ph] 7 Sep 2022

arXiv:2107.10214v2 [math

QUANTUM MARKOV CHAINS ON THE LINE: MATRIX ORTHOGONAL
POLYNOMIALS, SPECTRAL MEASURES AND THEIR STATISTICS

MANUEL D. DE LA IGLESIA, CARLOS F. LARDIZABAL, AND NEWTON LOEBENS

ABSTRACT. Inspired by the classical spectral analysis of birth-death chains using orthogonal polynomials, we study
an analogous set of constructions in the context of open quantum dynamics and related walks. In such setting,
block tridiagonal matrices and matrix-valued orthogonal polynomials are the natural objects to be considered. We
recall the problems of the existence of a matrix of measures or weight matrix together with concrete calculations
of basic statistics of the walk, such as site recurrence and first passage time probabilities, with these notions being
defined in terms of a quantum trajectories formalism. The discussion concentrates on the models of quantum
Markov chains, due to S. Gudder, and on the particular class of open quantum walks, due to S. Attal et al. The
folding trick for birth-death chains on the integers is revisited in this setting together with applications of the
matrix-valued Stieltjes transform associated with the measures, thus extending recent results on the subject. We
also consider the case of non-symmetric weight matrices and explore some examples.

1. INTRODUCTION

In the classical theory of Markov chains, discrete-time birth-death chains on Z> are described by a transition
probability matrix of the form

o po 0 O
@1 1 p1 O :
P = 0 g 12 p2 > ro+po <1, pp+rn+g.=1 n=>1

Let {Qn(2)}n>0 be the sequence of polynomials defined by the three-term recurrence relation

Qo(ll?') =1, Qfl(l‘) =0,
SL‘Qn(l?) = annJrl (."L‘) + T'nQn(x) + Qnanl(l‘)a n >0,
that is, 2Q(z) = PQ(z), where Q(z) = (Qo(z), Q1(z),...)T. Then we have 2"Q = P"Q, i.e.

(1) #"Qi(x) = Y PhQx(z), i>0.
k=0

For a birth-death chain with transition probabilities p,, Ty, gn+1,n > 0, Favard’s Theorem [9, 23] assures the
existence of a probability measure v supported on [—1, 1] such that the polynomials {@Q,(x)},>0 are orthogonal
with respect to ¥. Multiplying both sides of the equation by @Q;(x) and integrating with respect to 1, we
obtain the Karlin-McGregor formula [23], which gives the probability of reaching vertex j in n steps, given that
the process started at vertex . This formula is given by

1
/_ 7" Qi(7)Q;(x)dy (z)

n o __
Py =

1
1
/ Q(@)dv)

From a theoretical point of view, it is interesting to ask whether such classical constructions can be adapted
so that one can also study quantum systems as well. This has been done in the case of unitary quantum walks,
where the relevant orthogonal polynomials are described in terms of the theory of CMV matrices [13] [14].
Regarding the setting of open quantum dynamics [4, [I5] 25], the problem of obtaining orthogonal polynomials
and associated measures is an interesting one as well, although we would have to consider operators which are
no longer unitary.



The main purpose of this paper is to explore the basic theory of matrix-valued orthogonal polynomials
applied to an open quantum setting by providing results on weight matrices and describing several examples,
hopefully encouraging the communities of quantum dynamics and orthogonal polynomials to attempt further
developments on this line of research. A first step in this direction has been discussed in [21], where a procedure
for obtaining weight matrices associated with open quantum walks (OQWs) [I] on the half-line was described,
this being in terms of a well-known result due to Durédn [12].

The setting we will consider in this paper concerns the class of quantum Markov chains (QMCs) on the line,
as defined by S. Gudder [19]. This model is revised in detail in Section [2, The main difference with OQWs
is that the transition maps are not only given by conjugations of the form X — VXV* but, instead, the
effect transitions can be chosen to be any completely positive map. This larger class of examples expands the
potential applicability of the theory and also makes it easier to find evolutions which are distinct from classical
dynamics.

With an improved understanding of weight matrices, one is now able to present basic results on recurrence
and positive recurrence of QMCs, as we will see in Sections [3] and [ The use of the Stieltjes transform allows
us to further extend recent results on homogeneous OQWs on the line regarding criteria for site-recurrence [22].
Sections [f] and [f] illustrate the theory with examples on finite segments and on the half-line, while Section [7]
explains how to consider QMCs acting on the integer line, further extending the applicability of the theory.
Finally, by a proper variation of the Karlin-McGregor formula for weight matrices, we are able to discuss weight
matrices which are not necessarily symmetric. This has been examined by Zygmunt [27, 28], and such theory
leads to interesting examples of QMCs, as we will see in Section

2. PRELIMINARIES

Let H be a separable Hilbert space with inner product (-|-), whose closed subspaces will be referred to as
subspaces for short. The superscript * will denote the adjoint operator. The Banach algebra B(#) of bounded
linear operators on H is the topological dual of its ideal Z(H) of trace-class operators with trace norm

ol =Te(lpl),  lol = /p*p,
through the duality [2], Lec. 6]
) (0, X)=Te(pX),  peI(M), X eBH).

If dimH = k < oo, then B(H) = Z(H) is identified with the set of square matrices of order k, denoted by
M (C). The duality yields a useful characterization of the positivity of an operator p € Z(H):

pEI(H): p>0 <« Tr(pX)>0, VX eB(H), X >0,
and similarly for the positivity of X € B(H).

In this paper, we assume that we have a quantum particle acting either on the integer line, the integer
half-line, or on a finite segment, that is, we have that the set of vertices V' is labeled by Z, Z>( or a finite set
{0,1,..., N}, respectively. In this work, vertices are also called sites. The state of the system is described by
a column vector

P1
(3) p=lpy|: PETH), pi=0, Y Tr(p)=1.

After one time step, the system evolves to the state ®(p) given by ®(p); = > ..y Pij(p;), where

jev
Dop DPo1 Po2
d— P P Pr2 7
Dyp Po1 Poo

is called a Quantum Markov Chain (QMC) [19]: this means that the ®;; are completely positive (CP) maps
on Z(H) and the column sums ), ®;; are trace-preserving (TP) (the summations are assumed to converge
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in the strong operator topology), see Figure 1. A density p of the form will be called a QMC density. The
set of density operators acting on a subspace K of H will be denoted by D(K).

An important particular class of CP maps is given by the ones of the form
(4) Oij(p) = BijpBy;,  Bi; €B(H), > BiBy =1 VijeV.
keV

The summation above must be understood in the strong sense, and the corresponding identity is the trace-
preserving condition for the columns of the QMC ®. We will say that B;; is the effect matrix of transitioning
from vertex j to vertex i. QMOCs for which ®;; can be written in the form are called Open Quantum
Random Walks (OQWs), following the terminology established by S. Attal et al. [I]. Explicitly, OQWs are
QMCs of the form

(5) O(p)=> | D BijpiBjy | @ li)l,

eV \jev

and, as any QMC, they may be alternatively seen as CP-TP maps on Z(H ®@ V).

FIGURE 1. Schematic illustration of QMCs. The walk is realized on a graph with a set of
vertices denoted by i, j,k,l,... and each operator ®;; is a completely positive map describing a
transformation in the internal degree of freedom of the particle during the transition from vertex
j to vertex i. For simplicity of illustration some edges are not labeled. In the particular case
that all maps are conjugations, i.e., for every ¢,j, ®;; = Bj; - B} for certain matrices B;; the
QMC is called an open quantum walk. In this work, the graphs considered will be either a line
segment, the half-line, or the integer line.

The vector representation vec(A) of A € My (C), given by stacking together its rows, will be a useful tool.
For instance,

an

a1 a a
A=|"t T2 = wvec(A) := 12
a1 G2 as
az?

The vec mapping satisfies vec(AX BT) = (A® B) vec(X) [20] for any square matrices A, B, X, with ® denoting
the Kronecker product. In particular, vec(BX B*) = vec(BXET) = (B® B) vec(X), from which we can obtain
the matrix representation ® for a CP map ), B;- B when the underlying Hilbert space H is finite-dimensional:

©=>[B], [B]:=B®B.

Here the operators B; are identified with some matrix representation. We have that [B]* = [B*], where B*
denotes the Hermitian transpose of a matrix B. Then, the vector and matrix representation of states and CP
3



maps may be easily adapted to QMCs. In fact, since any element of Zy (#) is block diagonal, when dim H < oo,
it may be represented by combining the vector representations of the finite diagonal blocks,

veC(pl)
p= Y moliil = B |ecle)
eV :
Then, the OQW admits the block matrix representation

[Boo] [Bol
O(p) =7, &= |[Bwl [Bul ---|,

and analogously for QMCs. We will often identify ® with its block matrix representation and omit the hat,
as the usage of such object will be clear from the context. Also, we will sometimes write X instead of [X] in
contexts where no confusion arises.

Although the above definitions concern QMCs on general graphs, we remark that in this paper we will deal
exclusively with the one-dimensional situation, more specifically, with the nearest neighbor QMC or quantum
birth-death chain, e.g.,

By
Ay By Cy
(6) ¢ = A By Cs ;

for certain operators A;, B;, C;, and the remaining ones being equal to zero.

2.1. The calculation of probabilities for QMCs. By letting p ® |i)(i| be an initial density matrix concen-
trated at site |i), we can describe n iterations of the QMC @ By setting p(®) = p® [i)(i|, Tr(p) = 1, we write
(assume Cp = 0)

" (p@ i) = o @ k) kI, py” = Croy VO + Bipl' VB + Awpl VA, n=1,2,..
k>0

Then, the probability of reaching site |j) at the n-th step, given that we started at site |i) with initial density
p concentrated at ¢ is given by

Piisp(n) = Pu(p @ i) = 1)) i= Tr(p"™) = Tr (vee™ |(@")ivec(p)] )

where (&)”)ﬂ is the (7,)-th block of the block matrix ®", the n-th power of the block representation ®.
Following [3, [8], we say that vertex ¢ is recurrent with respect to p, or simply p-recurrent, if

oo
Z Piisp(n) =
n=0

Otherwise, we say that vertex ¢ is transient with respect to p, or p-transient. We say that, with respect to
a fixed QMC, vertex ¢ is recurrent if it is p-recurrent with respect to every density p concentrated in ¢, and
transient if it is p-transient with respect to every density in ¢. Finally, we say that a QMC @ is recurrent if
every site is recurrent, and we define transient QMCs analogously.

