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Abstract

Quantum Bell nonlocality is an important quantum phenomenon. Recently, the shareability of
Bell nonlocality under unilateral measurements has been widely studied. In this study, we consider
the shareability of quantum Bell nonlocality under bilateral measurements. Under a specific class of
projection operators, we find that quantum Bell nonlocality cannot be shared for a limited number
of times, as in the case of unilateral measurements. Our proof is analytical and our measurement
strategies can be generalized to higher dimension cases.
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I. INTRODUCTION

As the source of paradoxes such as the Einstein, Podolsky, Rosen paradox [1] quantum
nonlocal correlation was a controversial phenomenon in quantum mechanics. Nowadays it
has become a key resource in the blooming areas of quantum information and computing
[2-6]. Realizing quantum violations of the Bell-CHSH inequality [7] in various quantum sys-
tems has acquired great interest as evidenced by a wide range of studies[8-16]. According
to quantum physics, measurement outcomes cannot be predicted with certainty in general
[17]. Quantum nonlocality implies that the correlations between the probabilities of mea-
surement outcomes from two distant systems cannot be described by classical probability
correlation models. Such nonlocal correlations in multipartite systems have been identified
as useful resources in device-independent quantum information processing [18], such as key
distribution [19, 20], randomness expansion [21-23] and randomness amplification [24].

Recently, the shareability of quantum Bell nonlocality has been extensively studied[25-
31]. By constructing an explicit measurement strategy, the authors in [29] show that, con-
trary to previous expectations [25, 26], there is no limit on the number of independent Bobs
that can have an expected violation of the CHSH inequality with only one Alice. A class
of initial two-qubit states, including all pure two-qubit entangled states, that are capable of
achieving an unlimited number of CHSH inequality violations has been presented. This fact
has recently been illustrated for higher dimensional bipartite pure states [30]. Furthermore,
in [29], the open question of whether quantum nonlocality can be shared under bilateral
measurements was been raised.

In this study, we focus on quantum Bell nonlocality shareability under bilateral mea-
surements. We consider the following scenario: a nonlocal correlated bipartite state pap
is initially shared by the first Alice and first Bob. The first Bob performs a randomly se-
lected measurement, records the measurement outcome, and passes the post-measurement
qubit to the second Bob. Then, the first Alice performs a randomly selected measurement,
records the measurement outcome, and passes the post-measurement qubit to the second
Alice. The problem of interest is whether the quantum state between the second Alice and
Bob is still nonlocal. In fact, there have been some numerical and experimental studies on
this topic. In Ref.[31], the authors used 17 parameters to verify numerically that two-qubit

quantum states do not share quantum nonlocality. Moreover, in Ref. [32], they have studied



the sequential generation of Bell nonlocality between independent observers via recycling
the components of entangled systems. They obtained the stronger one-sided monogamy
relations than [31]. In Ref.[33], using entangled photon pairs, the authors experimentally
verified the case of two Alices and two Bobs where Alice®™ and Bob(") performed optimal
weak measurements and Alice® and Bob® performed projective measurements. To adopt
the same measurement strength for Alice) and Bob(!), they observed double EPR steering
simultaneously and showed that double Bell-CHSH inequality violations cannot be obtained.
But for high-dimensional quantum states, the method used in [31] is not efficient as too many
parameters are involved. Here, we find that Bell nonlocality cannot be shared under bilateral

measurements for a specific class of projection measurement operators.

II. BIPARTITE STATE UNDER BILATERAL MEASUREMENT

We considered a measurement scenario where the second Alice (Alice(®) attempts to
share nonlocal correlations of an entangled pure state with the second Bob (Bob®)First,
Alice”) and Bob® share an arbitrary entangled bipartite pure state 1)) € Hy ® Hp, where
dim(Hy) = s and dim(Hp) =t (s < t). The state has the Schmidt decomposition form,
1) = Y7 cilia) ® lig), where ¢; € [0,1] and > ¢? = 1 and {is}; and {ip}! are the
orthonormal bases of H4 and Hp, respectively. |¢) is entangled if and only if at least two
¢;s are nonzero. Without loss of generality, below we assume that the ¢; are arranged in
descending order. The density matrix corresponding to [¢) is denoted as paipt = [1) (2.

