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Geometric discord for multiqubit systems
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Radhakrishnan et.al [Phys. Rev. Lett. 124, 110401 (2020)] proposed quantum discord to multi-
partite systems and derived explicit formulae for any states. These results are significant in capturing
quantum correlations for multi-qubit systems. In this paper, we evaluate the geometric measure of
multipartite quantum discord and obtain results for a large family of multi-qubit states. Further-
more, we investigated the dynamic behavior of geometric discord for the family of two-, three- and
four-qubit states under phase noise acting on the first qubit. And we discover that sudden change
of multipartite geometric discord can appear when phase noise act only on one part of the two-,
three- and four-qubit states.

I. INTRODUCTION

In the early research of quantum information, entanglement was considered to be an important resource, which
was used to distinguish the quantum world from the classical world. Compared with traditional computing, quantum
computing was considered to have tremendous advantages via exploiting entanglement, otherwise, it would lose
its competitive superiority. For a long time, people focused on the research of quantum information on quantum
entanglement, believing that "entanglement is not only one of many characteristics, but the characteristic of quantum
physics". However, with the development of research, it is found that entanglement is only a subset of quantum
correlations, and many quantum states without entanglement can still exhibit their quantum properties in quantum
information processing. Ollivier and Zurek E“ and Henderson and Vedral ﬂ] introduced a measure called quantum
discord, which captures not only the quantum correlations of entangled states but also the separable states. Over the
next two decades, it has received a lot of attention [E@]

For bipartite systems, quantum discord is defined as the difference between two natural quantum extensions of
the classical mutual information. In some special cases, the analytical results of bipartite quantum discord are
known[@, ] Recently, Radhakrishnan et.al proposed a definition of multipartite quantum discord which is in
consistent with the original bipartite definition |1, E] In M] we considered the following family of N-qubit states,

3
1
p=2—N(I+chaj®---®oj), (1)
=1

where I is the identity operator, c; are real constants satisfying certain constraints and o;, j = 1,2, 3, are the Pauli
matrices. We derived analytical formulae for quantum discord of (2v + 1), (4v — 2) and (4v)-qubit states. In general,
it is difficult to evaluate quantum discord due to the complexity of the optimization. For this reason, Dakié¢ et.al ]
introduced the following geometric measure of quantum discord for bipartite states:

2 .
DG (p) = min||o — x|P*. @)

where Q denotes the set of zero-discord states and the geometric quantity ||p — x||* = Tr(p — x)? is the square
of Hilbert-Schmidt norm of Hermitian operators. The geometric measure of quantum discord has attracted much
attention, mainly because of its computational simplicity M} In particular, Luo and Fu @] evaluated the
eometric measure of quantum discord and obtained explicit tight lower bounds for arbitrary states. However, Piani
| argued that the geometric discord may not be a good measure for the quantumness of correlations, since it may
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increase even under trivial local reversible operations. Subsequently, Chang and Luo [32] showed that this geometric
discord problem can be remedied simply by starting from the square root of a density operator, rather than the
density operator itself. Nevertheless, the generalizations of geometric discord to tripartite and multipartite systems
remain open.

On the other hand, Maziero et.al |33] studied the dynamical behavior of quantum discord under decoherence. Later
Jia et.al |34] discovered that even when part of the composite entangled state is exposed to a noisy environment, the
quantum correlation changes suddenly.

In this article, we propose the concept of geometric measure of multipartite quantum discord and evaluate its value
for the family of N-qubit states given in (Il). We investigate the dynamics of geometric discord for the family of two-,
three- and four-qubit states with only one qubit being exposed to noise. The article is organized as follows. In Sec.
II, we calculate analytically the multi-qubit geometric discord for a family of quantum states. In Sec. III we show
that sudden change of geometric discord for multipartite system can occur when the phase noise acts only on one
qubit of the family of two-, three- and four-qubit states. Finally, Sec. IV is devoted to conclusion.

