increases the parameter λ, the process becomes
more and more non-Markovian according to SSS mea-
sure.
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VI. CONCLUSIONS

Here, we have studied an interesting stochastic pro-
cess called the semi-Markov process. This belongs to a
category of processes that exhibit memory effects in the
CP-divisible regime. The principal tool used to quan-
tify this memory, in the quantum regime, is the recently
introduced SSS measure [10], that quantifies the non-
Markovianity as a function of the magnitute of deviation
from semigroup evolution. Further, the behavior of the
Holevo bound under the influence of semi-Markov pro-
cesses brings out the effect of decoherence mitigation,
that is, the loss of information leakage into the envi-
ronment is slowed down. This provides an operational
meaning to the non-Markovian nature of semi-Markov
processes.

As was noted earlier [10], PL and OU noises are
non-Markovian according to the SSS criterion, and yet
CP-divisible. In that light, it would be an interesting
future direction to explore the relation between semi-
Markov dynamics and such CP-divisible but SSS non-
Markovian processes such as PL and OU noises, i.e., to
study whether it is generally the case that dynamics that
is CP-divisible but non-Markovian in the SSS sense, falls
in the category of quantum semi-Markov processes.
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