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Abstract

We consider the fidelity of state transfer on an unweighted path on n vertices, where a loop of weight
w has been appended at each of the end vertices. It is known that if w is transcendental, then there is
pretty good state transfer from one end vertex to the other; we prove a companion result to that fact,
namely that there is a dense subset of [1,00) such that if w is in that subset, pretty good state transfer
between end vertices is impossible. Under mild hypotheses on w and ¢, we derive upper and lower bounds
on the fidelity of state transfer between end vertices at readout time ¢. Using those bounds, we localise
the readout times for which that fidelity is close to 1. We also provide expressions for, and bounds on,
the sensitivity of the fidelity of state transfer between end vertices, where the sensitivity is with respect
to either the readout time or the weight w. Throughout, the results rely on detailed knowledge of the
eigenvalues and eigenvectors of the associated adjacency matrix.
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1 Introduction

An important task in the area of quantum information processing is the faithful transmission of information.
One avenue for the implementation of this task is a network of locally coupled spins, with the information as
an excitation in the network, which is initialized at a source and then propagates according to Schrodinger’s
equation:

.0
zhﬁcp = Hop.

We can then consider the fidelity of transmission between a source and a target — i.e., the probability that an
excitation initialized at a source node is found at the target node — to describe the quality or accuracy of the
transmission. The protocol for quantum communication through unmeasured and unmodulated spin chains
was presented by Bose [3], and led to the interpretation of quantum channels implemented by spin chains as
wires for transmission of excitations. Here, we will consider the Hamiltonian given by the adjacency matrix
of the network, though other choices are possible.

If there exists a time when the fidelity of transmission is 1, then we have perfect state transfer. In general,
examples of perfect state transfer are rare, and networks known to exhibit perfect state transfer are highly
structured, require specific edge weights, or require external control. Christandl et al. [6] [7] demonstrated
that perfect state transfer can be achieved on Cartesian powers of the path on two vertices and the path
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on three vertices. By taking the quotient of the former, they obtained edge weightings that admit perfect
state transfer on paths of arbitrary length. Albanese et al. [I] extended this result to mirror inversion of an
arbitrary quantum state. Pemberton-Ross and Kay [19] constructed regular networks that permit perfect
state transfer between any pair of sites through the use of controlled external magnetic fields. Karimipour,
Sarmadi Rad, and Asoudeh [I1] provided examples requiring less external control. The study of perfect
state transfer has been surveyed by Kay [12] from a physics standpoint and Godsil [9] from a mathematics
perspective.

Christandl et al. [7] demonstrated that perfect state transfer does not occur between the end vertices
of an unweighted path on at least 4 vertices. Stevanovic [20] and Godsil [9] independently extended this
result to any pair of vertices of a path. Kempton, Lippner, and Yau [I3] ruled out perfect state transfer on
unweighted paths even in the presence of a fixed external magnetic field.

As a slightly weaker formulation, if there exist times at which fidelities arbitrarily close to 1 are obtained,
then we have pretty good state transfer (PGST), or almost perfect state transfer. This less restrictive property
recognizes that perfect state transfer, particularly when it is achieved via edge weights or external control,
is subject to imprecision in its manufacture or implementation. Vinet and Zhedanov [22] demonstrated that
sufficient conditions for pretty good state transfer are that the network be mirror-symmetric, and that the
eigenvalues of the underlying graph be rationally independent. Godsil, Kirkland, Severini, and Smith [I0]
demonstrated that pretty good state transfer occurs between the end vertices of an unweighted path of
length n, where n + 1 is a prime, twice a prime, or a power of 2. Coutinho, Guo, and van Bommel [§]
identified an infinite family of paths admitting pretty good state transfer between internal vertices, and van
Bommel [2]] verified that no other path lengths admit pretty good state transfer. Banchi, Coutinho, Godsil,
and Severini [2] considered a Hamiltonian formed by the Laplacian, and show that in this case, pretty good
state transfer occurs between the end vertices of a path whose length is a power of 2.

In light of the paucity of examples of perfect and pretty good state transfer on unweighted paths, per-
turbed paths have also been considered to achieve a notion of asymptotic state transfer, that is, the fidelity
of state transfer approaches 1 as some parameter of the graph changes. Wojcik et al. [23] demonstrated
asymptotic state transfer by changing the weights of the end edges of the path. Casaccino, Lloyd, Mancini,
and Severini [4] provided numeric evidence of asymptotic state transfer by adding loops of weight w to the
first and last vertices of a path. Linneweber, Stolze, and Uhrig [I7] confirmed this result analytically. Lin,
Lippner, and Yau [I6] considered a Hamiltonian formed by the normalised Laplacian, and show asymptotic
state transfer when adding loops to two (or sometimes three) vertices if the vertices are sufficiently symmetric
(a notion that is made precise in [16]). Lorenzo, Apollaro, Sindona, and Plastina [18] considered asymptotic
state transfer by adding loops of weight w to the second and second-last vertices of a path. Chen, Mereau,
and Feder [5] obtain asymptotic state transfer by adding weighted edges from the third and third-last vertices
of a path.

In this paper we consider the family of graphs P’ constructed as follows: start with an unweighted path
on n vertices, then add a loop of weight w at each end vertex. We focus on the fidelity of state transfer
from one end vertex to the other. Our work here is motivated in part by a result of Kempton, Lippner, and
Yau [I4], which shows that if w transcendental, then there is pretty good state transfer from one end vertex
of P to the other. (We note in passing that [14] contains many other results, and considers a broad family
of weighted graphs that includes P".) Consequently, there is a dense subset of R such that if w is chosen
from that subset, then pretty good state transfer between the end vertices is guaranteed. However, as we
show in Section there is also a dense subset of [1, 00) such that if w is chosen from that subset, then pretty
good state transfer between the end vertices is impossible. Evidently great care and accuracy is needed in
choosing w if one is seeking to ensure pretty good state transfer for P.

In view of this last observation, our objective in the sequel is to estimate the fidelity of state transfer
between the end vertices of P, without considering whether or not pretty good state transfer holds for the
particular choice of w. Specifically, in Section [6] we prove upper and lower bounds on that fidelity in terms
of n,w and the readout time. The lower bound furnishes a guaranteed minimum on the fidelity of state
transfer at a particular readout time, and for certain choices of the readout time, that lower bound can be
made arbitrarily close to 1 via suitable choice of w. The upper bound, in turn, informs the choice of readout



time so as to meet or exceed a given threshold for the fidelity. In Sections [7] and [§] we prove bounds on the
sensitivity of the fidelity with respect to the readout time and the value of w, respectively. The inequalities
suggest that the fidelity is robust with respect to the readout time, but not with respect to the value of w.
Throughout, our results rely on detailed information about the eigenvalues and eigenvectors of the adjacency
matrix of PY; that information is developed in Sections [4] and [5] While state transfer problems are often
treated from an algebraic viewpoint, the results obtained below arise from viewing the properties of state
transfer primarily from an analytic perspective.

Taken together, our results quantify not only the fidelity of state transfer between the end vertices of
P, but also the choices of readout time that lead to large fidelity. This is in marked contrast to the notion
of pretty good state transfer, which, while asserting the existence of a sequence of readout times for which
the fidelity converges to 1, is silent on: i) when those readout times are, and ii) how close to 1 the fidelity
is at those readout times. We note that several of our results are reminiscent of those of Lin, Lippner, and
Yau [10].

2 Preliminaries

In this section we present some technical material that will assist us in deriving our later results.

