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Tighter monogamy relations in multiparty quantum systems
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We investigate tight monogamy relations of multiparty quantum entanglement for any quantum
state in this paper. First, we obtain a class of lower bounds for multiparty quantum systems which
improve the previous results. Next, we establish a class of tighter monogamy relations in tripartite
quantum systems by means of the new inequality. Furthermore, we generalize this relations to
multiparty quantum systems. And then we prove the lower bounds we obtained are larger than the
existing ones. Detailed examples are provided at last.
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I. INTRODUCTION

As a kind of physical resource, quantum entanglement is one of the essential building blocks of quantum mechanics
and plays a vital role in quantum information processing. Unlike the classical correlations, a critical property of entan-
glement is that a quantum system sharing entanglement with one of the subsystems is not free to share entanglement
with the rest of the remaining systems [1, 2]. This property is called the monogamy of entanglement (MoE) [3].
MoE ensures the security of quantum key distribution [4–6] and quantum cryptography [7, 8]. In addition, MoE has
also an important impact in condensed matter physics [9] and in quantum channel discrimination [10].
Mathematically, monogamy of entanglement can be represented as with regard to some entanglement measure E

for a three-party system ρA|B1B2
:

E(ρA|B1B2
) ≥ E(ρA|B1

) + E(ρA|B2
), (1)

where E(ρA|B1B2
) quantifies bipartite entanglement in the partition A|B1B2 and E(ρA|Bi

) characterizes two-qubit
entanglement with i = 1, 2. This property was first proposed by Coffman et al. with respect to the squared concur-
rence [11] in arbitrary three-qubit quantum systems. In 2006, Osborne and Verstraete [12] generalized the monogamy
relation to N -qubit quantum systems based on the squared concurrence, which characterizes the entanglement dis-
tribution of multipartite quantum systems [11, 13–15]. However, most of entanglement measures fail to satisfy the
monogamy relation. A natural question is to explore whether the given entanglement measure conforms to the
monogamy relation or not. Intriguingly, similar monogamy relations have been established for multiqubit systems
with respect to the power of convex-roof extended negativity (CREN) [16, 17], entanglement of formation [18–20],
Tsallis entropy [21–23], Rényi entropy [24, 25], unified entropy [26, 27], geometric measure [28, 29] and so on.
The research for tight monogamy relations has also attracted widespread attention in the past decade. Jin et al.

[30] presented tighter monogamy relations based on a variety of measures in multiqubit quantum systems. Further
some scholars have established a class of monogamy relations in term of Hamming weights [31–37]. Recently, Gao
et al. constructed some inequalities and got a class of tighter monogamy relations [38, 39].
We will study further the tighter monogamy relations in the multiparty quantum systems. The paper is organized

as follows. In Sec. II, we review the definition of concurrence, and provide some inequalities which are important for
subsequent sections. In Sec. III, we obtain the lower bounds of the monogamy inequalities for N -party quantum states
which are greater than the result of [39, Theorem 3]. Then, by making full use of the new inequality, we establish a
general framework of monogamy relations for arbitrary quantum states. The lower bounds obtained by us are tighter
than existing ones [30–37, 39–42]. To illustrate our results obviously, two examples are presented in term of the µ-th
power of concurrence. Finally, we summarize our results in Sec. IV.
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II. PRELIMINARY KNOWLEDGE

In this section, we introduce the necessary notations and definitions, then we present some inequalities which are
crucial to prove the main results of this paper. Let ρAB1···BN−1

be a state of a finite-dimensional Hilbert space
HA ⊗HB1

⊗ · · · ⊗ HBN−1
, and the set of all states acting on HA ⊗HB1

⊗ · · · ⊗ HBN−1
is denoted by S.

For a bipartite pure state |ψ〉AB =
∑

i

√
λi|ii〉, the concurrence C(|ψ〉AB) is defined as [43]

C(|ψ〉AB) =
√

2[1− Tr(ρ2A)], (2)

where ρA = TrB(|ψ〉AB〈ψ|). For any bipartite mixed state ρAB, the concurrence is defined by the convex roof
extension

C(ρAB) = min
{pi,|ψi〉}

∑

i

piC(|ψi〉), (3)

where the minimum is taken over all possible pure decompositions of ρAB =
∑

i pi|ψi〉AB〈ψi| with pi ≥ 0 and
∑

i pi = 1. However, for any two-qubit quantum state ρ, the concurrence can analytically be computed [44]. Namely,
one has

C(ρ) = max{0, λ1 − λ2 − λ3 − λ4}, (4)

where the λi are the decreasing ordered eigenvalues of the matrixX =
√√

ρ(σy
⊗

σy)ρ∗(σy
⊗

σy)
√
ρ and the complex

conjugation ρ∗ is taken in a standard basis.
For any N -party quantum state ρAB1···BN−1

∈ HA⊗HB1
⊗· · ·⊗HBN−1

, assume E is an entanglement measure, α is
the infimum for Eα to satisfy the monogamy relation Eα(ρA|B1···BN−1

) ≥ Eα(ρA|B1
)+Eα(ρA|B2

)+ · · ·+Eα(ρA|BN−1
).