II. GEOMETRIC DISCORD FOR MULTI-QUBIT SYSTEMS

In the definition of bipartite geometric discord (2]), only one of the subsystems is measured. This is sufficient
because the correlations are only between two subsystems for bipartite cases. For N-partite systems, N — 1 local
measurements are needed to measure all the quantum correlations |3], where each measurement depends conditionally
on the previous measurement outcomes. The (N — 1)-partite measurement is given by
® HAN -1

JN—1|j1JN—2’

Ar-ANn—1 _ TAL Ao
Hjl"'jN—l _Hjl ®Hj2\j1

where A; labels the N subsystems, Hﬁl is a von Neumann projection operator on the subsystem A, H?ﬁjg is a
projector on subsystem As, conditioned on the measurement outcome on A;. The measurements are given in the
following order: A; — As — -+ = An_1. We define the following geometric discord for multi-qubit systems,

N .
D& (p) = min|[p - x|, 3)
X€N
where the distance ||p — x|| between states p and y is given by
1o = xII* = llpll* = 2Txpx + |Ix|*. (4)

Consider the family of N-qubit states given in (II), which reduce to the well-known Bell-diagonal states for N = 2.
And the geometric measure of its quantum discord has been shown in [35], which is

1
2
DE (p) = 7(c + S + & —max{d. 3. 3)). (5)

For the case of N = 3, the states associated with the subsystems A, B, and C are given as

3
1
p = g([‘FZCjO’j@O’j@O’j). (6)

j=1

To evaluate the tripartite geometric discord Dg’ ) (p) defined in (B]), one needs to to calculate ||p||?, —2Trpx and ||x||?
according to ). We have

1
lpll” = Te(p®) = g(1 + i + 3 + c3). (7)
To evaluate —2Trpx and ||x||?, we need to measure the subsystem A. Let {II, = |k)(k| : & = 0,1}, any von

Neumann measurement on subsystem A is given by { Ay = VAH;CV); :k=0,1}, where V4 = t4] +i§ad is the unitary
operator with t4 € R, ¥4 = (ya1,ya2,ya3) € R® and t124 + y1241 + 91242 + y1243 = 1. After the measurement on Ag, the



3

state p is going to become the ensemble {p, pr}, where p, = p_lk(Ak @ Np(Ar @ I) and p, = Tr(Ar @ I)p(Ar @ I).
We obtain pg = p1 = %, and

1

po = ZVAHQV); X (I+ c1di01 ® 01 + cadoos ® 09 + c3d303 ® 03), (8)
1 i

pP1 = ZVAHﬂ/A X (I — cldlal (24 g1 — CQdQO’Q (24 g9 — nggO’g (24 0'3), (9)

where

di1 = 2(—taya2 + yAa1ya3),
dy = 2(taya1 + ya2yas),
ds =13 — YAy — Yas + Vs
Next, we consider the subsystem B according to the measurement results from A. With respect to the outcome [

(I =0,1) of the measurement on A, we denote {BL = VBszVgl :k=0,1}, I = 0,1, be the local measurement on
the subsystem B when the outcome of measurement on A is j(j = 0, 1), where the unitary Vg = tgi ] + igpid with

tpr €R, ¥ = (Ypi1,Ypia, Yprs) € R® and 3, + y%, + yhiy + Uniz = 1.
Note that the subsystems B and C in py are still in a Bell-diagonal state. Applying the measurement {B) : k = 0,1},
we have

1
poo = EVAHOV); ® VBoﬂovgo ® (I + cidie101 + cadaeaos + c3dzesos),

1
po1 = §VAH0V); ® VBol_[lVE];o ®@ (I — c1die1oy — cadaeaoy — c3dzezos),
where

e1 = 2(—tpoypos + Ypo1Ypos),
ez = 2(tpoypo1 + Ypo2ypos),
€3 = t2B° - %2301 - 9%02 + 9%03'