Remark 2.1. We note that in the setting of QMCs, one can also consider the notion of monitored recurrence,
see e.g. [3, 17, 22]. For simplicity, we will not consider such definition in this work, and we refer the reader to
the references for a detailed discussion on such matter.

Finally, we will be able to discuss expected return times to sites of QMCs in terms of the following notion.
Let T denote a positive map (that is, such that if X > 0 then T'(X) > 0) acting on the space Z(H) of trace-class
operators of a Hilbert space H. We say that T is irreducible if the only orthogonal projections P such that
T(PZ(H)P) C PI(H)P, are P = 0 and P = I, see [0l [7] for more on this. Then, we say that a QMC & is
positive recurrent if it is irreducible and if it admits an invariant distribution. We note that by [[3], Thm.
4.3 and 4.5] for positive recurrent OQWs, we have finite expected return times for every density and site, and
the same reasoning provides the analogous result in the case of QMCs.
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2.2. Auxilliary notation: compact form. In some of the examples we study in this paper we will use the
following algebraic simplification. We know that the matrix representation of the conjugation map induced by
an order 2 matrix M = (m;;) is given by

2 = T 2

|m11| miimi2  M11M12 ‘m12|

= mi1m mi1m mia2m mia2m
miim21  MmMi12M21  MM11M22 112122

|mo1|>  moimaz Marmaa  |masl?

, My € C.

S ala e
Sl o o
S ol s o
Qe o

Let us consider the setting for which all of the above coefficients are real, and acting on positive semidefinite
matrices with real entries. Then

a b b c| |z ax + 2by + cz
d e f gl |y dz + (e+ fly+ gz x Yy
M = = = .
[Mvec(p) d f e gl |y de+(e+ fly+gz|’ Yy z
h 7 5 k| |z hx +2jy + kz
In this particular setting we note that the above computation can be codified in a more economic way, namely,

via the correspondence

§ a 2b c| |x a+ 2by + cz
(7) [Mvec(p) «» Mp:=|d e+ f g| |y| = |dv+(e+ [ly+gz
h 2§ k| |z hx + 25y + kz

We call the map M the compact form of the conjugation induced by M, or simply the compact form of M.
It is clear that many calculations coming from quantum mechanical models can be written in terms of real
numbers only and, even though the real coefficient assumption often precludes us from complete generality, we
are still able to learn useful information about 1-qubit quantum channels.

The following properties of the compact form are proven by a routine calculation:
(1) (MR) = MR for any matrices, resembling the matrix representation property [MR] = [M][R].
(2) The compact form preserves the computation of product of conjugations acting on positive definite
matrices. That is, if M and R are matrices then [M][R]vec(p) corresponds to M Rp.

3. WEIGHT MATRICES

Let W be a weight matrix, i.e. a N x N matrix of measures supported in the real line such that dW(y) —
dW (z) > 0 (positive semidefinite) for x < y. We also allow the case of discrete measures, those appearing
naturally in the case of walks acting on a finite number of vertices. Define the matrix-valued inner product
given by

8) (P.Q) := /R P () dW (2)Q(x).

Also regarding positive semidefiniteness, we recall that (P, P) > 0, (P,P) > 0 whenever det(P) # 0 and
(P,P) = 0 if and only if P = 0. Let {Q,(x)}n>0 denote a sequence of matrix-valued orthogonal polynomials
with respect to such product, with nonsingular leading coefficients. Then

/R Q4 ()W (2) Qo (1) = [ Qn26m.

The set of polynomials will be called orthonormal if ||Q,||?> = (Qn,Qn) = I,n > 0. It is well-known that any
family of matrix-valued orthogonal polynomials satisfies a three-term recurrence relation of the form

(9) xQn(x) = Qn—l—l(l')An + Qn(x)Bn + Qn—l(x)cn; n >0, Qo(l') =1, Q—l(x) =0,

for certain A,, By, Cph+1,n > 0, square matrices. This gives rise to a block tridiagonal Jacobi matrix of the
form

By 1 0
Ay B1

(10) P = Ay By Cj ;

0
5



so that ([9) can be written as 2Q(z) = Q(z)P, where Q(z) = (Qo(z), Q1(z),...). Let us now see the inverse
problem, i.e. under what conditions we can guarantee the existence of a weight matrix given a block tridiagonal
matrix of the form . As discussed previously, namely, whenever the weight matrix exists, the (7, j)-th block
of the block matrix P" can be written as

(P = (@) Qi) ( [ Qi (@)Qy(a) ).

However, unlike the one-dimensional case, a system of matrix-valued polynomials {Q,(x)},>0 satisfying such
recurrence relation is not necessarily orthogonal with respect to an inner product induced by a weight matrix.
In view of this, Dette et al. describe an existence criterion:

Theorem 3.1. ([10, Theorem 2.1]) Assume that the matrices Ay, Cry1,n > 0, in the one-step block tridiagonal
transition matriz are nonsingular. There exists a weight matriz W supported on the real line such that
the polynomials defined by @ are orthogonal with respect to the measure dW (x) if and only if there exists a
sequence of nonsingular matrices { Ry, }n>0 such that

(1) R,B,R;! is Hermitian, ¥n =0,1,2,....
(2) RiR, = (Ag--- A% ) ' (R5Ro)Cy -+ Cpy Yn=1,2,....

In the case of a QMC with block tridiagonal matrix of the form

ol 151 o '

~ B

(1) S= " A (B TGl ,
0 s

then, in order to find the corresponding weight matrix, we need to find nonsingular matrices { R, },,>0 such that
I, = RR, = ([A]*--- [Ap_1]") " HIo[C1] - [Cp] and I0,[B,] = [B,]*M,, n=12,...

Finally, we note that we have a version of the Karlin-McGregor formula for QMCs, in close analogy with the
result seen in [21, Theorem 2.1]:

Theorem 3.2. (Karlin-McGregor formula for QMCs). Let ® in be the matriz representation of a QMC
®. Assume that there exists a weight matriz W associated with ®. Then we have

psgl) =T (vee ! [ (3600 Qi) ([ " Q@0 (@) (0) ) vecto)] ).

where p = p;®|i)(i| is a density matriz concentrated on vertez i and {Qn(x)}n>0 are the matriz-valued orthogonal
polynomials defined by @

Remark 3.3. The inner product introduced in is different from the one used in many papers on this subject
(see for instance [10], 12, 16, 21), 27, 28] and references therein). The standard inner product used is called left
nmner product

(P.Q) = /R P(2)dW (2)Q" (1),

which is different from the one defined by (8), which sometimes is called right inner product (see [26]). We
obviously have (P,Q) = (P*,Q")rL.

4. RECURRENCE AND FIRST PASSAGE TIME PROBABILITIES

Consider the Stieltjes transform of a weight matrix W with support on the real line given by

dw
(12) B(z; W) := / &, z € C\R.
R R—X
Let N € {1,2,...} and ® be a QMC described by
By 4
Ay By Oy

(13) ¢ = A By Cs ;
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where Ay, By, Cpy1 € My2(C), n > 0. Assume there exists a weight matrix W such that
(14) of) =11 ([ amav@e ).

where II; = ([, Q’;(m)dW(x)Qi(a:))_l. Now let us define a generating function associated with hitting proba-
bilities from j to ¢ with respect to the QMC @, i.e.

(15) ij(s) = > 0\s", o) = P,o"P;,

where Py is the projection map onto the space generated by the state |k) on Z>o. We will start with the
following result concerning p-recurrence.

Theorem 4.1. Let p be some density. A vertexi € V is p-recurrent if and only if

181%111Tr [vecl <HZ~/Rl H(2)dW (2)Q;(x)vec(p ))] = oo.

As a consequence, vertez |0) is p-recurrent if and only if

(16) 1;\{111 Tr [ vec™" (B(z; W)vec(p))] = oo,

where B(z; W) is defined by (12)).

Proof. By Fubini’s Theorem and for |sz| < oo we have

=3 sl ZH [ (2@ @)W ()i (a)
n=0

(17)
oy (x) =11, b *(x )Q;(z
-,/ gsx) Q@AW (2)Qu () =T, [ = Q)W (@) Qi)
Then .
: - 1 ng(n)
lslngr (vec 1((I>ji(s)vec(p))) _lsl%qfnonr (vec ( P vec(p )) pr“’

By taking s = 1/z, we obtain (16).
]

In a similar way we can prove that an irreducible QMC ® with associated weight matrix W is recurrent with
respect to some density p if and only if
dw
lim Tr < / (x)p> =00
st 1—uxs

Regarding positive recurrence in terms of the spectral matrix W, we have the following:

Proposition 4.2. For an irreducible QMC ® admitting a weight matriz W, the walk is positive recurrent
if and only if the weight matriz W has a finite jump at x = 1.

Proof. An irreducible, positive recurrent QMC always admits a faithful (strictly positive), invariant distri-
bution by [24, Theorem 5.8]. Therefore, we conclude, by [6l Corollary 5.4], that

lim Tr(Po®**Pyp) > 0.
n—oo
Since 22" — 0 monotonically in z € (—1,1), from Theorem we see that the limit is positive if the spectral

measure has positive jumps at z = 1 or at x = —1. However, there cannot be a jump at x = —1 since, otherwise,
the size of the jump would be

1
— lim Tr <V€C [/ $2"+1dW(x)vec(p)]> = — lim Tr(Py®*"1Pyp) < 0.
n—00 _1 n—o00
But this quantity must be positive, so there is no jump at x = —1, for any choice of density p. Therefore, the

QMC is positive recurrent if and only if there is a jump at x = 1.
O



Let us now derive an expression for first passage probabilities of QMCs in terms of matrix-valued polynomials
only. The following discussion is inspired by the classical reasoning presented in [I1], with the main result being
formula presented below, which allows us to obtain first visit probabilities in terms of matrix polynomials
in a simple manner. For k > 0, consider the QMC ® with matrix representation

"By, O -
Ag B1 (O3

¢ = Ag—1 Bi | Crqa :

A | Bry1 Ciz

Agt1 Bri2 Cirys

where By, Ay, Cpi1 € My(C), n > 0. As usual, we recursively define the following matrix-valued polynomials,
Qo(z) = Iy, Q-1(z)=0

2Qn(z) = Qni1(2)An + Qn(z) By + Qn—1(2)Ch,

that is, zQ(z) = Q(z)®, where Q(x) = (Qo(x),Q1(x),...). Suppose that & satisfies the conditions of Theorem

so the polynomials defined by are orthogonal with respect to a weight matrix W and I1® = ®*II, where

IT = diag(Ilp, Iy, ...) and II; = RiR;,j > 0. Analogously to the classical case, we define the k-th associated
polynomials

(18)

2QP) (2) = Gur + QU1 (2)An + QW (@) By + QW (2)Cn.