Namely,

α = inf
{

η : Eη(ρA|B1···BN−1
) ≥

N−1
∑

i=1

Eη(ρA|Bi
) for all ρAB1···BN−1

∈ S
}

, (5)

where ρA|Bi
= TrBi

(ρA|B1···BN−1
), Bi is the complement of Bi, i = 1, 2, · · ·, N − 1.

Lemma 1 [39]. For 0 ≤ x ≤ 1
k
, k ≥ 1 and µ ≥ 1, then,

(1 + x)µ ≥ 1 +
kµ

k + 1
x+ [(k + 1)µ − (1 +

µ

k + 1
)kµ]xµ. (6)

Lemma 2. For µ ≥ 1 and x ≥ 0, we have

(1 + x)µ ≥ 1 + µx. (7)

Proof . Let g(x) = (1 + x)µ − µx − 1, then ∂g
∂x

= µ[(1 + x)µ−1 − 1] ≥ 0 for µ ≥ 1 and x ≥ 0. Therefore, g(x) is an
increasing function of x. Since x ≥ 0, then g(x) ≥ g(0) = 0. �

Lemma 3. For 0 ≤ x ≤ 1 and µ ≥ 2, we have

(1 + x)µ ≥ 1 + µx+ (2µ − µ− 1)xµ. (8)

Proof . If x = 0, the inequality obviously holds. Otherwise, consider the function f(x, µ) = (1+x)µ−µx−1
xµ , then

∂f
∂x

= µxµ−1[1+(µ−1)x−(1+x)µ−1]
x2µ . According to Lemma 2, we can obtain ∂f

∂x
≤ 0, that is, f(x, µ) is a decreasing function

of x. Since 0 ≤ x ≤ 1, then f(x, µ) ≥ f(1, µ) = 2µ − µ− 1. Thus, we have (1 + x)µ ≥ 1 + µx+ (2µ − µ− 1)xµ. �

Lemma 4. For 0 ≤ x ≤ 1
k
, k ≥ 1 and µ ≥ 2, we have

(1 + x)µ ≥ 1 + µx+ [(k + 1)µ − µkµ−1 − kµ]xµ. (9)

Proof . If x = 0, the inequality obviously holds. Otherwise, consider the function f(x, µ) = (1+x)µ−µx−1
xµ . For

0 ≤ x ≤ 1
k
and k ≥ 1, we can directly conclude that f(x, µ) is a decreasing function of x from the proof of Lemma 3.

Since 0 ≤ x ≤ 1
k
, then f(x, µ) ≥ f( 1

k
, µ) = (k + 1)µ − µkµ−1 − kµ. Thus, we have the inequality (9). �

Based on these inequalities, our main results are presented in the next section.
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III. A CLASS OF TIGHTER MONOGAMY RELATIONS

In this section, we will obtain a new class of the monogamy inequalities for N -party quantum states according to
the inequality of Lemma 1, which are more accurate than the results of [39, Theorem 3]. Based on Lemma 4, we then
provide a class of tighter monogamy relations which are better than the existing ones.
Theorem 1. For an N -party quantum state ρAB1···BN−1

∈ HA⊗HB1
⊗ · · ·⊗HBN−1

, assume E is an entanglement

measure of quantum states and Eα satisfies the monogamy relation. If E(ρA|Bi
) ≥ γ

N−1
∑

l=i+1

E(ρA|Bl
), where i =

1, 2, · · · ,m, and γ′E(ρA|Bj
) ≤

N−1
∑

l=j+1

E(ρA|Bl
), where j = m+ 1, · · · , N − 2, ∀ 1 ≤ m ≤ N − 3, N ≥ 4, then we have

E
η(ρA|B1···BN−1

) ≥
m
∑

i=1

{

[(k + 1)µ − (1 +
µ

k + 1
)kµ]i−1

[

E
η(ρA|Bi

) +
kµ

k + 1
E

η−α(ρA|Bi
)

(

N−1
∑

l=i+1

E
α(ρA|Bl

)

)]}

+ [(k + 1)µ − (1 +
µ

k + 1
)kµ]m[(k′ + 1)µ − k

′µ][Eη(ρA|Bm+1
) + · · · + E

η(ρA|BN−3
)]

+ [(k + 1)µ − (1 +
µ

k + 1
)kµ]m

{

[(k′ + 1)µ − (1 +
µ

k′ + 1
)k′µ]Eη(ρA|BN−2

)

+
k′µ

k′ + 1
E

α(ρA|BN−2
)Eη−α(ρA|BN−1

) + E
η(ρA|BN−1

)

}

,

(10)

where η ≥ α, γ ≥ 1, γ′ ≥ 1, µ = η
α
(≥ 1), k = γα, k′ = γ′α.

Proof . For an N -party quantum state ρAB1···BN−1
∈ HA ⊗ HB1

⊗ · · · ⊗ HBN−1
, without loss of generality, we

assume the subsystems B1, · · · , BN−1 satisfy when E(ρA|Bi
) ≥ γ

N−1
∑

l=i+1

E(ρA|Bl
) for i = 1, 2, · · · ,m, and γ′E(ρA|Bj

) ≤
N−1
∑

l=j+1

E(ρA|Bl
), where j = m+ 1, · · · , N − 2, ∀ 1 ≤ m ≤ N − 3, N ≥ 4 by reordering and relabeling.