For the state p;1, after measuring the subsystem B one has

1
pro = §VAH1VX @ VeIV ® (I — crdy fron — cadafaos — c3ds f303),

1
o1 = 5VAHlVA @ Ve IL VL @ (I 4 erdi fion + cada fooa + c3ds f303),
where

J1=2(—tprypi2 + yp11Yp3),
fo=2(tgryp1 + Yp12yB13),
f3=1th —Yhiy — Yo + Yhaye

The state x is given as x = poopoo + Po1po1 + P1op1o + p11p11- Then

3

1
—2Tr(px) = — 7 [Tr(Ix) + Te() | cjo; ® 0; ® ;X))
j=1
1. 1
= L+ 5(Adiel + Adiff + cidzes + c3ds f3 + 3dies + 33 f3)]. (10)



Let g be the quantum states of the system C,

qoo = I + c1die101 + cadaez02 + c3dzeszos,
qo1 = I — c1dye101 — cadaea02 — c3dzesos,
qi0 = I — c1dy fro1 — cada fa02 — c3d3 f3073,
qu1 = I + c1dy fro1 + cada faoo + c3ds f303.

One can verify that

Tr(g50) = Tr(gg1) = 2(1 + cidief + c3de5 + c3dses),
Tr(gio) = Tr(qh) = 2(1 + c{di f{ + 33 f3 + c3d3 f3).

Hence,
Tr(x*) = %TY(VAHOVDQTF(VB()HOVI;O)QTr(qgo)
+%Tr(VAHOVjVTr(VBoHlVgo)QTr(qgl)
+$Tr(VAH1VD2TY(VBIHOV£>1)QTI"(QfO)
+$Tr(VAH1Vj)2Tr(VBIH1V§1)QTr(qfl)
- ;g(2—%a§d§e%—%c§d§f§—%cgdgeg-%nggfg +cidiel + 33 f5). (11)
From (7)), (I0) and (II), we obtain
llp = x|I* = Tr(p*) — 2Tx(px) + Tr(x?)
— é{c% +c3+c3— %[cfd%(ef + [) + &3d(e3 + f3) + c3di(e3 + f3)]}-

It can be directly checked that d3 +d3 +d3 =1, ¢e? +e2+e3=1and f2 + f7+ f3 =1. Set
¢ 1= max{Jeal; ezl es ) (12
Then
SIRBR(EE + 1) + BB + 73) + (e + )]
< SIPIR(E + 72 + B + 1) + B + )] = ¢ (13)

in which this equality can be easily obtained by appropriate choice of t4, tgo, tg1, ya;, ypo; and yp1;. In particular,
the equality in (I3)) holds for the following cases: (1) If ¢ = |cy|, then |di| = |e1| = |f1]| = 1,d2 = d3 = e3 = e3 =

J2 = f3 = 0. For example, [ta] = |[yaz| = [tpo| = |ypoa| = |tp1| = |ypi2| = ﬁ and ya1 = yas = Ypoy = Ypoz =
ypi1 = ypiz = 0. (2) If ¢ = |co|, then |da] = |ea] = |f2] = 1,d1 = d3 = e1 = e3 = f1 = f3 = 0. For instance,
[tal = |yai| = [tpo| = |ypo1| = [tpr| = [yp1] = ﬁ and ya2 = yas = Ypoa = Ypoz = yYp1z = ypi13 = 0. (3) If ¢ = |e3],

then |d3| = |es| = |f3| = 1,d1 = d2 = e1 =e2 = f1 = fo =0, e.g., ya1 = ya2 = ypo1 = ypoa = Yp11 = ypi2 = 0.
Therefore, we have

1
3
D (p) = g(cf +3E+E-A). (14)

Now we consider the family of four-qubit states, associated with systems A, B, C', and D,

3
1
p=1—6(I+ZCjUj®Uj®Uj®Uj). (15)

j=1

One has Tr(p?) = (1 + i + 3 +c3).