Note that Q,(lk) () =01 0 <n < k and deg(Q%k) (x)) =n—k—11if n > k. Consider the generating function
®(s) associated with @ defined by (15). Assuming [|s®|| < 1, ®;;(s) converges for every i, j, thus

D (sB)(I — 5B) =T = B(s) — O(s)(s®) = I.

n=0
Therefore, we have the equation

O(s) =1+ O(s)(sP),

which can be rewritten by blocks as
Dio(s) = 050 + Pjo(s)Bo + Pji(s)Ap, j >0
Di(s) =05 + ®ji—1(5)Ci + ®;i(s)Bi + Pjit1(s)A;, i>1,5>0.
A particular solution of is given by

(19)

@ji(s) =571 QP(s7),
On the other hand, the general solution of ®(s) = ®(s)(s®), which is
®ji(s) = g;(5)Qi(s™")
gives
<I>ji(s) =&, 1(s)C; + @jﬁi(S)Bi + P@;i41(s)A;,
and consequently, the general solution of is
@;is) = 57'Q (57 + gi(9)Qu(s 7).
Since Qéj) =0 and Qo = 1, one has ®o(s) = g;(s)Qo(s™!) = g;(s). Moreover, since (IJE-?) = Hj_ltIng)*Hi, we
have
Bjo(s) = Y s"II; 105V Tlg = I L, (s) o,
n=0

so we obtain the general solution for g;(s) :
gi(s) = ®jo(s) = T @;o(s)*Tlo
= Hj_1 (8_1Q§0)(8_1) + go(s)Qj(s_1)> Iy = Hj_1 <8_1Q§-0)(8_1) + <I>00(s)Qj(s_1)> ITp.

8



Therefore the general solution for ®;;(s) is given by
(20) D;i(s) = 5@ () + T (s71Q (™) + Boo()Qs (57 ) ToQils ™).
If we assume ¢ < j, then ng ) — 0 and becomes

(21) @5i(s) = 115 (57Q (™) + Boo(9)Q5 (7)) Thoi(s™).
Now consider the first passage time operator F'(s) satisfying

(22) F(s) = [Fj'(S)]_jiizo,m,‘..

Fji(s) = ©;5(s)™ (®ji(s) — 0;i1),
that is, with definition given by

(23) F(z) = 2P®(I — 2Q®) 1,

where P and Q = I — IP are bounded projections from H onto supplementary closed subspaces of H. Further,
we denote by Py the projection map onto the space generated by the state |k) on Z>¢ and Qj, := I —P. In this
way, we are able to calculate the probability of every reaching vertex j, given that we have started at vertex ¢
and density p, by writing

plp @ 1) = 1)) = lim Tr (Fjs(2)p) = lim Tr (zP;®(1 = 2Q;®) ).

By [I8], F(s) defined as above indeed satisfies equation (22). So, let i < j and p € My(C), then by equation
(21)

Fji(s) = @j(s) "' @ji(s)
= Qs [P + e s7h) ],
I (7@ (™) + @uo()Q5(s™) To@ils™) = Q5657 Quts™).
Therefore, by (22)), we obtain
(24) Fii(s) = Q;(sH)7'Qi(s™h), i<

In particular, the condition Qo = I gives

1 -1
(25) Fio(s) =Q1(s )t = KSI — BO> Agl] = sAo(I — sBy) L.
Example 4.3. Let ® be the representation matriz of an OQW on V = {0,1,2} of the form
0 [C]

d = [[A] (Eﬂ (%ﬂ , A_;[_ll \(/)5]7 C—;[_ll —(\)/i]

Since A*A < I, the walk has an absorbing barrier in the frontier. Also, we have

L X 0 Thovzove T o0 o
4 s |1 0 —v2 0 s|1 vz o0 0
I—sQ®)=|0 I, 0|, x="2 V=2
(I —sQ1®) ’ }; s il1 —v2 o ol 411 0 V2 o0
4 1 0 0 0 -1 V2 -2 2
and
1 0 0 0
B B iy 8|1 =vV2 0 0
Fio(s) = sP1®(I — sQ1®) Py = 4]1-1 0 —=v2 0
1 V2 V2 2



The first two associated polynomials are given by

Qo(z) = Iy, Q1(x) =2

0 0

_\/§ 0
0 —V2
1

1

_ o O O

from which we can calculate the product Q1(s~1)"1Qo(s™!), which equals Fio(s) as expected. Then, for p =

[bci 1 i a] , we obtain

_ 1+ V2 Re(b)

p(p@|0) = [1)) = lim Tr(Fio(s)p)

since Re(b) € [-1/2,1/2].

4

[2—\/5 2+2
2 < ’

)

4

Example 4.4. Let y € R and k, =2 + 2v2 and ® be the representation matriz of an OQW of the form

[Bo] [Ch]
[Ao] [Bi] [Cs]
By =

¢ = [A1] [B2] [Cs] )

0 1

\/%[—1 ﬂv}’ A= L [ﬂv 1]_

1 0

G

We notice that Fio(s) does not depend on the blocks Ay, Bg,Cy for k = 1,2,3,..., thus such blocks can be
chosen arbitrarily so that Aj Ay, + BBy, + C;Cy, = I for k > 1. Then, equation gives

i 9~2 V2y(29%54+2-272—5)  V279(27%s+2-27%—5)  s+4y2s+4yts+2+242]
g 2454272 2451272 254272
\/5 _29%s 272 42-2+2%5—s V2y(142742)
Fio(s) = 5 v 2+s+27? 2+s5+27? 2+s5+277
2+29% =5 |2y 2% +2-27%5—s __ 29’ V2y(1429°) ’
2+s5+272 2454272 2+5+272
1 _ V2vs o V27vs 2725
L 2454272 2454272 2454272 |

and, as expected, this is the same matrix obtained by formula . For p = [a

p, that

b* 1-—

b a] , we obtain, for every

=1.

plp@[0) = (1)) = TimTr (Fio(s)p)
— lim 4yt (as —a — s) +4v7v2(s — 1)Re(b)(v? + 1) + 29%(2a5 — 35 —2a — 1) —2 — s
s (24 s+292)(—2+4 s — 27?)

We note that, in principle, we are able to obtain probabilities regarding vertices which are arbitrarily distant
from one another but, as the distance between them increases, the task of performing explicit calculations may
become unpractical. In such cases, it may be preferable to use the generating function .

O

5. AN EXAMPLE OF A QMC ON A FINITE NUMBER OF VERTICES

Let us first consider a walk induced by the block matrix on the N + 1 nodes indexed as {0, 1,...

(B rI
tI B rl
tI B rl
¢ = .
tI B
tI

10

rl
B_

, 0<rt<l,

N},



where if B = [®p], 5 = V- V1 + V5 - V3, with

e A B e T

—a

We can write

1—b2 ab ab b2
B—s ab 1 —2a2 — b2 b2 —ab
- ab b2 1—2a%2 -5 —ab
b2 —ab —ab 1—b?

For simplicity we assume 0 < a,b,s < 1, a®> + b? < 1. In this way we have that Tr(®(X)) = sTr(X), so we
suppose that r + s+ ¢ = 1 in order to have that ® is trace-preserving, with the exception of the first and last
nodes (we remark that another restriction on r, s, ¢ will be needed, see below).

By the classical symmetrization

1—1
R = diag(Ro, R1,.. ., Rx), Ri:< ’”) I, i=1,...,N, Ry=1I4

t
we obtain
(B kI i
kI B kI
kI B kI
J=ROR ' = S . k=+/rt.
kI B kI
kI B

The matrix-valued polynomials {@Qy }n>0 defined by
Qo(z) =1, Q-1(z) =0,
2Qo(x) = Qo(z)B + kQ1(x),
2Qi(z) = kQi—1(z) + Qi(z)B + kQit1(z), i=1,...,N —1,

can be identified with the Chebyshev polynomials of the second kind {U, },>0. Indeed, it is possible to see that
Qn(x) =U, ((x — B)/2k),n > 0. Now, if we define

Ryi1(z) = Qn(z)(r — B) — kQn-1(z),

we have that the zeros of det(Ryy1(x)) coincide with the eigenvalues of J = R®R L. A simple calculation
shows that

r— B
=k .
Ryy1(x) Unt1 ( o )

We would like to solve the equation det(Ryy1(x)) = 0. Recalling the representation

o (5) =TT (-2 (7))

we obtain, for the matrix-valued case at hand,

x— B e - B Jm
_ 4 - — 4 4= —
det(Rn+1(x)) = k*det (UN+1 ( ok >) = k"det | | ( P 2 cos <N n 2) I4>

Nt xly — B gm
— 14 4
=k j”l det [( A — 2cos (N—|—2) I4)].




Noting that the eigenvalues of B are s and s(1 — 2a® — 2b?) (both with multiplicity 2) we have

= det 2 o .
mfs(lfia —2b%) 2COS( jm )

N+2
. 2 2 2 . 2
_|r=s jm x—s(l—2a —21))_2 jm
= s | ¥ /~c cos | ¥ 3

Hence,

z—s(1—2a%—2b%) jm
— k —2cos N+2 /|

N+1

det(RN+1($)) _ k4 H r—3s — 92¢0s g 2 x—s(l — 92q? _2b2) 9eos g 2 . \/ﬁ
s k N +2 k N+2 ’ ’

which is a polynomial of degree 4(N + 1) having 2(N + 1) distinct roots (all of multiplicity 2). Therefore, the
roots are of the form

J+1
N +2

asj:8+2kcos<7r >, j=0,...,N,
]]Vil ) j=0,...,N,

all being of multiplicity 2, except in the case where the collection of zeros zx and yy overlap, so the multiplicity
changes accordingly (see the example below). The expressions on the roots also make clear that we must have
further restrictions on the values of 7, s and ¢ (recall k = /rt) so that z;,y; € [~1,1], for all j =0,..., N. For
instance, by imposing 0 < k < 1/4 we obtain a corresponding restriction on s (we omit the details).

y; = s(1 — 2a® — 2b%) + 2k cos <7r

The above root calculation should be compared with the classical case with a translation of s units, for which
the roots of Ry are

+ 1
xj:s—l—Q\/ﬁcos(W]{[—:_l), 7=0,...,N,

once again regarding a random walk with a proper restriction on r,s,t so that z; € [—1, 1], for all j.