The path P is constructed from the unweighted path on n vertices, with loops of weight w added to
each end vertex. We assume that V(PY) = {1,2,...,n} and E(PY) = {{1,2},{2,3},....,{n — 1,n}}. In
general, we assume that w > 1. For a given n, we let A(w) denote the adjacency matrix of P*. We consider
the fidelity of state transfer from one end of the path to the other with respect to uniform XX couplings
(represented by the edges of the path) and potentials (represented by loops), whose Hamiltonian is given by

1 n—1
Hxx = 3 Z(XijH +YYj ) +w(Z + Zy),

j=1

where X;, Y, and Z; are the standard Pauli operators on site j. Restricting to the single-excitation
subspace allows us to take A(w) as the Hamiltonian; then the solution to Schrodinger’s equation is given
by ¢(t) = U(t)p(0), U(t) = exp(itA(w)) (where we incorporate Planck’s constant h in the time interval t).
Using the spectral decomposition, we calculate the matrix exponential by

Ut) = Z exp(itA) Ey,
X

where the sum is taken over the eigenvalues A of A(w) and E) is the projection onto the A-eigenspace. We
will denote the eigenvalues of A(w) by Ay > Ay > --- > A,,. We let V = [v;5] be an orthogonal matrix that
diagonalises A(w), i.e. VT A(w)V = diag(A1,...,\,), so the columns of V give the eigenvectors of A(w).

Formally, we say we have perfect state transfer from vertex a to vertex b at time ¢ if |U(£)q | = 1 and
pretty good state transfer from vertex a to vertex b if, for every € > 0, there exists a time t. such that
|U(te)ap] > 1 — €. In general, we represent the fidelity of transfer from a to b at time ¢ by p(t) = |U(t)ap|

The following lemma characterising pretty good state transfer is originally due to Banchi, Coutinho,
Godsil, and Severini [2]; the form below is due to Kempton, Lippner, and Yau [14].

Lemma 1. [2, [T]|] Let u,v be vertices of G, and H the Hamiltonian. Then pretty good state transfer from
u to v occurs at some time if and only if the following two conditions are satisfied:

1. FEvery eigenvector x of H satisfies either x, = T, 0T Ty, = —Ty.

2. Let {\;} be the eigenvalues of H corresponding to eigenvectors with xz, = z, # 0, and {u;} the



eigenvalues for eigenvectors with x, = —x, 7# 0. Then if there exist integers {;, m; such that if
i J
S Ym0
i J

then

E m; 1S even.
i

Throughout, we let e; denote the standard basis vector which consists of a 1 in the jth row and every
other entry is 0. For n even, we define the matrices

w 1 0 0 0 w 1 0 0 0
1 0 1 0 0 1 0 1 0 0
0 1 1 0 0 1 O 1 0
Bi(w) =1 . Lo By(w) =1 .. . : (1)
0 0 1 0 1 0 0 1 1
L0 0 11| L0 0 0 =y
where B;(w) and B(w) are of order %, and for n odd, we define the matrices
fw 1 0 0 ... 0 ] [w 1 0 0 0]
1 0 1 0O ... O 1 0 1 0 0
0 1 0 1 0 0 1 O 1 0
C1(w) = | S aw=| . _ 2)
00 ... 1 0 V2 0 0 1 0 1
L0 0 0 v2 0 L0 0 0 1 0]
n+1 n—1

where C(w) is of order "3

and Cq(w) is of order

. We will establish by Lemma that the odd-

indexed eigenvalues of A(w) are the eigenvalues of Bj(w) or Ci(w) and the corresponding eigenvectors
satisfy v1; = v # 0 and the even-indexed eigenvalues of A(w) are the eigenvalues of Ba(w) or Ca(w)
and the corresponding eigenvectors z satisfy viy; = —v,; # 0, allowing us to apply the linear combination
condition of Lemma [l| to determine the presence of pretty good state transfer.

We note the following results on the eigenvalues and eigenvectors of A(w); we defer the proofs of these
results to Sections [ and Bl We have:

(J—2)m Jm .
A; = 2cos(6;) for some 6; such that o1 <; < T 3<j<m (3)
1
(2511 sin2 ((2E71)7r)
8 n—1
2
’Ull = 2 + P) ) (4)
n—1 </\1 — 2cos (%))
-1
L*?] - 2 201
8 < sin” ( 27
’U%Q =2+ n—1 Z ( ) 2 ’ (5)
=1 </\2 — 2cos (%))



-1
2cos? [ 2 9j>
2 Fodd
sin(nf;) ’ J 0de
sin(Hj)
v} = where A; = 2cos(6;). (6)
1
2sin® | 0,
sin(nd;) J evet,
n— — —
sin(6,)

3 No PGST for a Dense Subset of Values for w

As observed in Section [1] if w is transcendental, then there is PGST between the end vertices of P}’. Our
goal in this section is to establish the existence of a dense subset of values for w that prevents PGST between
end vertices. The following technical lemmas will help to accomplish that objective.

Lemma 2. For w > 1, viy(w) — v?;(w) > 0.

Proof. We will establish that Aa(w) — Az(w) > A2(1) — A3(1) and v%y(w) — v¥5(w) > 0 for all w > 1. For
w = 1, we have Aa(w) — Az(w) = Az(1) — A3(1) and Ao(1) = 2cos (Z) and A3(1) = 2cos (22). Applying @,
we obtain

U%z(l) - U%3(1)

() e ()

sin(n) Sin(n25)

- n4 —-s2-
sin(T) sin( 277)

n

2 n—1)m n—1)m
(o (252) o (252
2 (05 v (2227)

Next, suppose for some w* > 1 that Ag(w*) — Ag(w*) > A2(1) — A3(1) and viy(w*) — vis(w*) > 0. Since
L (Ng(w) — Az(w)) = 203, (w) — 2035(w) > 0, then there exists a § > 0 such that for all w* < w < w* 44,
we have Az (w) — Ag(w) > Ag(w*) — Az(w*) > Aa(1) — A3(1). Let 8 be such that Az(w) = 2cos(6); note that
T <60 <2 Since 2cos(f — Z) —2cos 6 < 2cos(Z) — 2cos(2X), then Ap(w) > 2cos(d — I).

(n - W) - (n + S;?ﬂ%;;) = sin(n#) (csc (0 - %) — csc(@)) <0,

We observe
as sin(nf) < 0 and (csc (§ — Z) — csc(f)) > 0. Moreover, we have

o fn—1 N\ 9 (n—1 7r 9 (n—1
2 sin <2 (9 n))—Qcos (2 (9+n(n1)>)>2005 (2 9),




and therefore
2 sin? (nl (9 — W)) 2 cos? <n19>
2 n 2
sm(n(0-2) sm(mf)
sin (9 — %) sin (6)

n —

Now, it follows from that v?, is an increasing function, so v?,(w) — v#;(w) > 0 for all w* < w < w* + 6.
Finally, suppose for some w* > 1 that for all 1 < w < w*, we have Az2(w) — Ag(w) > A2(1) — A3(1)
and vy (w) — vi5(w) > 0. Then since A2(w) and A3(w) are continuous functions of w, we obtain that
Ao (w*) — Az(w*) > A2(1) — A3(1). By the previous argument, v, (w*) — v3;(w) > 0.
Therefore, Ao(w) — A3(w) > Aa(1) — A3(1) and v?4(w) — v¥5(w) > 0 for all w > 1. O

Lemma 3. Let A(w) be the adjacency matriz of the path on n vertices with loops of weight w on the
end vertices. Let \ be an eigenvalue of A(w) and consider the recurrence relation given by a3 = A — w,
ar = X —1/ag_1. If vy =1 and vy = ag_1Vk—1, then v = [1}1 Vg e U,JT is an eigenvector of A(w)
with eigenvalue .

Proof. If v is an eigenvector of A(w) with eigenvalue A, then v must satisfy (A — A(w))v = 0. We prove
that applying Gaussian elimination gives the system ax_1vx_1 — vx = 0, 2 < k < n, from which the result
immediately follows. It is clear that k = 2 corresponds to the first row. Now, suppose row j, 1 <j<n—2
gives the equation a;v; — vj41 = 0. Then row j + 1 gives the equation —v; + Avj41 — vj42. Adding 1/qa;
times row j to row j + 1 gives (A — 1/a;)vj41 — vj12 = aj410j41 — Vj42 as desired. Finally, since A is an
eigenvalue, (A — A(w)) has rank less than n, so the last row must reduce to 0. O

Lemma 4. v?, (w) — v, (w) < 0.

Proof. Let y be the eigenvector of Aj(w) with y; = 1 and let z be the eigenvector of Ay(w) with z; = 1.
Consider the recurrence relations given by a; = A\j —w, ax, = A\ —1/ag_1 and by = Ao —w, by, = Ao —1/bg_1.
Then by Lemma [3 we have that y, = ax—1yk—1 and zp = bp_12—1.