With respect to the local measurement on the subsystem A, we obtain
1

8VAH0V);®(I®I®I+C19101 ®01Q01+ 20202 Q0202+ 39303 03R03),

Po=

1
p1= gVAH1V;{®(I®I®I—019101®U1 Q01— 29202 Q02Q02—€39303Q03R03),
where

g1 =2(—tayaz + ya1yas),
g2 = 2(tayar + ya2yas),
93 =14 — Y41 — Yao T Yas-

After the subsequent measurement on B, we get
Poo = iVAHOV);@VBUHOV;O QU RI+c1g1h101Q01+c2gahaoa @02+ c3gshsos®03),
pPo1= iVAHOV);@VBUHlV;D RU®I—-ci1g1h101®01—Cc2g2ha02 @02 —c393h3o3R03),
pr0= iVAﬂlV;{@VBIHngl RUI—c191Mm101 Q01 —C2gamMaor @02 —C393M303R03),

1
p11= ZVAan,l@VBlHlVgl QURI+c191Mm101 @01+ C292ma02 Q02+ C3g3M303R03),

where
hy = 2(—tpoypos + Ypo1Ypos),
ha = 2(tpoypo1 + ypo2ypo3),
hs = tzBU - y%ol - 912302 + y23037
and

my = 2(—tpiypia + Yp11YB13),
ma =2(tpyp1 + Yp12YB13),
m3 = t2Bl - 912911 - y2Bl2 + 912913'

Based on the measurement outcomes from A and B, the measurement on the subsystem C' give rise to

1
Pooo0 = §VAH0V); ® VBUHOV;U ® VCUUHOVCT’UU ® (I + c1g1hinioy + cagahanaos + c3g3hanzos),

1
poo1 = §VAH0V); ® VoIl Vo ® VeooIl1 Vigo ® (I — c1g1hinion — cagahanaos — c3gshsnsos),

po1o = %VAHOV); ® VoI Vo ® VeorIgVier ® (I — c191h10101 — c292h20203 — c393h30303),
poi1 = %VAHOV); @ Vol Vi @ Veor I Vi, @ (I + c1g1h10101 + c2gaha0202 + c3g3h30303),
p100 = %VAﬂlV); ® Vi IV} @ VeroIlgViie @ (I — crgimirior — cagamaraos — c3gsmarsos),
pP101 = %VAILV); ® VB1H0Vg1 ® VCmHlVCTlo ® (I + c1g1mirior + cagamaraos + c3g3msrsos),
p110 = %VAILV); ® V31H1Vg,1 ® VCMHOVCTH ® (I + c1g1m18101 + cagamaseos + c3g3m3s3os),
p111 = %VAILV;{ ® VBlﬂlVgl ® Vclll_[lVgu ® (I — c1g1m18101 — CagaMasSeds — C3G3M38303),

where the index u (v) in the unitary {Vow : v =0,1; v = 0,1} corresponds to the outcome of the measurement on
A (B).



The post measurement state is given as x = PoooLo00 +P0o1£001 +P010£010 +Po11 0011 +P1000100 +P101 101 +P110P110 +
p111p111- Therefore, we have

3

1
—2Tr(px) = —g[Tr(Ix) + Te()  cjo; © 05 0j @ 0;X)]
j=1

11
= —gli+7(clgthini+cigihiot+cigimirt +cigimisi +cigshins +ci95h303

292 292, 292 292, 292,22, 292,22, 292 22, 292 23
+c3g5maTsy + c3g3ma sy + c3g3han; + c3g3hs05 + c393maTs + c393m3s3)],
2 _ 1 29722 | 22722, 22 292, 22 22, 22722, 22722
Tr(x") = @(4 +cigrhing + cigihiot + cigimiri + cigimisi + c3g3hans + c393h305
292 9292 292 292, 29,22, 29,292 29 293 292 939
+eagamars + c3gamss; + c3g3hang + c3g3hio5 + c3g3mars + c3g3msss)
and
2 2
Tr(p") — 2Tr(px) + Tr(x”)
1 1
_ 2, 2, 2 29,2 2, 292,292, 22 232
= E[Cl +cept+e3— Z(Clglhlnl +c1gihiof + cigimiry
292 292, 292,22, 292,22, 22 292, 292 232
+c1gimist + c393h5n5 + c595h505 + cagamars + c3g5m5 S5