The binary input and output of Alice® (Bob®)) are denoted by X®* (Y(*)) and A®)
(B®) and k = 1,2, respectively. Suppose that Bob(!) performs the measurement according
to Y = y with the outcome BM) = b. Averaged over the inputs and outputs of Bob("), the
state shared between Alice® and Bob® is given by the Liiders rule [29)]

1
parse = 55,1, ® VB pas (L@ \/ By)),

where Blg‘ly)

is the positive operator-valued measure (POVM) effect corresponding to outcome
b of BobM)’s measurement for input y, and I, is the s x s identity matrix. Next Alice®
similarly performs the measurement on subsystem A. Then, the state p4252 shared between
Alice® and Bob® is acquired.

To detect the Bell nonlocality of a state p we employ the CHSH inequality [7], Icgsy =



|(B)| < 2, where (B) = Tr(Bp), B = Ay ® By + Ay ® By + A1 ® By — A1 ® By, A;, and
B; and ¢ = 0,1 are Hermitian operators with eigenvalues of € [—1,1]. If for some binary
observables Agk) and Bi(k), 1 = 0,1, Iék%SH = Tr(Bparpr) > 2, then the state prpr is

nonlocally correlated.

A. Two-qubit pure states

We first assume that the initial bipartite pure quantum state is a two-qubit state, [¢) €
Hy ® Hy, with Schmidt decomposition |¢)) = 377 ¢ilia)|ip). Namely, paigt = |)(¥)].
We employ the POVMs with measurement operators {E,I — E}, where E has the form
E = %(I +7-0.), 7 € R® with ||r|| = 1, 0, = ri01 + re0s + 1303, 0; for i = 1,2, 3 are the
standard Pauli matrices, and 7 € [0, 1] is the sharpness of the measurement.

We set the POVM of Alice® to

1
Agjo = 5([ + (cos oy + sinfos)), (1)

1
Aop = 5([ + (cos oy — sinfos)) (2)

for 6 € (0,Z]. We also let the POVM of Bob") be given by

1

1

By = 5(I +0v). (3)
m_ 1

By = 5(1 + 103), (4)

where 0 < 7 < 1. Further, we defined the expectation operators A, = Ay, — Aj, and

By = By, — By}, and reached the following conclusions:
Lemma 1 For the quantum state pazp2, we have

Trpazpe(01®07)]

141 —73
B 2

cos® () Tr[paip (01®01)]
and

Tripazpz(03®03)]

1.
= 551102 (0)Tr[parpi(03@03)].



Proof: First, after the Bob(!)’s measurement we have

24+1-97 1—/1—72

palp2 = ———— 4 A131—|—4([®0'1) AlBl(I®O'1)—|— 1

After Alice)’s measurement we get

PA2 B2

= %Z(\/ Aa\x®1)pAlBQ( V Aa|$®]>

1 1 1 . .
= Gpape + §(cos (0)o1@1)parp2(cos (0)o1 1) + §(sm (0)o3R1)p a1 p2(sin (0)osR1)

2+\/1—71 1— /142

= —— ———pPaip? + 8(I®Ul>pA1B1(I®JI) 3

2+\/1—71 (cos (

(I ®o3)pap (I @ o3)
o1 &1)paip(cos (0)o&1I)
+%(cos (0)o1RIN)(I ® a1)parp (I @ a1)(cos (0)o1R1)

+ﬂ(cos (0)01@I)(I ® 03)parpr (I ® 03)(cos (0)o1®1)

z+ms

in (0)os@I)p g1 pi(sin (0)osR1)

—1—%(8111 (0)o31)(I @ o1)parp (I @ o1)(sin (0)os@1)

1 VT3,

" 8

sin (‘9)03@])([ (029 0'3)pAlBl ([ & Ug)(Sil’l (9)0’3@[)
Then

Trlpazpz(01®01)]

= H—MTT [parp(01®@07)] + %TT[PAlBl(%@Ul)] - FTMTT[PNE(@@‘H)]
2 + mcos (0)Tr[parp(01®01)] + %Cosz (O)Tr[parpi(01®07)]
_@COSQ (0)Tr[parp(o1®@01)] — 2t \/Tsm (0)Tr[paip(o1®01)]
_%SiHZ (O)Tr[parpr(o1®01)] + ﬁsﬁﬁ (O)Tr[parpr(01®071)]
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I+ msm (O)Tr[parpr(01®07)]
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Similarly,

Trpazp2(03®03)]

24+ /1 —~? 1
= —%TT [parpt(03®03)] — éTr[pAlBl(ag,@Ug)] +
_2EVIi- il =V Hees?
_1—— v1i-m

8

Izvizm I_V%Tr

3 [parpr(03R03)]

1
(O Tr(pap (o3®03)] + gcos2 (Q)Tr[pAlBl (03®03)]

2 \/
cos® ()Trpaip (03@03)] + i =V lgin?
1. 1—+1-—
—gsin® (O)Trpa (03004 + T%
1 1
= 1Tr[pAlBl(0'3(8)03)] - 10082 () Tr[parp:(03R03)]

1
+Zsin2 (O)Trlparp (03@03)]

(O)Tr[pap (03R03)]

cos” (0)Tr[parp (03203)]

1.
= 5sm2 (0)Tr[parpi(o3®03)].