We will show that for all 1 < k < n/2, a > by and yp41 > zk41. We note that [y1 g2 - y(%]]T
is the Perron vector for Bi(w) or Cy(w), [z1 22 --- zL%J]T is the Perron vector for By(w) or Ca(w),
and for odd n, zx+1 = 0, therefore ag, by, yr+1,2k4+1 > 0 for 1 < k < n/2. For k = 1, we obtain that

2
Yo = a1 = A\ —w > g —w = by = 2z2. Now suppose for some j > 1, we have a; > b; > 0 and ;41 > zj41 > 0.
Then we have aj4+1 = Al — l/aj > Mg — 1/b] = bj+1 and Yj+2 = Qj+1Yj4+1 > bj+1Zj+1 = Zj42. It follows that
v] (w) < v3y(w), as desired. O

Here is the main result of this section.

Theorem 5. Let A(w) be the adjacency matriz of the path on n > 3 wvertices with loops of weight w > 1
on the end vertices. The set of weights w such that A(w) does not have pretty good state transfer is a dense
subset of [1,00).

Proof. Let w* > 1. We claim there exists a sequence {w;} such that lim; . w; = w* and A(w;) does not
have pretty good state transfer. Let Ax(w), 1 < k < n denote the k-th largest eigenvalue of A(w). Consider
the function

h(w,z) = A1 (w) — (x + DAz (w) + Az(w).

It has a level curve h(w,z) = 0 given by

Az (w) — Az(w)
A (w) — Ag(w)”

Tr =

In particular, we note that Aj(w) > Aa(w) > Asz(w), so x(w) > 0, and =z is a continuous function of w as
each Ag(w) is a continuous function of w. By Lemmas |2/ and |4} we have that x is increasing for w > 1.



Let 2* = z(w*) and let {z; = Z—j} be a positive decreasing sequence such that p; is even, g; is odd, and
lim; .o, z; = *. We now construct a sequence {w;}. We have

h(w*,z1) = h(w*, %) + (z1 — ") (A (w™) — A2 (w™)) > 0,
lim h(w,z1) = —o0,
w—r 00
so by the Intermediate Value Theorem, and the monotonicity of x, there exists a unique w; > w* such that
h(w,z1) = 0.
Now, suppose for some m > 1, we have w,,, > w* such that h(w,z,,) = 0. We have

hw*, Zmy1) = h(w*, ") + (Zme1 — 27) (A (w*) = Aa(w™)) > 0,
h(Wi, Tg1) = M Win, ) + (Zrn1 — Tm) (A1 (W) — A2(wi)) <0,

so by the Intermediate Value Theorem, and the monotonicity of z, there exists a unique wy,+1 such that
Wy, > Wint1 > w* and h(wpmt1, Tmy1) = 0.
It follows that

Pm+1 M (Wimt1) = (Pma1 + Gm+1) A2(Wmt1) + Gmr1A3(Wms1) = 0,

the sum of the coeflicients is zero, and the middle coefficient is odd, so by Lemma A(wpm41) does not have
pretty good state transfer.

Therefore, by the Principle of Mathematical Induction, we obtain a decreasing sequence {w;} that con-
verges to w* and such that A(w;) does not have pretty good state transfer. O

4 Estimates for A\ and )\; and their Eigenvectors

One of our main objectives is to provide concrete estimates of the fidelity of state transfer between the end
vertices of PY. In order to do that, we required detailed information on the eigenvalues and eigenvectors of
the adjacency matrix A(w). This section focuses on those details for the two largest eigenvalues.

Theorem 6. Suppose that n € N with n > 3 and that w > 1. Denote the largest and second—largest
eigenvalues of A(w) by A1 and Aa, respectively.

a) n is even, then \i and Ao are, respectively, the largest eigenvalues of the 5 x § matrices By(w), Ba(w)
in ().

b) If n is odd, then A1 and A2 are, respectively, the largest eigenvalues of the matrices C1(w), Co(w) in ,
where Cy(w) is of order L and Cy(w) is of order “5*.

2
)M >w+ i + (w=1)*(wt1) and w + % > X >w+ i _ (w1l (w=1)

w(wﬂgw—l) w(wﬂgw—l) ’
Proof. a) Let x denote a positive Aj—eigenvector of A(w), and note that z; = zp41-5, j = 1,...,n. Ob-
serve now that the vector [ T T2 ... Tz ] is a A;—eigenvector of Bj(w); further since it is a positive

eigenvector and Bj(w) is nonnegative, it therefore corresponds to the spectral radius of that matrix.
Similarly, let y be a As—eigenvector of A(w) and without loss of generality assume that y; > 0. We
. . . T . .
have y; > 0,7 = 1,..., 5 and y; = —ynt1-j, J = 1,...,n. Evidently [ YioY2 .. Yz ] is a positive
Ao—eigenvector of the symmetric and essentially nonnegative matrix Bs(w), and so it corresponds to the
largest eigenvalue of that matrix.
b) The proof is similar to that of a), with the following modifications: i) Tooi = Tngs; ii) Ynpr = 0;
T T
iii) [ Ty Ty ... Tnoa ﬂz% ] is a positive A;—eigenvector of Cq (w); and iv) [ Yo Y2 ... Yoo ]

is a positive A\y—eigenvector of Cy(w). We leave the remaining details to the reader.



c¢) Consider the k x k matrix M (w) given by

1 0 0 0
1 0 1 0 0
1 0 1 0
Mi(w) =1 . -
00 ... 1 0 1
00 ... 0 1 =+ |

It is straightforward to verify that the Perron value of My (w) is w + 1, and the vector v with v; = —+,
j=1,...,kis a corresponding Perron vector.
Suppose that n is even and consider the case k = %. We have By(w) = My (w) + egef, from which it

follows that A\; > w + i + Hzi The inequality Ay > w + i + (w=1)*(wt1) now follows.

I3 w(wr—1)
Next, we suppose that n is odd and consider the case k = %“ Let By be the matrix of order k having
the same structure as By (w). Considering the vector ¥ with 0; = v;,7 =1,...,k — 1,0 = vk/V/2, we find

that Cy(w)? > p(B1), from which it follows that A\; = p(C(w)) > p(B1). The desired lower bound on A,
now follows.

In the case that n is even we have Ba(w) = M= (w) — U’Tﬂe%eg, while if n is odd, we obtain that
Co(w) = M n1 (w) — €n_1 el ;. In either case, using the technique used to establish a), we deduce that
2
1 1 (w+1)2(w—1)
w+w2/\22w+w 7111(7112(%1—1)' O

Next, we develop upper and lower bounds on A\; — A\g. It will be convenient to analyse the cases that n
is even and n is odd separately.

First suppose that n is even. From Theorem @, A1 and Ay are the largest eigenvalues of Bj(w), Ba(w),
respectively. Note that Ba(w) = By (w) — 2€n/262/2. Let v be a Perron vector of B;(w), normalized so that
l[v]|]2 = 1. Then v” By (w)v = A\ —21)721/2, and since s is the spectral radius of Bs, we see that Ay > Ay —2@2/2.
Hence A\ — Aoy < 2@3/2.

Let dg=1,dy =X — 1, and for 2 < k <n/2 -1,

A —1
-1
dy, = det

L dkxk

Evidently, dj = )\1dj_1 — dj_g for 2 S ] S TL/2 —1.
Next we consider the case that n is odd. Then A1, A2 are, respectively, the spectral radii of the matrices
C1(w) (of order L) and Co(w) (of order 251). Let

Co(w) = C1(w) — \/§(€(n71)/26a+1)/2 + €(n+1)/2€(Tn—1)/2)7

and note that we can consider Cy(w) as a block diagonal matrix with blocks Cs(w) and 0; hence, Ay is the
spectral radius of Cp(w). Then vT'Cy(w)v = A\; — 2\/§U(n,1)/2v(n+1)/2, and since As is the spectral radius of
Co(’w), we see that )\2 Z )\1 - Zﬁv(”_l)/gv(n_‘_l)/g. Hence )\1 — )\2 < 2ﬂv(n_1)/2v(n+1)/2.