llp— x|I?

+ezgshang + c393h305 + ciggmars + cigzmssy))
It can be directly verified that g2 +g5+932 = 1, A2 +h3+h3 =1, m3+m3+m3 =1, n2+n3+n% =1, 03 +03+0% = 1,
ri+ri+ri=1and si+s3 +53 = 1. Then 3(clgihind + cigihiof + cigimir] + cigimist + cig3hin; + c3g3h308 +

+c3g3m3rd + c3g3m3s3 + 393h3n + c3g3h30% + chgim3ri + c3gim3s3)] < 2. Finally, the geometric discord for the
four-qubit state is give by

DI (p) = (G + B+~ ). (16)
For the case of general multi-qubit state, we have
Theorem 1 For the family of N-qubit (N > 2) states (l), the geometric discord is given by
Do) = g ( + 3+~ ), (17)
where ¢ = max{|c1|, |ca], |e3]}-
[Proof] For the (@), one has Tr(p?) = 5& (1 + ¢} + ¢3 + ¢3). After N — 1 measurements, we obtain
pip1 = e Va, IV @ @ Vay IGVE  ®q,

P2p2 = 2LNVA1HOV111 Q- VAN*IHleN*l ® ©;

PoN-1PpgN—-1 = QLNVAIILV);I X ® VAN71H1V);N71 oy gonN-1,

where ¢ are the quantum states in Ay . The state y is given as x = p1p1 + p2p2 + + -+ + pav-1panv—1. Therefore,
3
—2Tr(px) = — == [Tr(Ix) + Tr( 21 ¢joj @ ... ® o;X)],
i=

Tr(x?) = 52v (Trqf + Trgd + ... + Trg2x_1).

By ([I2)) we can easily evaluate that

min(—2Tr(py)) = — (1+c?),

oN—1

min(2Tr(x?)) = QLN(l +c?).



(Fa3)

FIG. 1: Level surfaces of constant geometric discord. N = 3 for figures (F11), (Fi2) and (Fi3) with Da(p) = 0.01, 0.03 and
0.1, respectively. N =4 for figures (F21), (F22) and (F23) with Dg(p) = 0.01, 0.03 and 0.1, respectively.

Hence, the geometric discord for () is given by D(GN)(,O) =sx(d+d+d-c*). 0

Yao et.al. m] has already compared discord to geometric discord when N = 2. They obtained that the level
surfaces of geometric discord are consisted of three identical intersecting "cylinders" rather than irregular "tubes".
Figure 1 shows the level surfaces of geometric discord for N = 3 and 4. For small discord, the level surfaces are
centrally symmetric, consisting of three intersecting "cylinders" along the three coordinate axes. For larger discord,
these intersecting tubes keep expanding. And as shown in (Fb3), it finally expands until only a few vertices remained.
Compared with level surfaces of quantum discord depicted in Nﬁ], all of these phenomena are very similar to discord.
Since we have discovered in [@] that the quantum discord of this family of states can be classified into three categories,
and it is found that only the coefficient of geometric discord will change for states with different number of qubits
in this article. We obtain that for this family of states, when N is fixed, geometric discord can reflect the change in
discord to some extent.