Using the Lemma above, we have the following Theorem:

Theorem 1 For any initial entangled bipartite pure quantum state |¢) € Hy @ Ho, |t)) =
S22 L cilia)lig). After the bilateral measurements, the expected CHSH value of pa2p2 is less
than or equal to 2, that is,

Iensn = Trlpazp2((Ao + A1)®Bo)]
e (A — AN®B) < 2.
Proof:
Ionsy = Trlpazp2((Ao + A1)®Bo)]
+1Tr[pazp2((Ag — A1) ®B))]
= 2cos (0)T'r[pazp2(01®01)]

+2v18in (0)Tr[pazp2 (03R073)]

= cos’ (0)(1 4+ /1 =) Tr]parpr (01®07)]

+y18in® (0)Tr[p a1 g1 (03R073)].

Since Tr[paipi(o1®01)] < 1 and Tr[parpi(03®03)] < 1 we have

Icnsa = cos® (0)(1 4 /1 —~3) + ~yisin® (6)

< 2cos® (0) + sin® (6).
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Using

f(0) = 2cos® (0) + sin® (0),

we have f’(f) = 3sin (0)cos (0)[sin (6) — 2 cos (#)] < 0, as sin (¢

0<d<

= el

< 2cos (0) for 0 < 0 < 7.

Hence, f(6) is a decreasing function of § with f(6) < f(0) = 2. Therefore, Icysy < 2. O

The above Theorem shows that the second Bob shares no quantum nonlocality with the

second Alice.

B. Generation for Higher dimensional pure states

For general d ® d (d > 3) entangled pure state p is given by paipt = |@){p|, where

i.e.

) = S0, cilid) with 3¢ 2 = 1. Let

1 cos(f)os +sin(f)oy 0
- §[Id + ]a
0 Iio
1 cos(f)os —sin(f)o; 0
= Sl + 3 !
0 Iio
1 Ipo 0
= sl | 0 )
0 03
1 1 0
=S| 0 )
0 mox

cos(f)os +sin(f)o; 0
0 Iio
cos(f)os —sin(f)o; 0
0 Iio
Iio O

0 03

I, 5 0
0 Mo

Suppose Bob and Alice each perform the measurement above and we write it as p2p2.

We can easily obtain the following Lemma with its proof given in the Appendix:.
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Lemma 2 For the quantum state pazp2, we have

Tr(pazp2((Ag + A1)®By)] = 2cos*(0)c] — 2cos®(0)ca — (1 +4/1 —3)c3
+ A+ 1= +ei+ - +ega]<2 (5)

T’l"[pAsz((A() — A1)®Bl)] = 0.
We can naturally draw the following conclusion.

Theorem 2 For any initial entangled bipartite pure quantum state paigt = |p){p|. After

the bilateral measurements, the expected CHSH value of pa2p2 satisfies

Ihsn = Trlpap (Ao + A1)@Bo)]
—|—T7’[pA232((A0 - A1)®Bl>] S 2.

Remark: In Lemma 3, there are only the first three terms for d = 3, the last term will

appear only when d > 4.

III. CONCLUSION AND DISCUSSION

In this article, we explored the ability to share the quantum nonlocality of bipartite quan-
tum states under specific measurements. It has been shown that in these cases, quantum
nonlocality cannot be shared under bilateral measurements. We have made an attempt in
verifying the shareability of quantum nonlocality for high-dimensional quantum states. But
now our analysis is only true under the kind of quantum measurements we give. We don’t
know whether they are optimal or not. Next, we can discuss the selection of optimal measure-
ments for bipartite quantum pure states and some mixed states. For multipartite quantum
states, the sharing ability of nonlocality in unilateral POVM measurement is already very
weak[30, 134], so it should be weaker than bipartite quantum state in bilateral measurement,
and we can continue to study it. In the latest literature [35], by characterising two-valued
qubit observables in terms of strength, bias, and directional parameters, the authors investi-
gated generalising the Horodecki criterion to nonprojective qubit observables. Therefore, we
may continue to think about a series of problems such as the sharing of network nonlocality
[36] or other quantum resources under nonprojective measurement. Ref.[31] discussed that

for the qubit case CHSH nonlocality can be shared by bilateral measurements when there is



a bias on the measurements made by Alice and Bob. It is an interesting question whether

there are similar results for higher-dimensional quantum states.
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Appendix