Now we compute the matrix weights on the zeros above. Such calculation needs to take in consideration
the fact that each root is double (we omit the discussion for the case of larger multiplicities). In this case the
residue calculation gives us that
an expression which can be deduced from (see [16])

N
_ P (M) Wi Pj(Ar)
(J - )‘I>ij1 = E Ar — )\j )

k=0
and noting that this corresponds to the Laurent sum of the operator on the left-hand side except for the sign

change A\, — A = —(\ — ). With formula , a calculation shows that for every N we have a corresponding
set of multiples of the matrices given by

2a> +b* ab  ab v? b? —ab —ab  —b?

W 1 ab b2 b2 —ab W e 1 —ab  b* + 2a* —b? ab
LT 9@+ b2y | ab b2 b2 —ab |0 PP (24 82) |—ab b2 b +24%  ab
b? —ab —ab 2a®+b? —b? ab ab b?

More precisely, we have a collection of 4(N + 1) roots with weights

41
sin <7r]]\f12) Wapts 5=0,....N,

12

P(z;) =

N +2



2 j+1 .
Y(y;) = sin” <7T]‘<7 " 2) Wapa, j=0,...,N.

This should be compared with the classical setting, recalling that in such case,

(27) P (z5) sin? <7Tj+1>:2pq(1 )(4pq793?), j=0,...,N.

2
C N+2 N +2 N +2

We note a few basic properties of W, 3.1 and W, 3.2. First, both are positive semidefinite matrices with eigenval-
ues 0 and 1 (multiplicity 2). Moreover, seen as linear maps, W, .1 is trace-preserving, whereas W, ;.o transforms
densities into traceless matrices. Also W, .1 admits the following Kraus representation

a b

1__a 1 b
b —a]’ We = 2(a? + b?)

I = T
2 3 2(a2+62) 25

3
_ 1 o 17l 1_ 1
Wa7b;1 - ZWZ ® Wi7 Wl - 72(a2 + b2) |:
i=1

from which we conclude that such weight represents a completely positive map. However, W, ;.o does not
represent a positive map in general, as illustrated by an inspection with certain density examples.

For a specific instance of the above take N = 4 (5 sites), so we have 20 roots, with weights
1 1

gWa,b;17 gWa,b;27
associated with zeros s and s(1 — 2a? — 2b?) respectively; weights
1 1
Z a,b;1y ZWa,b;27
associated with zeros s £k, s(1 — 2a? — 2b%) & k respectively; and weights
1 1
EWa,b;la EWa,b;Qa
associated with zeros s £ v/3k, and s(1 — 2a® — 2b?) & v/3k respectively. If, moreover, s =a =b =k = 1/2, we
have
(2} V3 1,13 () —V341 1 V341
7575=0...4 9 ' 9 gy ) Yj55=0...4 9 g 2 )

each with multiplicity 2 except for 0 and 1/2 with multiplicity 4 (noting that in this case, 1 — 2a% — 2b% = 0).
This should be compared with the classical setting, see .

6. AN EXAMPLE OF A QMC ON Z>g

Consider the walk induced by the block matrix on Z>q given by

0 C 0
A 0 C

(28) b = A 0 © ,
0

where A and C are the compact forms (see ) of Ri® Ri + Ry ® Ry and L1 ® L1 + Ly ® Lo, respectively, and

01 1 0 01
le\/p/QIQ, L2: (1—p)/2 |:1 0:|, R1:\/q/2 |:0 _1:|, RQZ (1—q)/2 |:1 0:|
Observe that R} Ry + R5Ry + L7L1 + L5Ly = Is. Therefore,

1 q 0 1—gq 1 p 0 1-p
A=-| 0 1-2¢ 0 |, Czi 0 1 0
l-=q¢ 0 q IL=p 0 p
The matrices A and B are simultaneously diagonalizable, i.e.,
1/2 1/2 1 1 0 -1
(29) A=U 1/2—q u Cc=u 1/2 U U=-—10 v2 0
q—1/2 p—1/2 V2 |4 0 1

13



Choosing

_ (1—29)"
10, = Lo\ |
1—-2p

we can symmetrize the operator , getting that each of the nonzero blocks are given by

e
V(I =2p)(1 - 2q)

The Stieltjes transform associated with is given by

z—Vz22 -1
z2— /22— (1-2q)
(30) Bz, W) =2U 1—2q ur.
z—/22 = (1-2p)(1-2q)
(1 —=2p)(1 —2q)

Therefore, we get an absolutely continuous weight matrix given by
2

dW(z) = =UD(x)U*dx,
T

where
w1 (w)]Jr
D(z) = w2 ()], :
[wa(@)]
where
V1 —2q— 22 V(1 =2p)(1 —2q) — 22
(31) wi(z) =vV1—2a2 wx)= B P ws(z) = A-op)i—20

Here we are using the notation [f(z)], = f(x) if f(x) > 0 and 0 otherwise. Similar results can be obtained if
we do not consider the compact form.

Now consider the same walk as before in , but adding a matrix B at the upper-left corner, i.e.

B C 0
~ A 0 C
(32) = A 0 C ;
0
where B is a matrix which we assume it can be written as
1 |b
(33) B=u by u*,

with ¢ defined by (29). According to Theorem 2.6 of [10], the Stieltjes transform B(z; W) associated with
can be written as B(z; W) = (B(z;W)~! — B)~!. Since we are assuming and taking in mind (30]), we
obtain

- 1 —_—
N 1—-2q _
(1-2p)(1—-2q)

i z— /22— 1—2p(1—2q)_
14




After rationalization and some computations we obtain

(34) i i
—z24+b +Vz2 -1
2012 — 1 —b?
— _ _ 2 _ _
B(zW) = 2u 2tbe = V- (1—29) u.

202z — 1+ 2q — b2

—2+ b3 ++/22 — (1 = 2p)(1 — 2q)
Tz~ (1 2)(129) 2

Therefore the weight matrix is given by W = Wac + Wd, where the absolutely continuous part is given by

I [\/1 — xﬂ . 1
1462 — 2y
AWoe(z) = 2u { i-2a- xQL U*dz.
& 1—2q+ b2 — 2byx
V-2 -29) -
L (1 —2p)(1 — 2q) + b3 — 2b3x

Observe that the denominators are always nonnegative in the range of the definition of each square root. The
discrete part Wy is given by three Dirac deltas located at the poles of the Stieltjes transform , i.e.

- W({z}) o, ()
Wa(z) =U W ({z2}) 0z () us,
W ({z3}) 625 (%)
where
1+ b7 1—2q+ b2 (1 —2p)(1 —2q) + b2
AT o 0 T T, 0 BT 2b ’
1 2 3
and
—~ b -1
W ({a}) = 1?1{5{»},
—~ b2 —(1-2q
W ({z}) = 2([)%)1{b%>1—2q}7
= b3 — (1 —2p)(1 — 29)
W ({z3}) = =2 72 Lip2s(1-2p)(1-29)}-
3

Observe that in principle by, by and bg can be taken as any real numbers, but we are interested in finding under
what conditions the points 21, zo and z3 are located inside the interval [—1,1] (so that all the support of W is
inside the interval [—1,1]). By the definition it is possible to see that |z1| < 1,|22] < 1,|z3] < 1, if and only if
by =1, and

by € [-1 —/2q,—1++/2q]U[1 — /2q,1+ \/2¢],

b3 € [-1 = /2(p+q—2pq), —1+ /2(p + ¢ —2pg)] U [1 — v/2(p+ q — 2pq), 1 + \/2(p + q — 2pq)].

Joining this with the conditions under we have positive jumps, we have that 1V ({z1}) =0and w ({z2}), W ({z3})
are positive if

by € [-1—/2q,—/1—2¢) U (v/1—2q,1+ /2],
b3 € [-1—v/2(p +q— 2pq). —/(1 = 2p)(1 — 29)) U (v/(1 — 2p)(1 — 29), 1 + /2(p + ¢ — 2pq)).

The particular case where B = Aisgiven by by = 1,bs = 1—2¢,b3 = 2¢—1. Therefore z1 = 1,20 =1—¢q, 23 =
p+q—1, W ({z1}) =W ({22}) =0 and

W () = 22501y,
15



The weight matrix is then given by W= Wac + Wd, where

[ 1+ |
1—2x
(35) AW,e(z) = Lu [ 1% xQ} + U*dz.
T (1-2¢)(1 —q—wx)
V=) -20 -]
I (1-2¢)1-p—qg+ux)
and
- i 1 0 -1
(36) Wi(z) = T 2gHrea) _01 8 (1) Optq-1().

Observe that in this situation, as expected, the support of W is inside the interval [—1,1].

Let us now study recurrence of this QMC in terms of the corresponding weight matrices. Note that the QMC
determined by is such that vertex 0 admits a transition to an absorbing state, so we have the transience
of this walk with respect to such site. Let us prove this in terms of the associated measure. First, recall that
the trace is invariant by the change of coordinates ¢/ which, on its turn, does not depend on x. Therefore, we
need only to examine the behavior of wy; and ws in . Regarding w1, a calculation gives that

1\/1—952d y 7(22 — 1+ V1 - 22)

lim T = lim =7

A 11—z 211 224/1 — 22 7

so the above limit is finite. Regarding ws, note that since 0 < p,q < 1, we have a := (1 — 2p)(1 — 2¢) > 0 if and
only if both p and ¢ are greater than 1/2 or both are less than 1/2. If this is the case, we have that ws(z) >0
if z € (—v/a,v/a). If we write ¢ = p+ € (with e € ( —p,1—p) if 3 <p < 1), we obtain
vVa Jo — 12
(37) im [ Y277
A1 J /4 1—zx

w=7(1 - /4p(1 - p) + 2¢(1 — 2p)),

which is also a finite number (as expected, the term inside the root is always positive under the above restric-
tions). A similar reasoning holds in the case 0 < p < %, where we write ¢ = p + ¢, with € € (—p,% —p). In
the case that ws does not have a positive part, the trace computation is determined by w;. Since U*p is also a
density matrix we conclude that, in every case, site 0 is transient with respect to any initial density.