When E(ρA|Bi
) ≥ γ

N−1
∑

l=i+1

E(ρA|Bl
) for i = 1, 2, · · · ,m, we get

E
η(ρA|B1···BN−1

)

≥ E
η(ρA|B1

) +
kµ

k + 1
E

η−α(ρA|B1
)

(

N−1
∑

l=2

E
α(ρA|Bl

)

)

+ [(k + 1)µ − (1 +
µ

k + 1
)kµ]

(

N−1
∑

l=2

E
α(ρA|Bl

)

)µ

≥
m
∑

i=1

{

[(k + 1)µ − (1 +
µ

k + 1
)kµ]i−1

[

E
η(ρA|Bi

) +
kµ

k + 1
E

η−α(ρA|Bi
)

(

N−1
∑

l=i+1

E
α(ρA|Bl

)

)]}

+ [(k + 1)µ − (1 +
µ

k + 1
)kµ]m

(

N−1
∑

l=m+1

E
α(ρA|Bl

)

)µ

.

(11)

Here the inequality (11) is obtained by the iterating of the inequality (6).

When γ′E(ρA|Bj
) ≤

N−1
∑

l=j+1

E(ρA|Bl
) for j = m+ 1, · · · , N − 2, we have

(

N−1
∑

l=m+1

E
α(ρA|Bl

)

)µ

≥

(

N−1
∑

l=m+2

E
α(ρA|Bi

)

)µ

+ [(k′ + 1)µ − k
′µ]Eη(ρA|Bm+1)

≥ [Eα(ρA|BN−2
) + E

α(ρA|BN−1
)]µ + [(k′ + 1)µ − k

′µ][Eη(ρA|Bm+1
) + · · · + E

η(ρA|BN−3
)]

≥ E
η(ρA|BN−1

) +
k′µ

k′ + 1
E

α(ρA|BN−2
)Eη−α(ρA|BN−1

) + [(k′ + 1)µ − (1 +
µ

k′ + 1
)k′µ]Eη(ρA|BN−2

)

+ [(k′ + 1)µ − k
′µ][Eη(ρA|Bm+1

) + · · · + E
η(ρA|BN−3

)].

(12)

Here by using the iteration of the inequality (6) and the condition 1 + k′µ
k′+1x + [(k′ + 1)µ − (1 + µ

k′+1 )k
′µ]xµ ≥

1 + [(k′ + 1)µ − k′µ]xµ for 0 ≤ x ≤ 1
k′
, k′ ≥ 1, and µ ≥ 1, we get the inequality (12).
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By combining the inequalities (11) and (12), the inequality (10) can be obtained. �

Note that if E(ρA|Bi
) ≥ γ

N−1
∑

l=i+1

E(ρA|Bl
), where i = 1, 2, · · · ,m, and γ′E(ρA|Bj

) ≤
N−1
∑

l=j+1

E(ρA|Bl
), where j =

m+ 1, · · · , N − 2, ∀ 1 ≤ m ≤ N − 3, N ≥ 4, then k = γα = 1, k′ = γ′α = 1, µ ≥ 1, one reads

E
η(ρA|B1···BN−1

) ≥
m
∑

i=1

{

(2µ −
µ

2
− 1)i−1

[

E
η(ρA|Bi

) +
µ

2
E

η−α(ρA|Bi
)

(

N−1
∑

l=i+1

E
α(ρA|Bl

)

)]}

+ (2µ −
µ

2
− 1)m(2µ − 1)[Eη(ρA|Bm+1

) + · · · + E
η(ρA|BN−3

)]

+ (2µ −
µ

2
− 1)m

{

(2µ −
µ

2
− 1)Eη(ρA|BN−2

)

+
µ

2
E

α(ρA|BN−2
)Eη−α(ρA|BN−1

) + E
η(ρA|BN−1

)

}

.

(13)

The following we will prove that our results are superior.
Corollary 1. The lower bounds of Theorem 1 are indeed larger than the lower bounds of [39, Theorem 3].

Proof . When E(ρA|Bi
) ≥ γ

N−1
∑

l=i+1

E(ρA|Bl
) for i = 1, 2, · · · ,m, we prove Theorem 1 using the inequality

E
η(ρA|Bi

) +
kµ

k + 1
E

η−α(ρA|Bi
)

(

N−1
∑

l=i+1

E
α(ρA|Bl

)

)

+ [(k + 1)µ − (1 +
µ

k + 1
)kµ]

(

N−1
∑

l=i+1

E
α(ρA|Bl

)

)µ

≥E
η(ρA|Bi

) +
kµ

k + 1
E

η−α(ρA|Bi
)

(

N−1
∑

l=i+1

E
α(ρA|Bl

)

)

+ [(k + 1)µ − (1 +
µ

k + 1
)kµ]A,

(14)

where A = Eη(ρA|Bi+1
) + kµ

k+1E
η−α(ρA|Bi+1

)

(

N−1
∑

l=i+2

Eα(ρA|Bl
)

)

+ [(k + 1)µ − (1 + µ
k+1 )k

µ]

(

N−1
∑

l=i+2

Eα(ρA|Bl
)

)µ

.