Let dy =1, di = and for 2 <k <n/2 -1,

f
A —1
-1
dk:det 71
-1 AN V2
—1 Ay

V2 kxk

Evidently, dy = 35 — vZ and d; = \dj_1 — d;_s for 3 < j < (n—1)/2
We establish the following expression for d;.

Lemma 7. Suppose that n € N with n > 2. We have

Noemrity VT2 ; ,
4 — Qﬁ% 20+ VI =P + LA G0 - R D), 0< /21, n eoen
o
s D) )+ L — VR DY, 1< < (n—1)/2. n odd

Proof. We will only present the proof for the case that n is even, as the argument when n is odd is analogous.
Taking n to be even, we proceed by induction on j. We have

dozw//\ff—4+A172 \//\2 /\1+2_1

)\2_ )\2
2 _ 2
P (3 o) S (o )

Now suppose that the claim holds for all 0 < j < jo < n/2 — 1. Then

)

djo+1 = Aidjy — djo—1

<\/)\27+)\1—2<;<)\1+\/)\%7_4>> \/)\27 )\1+2

, (o))
A o) I ()
A Gl ) i)
ﬁﬁ(( 4)) (5 (w-vh1) )

VA A4+ 2 2 Jort \//\2 A1+2 1 5 Jo+1
= Yo
Nerey A+ A AQ 5 |y ,

completing the induction step. O

Lemma [7| will assist in proving the following.

Theorem 8. a) Suppose that n is even. Then

(w—1)%(w+1)
Twlwr 1) S TS T e )




In particular, A — Ay = O(w?™").
b) Suppose that n is odd. Then

2(v2 = Dw? = 1)(w? - 1) 4w —1)(w +1)?
w(w™t! — 1) Sh-As w?(wn=1 — 1)

In particular, A — Ay = O(w?™").

Proof. a) The lower bound on A; — A follows immediately from Theorem [] c)
Next, we consider the upper bound on A\; — Ag. It is straightforward to determine that

= [dpjpo1 dnppo - do dy do}T

. We can lower bound ||z||3 by

is a Perron vector for By (w). Hence, v = IEIE

n/2-1

2,
Z<ﬁ< (e i >> LI (1 o))

2 _
3=0 A1

n/2—1 2j 3 2j
VA 1 2 — -4 /1

=y At = /\1+ /\2 + LA VA (M= yA -4
2)\1+4 2 AL+ 2 2\ +4 2

Jj=0

VM (G VR 1) A - (0= R )
21 +4 S+ VAZ—4)2 1) Mi+2 20 +4 (30— VAT —4))2 -1

S A VAT A +VA—4)" -1

T 2n+4 \dn a2 -1

>w+w*1+ (w+w 2 —4 (Gwt+w?+/(w+w )2 —4)" -1

= 2(w+w™t) +4 Gw+w T+ /(w+w1)?2—-4)2-1

B 2w w" —1

2w 2wl 44 \w? -1
w2<wn_1)

C(w—1)(w+1)3
by expanding, applying geometric series, dropping the other positive terms, and using that the remaining
term is increasing on A, > 2 together with the fact that A; > w 4+ w~!. Therefore
d? < 2w — 1w+ 1)3
S RE I CTE VI

j=0 J

)\1—/\2 SQ’U?L/QZQ

b) The proof of the upper bound on A; — Ay is similar to that for the upper bound in a), and consequently

we omit it.
Hence, we turn our attention to the lower bound on A1 — Ay. Recall that

—_
g~ =

kxk

10



has Perron value w + % and corresponding Perron vector x = [w"‘l w2 o w 1]T. We can write
Ci(w) = M(w)—Lepel +(vV2—1)(ep_1ef +erel_,), and it follows that A; > w+1—1 HﬁlZ +2(\/§—1)mﬁ;‘1‘§’“ :
- 2 2
Since .
-1 2k
oowt =1
lolfs =2 v =gy
j=0
we obtain
N>t 1 22 Love 1)xk_1xk +1 1w2—1+2(\/§ 3 w?—1
w4+ — — — = —— —— —Dw—7——
o wJz]3 2113 w o wwk -1 w2 —1
N 1 N 2(v2 — Dw? — 1)(w? — 1)
w w(w?k — 1) '
We now deduce that for n odd,
2(v2 — Dw? - 1)(w? -1
N s 20V2 D - Dw? - 1)
w(wntl —1)
and hence \; — Ay = O(w?™"). O

Next, we consider the eigenvectors associated with A\; and As.

Theorem 9. Consider the matrix A(w) of order n, and let V be an orthogonal matriz that diagonalises
A(w), i.e. VT A(w)V = diag(A1,...,\,). We have

—1
P 3 [2341 sin? (Lf;_ll)ﬂ)

11 = S 3
n—1 =1 ()\1 — 2cos (%))

g [ sin2 (&) -

n—1
n—1 Z 2
=1 ()\2 — 2cos (3{”1))

Proof. Let @ be the orthogonal matrix of order n — 2 given by

_ 2 : (Kjﬂ) i|
Q= —=-gin ( =%
|: n—1 n—1 Z,j:lw.,n72’

and let D be the diagonal matrix whose diagonal entries are 2 cos (%) ,j=1,...,n—2. It is well known

vi = |2+

that @) diagonalises the adjacency matrix of the path on n—2 vertices, and that the corresponding eigenvalues
are the diagonal entries of D. Consequently, A(w) can be written as

w el 0
A(’U}) = €1 QDQT €n—2
0] el , w

Consider the Aj—eigenvector of A(w) whose first entry is 1. Necessarily that eigenvector has the form

. From the eigenequation, we find that e; + e,—» + QDQT = A\ju, from which we deduce that

u = QN1 — D)"'QT(e; + en_2). Therefore uTu = (e; + e,_2)T QN — D)72Q%(e1 + e,_2), and since

11



el ,Qep = (—1)"telQer, £ =1,...,n—2, then (e; + e, 2)TQer = (1+ (=1)NelQey, £ =1,...,n 2.
We thus find that

. = : T 51 let=2)m

T — 2
j=1 A1 — 2cos (nfl)) n—1 (=1 (/\1 — 2cos ((Qfl_ll)”))

The desired expression for v?; now follows from the fact that v}, =

1
2+uTy "
The derivation of the expression for v%z proceeds along similar lines, starting from the observation that

1

the Ag—eigenvector for A(w) whose first entry is 1 has the form 4 | ; arguing as above, we obtain
-1

that 474 = (e1 — en—2)TQ(N2 — D)72QT (e1 — €,_2). The desired expression for vZ, = ﬁ now follows

readily. O

Lemma 10. Suppose that x,, is a sequence of positive numbers such that ,, — x > 2 as n — co. Then:

=4 sin2 (20—
) 8 n—1 z+Vz2—4
a) lim |24 1 Z 5| = = ; and
noee n=l 4 (xn — 2cos (%)) z* —4
n—2 .2 2
) 8 e S (ﬁ) x+Vr2—4
b) lim |2+ 7 5| = = .
e n=h = (mn — 2cos (%)) 7t —4
Proof. We give the details for a) and note that the proof for b) is similar.
First we note that
s 1 e () s & e (O
_ 2 o 2
n-1 =1 (xn—2cos (%)) n—1 =1 (x—QCos (%))
n-1 (2617
S(x—xn)r R 2((26—1)77) $+xn—4005(7n_1 )
=—)" sin — 5 5
R o2 (428) (o2 (427))
$+In—4005((2ff%)ﬂ) r+x,+4 n—1 8 [E] 2 (20—
AS (xn,—QCOS( (zgill)w))Z(x_2clos( (2[:11)7())2 § (LL_J;)Q(I_Q)Q, E = ].7 caey [ 5 W, and =1 Z[:i Sin (ﬁ)

L L2/ (20—D)w
: : : 8 [2521  sin® (5= Vz?—4
is convergent, it suffices to show that lim,, .. | 2+ e DIV 2 (((2251)”))2 _ z+ w;’_4 .
. T cos( ~=—7—
— 2 20—1)m
o =3 sin (7n_1 ) . . ™ sin” ¢

Next, observe that =% > 7, 7 (o2 c0s( C=D)? is a Riemann sum for [; md& We now evaluate

n—1

that integral. We have [ %d& =L [ % = &Y 2+ (%)J J sin® 0 cos? 6df. When

j is odd, foﬂ sin? 0 cos? df = 0, while when j is even, say j = 2/, foﬂ sin? f cos’ 0dh = %. Now
. 1 0o (2k\ _k _ 1 ™ in2 0 _ 00 1\¢+1 2042y

for z with [z < 1,507, (39)2F = T 5 Jo T=2cos02 0 = 52020 (32) (z+1) =1 <\/gf§7—4 N 1)

The expression for the desired limit now follows via an uninteresting computation. O

We have the following asymptotic result.

