
ar
X

iv
:2

10
5.

08
83

1v
2 

 [
qu

an
t-

ph
] 

 2
8 

N
ov

 2
02

1

Mutually unbiased measurements with arbitrary purity
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Mutually unbiased measurements are a generalization of mutually unbiased bases in which the measurement

operators need not to be rank one projectors. In a d-dimension space, the purity of measurement elements

ranges from 1/d for the measurement operators corresponding to maximally mixed states to 1 for the rank one

projectors. In this contribution, we provide a class of MUM that encompasses the full range of purity. Similar

to the MUB in which the operators corresponding to different outcomes of the same measurement commute

mutually, our class of MUM possesses this sense of compatibility within each measurement. The spectra of

these MUMs provides a way to construct a class of d-dimensional orthogonal matrices which leave the vector of

equal components invariant. Based on this property, and by using the MUM-based entanglement witnesses, we

examine the minimal number of measurements needed to detect entanglement of bipartite states. For a general

bipartite pure state we need only two MUMs; the first one assigns a zero mean value for all pure states, however,

a complementary measurement is needed to give a negative mean value for entangled states. Interestingly, the

amount of this negative value is proportional to an entanglement monotone.

I. INTRODUCTION

Quantum measurement is one of the most puzzling as-

pects of quantum mechanics that makes it so counterintuitive.

This nonclassical feature arises from the fact that incompat-

ible measurements cannot be performed simultaneously. It

makes sense therefore that the more incompatible two mea-

surements are, the more nonclassical features they can de-

tect. Having such a source of nonclassicality is essential in

performing most protocols of the quantum information the-

ory more efficient than the classical ones. Related to this,

mutually unbiased bases (MUBs) are a quantum ingredient

that play a fundamental role in the quantum information sci-

ence. Historically, their discovery goes back to 1960, when

Schwinger introduced them in connection to the notion of

unitary operator bases [1]. Let {B(0),B(1), · · · ,B(∆)}, with

B(b) =
{

|e(b)n 〉
}d−1

n=0
, denotes a set of ∆+1 orthonormal bases

on Cd. This set is mutually unbiased basis if and only if

|〈e(b)n |e(b
′)

n′ 〉| = 1√
d
, ∀ b 6= b′, (1)

and n, n′ ∈ {0, · · · , d − 1}. By words, if a system is pre-

pared in a state belonging to one of the bases, then outcomes

of measuring the system with respect to the other bases give,

by no means, any information about the system’s state. For a

d-dimensional system the number of MUBs is at most d + 1,

and if one can find a complete set of MUBs, then these bases

provide a set of measurements which can be used to optimally

determine the density matrix of a d-dimensional system [2, 3].

It is shown that a complete set of MUBs is an example of a

rich combinatorial structure known as complex projective 2-

designs [4]. Application of MUBs is not limited to the quan-

tum state determination and, because of their mathematical
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richness, they found more application in other fields such as,

quantum error correction codes [5, 6], quantum cryptography

for secure quantum key exchange [7, 8], quantum state to-

mography [2, 9], and more recently the detection of quantum

entanglement [10] and the so-called ”mean king’s problem”

[11, 12]. Therefore, constructing the complete set of MUBs

is of particular importance and, despite efforts, whether for

an arbitrary d there exists a complete set of MUBs is still an

open problem [13]. For particular cases where the dimension

d is a prime or a power of a prime number, it is shown that

there exists a complete set of d + 1 mutually unbiased bases

[3] and a set of two MUBs always exists [14]. However, for

other situations where the dimension is a composite number,

the maximal number of MUBs is unknown.

By generalizing the notion of unbiasedness from bases to

measurements, Kalev et al. [15] proposed a new notion

of mutually unbiased measurements (MUMs), which are not

necessarily rank one projectors. Let {P(0),P(1), · · · ,P(∆)}
denotes a set of ∆ + 1 positive operator-valued measures

(POVMs) on Cd, such that within each POVM P(b), the

POVM elements are defined by P(b) = {P (b)
n | P (b)

n ≥
0,
∑d−1

n=0 P
(b)
n = 1}. The set is said to be MUM if and only

if [15] Tr
[

P
(b)
n

]

= 1 and

Tr
[

P (b)
n P

(b′)
n′

]

=
1

d
+ δb,b′( δn,n′ − 1/d)

(

κd− 1

d− 1

)

, (2)

for n, n′ = 0, 1, · · · , d − 1, and b, b′ = 0, 1, · · · ,∆. The

efficiency parameter κ is defined by Tr[P
(b)
n ]2 = κ and ranges

from 1/d to 1, just similar to the purity of quantum states

on d-dimensional Hilbert space. Indeed, the trivial case κ =
1/d happens whenever all POVM elements are equal to the

maximally mixed state 1
d1, however, for the particular case

κ = 1 the POVMs reduce to the von Neumann measurements,

i.e. rank one projectors on pure states, leading therefore to the

particular case MUB. In view of this, κ can determine how

close the measurement operators are to rank one projectors

[15].

A complete set of MUMs, with arbitrary rank, is an exam-

ple of conical 2-designs [16] and mixed 2-designs [17], which
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are both generalizations of the complex projective 2-designs.

A set of positive semi-definite operators {A1, · · · , Am} is a

conical 2-design if it satisfies the condition [16]

m
∑

j=1

Aj ⊗Aj = ksΠsym + kaΠasym, (3)

where Πsym and Πasym are projectors on the symmetric and

antisymmetric subspaces of C
d ⊗ C

d, respectively, and ks ≥
ka ≥ 0. In [16], other equivalent statements of the definition

of a conical 2-design are presented, one of the relevant to this

work is

m
∑

j=1

Aj ⊗Aj = k+1 ⊗ 1 + dk−|φ+d 〉〈φ+d |, (4)

where A is the conjugation of A, 1 is the unit operator in

C
d, k± = (ks ± ka)/2, and |φ+d 〉 =

1√
d

∑d−1
i=0 |ii〉 is the

maximally entangled state. For a complete set of MUMs de-

fined by Eq. (2), i.e. ∆ = d, the equivalent conditions (3)

and (4) are satisfied with Aj → P
(b)
n , ks = κ + 1, and

ka = (d+ 1)(κ− 1)/(d− 1) [16].