Proof of Lemma 2

By straightforward calculation we have

24 /1 —~2 1 I, 5 0 I, 5 0
parp: = %mezl +-(® ( ))pAlBl([® ( ))

4 0 03 0 03

A=V (Idz 0 ))pAlBl(m (Idz 0 ))

4 0 oy 0 o

and

1
PA2p2 = 52( V Aa\x®1)pAlB2 ( V Aa|m®[)

1 cos(@)og +sin(f)oy 0 cos(@)og +sin(f)o; 0
= Ly [ O IO 0y (4 | OB 0o
8 0 Iq_ 0 Iq_
1 cos(f)osg +sin(f)oy 0 cos(f)osg +sin(f)oy 0
st [ OO O e [ OO0 e
8 0 I, s 0 Iq_
1 cos(f)og —sin(B)o; 0 cos(f)og —sin(B)o; 0
f g O O 0Ny e [ O IO 0
8 0 I, o 0 Iq_
1 cos(f)og —sin(f)o; 0 cos(f)og —sin(f)o; 0O
p - oo @ 0y e — [ O IO 0
8 0 I o 0 I
1 1 [ cos(@)os +sin(f)o; 0 cos(f)os +sin(f)o; 0
= pParm + 1( ’ ' ® I)parpe( ’ ' ® 1)
0 I o 0 Iio
1 cos(@)og —sin(B)o; 0 cos(@)og —sin(B)o; 0
B LI P e UL PP
0 I o 0 Iio
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Set P = cos(0)os + sin(#)o; and Q = cos(f)os — sin(f)oy. pazp2 can be expressed as

24 T2
8

pA2Bz = pa1p

1—+/1—~2 I;5 O I; 5 0
t—— N (I® Joap (I ® )
0 o 0 o
Iy5 0O P 0 I; 5 0
® )parp( ® )
0 o3 0 Iq— 0 o3
P
0

24 +/1—-~2 [ P O 0
e >®I)pAlBl( ; >®I)
d—2

P 0 Iy 5 O P 0 Iy 5 O
® )parp( ® )
0 Id_g 0 01 0 Id_g 0 01
( I

where pap = |9) (9]

13



Therefore,

Tripazgpz((Ag + A)®B])]
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d—2 73
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8 0 ]d_z O —03

1 Pcos(@)osP 0 Ij 5 0
+—parp( ®
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+“pA1B1(( ®

0 Ii o

_'_
16 0 I

+116pA131(<QCOS(9>U3Q 0 ) . (Idz 0 ))
0 Id_g 0 g3

1—/1—72 Pcos(@)osP 0
—pAlBl( ®
2

00 )
2

0 I

1—+/1=A2 Qcos(f)osQ 0
+1—6%pAlBl( ’ ®
0 Iy
3+ /1—7% cos®(0)oz 0 Iy 0O
= TT[%pAlBl( ’ ® i )
0 Iy 0 o3

1—+/1=A2 cos®*(f)oz 0 Ii2 0
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0 Id_g O —03

= 2(:053(9)0% — 20083((9)03 —(14+4/1- ’V%)C?l
HA 4T =) +ed+- ey
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Since 2cos?(9) < 2, —2cos*(f) < 2, (1+ /1 —7%) <2and (1+ +/1—1+%) < 2, where
0<mnm<1,0<0< 7%, and Z c? =1 we have Tr{p2p2((Ag + A1)®By)] < 2.

=11

Similarly, we have
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8 0 0 —M01

1—+/1—72 sm(@)al _
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0 0 Mo
1 Psin(f)o P 0
+1—6pAlBl( )
—M01
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L — 16 parp( )

0 0 mox
1—+/1—72 Psin(@)alP 0 Ij 5 0O
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0 0 mo

1 Qsm 01Q 0
—7101

—l—_2+\{éi rY%PAlgl((Qsm O)n@ 0) ® (Id2 ! ))

0 0 0 Y101
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6 0 0 0 o

= 0.
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