12



Theorem 11. For the n x n matriz A(w), let V(n) be an orthogonal matriz that diagonalises it, i.e.
V(n)TA(w)V (n) = diag(A1, ..., \n). Then

i o1 (n)? = 2L = i w0

Jm o () = S =l va(n)”
Proof. From Theorems @ and @ we find that as n — 00, A1, A2 = w + . The desired limits for v11(n)?
and v12(n)? now follow from Theorem |§| and Lemma O

_ 2
Remark 12. Suppose that A > 2, and consider the function f(x) = ( s L ) on the interval x € [0, 7).

A—2cosx
It is a straightforward exercise to determine that for the value x* = cos™! (%) , a) [ is increasing on [0, z*],

b) f is decreasing on [z*, 7], and ¢) max{f(z) |z € [0,7]} = f(z*) = =5

This next technical result will enable us to estimate v?; and v3,.
Lemma 13. Suppose that A > 2,n € N and n > 3. Let f be as in Remark[I3 Then if n is odd we have
27 L= (20— 1) ™ A 4
(52 ()< s
n—1 n—1 4\VN2 -4 (n—1)(\2 —4)

while if n is even we have

1557 20T T A )| < 4
n=1 i f<n—1>_4<w2—4_ ) T (-1 - )

Proof. We give the proof only for the case that n is odd, and note that the proof when n is even proceeds
analogously.

First, note that fo x)dx = (n&% Next, recall that for a continuous monotonic function g(x) on
(b—a)j a)] ': 0

an interval [a, b], the partltlon zj=a+ ., k, and corresponding left and right Riemann sums

R, L respectively, we have |L — fa g(z)dx|, |R — ffg(x)dﬂ < |g(b) — g(a)| 2. Our plan is to subdivide [0, 7]
into subintervals on which (with one exception) f is monotonic.

Set 2* = cos™! (%) and define £y € N via % <zt < (%07“ Suppose that 1 < £y < [25+] — 1.
We have

S () [ s

{=1

(26g—1)m

( [Z ( 2:;_,11 )—/OH f(w)d:c> + n2f1 _ZJ f(@fl_ll)ﬂ) —/i%) f(z)dz

(200+ )7
27 (260 — D)7 Tt
(2 () 5 ).

n—1

(2¢p—1)

2—>"] and decreasing on [M, 7] we find that

n—1

L2 f((zeo—m)

n—1 n—1

Observing that f is increasing on [0,

(20g—Dw

‘ (anl Z:Z;f ((Qi‘_?”) [ f(x)da:>

2 — (26 — 1)7T ™
1,2 (B=7) - [ )

n—1

and

n—1

< 2 f <(2€0 + 1)7r) '

13



(220+1)7r
Next we consider fmo D f(x)dx. Setting p = min{ f (M) f ((%’7“>} we see that p < f(x) <

n—1 n—1

fa*) for z € [Zo=lr (tot 1) Z]. It now follows readily that

n—1 7 n-1

(2¢9+ D)=
27 (200 — D7 Tt
| (n - 1f ( n—1 ) a [%—m f(a:)da:)

n—1

Assembling the observations above, we find that

s () o () e

() [

< i)
A similar argument applies if either £o = 0 or £y = [251]. O
The following is immediate from Lemma
Corollary 14. Suppose thatn —1 > 16 . Then

VAZ—4(N2+/A3—1)
—1 —1
>\1+\/)\%—4+ 16 2 < M+VAT -4 16
JX -1 m-hH(N-4) S = N—4 (-1 -4))
—1 —1
<A2+\/)\§—4+ 16 > <2 (AH,/XA‘ 16 )
4) 4) )

v
24 (n—1)(N2— 2= N—4 (n-13-

-1
Remark 15. Consider the function b(\) = (’\T//\V 324 + @ )13274)) = /v f‘rz . for A > 2.
(n—1)V/ A2 -4
1t is straightforward to show that this is increasing as a function of A for A € (2,00).
1 4

: 1 2 1y _ w’—1 4 21
Since Ay > w + o, then vy > b(A1) > b(w+ o) = Gr — VT >~ e

Setting T, = %, we recall that Ao > w + i — Tp. Suppose that w + i — T > 2. It now follows

as above that vy > b(A2) > b(w + + — 7). An uninteresting computation reveals that

1
b(w+—Tn>
w
1

b
<w i w) i 16
2w+ = 1)(w )W Tt (0 =) — 4 (n71)\/(w+iffn)274)

Tn

o L @D (2w+ )+ ) 16(—2(w + 1) + 7,)

Yow—LiJwtrl-onz-14 -Dw- 1)/ (w+i-r)2-4

w

5 Estimating the Remaining Eigenvalues and their Eigenvectors

In this section, we discuss the smaller eigenvalues and the corresponding eigenvectors for A(w). We begin
by recalling a standard result and a useful fact from [14].

Theorem 16 (Weyl’s Inequality). If A and B are Hermitian, then ;1 ;_1(A+ B) < X\(A) + A;(B), and
equivalently, Xi1j—n(A+ B) > X\;(A) + X;(B).

14



Lemma 17. [T]] Let G be a (weighted) graph with an involution o, which respects loops and edge weights.
Then the characteristic polynomial of the (weighted) adjacency matriz A of G factors into two factors Py

/
Azzfl" ﬁﬂ and A_ = A' — A,.
5

Furthermore, there is an eigenbasis for A consisting of vectors that take the form [a a b}T and
e~ 0] 1

and P_ which are, respectively, the characteristic polynomials of A4 = [

, where [a b|” is an eigenvector for Ay, and c an eigenvector for A_.

For the weighted path with involution o : j — n + 1 — j, we have A" = A(P|n ) + weyel’; for n even,
we have A, = en/2ez/2 with A5, Ag as empty matrices, while for n odd, we have A, =0, As = €| 2| and
As = 0.

Lemma 18. Consider the matriz A(w) of order n, and let \y > Ao > --- > A, be the eigenvalues of A(w). If
v is an eigenvector corresponding to A; for j odd, then vy = v, y1—¢, and if u is an eigenvector corresponding
to \; for j even, then ug = —Upy1—¢.

Proof. By Lemma the eigenvalues of A(w) are given by the eigenvalues of A, which correspond to eigen-
vectors v satisfying vy = v,4+1-¢, and the eigenvalues of A_, which correspond to eigenvectors u satisfying
Uy = —Upt1—¢- It Temains to show the eigenvalues of A and A_ interlace.

If « is an eigenvector of A(w) and x1 = 0, then x = 0, a contradiction. If z and y are both eigenvectors of
A(w) corresponding to the same eigenvalue A, then z — Z—iy is also an eigenvector with eigenvalue A, whose
first component is zero, a contradiction. Hence, the eigenvalues of A(w) are distinct.

For n odd, A_ is a principal submatrix of A, so the eigenvalues of A, interlace the eigenvalues of A_
as claimed. For n even, we have A, = A_ + Qen/gez/z. Hence by Weyl’s Inequality, we have \;(Ay) >

Ni(A2)+ A 2(enszel 5) = Xi(A-) and A1 (A1) < Ni(A-) +Aa(enaef /) = Ai(A-). Hence, the eigenvalues
of Ay and A_ interlace as claimed. O

Next we establish expressions for the eigenvector entries.