Based on the definition (2), and by defining suitable Hermi-

tian traceless operators F
(b)
n , Kalev et al. derived a complete

set of d + 1 MUMs for an arbitrary d-dimensional Hilbert

space as [15]

P (b)
n =

1

d
1 + tF (b)

n , (5)

where t is a free parameter, its range

−1

d

1

λmax
≤ t ≤ 1

d

1

|λmin|
, (6)

guarantees the positivity of P
(b)
n . Here, λmin = minb λ

b
min

and λmax = maxb λ
b
max, where λbmin and λbmax are respec-

tively the smallest and the largest eigenvalue of the operators

F
(b)
n with n = 0, 1, · · · , d − 1. The efficiency parameter κ

is simply related to t as κ = 1/d+ t2(1 +
√
d)2(d − 1), and

due to restriction (6), κ is also restricted. This, in turn, implies

that in order to have MUB, i.e. κ = 1, parameter t should sat-

isfy t2 = 1/[d(1 +
√
d)2], meaning that we have to find a set

of operators F
(b)
n such that min{λmax, |λmin|} = 1 + 1/

√
d.

Whether there exists such a set of operators is of particular

importance and is closely related to the question that whether

a complete set of MUB exists. The d(d + 1) operators F
(b)
n

are defined as a suitable linear combination of d2 − 1 Hermi-

tian, traceless orthonormal operator basis of the space of Her-

mitian, traceless operators. The form of linear combination,

as presented in [15], guarantees that relation (2) is satisfied.

However, as it is shown in [15], choosing generalized Gell-

Mann operator basis gives the optimal value for efficiency pa-

rameter as κopt = 1/d + 2/d2, which is far from its upper

bound κ = 1, unless for d = 2. This is not surprising as

commutativity of elements of each POVM P(b) is an essential

feature of being MUB (κ = 1), but the form provided in Eq.

(5) lacks this feature except for the particular case d = 2. This

comes from the fact that for a given POVM b, the set of d op-

erators F
(b)
n do not commute mutually, i.e. [F

(b)
n , F

(b)
n′ ] 6= 0

for n 6= n′ with n, n′ = 0, 1, · · · , d − 1. To overcome this

limitation, one can look for a set of operators F
(b)
n that (i) ei-

ther they depend on the efficiency parameter κ such that the

commutators vanish for κ = 1, (ii) or we look for a set of op-

erators that depend on κ, however their commutators vanish

for all allowed values of κ.

In this paper, we follow the second approach and provide

a class of MUM for all values of κ ∈ [1/d, 1]. For this pur-

pose, we require the following conditions to be satisfied for

our class, both inherited from MUB (κ = 1); (i) within each

POVM, the POVM elements commute mutually and (ii) the

spectra of all POVM elements is the same, regardless of which

POVM the elements belong to. Obviously, within these con-

ditions the problem of finding the complete set of MUM for

an arbitrary d becomes equivalent to the currently open prob-

lem of finding the complete set of MUB. This is, however,

the price that we have to pay in order to achieve a family of

MUMs with purity ranging over all allowed values of the ef-

ficiency parameter κ. The spectra of POVMs can be used to

construct a particular class of d-dimensional orthogonal matri-

ces. These orthogonal matrices possess the property of leav-

ing a vector of equal components invariant. Based on the no-

tion of MUM-based entanglement witnesses, we invoke such

a class of MUM, to detect entanglement of bipartite states.

We show that to detect entanglement of a general bipartite

pure state, we need only two MUMs; The first one assigns a

zero mean value for all pure states, however, a complementary

measurement is needed to give a negative mean value for en-

tangled states. Interestingly, the amount of this negative value

is proportional to an entanglement monotone. For bipartite

mixed states, however, the number of MUMs which is needed

to detect entanglement increases in general. We examine this

by providing some examples and show that although for a full

rank state, such as isotropic state, a complete set of MUMs is

needed to completely detect entanglement, for mixed states

with low-dimensional support a smaller set of MUMs suf-

fices to capture entanglement. The remaining of the paper is

structured as follows. In section II, we construct our class of

MUMs with arbitrary purity. Section III is devoted to use this

class of MUMs to detect entanglement of bipartite states. The

paper is concluded in section IV with a brief conclusion.

II. A CLASS OF MUMS WITH ARBITRARY PURITY

Consider a set of ∆ + 1 POVMs P(b), b ∈ {0, 1, · · · ,∆},

such that for each b the POVM elements are described by

P (b)
n =

1

d
1 +M (b)

n , (7)

for n = 0, · · · , d − 1. Above, M
(b)
n is a Hermitian trace-

less matrix defined by M
(b)
n = r

(b)
n · λ, where λ =

(λ1, · · · , λd2−1)
t denotes a vector constructed by general-

ized Gell-Mann basis, and r
(b)
n = (r

(b)
n,1, · · · , r

(b)
n,d2−1)

t is the

Bloch vector corresponding to the POVM P
(b)
n . The MUM
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condition (2) requires the following condition on the traceless

matrices M
(b)
n

Tr
[

M (b)
n M

(b′)
n′

]

= δb,b′( δn,n′ − 1/d)

(

κd− 1

d− 1

)

. (8)

Regarding the definition (2), Eq. (7) provides the most gen-

eral form for MUM, however, in the following we restrict our-

selves to the case that; (i) within each POVM P(b), the POVM

elements commute mutually, i.e. [M
(b)
n ,M

(b)
n′ ] = 0 for all

n, n′ = 0, · · · , d − 1, and (ii) the spectra of all POVM ele-

ments are the same, regardless of which POVM the elements

belongs to. This includes, in particular, the special case where

the POVM is a projective measurement.

Suppose the computational basis of Cd, {|ei〉}d−1
i=0 , is cho-

sen in such a way that all elements of a particular POVM, say

P(0), are diagonal, i.e.

P (0)
n =

1

d
1 +M (0)

n , (9)

where M
(0)
n = diag{([µn]0, · · · , [µn]d−1}, for n =

0, · · · , d − 1, is a diagonal matrix corresponding to the nth

element of P(0). Accordingly, conditions Tr[P
(0)
n ] = 1 and

Tr[P
(0)
n ]2 = κ read

d−1
∑

i=0

[µn]i = 0,

d−1
∑

i=0

[µn]
2
i = κ− 1

d
, (10)

respectively, for n = 0, · · · , d− 1. Adding to these, the posi-

tivity 0 6 P
(0)
n 6 1, for n = 0, · · · , d− 1, and the complete-

ness
∑d−1

n=0 P
(0)
n = 1 conditions, we get

− 1

d
6 [µn]i 6

d− 1

d
,

d−1
∑

n=0

[µn]i = 0, (11)

for i = 0, · · · , d− 1, respectively.