Now considering with B = A (see and (36)), we have, regarding @y, that

y L | 1—|—xd , 7(1+2—+V1-22)
im \/ ——dz =lim =00
Al ) 4 1—zzV1—2 211 2V1 — 22

Regardind w3, we note that the denominator is positive if x € (—+/a, v/a), which can be seen as in the transient
walk above (i.e., consider the cases for which p, ¢ € (0, %) orp,q € (%, 1)). But then the limit to be examined is
the same as for the transient walk, namely, eq. (37), which is finite. We have concluded that recurrence of site
0 depends on the initial choice of density matrix. For instance, the densities

pm=o o] @00k 5=y Yo 0o,

are such that site 0 is recurrent with respect to p, but transient with respect to pg. More generally, site 0 will
be recurrent with respect to any density matrix p ® |0)(0] for which p;; > 0. It would be interesting to find
examples of matrices B at the block position (0,0) for which the resulting walks are irreducible (if this is in
fact possible, a guess would be to obtain a change of coordinates V distinct from U).

Remark 6.1. If B in is not simultaneously diagonalizable with A and C, it is possible to derive again the
weight matriz assuming that B = %de’ag{bl,bg,bg}]/*, where V is unitary. The corresponding weight matriz
will be also unitarily diagonalizable.

16



7. QMCs ON Z

In this section, we treat the case of tridiagonal QMCs on the real line, that is, the set of vertices V will
consist of the integers, thus the walk will have one-step transition probabilities from |i) to |i — 1), i) or |i + 1)
and there are no barriers. Starting from a tridiagonal QMC ® on Z, where each of the blocks of the matrix
representation is of order N2 x N2, we will construct a new tridiagonal QMC on Zxq x {1,2}, where each of
the blocks of the matrix representation is of dimension 2N? x 2N? with a possible barrier on site |0). This is
what we call the folding trick and was introduced for the first time in [5]. Finally, recurrence of this type of
walks will be discussed via an application of the Stieltjes transform.

Consider then the matrix representation for a tridiagonal QMC on Z, given by

B, C4
A_2 B_1 C(]
(38) ¢ = A,1 B() Cl ’
Ay By Ch

A1 By (3

where each block Ay, By, C, is an N2 x N? matrix given by a summation
123
Xi =Y %], Y, € My(C), [%,]=Y, 07,

r=1
and we assume that there exists a sequence of Hermitian matrices (Ey,)nez € My2(C) and non-singular matrices
(Rn)nez € Mpy2(C) such that

AR Ry = Ry RyCryn, >0
R*—n—lR—n—IC—n = Ain_lRtnR_n, n >0,

The previous conditions coincide with those of Theorem when we consider the first line with the walk
restricted to Z>o and the second line with the walk restricted to Z¢. Let us define

Hj = R;R] S MN2((C), j € Z.

(39) R.B, = E,Rp, n € 7.

Consider the two independent families of matrix-valued polynomials defined recursively from as
Qp(x) = In2,  Qplx) =0,
(40) QLi(x) =0, Q%i(z)=Iy2,
2@y (2) = Qny1(2)An + Qn(2)Bn + Q1 (2)Cn, a=1,2, neZ
and the block vectors Q%(x) = ( Q% (), Q% (), Q5 (), QY (z), QS (), . . ) , a = 1,2, are linearly indepen-

dent solutions, depending on the initial values at n = 0, of the eigenvalue equation zQ%(x) = Q(z)®.
As in the classical case, we introduce the block tridiagonal matrix

Go M
y My Gi Ni
¢ = M, Gs Nj ;

where each block entry is a 2N? x 2N? matrix, given by

By A 0

A
= = n >
Go CO B—l y Mn 0 C—n—l , N = 0,
B, 0 I [
G, = 0 B—n—1:| , N,= 0 A, .| n > 1.

The term folding trick comes from the transformation of the original walk ®, whose grh is represented in

Figure [2, to the QMC described by &, which is represented by the folded walk in Figure
17



By By

Ao Ay Ag

C Ch Cy

FiGure 2. QMC @ on Z.

By B4 By
i(%i .
C Cs C3
A4 Co
C_4 C_o C_3

FIGURE 3. Folded walk of ® on Z>( x {1,2} given by d.

Note that ® is a block tridiagonal matrix on Zx, thereby we can apply all the properties we have seen in
previous sections. The following polynomials are defined in terms of ,

(41) On(z) = g%g; g;::g; € Myn2(C), n >0,

and these satisfy
xQo(x) =Q1(x) Mo + Qo(x)Go, Qo(x) = Ionz2,
xQn(l‘) :QnJrl(l‘)Mn + Qn(x)Gn + Qn71($)Nna n=12...

The leading coefficient of Q, (z) is always a nonsingular matrix. Moreover, for

9 R, Op2 v 2 RoA_1R™] v E, Op2
n = s Z s E = _ s n = s > y
R [o N2 RnJ n20 Bo=g oyt B b n=l

we see that the block matrices of @ satisfy the conditions forn>0:
MRS sy — B B Nss, G — Bl
where matrices Rn are non-singular and En are Hermitian for all n > 0. Defining
Il; := R} R; € May2(C), j=0,1,2,...,

the correspondence between ﬁj and II; is
- | 1L Op2
By [10] (see also ((14))), there exists a weight matrix W leading to the Karlin-McGregor formula for $

(42) ) = 11, / QY (2)dW () Qi ().
R
Once we have found the weight matrix appearing on , we can also obtain the blocks @é?) of the original

walk ®. The key for this operation is the following proposition:
18



Proposition 7.1. Assume that ® is a QMC of the form . The relation between ég) and <I>Z(-;-Z) 18

(n)
o : o' -
(43) ¢ = [ o o ],z,j € Zxo.
—j—1y <I>—j—l,—i—l

Proof. Since éﬂ = Ogq2 for |i — j| > 1, it is easy to see that holds for n = 1. So, suppose that is valid
for some n, then

B = 0= S = by ) b,
k=
= M;_ 1<1>§ )“+Gj<1>§. ) Njadl,
By the induction hypothesis and the result above,
<i>§?+1) _
Aj1 0 (I)yi)u 5’71)1 —i—1 B; 0 q>(’2) (I)(nf)zfl
0 CJ o, o) [O B 1] [q’(—@) 1, ‘I’(—nj—l —z—l]
[Cjﬂ 0 } ‘1)5‘1)1,2 @5-1’1,_2_1 ]
_ Aj- 1@5 )u + B, ‘I)( )+CJ+1(I)§+)11 Aj <I>(n)l —i1 T Bj <1>§ )1 1+CJ+1(I)§+)1 i1
I [e2 q)(n')z +B_j- 1‘1)(—3) ;A 2‘1)(—g) 2 C*J'(I)(—j),—i—l +B*J*1(I)(—j)—1,—z—1 +A*J*2(I)—j)—2,—i—1
() <I>("_+f)1
- [sfy, 8

O

Note that we can evaluate (jT_);?) by and then extract the block <I>§.?) as in (43). Further, for a density

operator p € My (C), we have
(n)
0 o] [OD_TYQO o]q)ﬁ 0 o0]|o0]/)"

Pjizp(n) = Tr <<I>§?)p> =Tr (
However, we would like to obtain the probability above avoiding the evaluation of ég?) This can be done via a
generalization of the Karlin-McGregor formula on Z>o. We proceed as follows: first, write the decomposition

_ [dWi(z)  dWia(x)

where dWay () = dW,(z), since dW (x) is positive definite. Then one has for i,j € Z>,

fl, [ " Q)(a)aW ()Qi(x)

{ ] o [Qé(fﬂ) Lz )]* [de(fU) dle(fU)} [Q}(l‘) Qlil($):|
0 Hj-1] Jr Q Q?
2

0

Jtu

j@) Q1 ()] [dWiy(z) dWan(2)| [QF(x) Q% (w)

I fi 2" Q5" ()AWas (2)Q; (¢) 1 fo 2" Q5" (2)AWap ()@, () ]
Ty [ 2" Q%4 (2)dWoap(2)Q] (x) TI_j_1 [2"QY5_ (2)dWas(2)Q”,_, ()

Joining equation above and Proposition we obtain the Karlin-McGregor formula for a QMC on Z, given by

- ¥

a,f=1

(44) o\ = Z / 2" QY (x)dWop(2)QF (), for any i,j € Z, n > 0.
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Conversely, if there exist weight matrices dWi1(z), dWia(z), dWas(z) such that @g?) is of the form ([44)), then

ég?) is of the form
a0 — 1, /R 2" Q3 (x)dW (x) Qi ().

The weight matrix

W) Wasla)
Wi = i) ]

is called the spectral block matrix of ®.

Remark 7.2. Extending Theorem to the QMC on Z, we observe that, since Q} = Q% = In and Q3 =
Q| = Oy, we obtain

> poopn) = ST [0 vec(p)] = lim > 2"y [no / x”@é*@)czwncza(z)vec(p)]
n=0 n=0 N n=0 R
= lim » Tr |:H()/(Z$)n($)dW11($)U€C(p):| = lim Tr [HodVVll(x)vec(p)]
z—1 s R z—1 1—zzx
= limzTr [H()B(Z_l; Wit )vec(p)| = lim Tr [y B(z; Wiy )vec(p)] ,
z—1 z—1

where B(z; W) is the Stieltjes transform of a weight matriz W defined by . Analogously,

z—1

Zp,l,,l;p(n) = lim Tr[II_1 B(z; Wa2)vec(p)] .
n=0

Since we are assuming that Iy and 11—y are positive definite matrices, vertex |0) is p-recurrent if and only if

1if111 Tr (B(z; Whi)vec(p)) = oo,

and vertex |—1) is p-recurrent if and only if

liﬁl Tr (B(z; Wag)vec(p)) = oo.