III. GEOMETRIC DISCORD UNDER SINGLE QUBIT NOISE

As is well known, the geometric discord for some states may change suddenly under some decoherence channels
[@—@] It would be interesting to know if such phenomena exist when only one of the qubits subjects to a noisy
environment. We first consider the Bell-diagonal states under the phase flip channel ¢(-), with the Kraus operators

I = diag(1,7) ® I, 'y = diag(0, /1 —~2) ® I, where v = e~ 2 and 7 denotes transversal decay rate. One gets

1
e(p) = Fong + FlpF]{ = Z(I + ve101 Q 01 + Ye202 ® 02 + 303 @ 03).
1
DE(e(p) = 7107 (c + 3) + & — max{(ve1)*, (ve2)*, c3}]. (18)
If |c3] > max{|e1],|c2|}, the geometric discord Dg) (e(p)) equals to 772(0% + ¢3), which decays monotonically. If
max{|c1]|,|ca|} > |e3| and |es] # 0, the geometric discord Dg)(e(p)) has a sudden change at tq = —%lnmax{IZ;‘l’lcz‘}.

The dynamic behavior of the geometric discord for Bell-diagonal states with different {c;} is depicted in Figure 2(a).
It is shown that sudden change of geometric discord also occurs when the phase noise acts only on one of the qubits.



Compared with Jia et.al.’s conclusions |34], we discover that geometric discord can reflect quantum discord changes
in the case of local phase inversion.

0.06

0.04

Geometric discord
Geometric discord

0.02

FIG. 2: Geometric discord of two-qubit, three-qubit and four-qubit states under local phase flip channels. (a) Geometric discord
of two-qubit states under local phase flip channels. (al) ¢1 = 2, co = 5, c3 = 1 (red line); (a2) c1 = 2, c2 = 4 ¢3 = £ (purple
line); (a3) c1 = 2, c2 = %, c3 = 0 (blue line). (b) The multipartite geometric discord when ¢1 = 2, ca = &, c3 = 1. (bl)

Dg) (e(p))(red line); (b2) Dg) (e(p)) (orange line); (b3) Dg) (e(p)) (green line).

Now we consider three-qubit states (6l) under the phase flip channel for single qubit, with the Kraus operators I'g =
diag(1,7) ® I ® I and I'; = diag(0, /1 —?) @ I ® I. We have

1
e(p) = §(1+70101 ® 01 Q01 + Y202 ® 02 ® 02 + 303 ® 03 ® 03),

DY (e(0) = 517 + &) + & — max{(yer)?, (1e2)%, B} (19)

Similarly, for the four-qubit states (IH) under the operators of phase noise acting on the first qubit, wiht T'g =
diag(1,7) @ I ® I ® I and I'; = diag(0,4/1 —+?) ® I ® I ® I, we obtain

1
e(p) = =1 +yc101 ® 01 ® 01 + Y202 ® 02 ® 02 + €303 @ 03 ® 03),

T 16
DD (e(p) = 16177 + ) + & — max{ (1, (32, )] (20)

Fig. 2(b) shows the dynamical behavior of the multipartite geometric discord Dg)(a(p)), Dg)(a(p)), and Dgl) (e(p))
where the sudden change exists when max{|c1],|c2|} > |es| and |e3] # 0. Moreover, the sudden change occurs at

to = —%lnw . Therefore, for the same {c¢;}, they make sudden changes at the same time.

IV. CONCLUSION

The bipartite quantum discord had been introduced by Ollivier and Zurek |1} in 2001. Recently, Radhakrishnan
et. al provide the multipartite quantum discord [15]. According to bipartite geometric discord and multipartite
quantum discord, we have introduced the geometric discord for multipartite states, with each measurement depends
conditionally on the previous measurement outcomes. We have explicitly derived the geometric discord for N-qubit
states (1). Furthermore, we have shown that the sudden change of the multi-qubit geometric discord also appears
when the phase noise acts only on one of the qubits. Our results may highlight further investigations on multipartite
geometric discord and the applications in quantum information processing.
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