A comparison of the first condition of Eq. (10) with the

second condition of Eq. (11) shows that one can choose the

diagonal matrices M
(0)
n (n = 0, 1, · · · , d − 1) such that they

are mutually equivalent up to the location of their diagonal

elements. By defining the transposition operator Sn with en-

tries [Sn]ij = 〈i ⊕ n|j〉, where ⊕ means addition modulo d,

one can write M
(0)
n = SnM

(0)
0 St

n for n = 0, · · · , d − 1. In

view of this, we can write [M
(0)
n ]jj = µn⊕j , or equivalently,

M
(0)
n = diag{µn, µn⊕1, µn⊕2 · · · , µn⊕d−1}. With this con-

vention, it is clear that [M
(0)
n ]jj = [M

(0)
j ]nn = µn⊕j . The

eigenvalues satisfy (see Eqs. (8), (10) and (11))

d−1
∑

j=0

µn⊕j =

d−1
∑

n=0

µn⊕j = 0, −1

d
6 µn⊕j 6

d− 1

d
, (12)

and

d−1
∑

j=0

µn⊕jµn′⊕j = ( δn,n′ − 1/d)

(

κd− 1

d− 1

)

. (13)

It follows that not all eigenvalues µn⊕j are independent. In

Appendix A, we show that the number of independent eigen-

values reduces to N = d − ⌊d/2⌋ =
⌊

d−1
2

⌋

, where ⌊x/2⌋
denotes the integral part of x/2, i.e. ⌊x/2⌋ = x/2 if x is even

and ⌊x/2⌋ = (x − 1)/2 if x is odd.

It is worth mentioning that the set of eigenvalues of M
(0)
n

can be used to construct a one-parameter family of orthog-

onal matrices. To see this, define q =
√

1−1/d
κ−1/d (for

1/d < κ ≤ 1) and note that two real d-component vec-

tors v0 = (qµ0 + 1/d, qµ1 + 1/d, · · · , qµd−1 + 1/d)t and

v1 = (qµd−1 + 1/d, qµ0 + 1/d, · · · , qµd−2 + 1/d)
t

are nor-

malized and orthogonal. The following result is then obtained

by extending this to all vectors vj (j = 0, 1, · · · , d − 1) with

components {qµn⊕d−j + 1/d}d−1
n=0 .

Proposition 1 The d× d matrix Q defined by

Qnj = q[M (0)
n ]d−j,d−j + 1/d (14)

= qµn⊕d−j + 1/d,

is orthogonal, i.e. QQt = 1d. Moreover, it satisfy
∑d−1

n=0 Qnj =
∑d−1

j=0 Qnj = 1 implies that Q leaves the vec-

tor n∗ = (1, 1, · · · , 1)/
√
d invariant, i.e. Qn∗ = n∗.

As an explicit example let us consider the case d = 3. In this

case, we have

Q =





qµ0 + 1/3 qµ2 + 1/3 qµ1 + 1/3
qµ1 + 1/3 qµ0 + 1/3 qµ2 + 1/3
qµ2 + 1/3 qµ1 + 1/3 qµ0 + 1/3



 . (15)

Here q =
√

2/(3κ− 1) and, as we mentioned above,

we have only one independent eigenvalue, say µ0. The

other two eigenvalues can be expressed as µ1,2 =

[−µ0 ±
√

2κ− 2/3− 3µ2
0]/2. In this simple case, the

eigenvalues can be expressed in terms of single inde-

pendent parameter φ, i.e. for a given purity κ, one

can write µ0 =
√

2/3
√

κ− 1/3 cosφ and µ1,2 =
√

2/3
√

κ− 1/3 cos (φ± 2π/3), where 0 ≤ φ ≤ 2π.

Because of high dependency between eigenvalues, it is not

always possible to express the set of eigenvalues as explicit

functions of independent parameters. Equations (12) and

(A1), however, allow us to write two of them in terms of the

sum and the sum of square of the others

µp,m = −1

2
S ± 1

2

√

2(κ− 1/d)− 2T − S2, (16)

where we have defined S =
∑d−1

l 6=p,m µl and T =
∑d−1

l 6=p,m µ2
l .

Recall that 1/d ≤ κ ≤ 1, the lower bound κ = 1/d happens

when µn(κ = 1/d) = 0 for all n = 0, · · · , d − 1. The upper

bound κ = 1 occurs when µn(κ = 1) = −1/d for all n except

n = p. Note that although the negative region [−1/d, 0] is

allowed for all µls at the same time, the positive region is not

accessible to all eigenvalues simultaneously. For example, if

one of the eigenvalues reaches the maximum value 1 − 1/d,

all others must take their minimum value −1/d.

Constructing a set of MUMs.—So far, we have provided a

form for the POVM P(0). In order to construct a set of MUMs
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(or MUBs), we have to find POVMs P(b) for b = 1 · · · ,∆
where ∆ ≤ d. As our set of MUMs possesses the same spec-

tra, we are looking therefore for some unitaries U (b,b′), taking

P(b′) and generate P(b), i.e. P
(b)
n = U (b,b′)P

(b′)
n U (b,b′)†, for

all n = 0, · · · , d− 1 and b, b′ = 0, · · · ,∆. Clearly, U (b,b) =

1. Defining |e(b)l 〉 = U (b,b′)|e(b
′)

l 〉 for l = 0 · · · , d − 1, and

noting that |e(0)l 〉 = |el〉 is our computational basis, one can

write the spectral decomposition of M
(b)
n as

M (b)
n =

d−1
∑

l=0

µn⊕l|e(b)l 〉〈e(b)l |. (17)

As we mentioned above, in the computational basis {|ei〉}d−1
i=0 ,

matrices M
(0)
n (for n = 0, · · · , d− 1) are diagonal. They can,

therefore, expressed in terms of the Cartan subalgebra of the

group of unitary matrices SU(d), i.e. the maximal abelian

subalgebra generated by d− 1 Cartan generators

λj =
1

√

2j(j + 1)

[

j
∑

m=1

|em〉〈em| − j|ej+1〉〈ej+1|
]

,

for j = 1, · · · , d − 1. Central to our discussion is that Car-

tan subalgebra is not unique, meaning that any conjugate of

Cartan subalgebra by an arbitrary element of the group is an-

other Cartan subalgebra, i.e. ghg−1 = h for g ∈ G. In

view of this, one can define conjugates of Cartan subalgebra as

h(b) = U (b)h(0)U (b)†, where we have defined U (b,0) = U (b)

for the sake of simplicity, and h(0) denotes the Cartan subal-

gebra which is diagonal in the computational basis.