Lemma 19. Consider the matriz A(w) of order n, and for some 0 € [0,x], suppose 2cos(f) is the j-th
eigenvalue of A(w), for j =3,...,n. Then

1
vgcos(<€n;L )9),6 R )

is the corresponding eigenvector if j is odd, and

ug—sin<<£n—2|_1>0>,£—17...,n

is the corresponding eigenvector if j is even. Moreover, 2 cos(0) is the j-th eigenvalue of A(w) if and only if

(2529 - ()
o (55)9) - (551

Proof. Here we only give the proof for the case that j is odd, as the argument when j is even is analogous.
Suppose j is odd, then by Lemma the eigenvector satisfies vy = vy41-¢. If n is even, then vz =

for j odd or

for j even.

vayy1 # 0, as otherwise v = 0. Let v be the eigenvector with vz = vz, = cos (%) We will prove that

15



ve = cos ((€ — 251) ). It is clear the result holds for £ = n/2,n/2 + 1. Now suppose for some 1 < ¢ < n/2,
the result holds for all & such that ¢ < k < n/2. Then we have

[A(w)v]e41 = 2cos(B)ves1,ie.,
v 4 vpg2 = 2cos(0)ve11, equivalently

vg = 2 cos(0)vgr1 — veta, equivalently

vg2cos(0)cos<<£+1n21)9)cos<<£+2nzl)ﬁ),equivalently
n—1 n—1 n—1
wzcos((ﬁ— 5 >9>—|—cos(<£+2— 5 )0>—c0s<<£+2— 5 >9>,andﬁnally
n—1
vg:cos((f— 3 )9),

as desired. If n is odd, then Ung = 0, as otherwise v = 0. Let v be the eigenvector with Unp = 1. Then we

have

and the result follows as above. Moreover, 2 cos(f) is the j-th eigenvalue of A(w) if and only if

Wy, + Vp—1 = 2cos(f)vy,, which is equivalent to, respectively,

o (£52)1) e (152)2) oo (£52)e)
o (252 e (252)0) <o (1) oo (£52)) o
e (252)5) o (252)1)

as desired. O]

>

Here is one of this section’s key results.

Theorem 20. Consider the matriz A(w) of order n, and let V' be an orthogonal matriz that diagonalises
A(w), i.e. VTA(w)V = diag(A1,...,An). For 3 < j < n, there exists 0; such that % <9; < nj—:l and
Aj = 2cos(0;). Moreover, for 1 < j <mn, if A\; = 2cos(;), then we have

-1
2 cos” nTHj

sin(nd;) ’ J odd;

Siﬂ(@j)

Ulj ==

16



Proof. We give the proof in the case that j is odd, but not for the case that j is even as the argument is
similar.

Suppose j is odd and consider the function f(6) = w cos ((an) 9) — oS ((”TH) 9). We have

(92E) () (52572

Jm Jm n . Jm\ . jm
=wecos | = | cos | —— wsin [ = | sin | ——
2 n+1 2 n+1

Since f ((] 2)”) and f (n +1) have opposite signs, by the Intermediate Value Theorem, there exists 6; such

that (] 2)” < 0; < 25 and f(0;) = 0. Hence, by Lemma 2cos(f;) is an eigenvalue of A(w) with an
elgenvector v such that ve = cos(({ — 2E1)0),0=1,...,n
Next, we observe that

T, _ - 2 n+1
v v—;::lcos ((E— 5 >9j)

= %Zcos((%f (n+1))6;) + 5

{=1

n . n
4sm 9] ; sin((2¢ — n)6;) —sin((2¢ — (n +2))0;)) + 3

1 sin(nd;)

2 sin(6;) *

|3

from which the result follows. O

Remark 21. We claim that if w > 1, then 111] < +O( 5),J =3,...,n. In view of Theorem it suffices to

bln(ne )
sin(
n—1

prove that ‘ ’ 1s bounded for j = 3,...,n. Fiz such a j, and for concreteness we suppose that j is odd, so

that w cos ( 9. ) = cos ("*19 ) Usmg the sum of angles formula and the defining equation for 0;, we have
sin(nb;) = cos (2516;) (wsin (2526;) + sin (%£16;)), sin(6;) = cos (2526;) (—wsin (2526;) + sin (2526;)).
Consequently, we have

sin(nf;)  wsin (2526;) + sin (2410,)
sin(f;)  —wsin (%526;) + sin (2526;)

Let & = cos (%520;) and note that |wz| < 1. Then sin (2516;) = £v1 —22,sin (2310;) = +v1 — w?a?,

and it follows that bm((ne,)) is of the form i“’\/vi izivi W%Q . Furthermore, since w > 1, it follows that
.7

|Fwv1 — 2241 — w222 > w1 — 22 —V/1 — 23:2.Itz'sreadzlyestablzshedw\/l—xQ—\/l— 222 >w—1

whenever |wx| < 1. It now follows that |%| < g—ﬂ A similar argument applies when j is even, and we

now deduce that v3; < 2 + O(55),j = 3,...,n, as claimed.
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6 Consequences for Fidelity

Our next goal is to develop a lower bound on the fidelity of state transfer from vertex 1 to vertex n when
the Hamiltonian is A(w). The fidelity at time ¢, denoted p(t), is given by

2 2

n
t) — Zvljvnj Aj Zvlj .7 1 zt>\
j=1
Applying the triangle inequality, we find that

E v1] Yttt | > ‘vu vZ,eitP2=A) + 02 +vdy — 1.

_ it(A2—A1)
E vlj = ‘011 —vie

Evidently in the case that |v?, — viye?*P2=2)| 492, 402, — 1 > 0, we obtain

2
p(t) > (|U11 — viyett e )\1)‘ +v7) + viy — 1)

That observation prompts the next lemma.

Lemma 22. Fiz a € [0,2n], and consider the function g(z,y) = /22 +y% —2zxycosa +x +y — 1 for
z,y > 0. Fiz x9,y0 > 0, and suppose that © > Z,y > y. Then

9g . _
T > g(x > g(xg, + = T — T+ =— — .
9(z,y) 2 9(2,9) 2 g(z0,90) + - zo’yg)( 0) dy (xo’yo)(y Yo)
99 — T—y cos > 99 — Yy—x cos o > PR . .
Proof. We have 32 ViTty—2oycona +12>0and Oy = Jiityr—sayeora + 1 >0, so that g is increasing in
both z and y. In particular, g(z,y) > g(&,7).
A computation shows that the Hessian for g is
1 —cos?a y?  —xy
H - 3 2 .
(2 4+ y? —2zycosa)z | —2¥Y %
Evidently H is positive semidefinite, and so we find from Taylor’s theorem that
@9) > glao,yo) + 2| (@ —a0)+ (7~ w) =
Z,79) > g(xo, P T—z P~ — o).
g 4 9170, Yo ox (z0,Y0) 0 69 (z0,y0) gy

We now derive a lower bound on the fidelity of state transfer.