While the authors use the inequality in [39]

E
η(ρA|Bi

) +
kµ

k + 1
E

η−α(ρA|Bi
)

(

N−1
∑

l=i+1

E
α(ρA|Bl

)

)

+ [(k + 1)µ − (1 +
µ

k + 1
)kµ]

(

N−1
∑

l=i+1

E
α(ρA|Bl

)

)µ

≥E
η(ρA|Bi

) + [(k + 1)µ − k
µ]

(

N−1
∑

l=i+1

E
α(ρA|Bl

)

)µ

≥E
η(ρA|Bi

) + [(k + 1)µ − k
µ]B,

(15)

where B = Eη(ρA|Bi+1
) + [(k + 1)µ − kµ]

(

N−1
∑

l=i+2

Eα(ρA|Bl
)

)µ

for i = 1, 2, · · · ,m− 1, and the inequality when i = m

E
η(ρA|Bm

) +
kµ

k + 1
E

η−α(ρA|Bm
)

(

N−1
∑

l=m+1

E
α(ρA|Bl

)

)

+ [(k + 1)µ − (1 +
µ

k + 1
)kµ]

(

N−1
∑

l=m+1

E
α(ρA|Bl

)

)µ

≥E
η(ρA|Bm

) + [(k + 1)µ − k
µ]

(

N−1
∑

l=m+1

E
α(ρA|Bl

)

)µ

≥E
η(ρA|Bm

) + [(k + 1)µ − k
µ]A.

(16)

Therefore, we only need to prove

E
η(ρA|Bi

) +
kµ

k + 1
E

η−α(ρA|Bi
)

(

N−1
∑

l=i+1

E
α(ρA|Bl

)

)

+ [(k + 1)µ − (1 +
µ

k + 1
)kµ]A

≥E
η(ρA|Bi

) + [(k + 1)µ − k
µ]A

≥E
η(ρA|Bi

) + [(k + 1)µ − k
µ]B,

(17)

where i = 1, 2, · · · ,m.
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First of all, we prove the first inequality of (17). By subtracting, we can get

E
η(ρA|Bi

) +
kµ

k + 1
E

η−α(ρA|Bi
)

(

N−1
∑

l=i+1

E
α(ρA|Bl

)

)

+

[(k + 1)µ − (1 +
µ

k + 1
)kµ]A− E

η(ρA|Bi
) − [(k + 1)µ − k

µ]A

=
kµ

k + 1
E

η−α(ρA|Bi
)

(

N−1
∑

l=i+1

E
α(ρA|Bl

)

)

−
µkµ

k + 1
A

≥
kµ

k + 1
E

η−α(ρA|Bi
)

(

N−1
∑

l=i+1

E
α(ρA|Bl

)

)

−
µkµ

k + 1

(

N−1
∑

l=i+1

E
α(ρA|Bl

)

)µ

=
µ

k + 1

(

k

N−1
∑

l=i+1

E
α(ρA|Bl

)

)[

E
α(µ−1)(ρA|Bi

) −

(

N−1
∑

l=i+1

γ
α
E

α(ρA|Bl
)

)µ−1]

≥0.

(18)

Here the first inequality is due to
N−1
∑

l=i+1

Eα(ρA|Bl
) ≥ A. Because of E(ρA|Bi

) ≥ γ
N−1
∑

l=i+1

E(ρA|Bl
), it’s easy to verify

Eα(ρA|Bi
) ≥

(

γ
N−1
∑

l=i+1

E(ρA|Bl
)

)α

≥
N−1
∑

l=i+1

(

γE(ρA|Bl
)

)α

with α ≥ 1, where i = 1, 2, · · · ,m.

It’s easy to deduce A ≥ B, so the second inequality of (17) can be obtained directly with µ ≥ 1.
In conclusion, the lower bounds we have obtained are tighter than the lower bounds of [39, Theorem 3]. �

Next we will present the tighter monogamy inequalities for multiparty quantum systems under a strong constraint.
Theorem 2. For an N -party quantum state ρAB1···BN−1

∈ HA⊗HB1
⊗ · · ·⊗HBN−1

, assume E is an entanglement

measure of quantum states and Eα satisfies the monogamy relation. If E(ρA|Bi
) ≥ γ

N−1
∑

j=i+1

E(ρA|Bj
), where i =

1, 2, · · · , N − 2, then we have

E
η(ρA|B1···BN−1

) ≥

N−2
∑

i=1

{

[(k + 1)µ − (1 +
µ

k + 1
)kµ]i−1

[

E
η(ρA|Bi

) +
kµ

k + 1
E

η−α(ρA|Bi
)

(

N−1
∑

j=i+1

E
α(ρA|Bj

)

)]}

+ [(k + 1)µ − (1 +
µ

k + 1
)kµ]N−2

E
η(ρA|BN−1

),

(19)

where η ≥ α, γ ≥ 1, µ = η
α
(≥ 1), k = γα.