In the light of this, we are looking for some conjugates of

Cartan subalgebra related by an automorphism of the algebra,

in such a way that the conjugates are mutually orthogonal in

the sense of vector space inner product. More precisely, let

V denotes the underlying space of the Lie algebra su(d), and

suppose V(0) ⊂ V to be the subspace corresponding to the

Cartan subalgebra h(0). Two questions arise now. First, how

can we find subspaces V(b) = U (b)V(0)U (b)†, by means of

unitary transformations U (b), such that V(b) ⊥ V(0) and for

any b 6= b′ we have V(b) ⊥ V(b′). Here orthogonality between

two subspaces means that for any X ∈ V(b) and Y ∈ V(b′),

we have Tr(X†Y ) = 0 for b 6= b′. Second, is it possible to

write the Lie algebra vector space V as an orthogonal direct

sum of isomorphic subspaces V(b) = U (b)V(0)U (b)†, i.e.

V =

d
⊕

b=0

V(b), (18)

with U (0) = 1. Such a decomposition, if exists, can be used

to find a complete set of MUBs for a d-dimensional quantum

system.

Now let us see the form of these unitary transformations. In

the light of Eq. (17), Eq. (8) reads

d−1
∑

j=0

d−1
∑

j′=0

µn⊕j [B
(b,b′)]jj′µn⊕j′ = 0, for b 6= b′, (19)

and n = 0, · · · , d − 1. Here, B(b,b′) is a unistochas-

tic matrix with entries [B(b,b′)]jj′ = |[U (b,b′)]jj′ |2 where

U (b,b′) =
∑d−1

j=0 |e
(b)
j 〉〈e(b

′)
j | is a unitary matrix with entries

[U (b,b′)]jj′ = 〈e(b
′)

j |U (b,b′)|e(b
′)

j′ 〉 = 〈e(b
′)

j |e(b)j′ 〉. Since the

mutually unbiased condition requires |〈e(b)j |e(b
′)

j′ 〉| = 1/
√
d,

we therefore arrive at the following condition for MUB; A

necessary and sufficient condition for a set of ∆+1 orthonor-

mal basis {|e(b)j 〉}d−1
j=0 , b = 0, · · · ,∆, to form a mutually un-

biased bases is that there exist unistochastic matrices B(b,b′)

with entries [B(b,b′)]jj′ = 1/d, for 0 ≤ b′ < b ≤ ∆.

Bloch vector representation.—Let us now turn our attention

on the Bloch vectors of P(b). By inserting M
(b)
n = r

(b)
n · λ in

Eq. (8) we get

r
(b)
n · r(b′)

n′ = 2δb,b′(κ− 1/d)

[

d δn,n′ − 1

d− 1

]

, (20)

where we have used Tr{λkλl} = δkl/2. This equation

is equivalent to Eq. (8) and implies that all Bloch vectors

have the same length |r(b)
n | =

√
2
√

κ− 1/d, and that within

each POVM P(b) the angle between two Bloch vectors r
(b)
n

and r
(b)
n′ is the same for all pairs n 6= n′, i.e. θ

(b)
n,n′ =

arccos{ −1
d−1}. Therefore, associated to each POVM P(b),

the Bloch vectors {r(b)
n }d−1

n=0 form a regular (d − 1)-simplex

∆
(b)
d−1 in R

d2−1. Moreover, the mutually unbiasedness condi-

tion requires that the simplexes corresponding to two differ-

ent POVMs be orthogonal, i.e. ∆
(b)
d−1 ⊥ ∆

(b′)
d−1 for b 6= b′.

Such simplexes live effectively in the (d − 1)-dimensional

subspaces of Rd2−1. In particular, for the simplex associ-

ated with the POVM P(0), the diagonal nature of {M (0)
n } for

(n = 0, · · · , d− 1) ensures that the corresponding Bloch vec-

tor r
(0)
n = (r

(0)
n,1, · · · , r

(0)
n,d2−1)

t has the nonzero components

along the Cartan subalgebra only. These nonzero components

are given by
√

2/(j(j + 1))
[

∑j
m=1 µn⊕m − jµn⊕j+1

]

for

j = 1, · · · , d− 1.

Clearly, all other simplexes can be obtained by rotating the

original simplex. In general, starting from the Bloch vectors

{r(b′)
n }d−1

n=0, one can always find the rotation matrix R(b,b′) to

generate {r(b)
n }d−1

n=0 such that ∆
(b′)
d−1 ⊥ ∆

(b)
d−1, i.e. [r

(b)
n ]k =

∑d2−1
l=1 R

(b,b′)
kl [r

(b′)
n ]l. We demand, however, that the matrix

elements of R(b,b′) comes from unitaries U (b,b′) via [18]

R
(b,b′)
kl = Tr{λkU (b,b′)λlU

(b,b′)†}, (21)

where U (b,b′) are required to satisfy the conditions given by

(19). The rotations defined by Eq. (21) form a subgroup of

SO(d2 − 1). Although it is always possible to find some rota-

tions SO(d2−1) that generate a complete set of d+1 mutually

orthogonal simplexes from the original simplex, whether for

an arbitrary d there exists a set of rotations expressed by Eq.

(21) is still an open problem.

For further use, we consider the case d = 3, for which the

Gell Mann matrices {λi}8i=1 is a basis for su(3), and the cor-
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responding two-dimensional Cartan subalgebra h(0) is gener-

ated by λ3 = 1√
3
diag{1,−1, 0} and λ8 = 1√

6
diag{1, 1,−2}.

In this case, three orthogonal conjugations of Cartan subal-

gebra are generated by {λ(b)3 , λ
(b)
8 } for b = 1, 2, 3, such that

λ
(b)
i = U (b)λiU

(b)† for i = 3, 8, where U (1) is nothing but

the Fourier transformation

U (1) =
1√
3





1 1 1
1 ω ω2

1 ω2 ω



 , (22)

and U (2) = V U (1), and U (3) = V U (2). Here V =
diag{1, ω, ω} and ω = e2πi/3.