Let us write the matrix ® in the form

. 00 A,
o C : 00 0
(45) @:[A ¢+]7C= 0 00 , A= 00 0
Co 0 0
By 1 .
Ao Bl 02 A_4 B_3 C_Q

A3 B, C_
A_Q B_;
Our goal now is to write the Stieltjes transforms associated with the weight matrices W,g,a, 8 = 1,2, in terms

of the Stieltjes transforms associated with W, the weight matrices associated with ®*. For that we will need
the following lemma.

o = A By Cs , &=

Lemma 7.3. [I8] Let B be a Banach space and T} : Dom(T1) — B and T> : Dom(1%) — B be linear operators

with block representations
le[A 0 and ng[A C},

C D, 0 D
respectively. If A and D are invertible, then T1 and T have inverses, given by
_ At 0 | _ At —A-loD!
T = [—D—ICA—1 D! and T, = [ 0 D1 '
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Denote by Py, P, and IP’;;Ir the projection maps onto the space generated by site |k) on Z, Zo and Z>o,
respectively, and Qg = Iz — P, Q = Iz_, — P}, QZ = Iz, — PZ. Then, applying Lemma E we obtain

[ o [I-z20" .o 1!
O(I — 2QpP) 1:_14 @*][ OZ I_Z(Z@(J)rqﬁ
(46) _[em o[ —ze)7t 21 —2@7)7lO( — 2qf )
= I A Pt 0 (I _ ZQS_(I)"')_I
[T —2®7) Tt [z (T - 207) " I O(T - 2QF )
= _A(I—zqr)—l [ZA(I*Z‘I’_)ACwL(I)*](Ifz@arqfr)—l )

By the same arguments,

o [e- C)[I-207,8" o 1°°
(1 —2Q1®) " = A qﬁ] [ A 1o
e C (I—2Q-,07)"! 0
LA T |21 - 20N TTA( - 2QT @) (- 20 h) T
(@420 - 20T) AT - 2Q7 @) C(I—201) !
T+ 29I - 20T) ) A - 2QT @) (1 —20h) )
and
1
CI—2Q® )= 10 0 0 K 2] 0 0
CO 0 0 CO O
Denoting
()= 2" (@) =T —-207), @F(2):=) 2" (@) = (I —20%)7,
n=0 n=0
we obtain

Foo(z) = 2Pe®(I —2Qu®) 'Py

0 0
N [0 2Py [2AI — 2@7)1C(I — 2Qp®T) 1+ @7 (1 — 2Qf @)~ Py |’
where the only non-null block equals
A_1<I>:1772(z) A—lq):l,fl(z)
0 0 oo
:ZQ]P)(J)F 0 0 0 0 0 ---||Pd+Fuh(2)
Co 0 0 --

A71<I>:1,—1(Z)CO
0

2 A*l(I):L_l(Z)CO O

_ 2mt
=T 0 0

0
0 ]P’ar—i—FJB(z) =z —i—FSB(z).

Note that Fyg(z) has only one non-null N? x N? block, due to the projections multiplying on the left and on
the right-hand side. Without loss of generality, we will rewrite this kind of blocks as its only non-null block.
For instance, we have

Foo(z) = Z2A_1<I>:1’71(Z)C'o + Fyh(2).
Applying twice the equation
(47) Fji(s) = @4(s) " (@5i(s) — 85i),
for Fyo(z) and Fyf(2), we obtain
I—®g(z) " =22A @2, _1(2)Co+1—®fy(2)7",
and after some algebra, we get

(48) Doo(2) = Pgo(2)(I — Z2A71(I):1,—1(Z)COCI>(JJFO(Z))_1~
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Analogously,
Foi1(2) = 2P [@ (I —2Q_1®@7 )+ 20(1 — 201) AT — 2Qp@ ™) ' P4
= F7y _1(2) + 22C0(2) A,

thus
g 1(2) = (I = Fo1-1(2) ' = (I = F2y _y(2) = 22C0g(2) A1) ™!
=07, 1 (2)(I = 2°Cogy(2)A1®Z; ()7,
that is,
(49) O_1,1(2) = 92, 1 (2)(I = 2% Co®y(2) A9, 4 (2)) "

Now we use equation to obtain

Fo-1(2) = 2PoA(I — 207)7'P_y = 24197, _(2),
which, together with equations and , gives
(50) ®o,-1(2) = Poo(2) Fo,-1(2) = 28y (2)(I — 22 A1, 1 (2)Co®y(2)) 1A 197, 4(2).
In the same way,

F_10(2) = 2Co®,(2),

gives
(51) P_10(2) = Po1—1(2)Fl10(2) = 227, _4(2)( — 22Co®fy(2)A_ 1P, _1(2))7100<I)+ (2).

We notice that the block matrices of both ® and @~ satisfy the conditions of equation (39)), thus there are
positive weight matrices W4 associated with ®* for which the associated polynomials are orthogonal Then,
we can write

I} ::/dW+ and IIZ, ::/dW
R R
Recalling that (see (15))
.
Bils) =1y [ Q@)W (@) Qi)
RLI—S8T

and Q} = Q% = In2, Q3 = Q1 = On2, we obtain the following Stieltjes transforms relations

B(z1 W) = 2105 oo (2),  B(27Wap) = 217101 _1(2), B(27}; Wig) = 211711 (2),
B(z7 War) = 21110 10(2), Bz Wy) = 2(I5) 71y (2),  B(z"5Wo) = 2(11,) 71, (2).

Joining with the identities @ @ @ the new Stieltjes transform identities are obtained:
HoB(Z;WH) H+B(Z W+) I1—A_ 1H 1B(Z W_ )00H+B(Z W+)) N

(
(52) _1B(2;Wag) =TI~ B(2; W_)(I — Coll§ B(2; W) A_TI- B(z; W_)) !
Iy B(z; Wia) = 11§ B(z W) (I — A T1, B(2; W_)Coll§ B(2;, W) 1A 1H7 B(z;W_),
B(2;Wa1) =1, B(2; W_)(I — Coll§ B(z; W) A1 11 B(z; W_)) ' Coll§ B(z; W1.).

Sometimes the operators H;r and II;” are equal to the identity operator. In this case, are reduced to

o B(2; Wi1) = B(2; Wi ) (I — A1 B(2; W-)CoB(z; W+)) g
(53 Iy B(2; Wag) = B(z; W_)(I — CoB(2; W )A_1B(z; W_)) ™!,

oB(z; Wia) = B(z; Wy )(I — A_1B(2;W_)CoB(2; W) tA_1B(z; W_),

I 1B(z; W) = B(z;W_)(I — CoB(2; W)A_1B(z; W_)) 1 CoB(2; W,).

The above results will be applied in the following examples so that one is able to conclude recurrence properties
of the walk.
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Example 7.4. Let ® be a homogeneous OQW on S = Z with matriz representation

0 [L]
[R] 0 [L] 1 9 V2
8= [RI| 0 [T - R=1§ ] L=[{f ?]
(Rl 0 [L] V2 V2
(Rl 0 [L]

In order to study recurrence or transience of the walk for each density operator on C2, we will apply the Stieltjes
transformation discussed above. The polynomials associated with ® are

Qo(z) = L, Qjx)=04
Q1—1($) = 04, Q2—1(93) =14
Qn(z) = Quu(@)[RI+ Q1 (2)[L], o,f=1,2, neZ
The weight matriz associated with ® is

2l )

+

2056 [\ [(vaeva—52)]

+

213 W (V2(2v2 — 322))

2(z2—1+v1—22)

L z2(1—x2) i

and since the matrices are diagonal, it is easy to see that W, (x) = W_(z). The weight matriz W11 (x) is obtained
by an application of the first formula of ,

B(z;Wh1) = B(z; W) (I — A_1B(2; Wy )CoB(z; W)™,
and then we apply the Perron-Stieltjes inversion formula to obtain the referred measure. After some calculus,

b ] on C2,
—a

we have, for a density matriz p = [; 1

Z—r00 Z—00

" poosp(n) = 3 T (@ vec(p)) = lim Tr (@oo(2)vec(p)) = lim Tr (B(Way, 2)vec(p))
n=0 n=0

@ . l—a  6a(8v/222 +3VI8 — 1627 — 9v2) {oo, if a<1

lim + .
200 /1T — 22 (3v/2+ V18 — 1622)(18 — 1622) 3, ifa=1

Therefore site |0) is p-transient for p = [(1) 8] and p-recurrent otherwise.

O

It is worth recalling that the weight matrix of the example above is a particular case of Proposition 1.3 of
[21].

Example 7.5. Consider a QMC & induced by the block matriz on V ={0,1,2,...} given by

B rI
tIl B rl
P = tI B rl , O0<rt<l,

where B = [op], op = Vi - V1 + V' - Vi, where Vi and Vs are the same as in the example appearing in Section
@. For simplicity we assume 0 < a,b,s < 1, a®> + b*> < 1. In this way we have that Tr(c(X)) = sTr(X), so we
23



suppose that r + s+t =1 in order to have that d is trace-preserving. The matrices R, = ( f)n satisfy the

L
conditions of Equation , thus we denote

r\"
- ()
By the classical symmetrization
i—1
y:diag(}/bvyla"')v }/Z: ( 7_;) -[47 ’iZO,l,...,

we obtain

B kI

kI B kI

J=Yey~'=| i B kI . k=t

The matrix B is symmetric, thus we can apply the spectral theorem to get

10 0 0
¥ 101 0 0
B=UDU", D=so o 1 _942_op 0 ’
0 0 0 1 —2a? — 2b?
where
1 a _ b . ab
Va2+b? V2a2+b2 V2a2+b2v/a2+b2
\/§ 0 b 2a _ b2
U=2Y=2 Va2+b2 V2a2+b2 V2a24+b2va?+b2
2 0 b 0 v2a24b2 )
Va2 b2 X W
= Va2+b2 V2a2+b2 V2a2+b2Va2+b?
which gives
e N 0 0
0 o2y 0 0
H(w) =U k? 2 2 2 U*
(s(1—2a*—2b%)—2x) ’
! ; K - (8(172(1272(17)2)71')2
0 0 0 2 —4
and then the associated weight matriz is ([12])
1
d =
W(z) drk(a® + b?) %
2a> +b> ab ab b2 b2 —ab —ab —b?
ab b? b? —ab —ab 2a® +V? —b? ab
i@l 2w | Pl@l g 22y w
b? —ab —ab 2a®+V? —b? ab ab b2
where
(s — )2 (s(1 —2a% — 2b%) — )2
wy(z) =14/4— R wa(z) =1/4 — 2 :

Note that we can rewrite the weight matrixz in terms of wy(x), we(x) and B by

V@) = T (a4 2 = )la+ 1) + 8 (14— 1)
[w1 ()]
o 1 " o)
- U + ws(@)], U,
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whose support is given by

1
(55) R := supp(dW) ={y e R: %(yL; — B) has an eigenvalue in [—2,2]}

= [-2k + s(1 — 2a® — 2b%), s + 2k].
The Stieltjes transform of W is

wi (x)
1 w1 () .
(56) B(Z, W) = - %U zT w2(m) U dl’,

where the integrals of the elements on the diagonal are

/wl(@dfﬂJ(z_S—i 4R = (s — 2)2) i= 2kmha(2),
R Z2—X k

(57)

/ wa(z)de %(z — (1 — 202 — 2b2) — i\/4k2 — (s(1 — 2a% — 20%) — 2)2) := 2kmha(2).
R Z2—X

The transience of this walk can be computed by using Theorem [{.1]:
1-— 22 1—4k
lim T'r {z vec™! <B(2;W)vec<[:* Y ]))] = 5+ Vs il

211 1—-u 2k2
r4+t+ V2 —2rt+ 2
- 2rt
) ift >
B {1/t, otherwise.