Proof . For an N -party quantum state ρAB1···BN−1
∈ HA⊗HB1

⊗ · · · ⊗HBN−1
, when E(ρA|Bi

) ≥ γ
N−1
∑

j=i+1

E(ρA|Bj
)

for i = 1, 2, · · · , N − 2, we have

E
η(ρA|B1···BN−1

)

≥ E
η(ρA|B1

) +
kµ

k + 1
E

η−α(ρA|B1
)

(

N−1
∑

i=2

E
α(ρA|Bi

)

)

+ [(k + 1)µ − (1 +
µ

k + 1
)kµ]

(

N−1
∑

i=2

E
α(ρA|Bi

)

)µ

≥

N−2
∑

i=1

{

[(k + 1)µ − (1 +
µ

k + 1
)kµ]i−1

[

E
η(ρA|Bi

) +
kµ

k + 1
E

η−α(ρA|Bi
)

(

N−1
∑

j=i+1

E
α(ρA|Bj

)

)]}

+ [(k + 1)µ − (1 +
µ

k + 1
)kµ]N−2

E
η(ρA|BN−1

).

(20)

Here by using the iteration of the inequality (6), we can get Theorem 2. �

Considering a special case, when k = γα = 1, µ ≥ 1, and E(ρA|Bi
) ≥ γ

N−1
∑

j=i+1

E(ρA|Bj
) for i = 1, 2, · · · , N − 2, we

can get the following relation

E
η(ρA|B1···BN−1

) ≥

N−2
∑

i=1

{

(2µ −
µ

2
− 1)i−1

[

E
η(ρA|Bi

) +
µ

2
E

η−α(ρA|Bi
)

(

N−1
∑

j=i+1

E
α(ρA|Bj

)

)]}

+ (2µ −
µ

2
− 1)N−2

E
η(ρA|BN−1

).

(21)
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The following we show a class of tighter monogamy relations for tripartite quantum systems based on the inequality
(9) of Lemma 4.
Theorem 3. For any tripartite quantum state ρAB1B2

, assume E is an entanglement measure of quantum states
and Eα satisfies the monogamy relation.
(1) For η ≥ 2α and γ ≥ 1, if E(ρA|B1

) ≥ γE(ρA|B2
), then

E
η(ρA|B1B2

) ≥ E
η(ρA|B1

) + µE
η−α(ρA|B1

)Eα(ρA|B2
) + [(k + 1)µ − µk

µ−1 − k
µ]Eη(ρA|B2

). (22)

(2) For η ≥ 2α and γ ≥ 1, if γE(ρA|B1
) ≤ E(ρA|B2

), then

E
η(ρA|B1B2

) ≥ E
η(ρA|B2

) + µE
η−α(ρA|B2

)Eα(ρA|B1
) + [(k + 1)µ − µk

µ−1 − k
µ]Eη(ρA|B1

), (23)

where µ = η
α
(≥ 2), k = γα.

Proof . For the case (1), when E(ρA|B1
) ≥ γE(ρA|B2

),

E
η(ρA|B1B2

) ≥ [Eα(ρA|B1
) + E

α(ρA|B2
)]µ

= E
η(ρA|B1

)

(

1 +
Eα(ρA|B2

)

Eα(ρA|B1
)

)µ

≥ E
η(ρA|B1

) + µE
η−α(ρA|B1

)Eα(ρA|B2
) + [(k + 1)µ − µk

µ−1 − k
µ]Eη(ρA|B2

),

(24)

where the second inequality is due to the inequality (9).
For another case (2), when γE(ρA|B1

) ≤ E(ρA|B2
), we can get the inequality (23) in a similar way. �

It’s not difficult to prove the lower bounds of Theorem 3 are larger than that of [39, Theorem 2].
As a special case k = γα = 1, µ ≥ 2, when E(ρA|B1

) ≥ E(ρA|B2
), we have

E
η(ρA|B1B2

) ≥ E
η(ρA|B1

) + µE
η−α(ρA|B1

)Eα(ρA|B2
) + (2µ − µ− 1)Eη(ρA|B2

). (25)

When E(ρA|B1
) ≤ E(ρA|B2

), we have

E
η(ρA|B1B2

) ≥ E
η(ρA|B2

) + µE
η−α(ρA|B2

)Eα(ρA|B1
) + (2µ − µ− 1)Eη(ρA|B1

). (26)

Then, we can generalize Theorem 3 to N -party quantum systems.
Theorem 4. For an N -party quantum state ρAB1···BN−1

∈ HA⊗HB1
⊗ · · ·⊗HBN−1

, assume E is an entanglement

measure of quantum states and Eα satisfies the monogamy relation. If E(ρA|Bi
) ≥ γ

N−1
∑

l=i+1

E(ρA|Bl
), where i =

1, 2, · · · ,m, and γ′E(ρA|Bj
) ≤

N−1
∑

l=j+1

E(ρA|Bl
), where j = m+ 1, · · · , N − 2, ∀ 1 ≤ m ≤ N − 3, N ≥ 4, then we have

E
η(ρA|B1···BN−1

) ≥
m
∑

i=1

{

[(k + 1)µ − µk
µ−1 − k

µ]i−1

[

E
η(ρA|Bi

) + µE
η−α(ρA|Bi

)

(

N−1
∑

l=i+1

E
α(ρA|Bl

)

)]}

+ [(k + 1)µ − µk
µ−1 − k

µ]m[(k′ + 1)µ − k
′µ][Eη(ρA|Bm+1

) + · · · + E
η(ρA|BN−3

)]

+ [(k + 1)µ − µk
µ−1 − k

µ]m
{

[(k′ + 1)µ − µk
′µ−1 − k

′µ]Eη(ρA|BN−2
)

+ µE
α(ρA|BN−2

)Eη−α(ρA|BN−1
) + E

η(ρA|BN−1
)

}

,

(27)

where η ≥ 2α, γ ≥ 1, γ′ ≥ 1, µ = η
α
(≥ 2), k = γα, k = γ′α.