III. WITNESSING ENTANGLEMENT USING MUM

Among the various applications of MUBs, their ability in

detecting quantum entanglement is one of the most recent and

interesting ones. In a bipartite system, correlations could im-

prove the predictability on the outcomes of a measurement on

one side when we know the outcome of a measurement on the

other side. Following this notion and given any set of ∆ + 1

mutually unbiased bases B(b) = {|e(b)n 〉} and B′(b) = {|e′(b)n 〉}
(b = 0, 1, · · · ,∆, see Eq. (1)) for partsA andB, respectively,

the authors of [10] have shown that for all separable states the

following condition holds

I∆+1 =
∆
∑

b=0

d−1
∑

n=0

Tr[E(b)
n ⊗ E′(b)

n ρ] ≤ 1 +
∆

d
, (23)

whereE
(b)
n = |e(b)n 〉〈e(b)n | andE

′(b)
n = |e′(b)n 〉〈e′(b)n | are projec-

tors on the orthonormal bases B(b) and B′(b), respectively. It

turns out that violation of inequality (23) is a criterion for en-

tanglement detection. Remarkably, the efficiency of the above

criterion depends on the number ∆ + 1 of MUBs. Actually,

it has been shown that to verify entanglement of pure states

two MUBs suffice, however, one needs more MUBs to detect

entanglement of noisy states, i.e. the noise robustness of the

criterion increases with the number ∆+ 1 of MUBs [10].

Instead of using a set of ∆+ 1 MUBs, the authors of [19]

have followed the notion of a complete set of d+1MUMs and

have shown that for all separable states the following condi-

tion holds

J(ρ) =

d
∑

b=0

d−1
∑

n=0

Tr[P (b)
n ⊗ P ′(b)

n ρ] ≤ 1 + κ. (24)

Above P
(b)
n and P

′(b)
n are any two complete sets of MUMs

with the same efficiency parameter κ of parts A and B, re-

spectively, and are defined previously by Eq. (5).

The most general tool to detect entanglement is the so-

called entanglement witness which is related closely to the

more fundamental concept of the positive maps, i.e., the lin-

ear map Φ : B(H1) → B(H2) such that ΦX ≥ 0 ∀X ≥ 0,

where B(H) denotes the space of bounded operators acting

on the Hilbert space H. For a given positive but not com-

pletely positive map Φ, one can construct the corresponding

entanglement witness W = (d − 1)(1 ⊗ Φ)|φ+d 〉〈φ+d |, where

|φ+d 〉 = 1√
d

∑d
i=0 |ii〉. It turns out that W has nonnegative

expectation value on any separable state ρ, i.e. TrρW ≥ 0 for

all separable states. Accordingly, a state for which TrρW < 0
is entangled. Following this notion and for any given set of

MUBs, the authors of [20] have recently introduced the fol-

lowing positive and trace preserving map

φX = φ∗X − 1

d− 1

∆
∑

b=0

d−1
∑

k,l=0

O(b)
k,lTr(X̃E

(b)
l )E

(b)
k , (25)

where φ∗X =
1

d
1TrX defines the completely depolarizing

channel and X̃ = X − φ∗X denotes the traceless part of X.

Also, O(b) is a set of orthogonal rotation in Rd around the

axis n∗ = (1, 1, · · · , 1)/
√
d, so that O(b)

n∗ = n∗. The cor-

responding entanglement witness reads as [20]

W =
d+∆

d
1 ⊗ 1 −

∆
∑

b=0

d−1
∑

k,l=0

O(b)
kl E

(b)

l ⊗ E
(b)
k , (26)

whereE
(b)

l is the conjugation ofE
(b)
l , and ∆ ∈ {0, 1, · · · , d}.

A generalization of the above result in terms of MUMs is

given in [21]

W (κ) =
dκ+∆

d
1 ⊗ 1 −

∆
∑

b=0

d−1
∑

k,l=0

O(b)
kl P

(b)

l ⊗ P
(b)
k .(27)

Note that for a complete set of MUMs, i.e. ∆ = d, the sim-

plest case corresponding to O(b)
kl = δkl enables one to apply

Eq. (4) to find the well known witness W = (1/d)1 ⊗ 1 −
|φ+d 〉〈φ+d | (up to an overall constant factor). This witness de-

tects entanglement of the state |φ+d 〉 and of the noisy states

that are close to |φ+d 〉.
Now, to proceed with the witness (27), it is useful to use Eq.

(7) and provide a simplified form for the expectation value of

the witness over a general bipartite state.

Proposition 2 For any d× d bipartite state ρ, the expectation

value of the witness given above can be written as

Tr{ρW (κ)} = (κ− 1/d)− Tr{ρM(κ)}, (28)

where M(κ) is a traceless matrix given by

M(κ) =

∆
∑

b=0

d−1
∑

k,l=0

O(b)
kl M

(b)

l ⊗M
(b)
k . (29)

The proof is easy by virtue of
∑d−1

k=0 O
(b)
kl =

∑d−1
l=0 O(b)

kl = 1

and
∑d−1

k=0M
(b)
k = 0. According to Eq. (28), W (κ) detects

entanglement of ρ if and only if Tr{ρM(κ)} > κ − 1/d,

otherwise ρ is not entangled or its entanglement cannot be de-

tected by W (κ). As we expect, for the trivial case κ = 1/d
we have M(1/d) = 0, so W (κ) cannot detect any entangle-

ment, or equivalently, it is not entanglement witness at all. An
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interesting property of this condition is that although M(κ)
depends on both the purity κ of the POVMs and the number

of POVMs in the set of MUM, the lower bound is independent

of the number of POVMs.