Theorem 23. Suppose that w + % — T > 2. Set a = t(A — A2), and suppose that « is not an even multiple
of m. Then

[0f) = vipe M| 4 of) o, — 1
>w2—1 [1—cosa 1 +(w2—1)(1—cos2a) 8
= w2 2 w? 8(1 — cos a) (n—Dw

Op = X

16 16
(2w + (n—l)(w—%))( — Tn + \/ 4 + (n 1)\/(U1+E—7n)2_4)

1

+on (7)
g )
L+ e )

where

wo L w2ty tm) 16(—2(w + ) + )
w-t4wrl-n)2-4 (-Dw-L)/w+L-n)?-4

18



In particular, if the right side of @ is nonnegative, then

1

() > <w2—1 l—cosa 1  (w?—-1)(1-cos?a) (_ 8
- (

2
- — + + o .
w? 2 w? /8(1 = cos a) n— 1w >>

Proof. We apply Lemma [22| with the parameter set x = v?;, y = v, 19 = yo = “’2?, T=0b (w + 5}), nd

8
L+ ==

y=> (w + i — Tn) . Computations reveal with these parameters, \/;vg + Y3 — 2zoyp cosa = % H%

and g—g = % @?-D(-cos’ ) from Lemma wo find that
" (@owo) Y l(zo,yo) V/B(1—cosa)

(@ )>w2—1 l—cosa_i_i_(wZ—l)(l—cosQoz) . w+l b w+l—r w1
IEY) = 2 w? /81 = cosa) w wo " w2 )’

From Remark we find that

1 1 w? — 1
blw+—|+blwt——7 ) - —5—
w w w

B 8 1 1
=y — 8

(n = Dw? | 1+ Gpyae—

+ X
16 _ 16
(2w + (n=1)(w— ))( Tt \/ A+ (nfl)\/(eri*Tn)ZﬂL)
(w4 ) (2w + ) +7a) 16(—2(w + 1) +7,)
w——+ +

w w7$+\/(w+%77n)2—4 (n—l)(wf%)\/(er%an)?fél

The conclusion now follows. O

2
Corollary 24. Suppose that w > /2, that w —|— = — 71, > 2, and that k € N. Then p <(2k+i\)2 ) > (wj;z) .

Proof. Maintaining the notation of Theorem we have a = (2k + 1)7, so that cos @ = —1. The inequality

now follows from Theorem 23] N
Remark 25. In some of the results above, we have assumed the technical condmon that w —|— = — 7, > 2.
The following observations are stnghtforward a) if w —|— = — T, > 2 then w —|— = — Tpyk > 2 for any k € N;
b) if w> 1,3dng € N such thathr——Tn > 2 for alln > ng; C)’LU+77T" > 2 provided that w is

bounded below by the positive root of the polynomial x2/31H2 — g2[31+1 _ 942 _ 4 — 1. Forn =4,...,8, the
corresponding roots are approximately 1.6550,1.4656,1.4656,1.3667, and 1.3667, respectively.

Next we derive an upper bound on the fidelity. From the triangle inequality, we find that for any ¢,

2

n
2
plt) < { fofy = oo 0 4 370 | = (o = odae ] 4 10y o)
=3
2
Letting a = ¢(A1 — A2), we find readily that p(¢ (\/011 +viy — 203 v, cosa + 1 —vf — v%2> . That

observation prompts our interest in the function h(m, y) = \/m2 +y?2 —2xycosa+1—x—y, x,y € R, since
evidently p(t) < h(v?,v3,)2.

Tt is straightforward to determine that h(z,y) is nonincreasing in both z and y. Consequently, if we have
x>% >0,y >7>0,then h(z,y) < h(Z,7). By Corollary |14} it follows that h(v?,v%,) < h(b(A1),b(A2)).
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Recalling that b(\) is increasing for A > 2, that A\ > w + %,)\2 > w+ % — Tp, it now follows that if
w—i—i—Tn > 2, we have:

1\? 1 1 1
p(t) < \/b(w—i—) +b(w+—Tn)2—2b<w+>b(w+—7n)cosa
w w w w
1 1 2
—|—1—b<w+)—b<w+—7n>) .
w w

We summarise the above discussion as follows.

Theorem 26. Suppose that n € N with n > 2, and that t > 0. Set a = t(Ay — \2), and suppose that
w—i—i—Tn > 2. Then

2
1 1 1 1
p(t) < \/b(ﬂ)-‘r) +b(w+—Tn)2—2b<w+>b<w+—rn)cosa
w w w w
1 1 g
+1b<w+)b<w+7‘n)) .
w w
Remark 27. Recalling that b(w—l—i),b(w—l—i—Tn):w*l—i—O( ), we find readily that
2
w? -1 [1—cosa 1 1 w? -1 o} 1)\’ 1
t) < \/ = 2 = in S|+ — =),
p()( w? 2 +w2 +O<n> ( w? ‘Sm2 +w2> +O<n>

Corollary 28. Suppose that the hypothesis of Theorem holds. Suppose further that p(t) = ~* for some
v>1-bw+L)—bw+ L —7,). Then necessarily

T R Ch ) Rl Cht i) AN (1=
cosa < —1+(1 ”( b(w+1)b(w +w—fn)> 2b(w+5)b(w+ 5 =)
et = (b )t where k€N, o < . 11— (1) (pmabelensonl )y oo ot
then
» bw+ L) +b(w+i—7) (1-9)°
2] < cos (1—(1—7)( b(w+L)b(w+L—7) >+2b(w+;)b(w+;—m)>'

Proof. From Theorem [26] we find that

2
1 1 1 1 1 1
\/b (w—!— ) +bo(w+ — —7,)2—2b (w—|— ) b (w—|— — —Tn> cosa>y—1+bw+ —)+blw+——1p).
w w w w w w
Simplifying that inequality now yields

bw+L) +b(wt L —7) (L=
COWSHOV)( bw+ L) b(w+ L —7,) >2b(w+

For a = (2k + 1)7 + z with k € N, |z| < 7, we find that

bw+ L) +b(w+ L —7,) n
b(w—i—i)b(w—i—i—m) 2b(w—|—i)b(w—|—i—7‘n).

coszEl—(l—y)(
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In particular, since the right hand side above is nonnegative, we may conclude that

) o b(w+ ) +b(w+ £ —7) (1—9)?
2] < cos 1<1 (1 V)< b(w+ 2)b(wt L —7,) )+2b(w+i)b(W+i—Tn)>' :

Remark 29. We note that the lower bound on ~y in the hypothesis of Corollary can be written as
l-bw+L)—bw+L-7)=2+0(L).

bt )bt ) oy
(o iwr ) ) B =
in Corollary . Considering the left side as a quadratic in v and using our estimates on b (w + -) and
b(w+ 3 =), we find that the larger of the two roots of the quadratic is given by * w214 0 (%) Thus,

\/i 2
for sufficiently large n, the condition v > * }\/; L is sufficient to ensure that the desired inequality in the

hypothesis holds.

Remark 30. Here we consider the hypothesis 1 — (1 — ) (

Remark 31. Observe that the upper bound on |z| in Corollary can be written as

! (1 (11—~ wiwjl + 22”;51__1;2)2) +0 Cl) .

In particular, if v is close to 1, then necessarily « is close to an odd multiple of .

The following is immediate from Corollary

Theorem 32. Suppose that w is a value that yields PGST from one end vertex to the other. Let t; be a
sequence of readout times such that p(t;) — 1 as j — oo. Then there are sequences kj € N and z; € [ T, T

such that t; %gel\landz]—)()asy%oo

7 Time Sensitivity

In this section, we address the sensitivity of the fidelity of state transfer between end vertices, with respect
to the readout time. Here is this section’s main result.

Theorem 33. Let A(w) be the adjacency matriz of the path with loops of weight w on the end vertices. The
sensitiwity of the fidelity of transfer between the end vertices with respect to readout time is bounded by

2
d n n n
‘d]zl: <2030l (A1 — A2) + 208 (A +2) ZUU + 202, (A2 + 2) Zv Te+ <Z v@)
=3 =3

=3
:2w4+4w3—2+0(1>.

w? n
Proof. Let U(t) = Ve VT, Then we have

Ut + h) = VelWAYT — () +ihV A VT + O(h?).

21



Then considering the (1,n) entry, we have

Ui (t +h) = el Ut + h)en
=eTVe ™ VvTe, 4+ ihelT VA" Ve, + O(h?)

elv Zem‘fejejr Te, +ihelV Z)\ eieje J VTe, + O(h?)

= Z ’Ulj’l)njeitkj + ih Z ’Ulj’l)nj)\jeit)\j + O(hQ)

j=1

= v (-1)! lt}‘J—l—thvlj 17710 4+ O(h?)
j=1

j=1

= ZUU 177 (cos(tN;) — hA;sin(tA;) —&—ZZUU 1)~ (sin(t\) + hAj cos(tA;)) + O(h?).

Therefore, for the fidelity we obtain
lurn (t + h)| ZUIJ 17 Leos(th;) | + vaj(_nﬂ‘*l sin(t);)
—Qth%j(—l YL cos(t ZUM 1) I sin(tAy)
j=1

+2h2v%j(— I=Lsin(t)) Zvle D I cos(the) + O(h?).