Proof . For an N -party quantum state ρAB1···BN−1
∈ HA ⊗HB1

⊗ · · · ⊗HBN−1
, when E(ρA|Bi

) ≥ γ
N−1
∑

l=i+1

E(ρA|Bl
)

for i = 1, 2, · · · ,m, we have

E
η(ρA|B1···BN−1

)

≥ E
η(ρA|B1

) + µE
η−α(ρA|B1

)

(

N−1
∑

l=2

E
α(ρA|Bl

)

)

+ [(k + 1)µ − µk
µ−1 − k

µ]

(

N−1
∑

l=2

E
α(ρA|Bl

)

)µ

≥
m
∑

i=1

{

[(k + 1)µ − µk
µ−1 − k

µ]i−1

[

E
η(ρA|Bi

) + µE
η−α(ρA|Bi

)

(

N−1
∑

l=i+1

E
α(ρA|Bl

)

)]}

+ [(k + 1)µ − µk
µ−1 − k

µ]m
(

N−1
∑

l=m+1

E
α(ρA|Bl

)

)µ

.

(28)
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Here by using the iteration of the inequality (9), we get the inequality (28).

When γ′E(ρA|Bj
) ≤

N−1
∑

l=j+1

E(ρA|Bl
) for j = m+ 1, · · · , N − 2, we get the following result

(

N−1
∑

l=m+1

E
α(ρA|Bl

)

)µ

≥

(

N−1
∑

l=m+2

E
α(ρA|Bi

)

)µ

+ [(k′ + 1)µ − k
′µ]Eη(ρA|Bm+1)

≥ [Eα(ρA|BN−2
) + E

α(ρA|BN−1
)]µ + [(k′ + 1)µ − k

′µ][Eη(ρA|Bm+1
) + · · · + E

η(ρA|BN−3
)]

≥ E
η(ρA|BN−1

) + µE
α(ρA|BN−2

)Eη−α(ρA|BN−1
)[(k′ + 1)µ − µk

′µ−1 − k
′µ]Eη(ρA|BN−2

)

+ [(k′ + 1)µ − k
′µ][Eη(ρA|Bm+1

) + · · · + E
η(ρA|BN−3

)].

(29)

Here by using the iteration of the inequality (9) and the condition 1 + k′µ
k′+1x + [(k′ + 1)µ − (1 + µ

k′+1 )k
′µ]xµ ≥

1 + [(k′ + 1)µ − k′µ]xµ for 0 ≤ x ≤ 1
k′
, k′ ≥ 1, and µ ≥ 1, we get the inequality (29).

Combining inequalities (28) and (29), we can get the inequality (27). �

Note that if E(ρA|Bi
) ≥ γ

N−1
∑

l=i+1

E(ρA|Bl
), where i = 1, 2, · · · ,m, and γ′E(ρA|Bj

) ≤
N−1
∑

l=j+1

E(ρA|Bl
), where j =

m+ 1, · · · , N − 2, ∀ 1 ≤ m ≤ N − 3, N ≥ 4, then k = γα = 1, k′ = γ′α = 1, µ ≥ 2, one reads

E
η(ρA|B1···BN−1

) ≥
m
∑

i=1

{

(2µ − µ− 1)i−1

[

E
η(ρA|Bi

) + µE
η−α(ρA|Bi

)

(

N−1
∑

l=i+1

E
α(ρA|Bl

)

)]}

+ (2µ − µ− 1)m(2µ − 1)[Eη(ρA|Bm+1
) + · · · + E

η(ρA|BN−3
)]

+ (2µ − µ− 1)m
{

(2µ − µ− 1)Eη(ρA|BN−2
)

+ µE
α(ρA|BN−2

)Eη−α(ρA|BN−1
) + E

η(ρA|BN−1
)

}

.

(30)

Next we will prove that the lower bounds of Theorem 4 are more accurate.
Corollary 2. The right-hand side of Eq. (27) in Theorem 4 are indeed greater than right-hand side of Eq. (10) in

Theorem 1.