The interpretation of Eq. (28) becomes more clear if one

uses M
(b)
n = U (b)M

(0)
n U (b)† for some unitary matrices U (b)

satisfying Eq. (19), and writes down

Tr{ρM(κ)} =
∆
∑

b=0

Tr{ρ(b)M(b)(κ)}, (30)

where ρ(b) = (U
(b)† ⊗U (b)†)ρ(U

(b) ⊗U (b)) and M(b)(κ) =
∑d−1

k,l=0 O
(b)
kl M

(0)

l ⊗ M
(0)
k . In the light of this, one can see

that to detect entanglement of the state ρ, we have to find

a set of ∆ + 1 mutually locally unitary equivalent states

{ρ(0), ρ(1), · · · ρ(∆)} (with ρ(0) = ρ), such that ρ(b) =

(U
(b,b′)† ⊗ U (b,b′)†)ρ(b

′)(U
(b,b′) ⊗ U (b,b′)). For each state

ρ(b), we then search for the optimum rotation matrix O(b)

such that the corresponding observable M(b) has maximum

average over ρ(b).
Note that for an arbitrary separable or entangled state, each

term on the RHS of Eq. (30) is bounded from above by

κ− 1/d, i.e. Tr{ρ(b)M(b)(κ)} ≤ κ− 1/d for arbitrary state

ρ(b) and b = 0, 1, · · · ,∆. This, in turn, implies that no en-

tanglement can be detected based on a single pair of measure-

ments [20]. It turns out, however, that for a pair of measure-

ments (say b = 0), the bound can always be achieved by any

pure state, regardless of whether it is entangled or separable.

To show this, suppose |ψ〉 =
∑

i=0

√
λi|eiei〉 is an arbitrary

pure state of bipartite d⊗ d system in its Schmidt form. Sup-

pose also that the traceless matrices M
(0)
n are diagonal in the

local Schmidt basis {|ei〉}d−1
i=0 . Then

Tr{ρ(0)M(0)(κ)} =

d−1
∑

i=0

λi

d−1
∑

m,n=0

O(0)
mnµn⊕iµm⊕i (31)

=

d−1
∑

i=0

λi

d−1
∑

n=0

µ2
n⊕i = κ− 1/d,

where the second equality follows by choosing the rotation

matrix as O(0) = 1, and the third equality comes from

the normalization condition
∑d−1

i=0 λi = 1 and Eq. (13)

with n = n′. That κ − 1/d is, indeed, a bound follows

from the fact Tr{ρ(0)M(0)(κ)} ≤ max{Spect{M(0)(κ)}} ≤
max{Spect{[M (0)

n (κ)]2}} ≤ Tr{[M (0)
n (κ)]2} = κ − 1/d,

where the first inequality can be saturated only by pure states.

The arguments given above show that for an arbitrary pure

state |ψ〉, one can always achieve the upper bound (31), just by

choosing a pair of measurements diagonal in the local Schmidt

basis. For any other pair of measurements complementary

to the first one, the corresponding contribution is nonzero if

and only if the pure state is entangled. To show this, we sup-

pose M
(0)
n is diagonal in the local Schmidt basis and write

M
(1)
n = U (1)M

(0)
n U (1)†, where U (1) is the discrete Fourier

transformation defined by [U (1)]kl = ωkl with ω = e2πi/d.

We obtain for b = 1

Tr{ρ(1)M(1)} =
1

d2

d−1
∑

m,n=0

d−1
∑

k,l=0

d−1
∑

r,s=0

O(1)
mn[M

(0)
n ]rr[M

(0)
m ]ss

×
√

λkλlω
(l−k)(r+s)

=
1

d2

d−1
∑

m,n=0

d−1
∑

r,s=0

O(1)
mn[M

(0)
n ]rr[M

(0)
m ]ss (32)

×

∣

∣

∣

∣

∣

∣

d−1
∑

j=0

√

λje
−2πi(r+s)j/d

∣

∣

∣

∣

∣

∣

2

.

Using Eq. (14), one can write [M
(0)
n ]rr = (Qn,d−r − 1/d)/q

and [M
(0)
m ]ss = (Qm,d−s − 1/d)/q. Inserting these in the

equation above, we obtain after some calculation

Tr{ρ(1)M(1)(κ)} =
1

q2d2

d−1
∑

r,s=0

(

Õ(1)
d−s,d−r − 1/d

)

(33)

×

∣

∣

∣

∣

∣

∣

d−1
∑

j=0

√

λje
−2πi(r+s)j/d

∣

∣

∣

∣

∣

∣

2

,

where we have defined the new orthogonal matrix Õ(1) =
QtO(1)Q as an orthogonal transformation of O(1) by

means of Q. The square term can be written as 1 +
∑

j 6=k

√

λjλk cos{2π(r + s)(k − j)/d}. It turns out that

cos{2π(r+s)(k−j)/d} takes its maximum value 1 whenever

r + s = 0 or r + s = d. Using this in Eq. (33), we find

Tr{ρ(1)M(1)(κ)} =
1

q2d2

d−1
∑

r=0

Õ(1)
r,d−r

∑

j 6=k

√

λjλk (34)

+
1

q2d2

d−1
∑

s=0

d−1
∑

r 6=d−s

Õ(1)
d−s,d−r

∑

j 6=k

√

λjλk

× cos{2π(r + s)(k − j)/d}.

By choosing the nonzero entries of the orthogonal matrix Õ(1)

as Õ(1)
r,d−r = 1 for r = 0, · · · , d− 1, the first summation takes

its maximum value and the second one vanishes. A similar

result can be obtained for all other complementary measure-

ments b 6= 0. We therefore provide the following proposition.

Proposition 3 For an arbitrary pure bipartite d⊗ d state |ψ〉
with Schmidt decomposition |ψ〉 =∑i=0

√
λi|eiei〉, we have

Tr{ρ(0)M(0)(κ)} = (κ− 1/d), (35)

Tr{ρ(b)M(b)(κ)} = (κ− 1/d)E(ψ), (36)

for b = 1, · · · ,∆, whereE(ψ) =
∑

j 6=k

√

λjλk/(d−1) is an

entanglement monotone, ranging from zero for product states

to its maximum value 1 for maximally entangled states.

It remains only to prove that E(ψ) is an entanglement mono-

tone, i.e. it is a Schur concave function of the Schmidt num-

bers λis, meaning that it is invariant under permutation of



7

the Schmidt numbers and (λi − λj) (∂E/∂λi − ∂E/∂λj) ≤
0 for all pairs i, j. In our case one can easily find that

(λi − λj)
(

∑

k 6=i

√
λk/

√
λi −

∑

k 6=j

√
λk/
√

λj

)

≤ 0, so

E(ψ) is an entanglement monotone. According to this result,

to detect entanglement of a general pure state, we need only

two pairs of MUMs. This, in some sense, is a generalization

of the result provided by condition (23) in [10] based on the

MUBs. We now provide some examples.