K u] € M(C?), we conclude that this QMC is

Since this limit is valid for any density operator p = [;i 1 —

transient.

Let us extend the above QMC to the real line: now the set of vertices is V.= Z and the new QMC ® has
matriz representation

tI B rl

d = tI B rl
tI B rl

Take the splitting of equation applied to @ :

, 0 0 tI

o C A 00 0
‘I):[A q>+]vC= 0 00 | A= 00 0
I 00 --- . .

The weight matriz associated with ®* is W, = W, where W is given by and with support R given by
. We have IIT = IIZ, = I4 and the Stieltjes transform of W is given by and . The operators
Iy = RjRo and I1_1 = R* {R_1 are the ones obtained by equation , giwing g =1 and II_; = A~1C = i1
For simplicity, assume s = 2k. Then, we apply formula to obtain
l1(2)
B(z; W) =U h(z) u-,
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where

hie) = V2O ) = VS,
and we evaluate
B(z; Wa) = ;B(z; Wi1)
h1(2)l1(2)
B3 Wat) = B(z Wia) = tB(z Wi1) B W) = tU () (2) v,

hQ(Z)lQ(Z)
hQ(Z)lQ(Z)

where hi(z),i = 1,2 are defined by . Applying [[11], eq. (1.10)] we obtain the spectral measure of ®,

0 U Du(l’) %Du(.%’) 0 U*
where
D ( ) di -1 -1 -1 -1
11\T) = arag P 5 ’
{ x(4k — x)] ) { x(4k — x)} , [ —x(4k + x)} .\ { —x(4k + x)} )
2k — x 2k —x -2k —x -2k —x

Dl?(l‘) = dlag ) ) )
2r [ x(4k — x)} 2r [ x(4k — x)} 2r [ —x(4k + l‘):| 2r [ —z(4k + ac)]
+ + + +
The procedure to obtain the spectral measure for ® was inspired by the classical case. The reader can note that

the expressions appearing in are analogous to the classical reasoning. However, some of the transition
matrices do not commute, thus the order of the operators in such formulae has to be maintained.
Now, for any density operator on C2, we have by Remark; that
00 1 .
1 ——, if k<1l/4
Zpoo;p(n) = lim Tr (II; ' B(2; Wi1)vec(p)) = lim ———x = { VI-4~ f /4,
= z—=1 =1\ /z(z — 4k) 00, if k=1/4.

That is, the walk ® (for s = 2k) is recurrent only when k = 1/4 and this happens for t = r = 1/4. For the
general case we can follow the same steps to obtain

S 1 .
ZPOO-p(”) = lim ! _ Vi Ws#F L2k
= V22 =252+ 57 — AR 00, ifs=1-—2k.

Since we are assuming r + s+t =1 and k = \/rt, recurrence occurs when 0 = r — 23/rt +t = (/7 — \V/t)?, that
is, when t =r.

O

Remark 7.6. The example in Section@ is such that op + t2I1 < I, thus Z}'iopoxp(n) < 1 for some initial
density operator p. This case is interpreted as a walk with a vertex named |—1) , which is an absorbing vertex of
the QMC, giving the correction Z;’;_lpoj;p(n) = 1. Now we point out the difference that an absorbing vertex
on the QMC can take: the QMC ® acting on Z>o has an absorbing vertex on site |0), and it is transient for
any choice of t,r,s,a,b. On the other hand, for a,b,s fited andt =r =1—s, the extended QMC on the integer
line is always recurrent.

8. THE CASE OF NON-SYMMETRIC WEIGHT MATRICES

As discussed previously, Theorem describes the fundamental conditions regarding the existence of a
positive weight matrix associated with a given QMC. Then, a natural question arises: is there anything that
can be done in the case of QMC that do not satisfy such conditions, perhaps involving a non symmetric matrix
of measures? Based on [28], we are in fact able to discuss a non-general Karlin-McGregor formula for ® by
using a different kind of polynomial orthogonality, where the term non-general means that we obtain the (4, j)-th
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block entry of ®” only for ¢ = 0, which will allow us to obtain certain developments for the recurrence problems
we are interested in.

We will be mostly interested in homogeneous QMCs, that is, operators ® of the form , such that A, =
A, B, = B,Cpi1 = C, Yn =0,1,2,... for some A, B,C € My=(C). For instance, if we have a homogeneous

OQW with
1 1 0 1 (1 1
=gl o=l ) B

then AyCy is not Hermitian, consequently it is not possible to obtain a proper positive definite weight matrix
W that makes the corresponding matrix-valued polynomials orthogonal with respect to W. However, we may
consider another kind of orthogonality for the associated polynomials in terms of a reasoning seen in [2§]. For
a homogeneous QMC, Theorem 3.4 of [28] assures the existence of a weight matrix W supported on some
subspace A of C such that the polynomials @, (z), defined recursively by

QO(Z’):INQ, Q_l(.’ﬂ) :ONQ,

(58) 2Qu(@) = Qui1 () An + Qu(@) By + Qu_1(2)Ch,
satisfy
(59) /A AW (2)Qu() = 0,

for all integers n > k > 0. Polynomials {Q,(z)},>0 for which there exists a weight matrix W satisfying
are called semi-orthogonal polynomials with respect to W. Since this concept of orthogonality is weaker,
the Karlin-McGregor formula for non-symmetric QMCs will be weaker as well. Nevertheless, we will be able to
obtain an application of such construction for the problem of recurrence.

For completeness, let us derive the Karlin-McGregor formula for non-symmetric weight matrices with the nec-

essary adaptations with respect to semi-orthogonality. We have 2" Q(x) = Q(x)®", where Q(z) = (Qo(z), Q1(x), .. .).

Component-wise,
(60) 2" Qr(x Z Qr(x

Fix i,j € Z>o Vertlces Fix a time parameter n with the extra condition n > ¢, then multiply Q*( ) on the
left-hand side of (| with » = j + i and integrate on A to obtain

n Yk nj * n
(61) Aw%> 2)Qj4ile Z/@ M’QWWH=§A@MMW@M%@

Hypothesis n < ¢ in this situation would make the integral on the left-hand side of to vanish, by an
application of . The same idea is applied to the right-hand side of , where we want the sum of integrals
to become only one term, which happens for the particular case j = 0:

/f@%%W@@m:/@mwww%@mw
A A

Hence, we obtain the Karlin McGregor Formula for non-symmetric QMCs:

-1
(62) o) = (/AdW(:v)) /Az:”dW(m)Qi(a:), i €750, n=0,1,2,...

This equation gives, for a fixed vertex i € Zxq, the (0,%)-th block entry of ®" for any time n > 0. The case n > i
follows from the construction above and, for n < i, <I>g;-) = 042 since @ is block tridiagonal and the right-hand

side of equation vanishes by equation . Therefore, we can obtain the probability for the walker to reach
site |0), given that it started on site |i) with initial state p € My(C), by

Poip(n) = Tr (cpgf?p) — Tr <</A dW(a:)) 1/A:c”dW(:c)Qi(m)p> i€ Zs0, n=0,1,2,... .

27



Regarding the case of a finite number of vertices V' ={0,1,2,..., N}, we proceed as expected: the eigenvalues
of ® are the roots of the determinant of

Ryi1(z) = Qn(z) (2] — By) — Qn-1(2)Ch,

where {Qn(z)}2_, are the polynomials associated with ®. Suppose that ® describes a homogeneous QMC, then

{Qn(2)})_, are semi-orthogonal with respect to the measure

Wi = lim (A, — 2) (] — 2D)gg

Z—>>\k

that is,

> XWRQ5(Ak) =0,
k=1

for j > i, where 7 is the number of eigenvalues of ® counting multiplicities. The Karlin-McGregor formula for
this kind of QMC is then

o) = 5" XWQ; ().
k=1
Example 8.1. Let ® be the homogeneous OQW with 3 vertices defined by
0 [C] 0
1 ]1 1 1 {1 0
(63) o= |[A] 0 |[C]], A:[ ] C:[_ ]
0 [A] 0 V310 1 V311

The polynomials associated with ® are

Qo(x) = L, Qi(x) = 2[A]™!, Qa(x) = 2Qu(x)[A] " = [C][A]".

Hence the eigenvalues of © are precisely the roots of

R3(x) = 2Qa(z) — Qu(x)[CT,

which are

V2 V2 V3 V3

)\1 _Oa )\2 — _?7 A3 - ?7 /\4 — _?7 )\5 - ?7
Vov6 -3  V2V6+3 Vov6 -3 V/2V64+3
)\6:— —+ 1 ; )\7: —1 )

6 6 6 6

V2v6-3  \/2V6+3 V2v6-3  \V/2V6+3
Ag = — 6 —1 6 , A9 = 6 +1 6 .