Proof . When E(ρA|Bi
) ≥ γ

N−1
∑

l=i+1

E(ρA|Bl
) for i = 1, 2, · · · ,m, we prove Theorem 4 using the inequality

E
η(ρA|Bi

) + µE
η−α(ρA|Bi

)

(

N−1
∑

l=i+1

E
α(ρA|Bl

)

)

+ [(k + 1)µ − (1 +
µ

k
)kµ]

(

N−1
∑

l=i+1

E
α(ρA|Bl

)

)µ

≥E
η(ρA|Bi

) + µE
η−α(ρA|Bi

)

(

N−1
∑

l=i+1

E
α(ρA|Bl

)

)

+ [(k + 1)µ − (1 +
µ

k
)kµ]M,

(31)

where M = Eη(ρA|Bi+1
) + µEη−α(ρA|Bi+1

)

(

N−1
∑

l=i+2

Eα(ρA|Bl
)

)

+ [(k + 1)µ − (1 + µ
k
)kµ]

(

N−1
∑

l=i+2

Eα(ρA|Bl
)

)µ

. Whereas

we prove Theorem 1 applying the inequality (14).
Therefore, we only need to prove

E
η(ρA|Bi

) + µE
η−α(ρA|Bi

)

(

N−1
∑

l=i+1

E
α(ρA|Bl

)

)

+ [(k + 1)µ − (1 +
µ

k
)kµ]M

≥E
η(ρA|Bi

) + µE
η−α(ρA|Bi

)

(

N−1
∑

l=i+1

E
α(ρA|Bl

)

)

+ [(k + 1)µ − (1 +
µ

k
)kµ]A

≥E
η(ρA|Bi

) +
kµ

k + 1
E

η−α(ρA|Bi
)

(

N−1
∑

l=i+1

E
α(ρA|Bl

)

)

+ [(k + 1)µ − (1 +
µ

k + 1
)kµ]A,

(32)

where i = 1, 2, · · · ,m.
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First of all, the first inequality of (32) can be obtained easily for µ ≥ 2 and M ≥ A.
Then, we prove the second inequality of (32). By subtracting, we can get

E
η(ρA|Bi

) + µE
η−α(ρA|Bi

)

(

N−1
∑

l=i+1

E
α(ρA|Bl

)

)

+ [(k + 1)µ − (1 +
µ

k
)kµ]A−

E
η(ρA|Bi

) −
kµ

k + 1
E

η−α(ρA|Bi
)

(

N−1
∑

l=i+1

E
α(ρA|Bl

)

)

− [(k + 1)µ − (1 +
µ

k + 1
)kµ]A

=
µ

k + 1
E

η−α(ρA|Bi
)

(

N−1
∑

l=i+1

E
α(ρA|Bl

)

)

−
µkµ−1

k + 1
A

≥
µ

k + 1
E

η−α(ρA|Bi
)

(

N−1
∑

l=i+1

E
α(ρA|Bl

)

)

−
µkµ−1

k + 1

(

N−1
∑

l=i+1

E
α(ρA|Bl

)

)µ

=
µ

k + 1

(

N−1
∑

l=i+1

E
α(ρA|Bl

)

)[

E
α(µ−1)(ρA|Bi

) −

(

N−1
∑

l=i+1

γ
α
E

α(ρA|Bl
)

)µ−1]

≥0.

(33)

Here the first inequality is due to
N−1
∑

l=i+1

Eα(ρA|Bl
) ≥ A. Because of E(ρA|Bi

) ≥ γ
N−1
∑

l=i+1

E(ρA|Bl
), it’s easy to verify

Eα(ρA|Bi
) ≥

(

γ
N−1
∑

l=i+1

E(ρA|Bl
)

)α

≥
N−1
∑

l=i+1

(

γE(ρA|Bl
)

)α

with α ≥ 1, where i = 1, 2, · · · ,m.

In conclusion, the lower bounds of Theorem 4 are larger than the lower bounds of Theorem 1. �

According to the inequality (9), we get the following monogamy relations.
Theorem 5. For an N -party quantum state ρAB1···BN−1

∈ HA⊗HB1
⊗ · · ·⊗HBN−1

, assume E is an entanglement

measure of quantum states and Eα satisfies the monogamy relation. If E(ρA|Bi
) ≥ γ

N−1
∑

j=i+1

E(ρA|Bj
), where i =

1, 2, · · · , N − 2, then we have

E
η(ρA|B1···BN−1

) ≥

N−2
∑

i=1

{

[(k + 1)µ − µk
µ−1 − k

µ]i−1

[

E
η(ρA|Bi

) + µE
η−α(ρA|Bi

)

(

N−1
∑

j=i+1

E
α(ρA|Bj

)

)]}

+ [(k + 1)µ − µk
µ−1 − k

µ]N−2
E

η(ρA|BN−1
),

(34)

where η ≥ 2α, γ ≥ 1, µ = η
α
(≥ 2), k = γα.

Proof . For an N -party quantum state ρAB1···BN−1
∈ HA⊗HB1

⊗ · · · ⊗HBN−1
, when E(ρA|Bi

) ≥ γ
N−1
∑

j=i+1

E(ρA|Bj
)

for i = 1, 2, · · · , N − 2, we have

E
η(ρA|B1···BN−1

) ≥ E
η(ρA|B1

) + µE
η−α(ρA|B1

)

(

N−1
∑

i=2

E
α(ρA|Bi

)

)

+ [(k + 1)µ − µk
µ−1 − k

µ]

(

N−1
∑

i=2

E
α(ρA|Bi

)

)µ

≥

N−2
∑

i=1

{

[(k + 1)µ − µk
µ−1 − k

µ]i−1

[

E
η(ρA|Bi

) + µE
η−α(ρA|Bi

)

(

N−1
∑

j=i+1

E
α(ρA|Bj

)

)]}

+ [(k + 1)µ − µk
µ−1 − k

µ]N−2
E

η(ρA|BN−1
).