Example 1.—We first consider the isotropic states. An

isotropic state of a d ⊗ d system is invariant under any uni-

tary transformation of the form U ⊗ U , and can be written

as

ρI = α
∣

∣φ+d
〉 〈

φ+d
∣

∣+
1− α

d2
1d ⊗ 1d, (37)

where |φ+d 〉 =
1√
d

∑d−1
i=0 |ii〉 and 0 ≤ α < 1. It is known that

isotropic states are entangled if and only if α > 1/(d+1) [22].

Using condition (23), entanglement detection of isotropic

states is studied in [10]. In [21], the authors have used a com-

plete set of MUMs provided in [15], and performed a com-

plete detection of entanglement of these states using (27). Us-

ing Eq. (30), we find

Tr{ρIM(κ)} = α

∆
∑

b=0

d−1
∑

k,l=0

O(b)
kl 〈φ+d |M

(0)

l ⊗M
(0)
k |φ+d 〉(38)

=
α

d

∆
∑

b=0

d−1
∑

k,l=0

O(b)
kl Tr{M

(0)
l M

(0)
k }

= α

[

κ− 1/d

d− 1

] ∆
∑

b=0

[

Tr{O(b)} − 1
]

,

where in the last line we have used Eq. (8) and that
∑d−1

k,l=0 O
(b)
kl = d. Obviously, the optimum detection hap-

pens when Tr{O(b)} takes its maximum value d, i.e. when

O(b) = 1d for all b. Using these in Eq. (28), we get

Tr{ρIW (κ)} = (κ − 1/d)(1 − α(∆ + 1)), implying that

the state is entangled when α > 1/(∆ + 1). This result can

be obtained also if one uses the traceless property of M(κ)
together with the results provided by Proposition 3. It follows

that the complete detection of entanglement of the isotropic

states occurs when ∆ = d, i.e. there exists a complete set of

d+ 1 MUMs [10, 21].

Example 2.—For the second example, we consider a noisy

Dicke state defined by

ρ = (1− p)|Dk
N 〉〈Dk

N |+ p
12N

2N
, (39)

where |Dk
N〉 is an N -qubit Dicke state with k excitation

|Dk
N 〉 =

(

N

k

)−1/2
∑

l

Pl

{

|0〉⊗N−k ⊗ |1〉⊗k
}

. (40)

Above,
∑

l Pl{·} denotes the sum over all possible permuta-

tions. In what follows we suppose that the number of qubits

is even, i.e. N = 2n for some integer n. Accordingly, for a

balanced bipartition (n|n), a Dicke state can be expressed in

Schmidt form as [23]

|Dk
N=2n〉 =

q′′
∑

q=q′

√

λq |Dq
n〉|Dq−k

n 〉, (41)

where the Schmidt coefficients are given by

λq =
N !

(

N
k

)(

N
n

)

1

q!(n− q)!(k − q)!(n− k + q)!
, (42)

and q′ = max{0, k−n}, q′′ = min{n, k}, and q′ < q′′. Since

the dimension d = 2n is a power of prime number, there exists

a complete set of d + 1 MUMs, i.e. ∆ = d. In this case, the

witness detects the state as entangled if

p <
E(Dk

2n)

E(Dk
2n) + 2−n

. (43)

For a four-qubit Dicke state with two excitation, the entangle-

ment reads E(D2
4) = 5/9, so the state is entangled up to the

noise threshold of p < 20/29.

Example 3.—As another example, we consider the follow-

ing PPT entangled state introduced in [20]

ρ =
1

15



























1 0 0 0 1 0 0 0 1
0 2 0 0 0 −1 −1 0 0
0 0 2 −1 0 0 0 −1 0
0 0 −1 2 0 0 0 −1 0
1 0 0 0 1 0 0 0 1
0 −1 0 0 0 2 −1 0 0
0 −1 0 0 0 −1 2 0 0
0 0 −1 −1 0 0 0 2 0
1 0 0 0 1 0 0 0 1



























. (44)

A simple calculation shows that ρ has 5 nonzero eigenvalues,

all equal to 1/5. The use of a complete set of four MUBs

(κ = 1) to detect entanglement of this state has been studied

in [20], however, as we show below it is always possible to

detect entanglement of ρ by choosing a suitable set of three

MUMs (or MUBs). In this case we find

Tr{ρM(κ)} =
1

10
(κ− 1/3)

{[

1− TrO(0)
]

+
[

1− TrO(1)
]

− 2
[

1− TrO(2)
]

− 2
[

1− TrO(3)
]}

,

where brackets on the RHS correspond to terms b = 0, 1, 2, 3,
of Eq. (30), respectively. Using this in Eq. (28), we get

Tr{ρW (κ)} =
1

10
(κ− 1/3)

{

12 +
[

TrO(0) +TrO(1)
]

(45)

− 2
[

TrO(2) +TrO(3)
]}

.

To obtain the optimum detection, we have to know Tr{O}
for a general 3 × 3 orthogonal matrix O. Given a unit vec-

tor n̂ = (n1, n2, n3) and an angle θ, a general rotation

matrix in R
3 is given by R(n̂, θ) = [Rij ] where Rij =

ninj(1 − cos θ) + δij cos θ − ǫijknk sin θ, and ǫijk is the
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levi-civita symbol and sum over the repeated index is under-

stood. Obviously, rotations preserve the rotation axis, and in

particular we are interested in the case where the rotation pre-

serves the unit vector n̂∗ =
1√
3
(1, 1, 1). In this case we

obtain Tr{O(θ)} = 1 + 2 cos θ. Clearly, the optimum de-

tection happens when Tr{O(0)} = Tr{O(1)} = −1 and

Tr{O(2)} = Tr{O(3)} = 2, i.e. when θ0 = θ1 = π and

θ2 = θ3 = 0. Accordingly, in order to construct a witness to

detect entanglement of the state (44), we need only a set of

three MUMs {P(b)} for b = 0, 2, 3 or b = 1, 2, 3, for which

Tr{ρW (κ)} = − 1
10 (κ − 1/3). For a fixed purity κ, using a

complete set of four MUMs, however, leads to more negative

value − 1
5 (κ − 1/3). Although the full detection of entangle-

ment occurs for any purity κ > 1/3, the depth of detection is

increased by increasing κ.