We then calculate the time derivative for the fidelity p by

n n

0303, (—1)7F sin(EA;) Ag cos(tAe) — 2 Z Z v} 03, (—1)7F cos(EA;) Ag sin(tA)
=1 =1

dp
dt

NE
M:

2

<
Il
Ja
~
Il
—

I
-
NE

v ot (1) Aesin(t( — Ae))
1

=20}, <1}12 1) Agsin(t(A1 — X)) + Zvle 1)\ sin(t(A\ — )\g)))
=3

<.
Il

~
I

—

+ 2vf, (U%I( DAsin(t(A2 — A1) + sze ) Aesin(t(Ag — Ae)))

=3

+2 Z vljvu DN sin(t(\; — M) +2 ZUU”H 1) Mg sin(t(\; — A2))
=3

+2 Z Z vljvu 17T sin(t(Nj — o))

j=3£=3

= 202,055 (A1 — Aa) sin(t(A; — Xo)) + 203 va YA = Ae)sin(t(Ar — Ap))
=3

+ 203, va DY (g — Ag)sin(t(Ay — Ae)) + 2 Z Z vljvw DI sin(t (N — \o)).
j=3 ¢=3
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Therefore, applying the bounds |sinz| < 1 and |A\¢| < 2 for 3 < ¢ < n, we obtain

2
d - Y .
‘d—ﬂ < 27}%11}%2()\1 —X2) + 20%1()‘1 +2) Z U%l + 2”%2()‘2 +2) Z U%E +4 (Z vﬁ) ’
=3 =3 (=3

Now, v3, v = % +0 (%) by Theorem A=A =0 (%) by Theorem and A\, Ao = w+ % +0 (%)
by Theorem [6} so the bound is then

21 )2\ 1 4 1 2wt + 4w — 2 1
(v WwrZ) L 4 (L) 2witden =2, (1) O
2w? w w2 wt n wd n
F igure plots the (numerically computed) time sensitivity and fidelity as functions of time for the values
n = 5,10 and w = 2,4. We note that for w = 2 we have 2“’44:;# = 1.9375, while for w = 4, we have

M‘# = 0.748046875. Inspecting the maximum and minimum values of the sensitivity in the plots, it
appears that the rough bound of 2“’4’:;# +0 (%) on % is accurate up to a constant factor.
1 T 1 T T T
08
0.6 [
04 051
0.2
0
| 4 ! j
021 1 o 1 i lm ‘ "1
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5

x10

Figure 1: Graphs of time sensitivity (blue) and fidelity (red) against time; top row is n = 5, w = 2, 4, bottom
row is n = 10, w = 2,4
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8 Weight Sensitivity

Parallel to the result in Section [7] we now estimate the sensitivity of the fidelity of state transfer between
end vertices, with respect to the weight w. Here is our main result on this topic.

Theorem 34. Let A(w) be the adjacency matriz of the path with loops of weight w on the end vertices. The
sensitiwity of the fidelity of transfer between the end vertices with respect to loop weight is bounded as follows:

4 2
9 w* — 2w + 3 1
’ _37T2 +O0(n*) + 4t <2w6 +O<n .

Proof. The fidelity p is given by

2 2 2
n n

Z 17 1t il = Z( 17713 cos(th;) | + Z( 1)/~ 17 sin(tA;)

j=1 j=1

We calculate the derivative with respect to the loop weight for the fidelity and obtain the following expression
in terms of the derivatives of the eigenvalues and eigenvectors:

" n p X
ZZ 1D)FH902 015 cos(H(Ay — M) ”1’“ +2tzz 1) 470?08, sin(t(A; — Ak))d—J.
k=1j=1 k=1j=1

Now, as calculated by Kirkland [I5], the derivatives of the eigenvalues and eigenvectors are given by

dMy,

dw P

dv

ditll}k ()\kf A) 11k + (/\kl A)lnvnk Z A )\ ’qulk(l + (_1)k+Z)7

04k

where Mt denotes the Moore-Penrose inverse of M.
Thus, we have

dp n n
B A3 () encos(ty — M) Y " A ——— v} (1 + (-1)F)

k=1j=1 £k

+4tzz 1)FH0d vl sin(E(N; — Ak)). (8)

k=1j=1

We now bound the sensitivity in absolute value. Considering the first term in , we note » v%j =1and
the cosine function is bounded by 1. Splitting off the terms corresponding to the first and second eigenvalues
and applying the triangle inequality, we obtain

Z Z k'“vljvlk cos(t Z " U14U1k(1 + (_1)k+e)
k=1j=1 £k
1 1
<8 ——vhvi, (14 (-1 R, (14 (-1)™)
o] A — Am : Ao — Am

Ulkv%f(l + (=D
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Recall that A1, Ay = w + % +0 (%), Am <2 for m > 3, and v}, v}, = 2w2 L+ 0 (2); these yield

82 +8Z

m#2

< 162 < T <w22w21) +O(’i>>1}%m

— o).

Uiivim(l + (—1)™*h

h\ Uizvim(l +(=1™)
1—

Returning to the term corresponding to the remaining eigenvalues, we have that \p — Ay > Ap — Apyo for
{ > k + 2; also, from Remark [21] vlj <24 0(%),j=3,...,n. Hence we obtain

8 1
Skzsezk;uz <8Z)‘k—)\k+2 <”2+O(n3>)
64 1
ZA o().
k—/\k+2 n

By Theorem l we have 2 cos ( ) < A\, < 2cos (M) and we obtain

Uikvie(l + (—1)Fh

1

km km
A — A > 2 -2 .
k k+2 = COS(n+1) cos(n_1>

Observe that cos( ’”)—cos( kx ) —cos<k”“1— km )—cos("””r N )—2s1n(k"”>s1n( kx )

+1 n—1 n2—1 n2—1 n2—1 n2—1

As 3 <k <n-—2,it follows that

. km . 3T 3T 1
sin (nzl) 251n<n21> :712+O<n3>’ and
) knm . ((n—2)nm . ((2n—1)r 27 1
> _— = _— = — _— .
Sln(n2_1)51n< ] ) sm( ] n+O 3

It now follows that A\, —

(). In view of the observations above, we find that

= 64 n?
132 D) eos(t0 = M) 3 g vdiene(1+ (<)) < T (24772 *O(”2))

k=1j=1 t+£k

Therefore, the first term of is bounded above in absolute value by 32 , + O(n?).
Now, considering the second term of . ) for the sensitivity, we note that sine is an odd function, and
splitting off the terms corresponding to the first and second eigenvalues, we obtain

S DEH R sin(t( — A))

k=1j=1
= (=1)sin(t(A2 — )‘1))(”11”%2 vilz’”%i) + Z(_l)jﬂ sin(t(A; — Al))(”ii”%j - ’U%i”ilj)
j=3
+ ) (1) sin(t(A; — X)) (07 — vivly) + 0D (= DFTud ol sin(t(A; — M)
j=3 k=3 ;=3
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We have v2,,v%, = 251+ 0O (3), vii—viy =0 (), and 37507, = o5 +O (). Applying these estimates,

2w?
bounding sine by 1, and using the triangle inequality, we obtain

4tzn: zn:(_nkﬂvfjv;*k sin(t(\; — \g))| < 4t ((“’;0_2 1>2 (%) + % +0 (%)) .

k=1 j=1

Combining these terms, we obtain the desired inequality. O

From the above, we deduce that as n — oo, the absolute value of the coefficient of ¢ in our expression for
4 2
j—f} is bounded above by a function that is asymptotic to w

Figure plots the (numerically computed) weight sensitivity as a function of time for the values n = 5,10

and w = 2,4. Observe that the values of ‘j—i

at local maxima are increasing in the readout time, as

4
anticipated by the results in this section. For w = 2,4 we have M‘W—W ~ 0.3431,0.1108, respectively.

Inspecting Figure we see that the behaviour of the local extrema of j—g is commensurate with those decimal
values.
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Figure 2: Graphs of weight sensitivity against time; top row is n = 5, w = 2,4, bottom row isn = 10, w = 2,4
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