(35)

The inequality (34) can be obtained by iterative use of inequality (9). �

It is easy to show that the lower bounds of Theorem 5 are tighter than the lower bounds of Theorem 2.

Considering a special case, when k = γα = 1, µ ≥ 2, and E(ρA|Bi
) ≥ γ

N−1
∑

j=i+1

E(ρA|Bj
) for i = 1, 2, · · · , N − 2, we

have

E
η(ρA|B1···BN−1

) ≥
N−2
∑

i=1

{

(2µ − µ− 1)i−1

[

E
η(ρA|Bi

) + µE
η−α(ρA|Bi

)

(

N−1
∑

j=i+1

(Eα(ρA|Bj
)

)]}

+ (2µ − µ− 1)N−2
E

η(ρA|BN−1
).

(36)

The lower bounds of Theorem 4 are larger than the lower bounds of Theorem 1 in multipartite systems. The lower
bounds of Theorem 1 are tighter than the lower bounds in [39, Theorem 3], as can be seen from Corollary 1. Gao
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et al. have shown the lower bounds in [39] are better than the lower bounds in [30–33, 41, 42], so our lower bounds
are larger than these lower bounds as well. In addition, our results are tighter than the results in [34–37, 39, 40].
To illustrate the tightness of our results, we provide two examples where we choose the concurrence as a bipartite
entanglement measure.
Example 1. Under local unitary operations, the three-qubit pure state can be written as [45]

|ϕABC〉 = λ0|000〉+ λ1e
iφ|100〉+ λ2|101〉+ λ3|110〉+ λ4|111〉, (37)

where 0 ≤ φ ≤ π,
4
∑

i=0

λ2i = 1, and λi ≥ 0, i = 0, 1, 2, 3, 4. Set λ0 =
√
3
3 , λ2 =

√
6
6 , λ3 =

√
2
2 , λ1 = λ4 = 0. We then

get C(ρA|BC) =
2
√
2

3 , C(ρA|B) =
√
6
3 , C(ρA|C) =

√
2
3 . It is apparent that our lower bound is larger than the results in

[34–37, 39, 40], as shown in FIG. 1.

2 2.5 3 3.5 4 4.5 5 5.5 6

µ

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

C
µ

FIG. 1: The y axis is the µ-th power of concurrence for |ϕABC 〉 and its lower bounds. The blue line represents the µ-th power
of concurrence for the quantum state given in Example 1. The red line represents the lower bound of Cµ(|ϕA|BC 〉) obtained
from the result of Theorem 3 with k = 2. The yellow line represents the lower bound from the result in [39] with k = 2. The
purple line represents the lower bound from the result in [40] with k = 2. The green line represents the lower bound from the
result in [34–37] with k = 2.

Example 2. Consider a 3-qubit quantum state ρABC which is a mixture of a 3-qubit W -class state and vacuum
|000〉,

ρABC = p|W3〉〈W3|+ (1− p)|000〉〈000|, (38)

where p ≥ 0, |W3〉 = a1|100〉+ a2|010〉+ a3|001〉, a1, a2, a3 ≥ 0,
3
∑

i=1

a2i = 1. Set a1 =
√
2
3 , a2 =

√
6
3 , a3 = 1

3 , p = 3
4 .

From the definition of concurrence, we have C(ρA|B) =
√
3
3 and C(ρA|C) =

√
2
6 . One can obviously see that our lower

bound is better than the results in [34–37, 39, 40], as shown in FIG. 2.

IV. CONCLUSION

Monogamy relations characterize the distribution of entanglement in multipartite systems. In this paper, we have
constructed a new inequality on the basis of previous work and provided a general framework for tighter monogamy
relations. First of all, when the α-th power of certain entanglement measure E satisfies the monogamy relation, we
have obtained, by mean of the inequality of Lemma 1, a class of tighter monogamy inequalities with respect to the
µ-th (≥1) power of Eα. Meanwhile, we showed that our results indeed improve the results of [39, Theorem 3]. Then
we presented a class of tighter monogamy relations under certain constraint. In addition, by using the new inequality
a class of stronger monogamy inequalities were obtained relating to the µ-th (≥2) power of Eα, and the lower bounds
are superior to the existing ones, which would mean better characterization of the distribution of entanglement. May
our results provide a reference for future work on the study of multipartite entanglement distribution.
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2 2.5 3 3.5 4 4.5 5 5.5 6

µ

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

C
µ

FIG. 2: The y axis is the µ-th power of concurrence for ρABC and its lower bounds. The blue line represents the lower bound
given by (22) with k = 2. The red line represents the lower bound from the result in [39] with k = 2. The yellow line represents
the lower bound from the result in [40] with k = 2. The purple line represents the lower bound from the result in [34–37] with
k = 2.
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