Example 4.—As a final example, we consider first a rank-

two bipartite state described by the following ensemble

ρ = p0|ψ(0)〉〈ψ(0)|+ p1|ψ(1)〉〈ψ(1)|, (46)

where the pure states |ψ(0)〉 and |ψ(1)〉 have the Schmidt

decomposition |ψ(0)〉 =
∑

n=0

√

λ
(0)
n |e0ne0n〉 and |ψ(1)〉 =

∑

n=0

√

λ
(1)
n |e1ne1n〉, respectively, such that |〈e0n|e1n′〉| =

1/
√
d. If we use only two pairs of MUMs corresponding

to the two Schmidt basis, we obtain from the results of the

Proposition 3

Tr{ρM(κ)} = (κ− 1/d)
(

1 + p0E(ψ(0)) + p1E(ψ(1))
)

.(47)

It turns out that the state is entangled if and only if at least one

of the pure states |ψ(0)〉 and |ψ(1)〉 is entangled. Moreover,

for such mixtures, two pairs of MUMs are enough to decide

whether the state is entangled or not. Any attempt to increase

the number of MUMs leads to a corresponding increase in the

contribution of the second term, without having any effect on

the detection of the entanglement of the state. We can extend

this result by considering the following mixture

ρ =

∆′

∑

b=0

pb|ψ(b)〉〈ψ(b)|, (48)

where the local Schmidt basis of {|ψ(b)〉} are mutually un-

biased, i.e. for |ψ(b)〉 =
∑

n=0

√

λ
(b)
n |ebnebn〉 we have

|〈ebn|eb
′

n′〉| = 1/
√
d for b 6= b′. Using the results of the Propo-

sition 3, we find

Tr{ρ(b)M(b)(κ)} = (κ− 1/d)



pb +
∆′

∑

i6=b

piE(ψ(i))



 ,(49)

for b = 0, 1, · · · ,∆′ and

Tr{ρ(b)M(b)(κ)} = (κ− 1/d)

∆′

∑

i=0

piE(ψ(i)), (50)

for b = ∆′+1, · · · ,∆. Accordingly, with the assumption that

∆′ ≤ ∆, we get

Tr{ρM(κ)} = (κ− 1/d)



1 + ∆

∆′

∑

b=0

pbE(ψ(b))



 . (51)

We find again that the ensemble (48) is entangled if and only

if one of the pure states |ψ(b)〉 is entangled. However, for

such mixtures, depending on the fraction and the entangle-

ment of the pure states, the number of MUMs needed to de-

tect entanglement of the mixture is different ranging from two

to ∆′ + 1. For example, when all the pure states are max-

imally entangled state, i.e. E(ψb) = 1 for b = 0, · · · ,∆′,
two pairs of MUMs suffice to detect entanglement of the mix-

ture. On the other hand, for a mixture of one maximally en-

tangled state and ∆′ disentangled states, say E(ψ0) = 1 and

E(ψb) = 0 for b = 1 · · · ,∆′, two pairs of MUMs is enough

only if 2p0 + p1 > 1.

IV. CONCLUSION

We have presented a method to construct a class of MUMs

that encompasses the full range of purity, from 1/d for totally

mixed measurements to 1 for MUBs. Mutual compatibility

of different outcomes within each measurement and the mu-

tually unbiasedness of different measurements are two impor-

tant common features of our class and MUBs. This similarity

prevents one to construct a complete set of these MUMs. In

contrary to MUBs, however, the spectra of such MUMs are

nontrivial, and can be expressed in terms of
⌊

d−1
2

⌋

indepen-

dent parameters. This spectra provides a way to construct a

class of orthogonal matrices with the property that they leave

the vectorn∗ = (1, 1, · · · , 1)/
√
d invariant. For a fixed purity

κ, these orthogonal matrices depend on
⌊

d−1
2

⌋

independent

parameters. We used this class of MUMs to study entangle-

ment detection of d⊗d bipartite states. We show that to detect

entanglement of a general bipartite pure state, two MUMs are

suffice; The first one assigns a zero mean value for all pure

states, however, a complementary measurement is needed to

give a negative mean value for entangled states. We show that

the function described this negative value is Schur concave of

Schmidt numbers so that can be regarded as an entanglement

monotone. For bipartite mixed states, however, the number

of MUMs which is needed to detect entanglement increases

in general. We examine this by providing some examples and

show that although for a full rank state, such as isotropic state,

a complete set of MUMs is needed to completely detect en-

tanglement, for mixed states with low-dimensional support a

smaller set of MUMs suffices to capture entanglement.
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Appendix A: The number of independent eigenvalues

To count the number of independent eigenvalues, we have

to find the number of independent constraints on the set of

eigenvalues. Clearly, Eq. (12) gives one independent relation.

Equation (13), on the other hand, reads

d−1
∑

j=0

µ2
n⊕j = κ− 1/d, (A1)

for n = n′, and

d−1
∑

j=0

µn⊕jµn′⊕j = −
(

κ− 1/d

d− 1

)

, (A2)

for n 6= n′. Equation (A1) gives its own independent rela-

tion, however, Eq. (A2) provides independent relations only

for n′ = n ⊕ 1, n ⊕ 2, · · · , n ⊕ ⌊d/2⌋, where ⌊d/2⌋ de-

notes the integral part of d/2, i.e. ⌊d/2⌋ = d/2 if d is even

and ⌊d/2⌋ = (d − 1)/2 if d is odd. This follows from the

fact the LHS of this equation is invariant under the change

{n → n + n0, n
′ → n′ + n0} for any n0 = 0, · · · d − 1.

For n′ = 1, · · · , ⌊(d− 1)/2⌋, the multiplicity is d, however,

for n′ = d/2 (when d is even) the corresponding multiplicity

is d/2. There is, however, a relation between Eqs. (A1) and

(A2), follows easily from

2

d−1
∑

n<n′

µnµn′ =

(

d−1
∑

n=0

µn

)2

−
d−1
∑

n=0

µ2
n = − (κ− 1/d) ,

(A3)

where, using the multiplicity of each term, can be written as

d

⌊ d−1

2
⌋

∑

i=1





d−1
∑

j=0

µn⊕jµn⊕i+j



+
d

2
E = −1

2
(κd− 1) .(A4)

Above E =
∑d−1

j=0 µn⊕jµn⊕d/2+j if d is even and it is zero if

d is odd. Putting everything together, we find the number of

independent eigenvalues asN = d−(2+⌊d/2⌋−1) =
⌊

d−1
2

⌋
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[3] Ivanović, I.D.: Geometrical description of quantal state deter-

mination. J. Phys. A: Math. Gen. 14, 3241 (1981)
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