Joining the results of [16] and [28], we obtain

i 0 if P>
4,
D QIORWRQiM) = 0 e
pt ij € My(C), not necessarily nu if 1<
where
. —1
Wi = lim (Mg — 2)([®] — 2112)
Z—)Ak
T
= lim E— )X
2 Ak 8126 — 322 -2
6 45,2 4 2 4 2
_ 81z +9zz 2242 _ 27z Jggz 1 _ 27z +32z 1 —2(922 + 5)
272446221 _ 72928-16225—542%—2242 2(81244272%—14) 212241
3z 2(922-2) 922-2 3z
272446221 2(812%4272%—14) 7292816226 54242242 212241
3z 922-2 2(922-2) 3z
2 212241 212241 4
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Those values are

6 1 1 0 0 0 0 O 1 1 1 2
11-1 3 0 1 110 1 -1 0 1 ]1-1 -1 -1 -2
Wl_é -1 0 3 1 ’WQ_W3_§ 0 -1 1 o[ WMa=Ws=15 |1 J1 o1 o)
0O -1 -1 0 0 O 0 O 2 2 2 4
3—iv5 1 1 7T—iV/15 ]
—90+6i/15 12 12 —30+18iv/15
1 5 5 —15—7iv/15
_ _ 12 30—6iv/15 30—6'\/ﬁ —180+12iy/15
We = Wr = 1 5 3 —15-7iv/15_|
12 30—6iv/15 30— 61\/7 —180+124y/15
7—iV/15 154+7iv/15 154715 114+3iv/15
| —30+18iv/15  —180+12iv/15  —180+12iv/15  —30+18iv/15
[ —3-iv/5 _ 1 1 _—T—i/15 ]
—90+6iv/15 12 12 —30+18iy/15
1 _ 5 . 5 15—-7iv/15
_ _ 12 30—6iv/15 30—6'\/ﬁ —180+12iy/15
Ws =Wy = 1 _ 5 s 15-7iv15
12 30—6i/15 30— 61\/7 —180+12iy/15
—7—iV15 —154+7iv15 —1547iV15 —11+3iV/15
| —30+18iv/15  —180+12iv/15  —180+12iv/15 30+18iv/15

A simple calculation shows that

9
k=1

Therefore the Karlin-McGregor formula for this OQW is

-1
‘Pg,?Z </AdW(w)> /A z"dW (z) ZAkaQl (A\r), i=0,1,2, n>i.

For instance, we have

63 —45 —45 54

510 N 1 |—27 26 10 —45
0.2 _ZA Wi@Qx(\e) = =ooo | o7 10 26 —d5|°
k=1 90 —27 —27 63

which agrees with the corresponding block of ®1°. The probability of the walker to be on site |0) after 10 steps,

given that it started on site |2) with initial density operator p = {bei 1 f a 18
63 —45 —45 54 a
_ 1 —27 26 10 —45 b 13 4+ 4a — 16 Re(b)
_ 1 _
pozp(10) = Tr vee ™ | soois |27 10 26 —d5| | b 6561
90 —27 -27 63 l—a
Analogously,
1+4a —4Re(b 1
Pozp(2) = 9 ( )’ Po2;p(3) =0, poz;p(4) = 57"
However, the general Karlin-McGregor formula does not apply for this OQW. Indeed, we have
0 0 0 1
3@ _ 10 0o -1 1
227910 -1 0 1}°
1 -1 -1 1
and
15 37 37 82 0 1,
1 (24 32 30 2
18 124 30 32 <ZQ (Ak) WkQ2()\k)> (Z )\ng (k) WkQQ()\k)) #+ @g%.
25 29 29 6 ! k=l
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The reason why this is happening is that Q2 and Qg are not orthogonal, since

-2 4 4 28

9
) 1l-8 —21 —21 —62
2 OWQ) =7 | g 51 91 g

k=1 4 18 18 68

Let us study now the case of a larger number of sites n. Consider

[0 [C]
[A] 0 [C]
= € My, (C),
[Al 0 [C]
I [A] 0 ]
where A, C' are defined by . The compact form of ® is given by
0 © -
A0 c [f1 0 o0 L2
o = : S € Ms,(C), Azg -1 1 0}, C:§ 011
A 0 C 1 -2 1 0 0 1
- A 0_
If we evaluate the eigenvalues i, ..., \3n of ® and put them on the complex plane, the outcome is a graph of

the form represented in Figure |Z| Each dot represents an eigenvalue of ®.

O

FIGURE 4. Eigenvalues of ® with 20 vertices.

Example 8.2. Let ® be a homogeneous QMC with 5 vertices defined by

[BO~| [Cﬂ + fCQ—‘ 0 0 0
[A1] + [Asg] [Bo [C1] + [C2] 0 0
= [A1] + [A2] [Bo] [C1] + [C2] 0 :
[A1] + [Az] [Bo] [C1] + [C2]

[A1] + [A2] [Bol

where



In compact form, ® becomes

B C 0 0 O
; A B C 0 0 1 0 0O 1 2 00 1 1 00
<I>:OABCO,BZEOOO,A2502O,025010
0 0 A B C 0 01 2 0 2 0 0 2
0 0 0 A B
The eigenvalues of ® are given by
1 1 3 V2 2
M=0, =— 3=, M=, d5=——, Ag= —
1 O) 2 57 3 5) 4 57 5 5 s N6 5 y
6 6 1 23 1 23
PPN W LW R )
5 5 5 5 5 5
and the weight matriz is given by
/3 0 0 0 0 0 [0 0 0 0 0 O
Wi=1| 0 1/3 0|, Wy = 0 0 0|, W= 0 0 0|, Wy=1]10 0 0
2/11 0 O -1/2 0 1/4 |—-8/15 0 1/3 1/6 0 1/4
1/4 0 0 1/4 0 0] 1/12 0 0
We=| 0 1/4 0| wg=| 0 1/4 0| 6 wy= 0 1/12 0f
104++/2 104—v/2 17v6 67
2;2\[ 0 0 292\[ 0 0] o 2\0[ T30 0 0
1/12 0 O 0 0 O 0 0 O
Wy = 0 1/12 0, Wy = 0 0 0 |, Wyp= 0 0 0
176 _ 67 10529 | 3016v/3 10529 _ 3016v/3
N 2\{_% 0 0 3 Rz T 240\9[ 0 1/12 4818 240\9[ 0 1/12
The polynomials Qn(z) associated with ® (see (58))) satisfy (59), that is,
10
D NW(H)QK() =0,
j=1
for all integers n > k > 0. As an example, formula gives, for p = [(?" 1 E a} , that
10 52 0 0
5(7) 7 8 4632 + 608a
D= MW(E)Qs(M\)==—=—10 52 0 . — o2 T PO

k=1 907 0 579
o

Let us now consider the case of infinite vertices. For that we recall that the Stieltjes transform B(z; W)
associated with a homogeneous QMC & with matrix representation

B C
A B C
*=1 4 B C )
where A, C € Mpy2(C) are non-singular, is given by
(64) B(z;W) = (2— B — CB(zW)A)~.
Similarly, the Stieltjes transform B(z; W) associated with a QMC ® with matrix representation
By C
~ Ay B C
¢ = A B C )

where Ay, A,C' € My2(C) are non-singular, is given by

(65) B(z;W) = (2 — By — CB(2; W) Ag) ™.
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Example 8.3. Take V = Z>¢ and matrices R = L = %Ig,

5 5 5 5
Blzil()’ BQZ£007 R1:£ Lo R2:£10.
5 [0 1 5 10 1 5 [—1 1 5 [1 1
We define a QMC on V' whose compact form is
‘B, C -
Ay 0 C
o = A0 C ,B0231+BQ,A0:R1+R2,C:E,A:R.
A 0 C
Denote by ®y the matriz
0 C
. A 0 C
Po = A o0 C© )

and W, Wy the weight matrices associated with ® and ®g, respectively. Using and we obtain
B(Z; W())(Z) = (22 + 2\/ 22 — 1)[3.

and
2vVz2 —1+4+32—-1 0 0
B(Z;W)—522+5 (2522 L ) Vo lrsa ol 0
= —0bz 2((2522—202—1)V22—1+2523-2022—132+8
522_18-+13 0 2vVz2 =143z -3

With the Stieltjes transform, we may obtain the associated weight matriz for ® by applying the Perron-Stieltjes
tnwersion formula. A simple calculation shows that the weight matric W is given by

21 — x2 0 0
2
W(z) 5 0 21 —x 0

T 72— 6z 1 5) | 2(2522 — 202 — 1)1 — 22 ’
m( ) | 2(252% — 202 — )V~ 0 2/i—a?
522 — 18z + 13

x € [-1,1].

We now have
1
| @@ar@ae =0, i>
thus formula holds.

Let us now analyze recurrence of the first vertex of both QMCs ® and ®¢. By , we are able to conclude
whether the walk is recurrent just by considering the Stieltjes transform associated with the QMC, that is, we
do not need to obtain the explicit weight matriz associated with the referred QMC. Above, we determined the
weight matriz for completeness, and in order to write the transitions probabilities of the walk described by @
using the Karlin-McGregor formula.

Applying limits to the Stieltjes transform B(z; Wo) and B(z; W) associated with ®q and ®, respectively, we
obtain

lim Tr(B(z, Wy)p) = lilrn1 224222 -1=2,
zZ—r

z—1
and using I’Hospital’s rule we get
lim Tr(B(z, W)p) = oo,
z—1

for any density operator p € My(C). Therefore, by , the first vertex |0) is transient for ®g and recurrent for
.

O
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Example 8.4. Take V = Z>o and matrices

(66) Rlz\;[_ll \%] Rg:\;{l s

We define a QMC on V' whose compact form is

0 C
. A 0 C . . .
b = A 0 C , A=R1+ Ry, C=1,.

The Stieltjes transform associated with ® satisfies
B(z;W)(zI3 — CB(z; W)A) = I,

for which a solution is

Tz —iv/—4922 + 24 0 0
7 0 Tz —iv/—4922 4+ 24 0
67) B(z; W)= —
(67) (=) 12 | —34323 + 1402 + (4922 — 8)v/4922 — 24 : 5
19.% — 32 0 Tz — i/ —4922 + 24

The weight matriz associated with ® is then

V24 — 4922 0 0
W(z) = s 0 V24 — 4922 0 v | 2V6 2v6
T 12| (4922 4 8)v/24 — 4922 ’ T |
- V24 — 4952
4922 — 32 0 o

The polynomials associated with ®, Qi (x), satisfy

2v6

7 : . .
L W @)Q; () =0, i >

7

thus formula holds. Finally, we conclude that vertex |0) is transient, since

> poop(n) = lim Tr (B(2, W)p)
n=0

492 = TV49:7 —21 | Ta —3432° + 1402 + (492" —8)V49:7 —24 _ 119+ 7a _
= - — (X)
12 12 4922 — 32 102

Example 8.5. Let us consider the QMC on V = Z>o whose compact form is
C
A

= o Q

. C . . .
¢ = 0 C ,A:R1+R2,C:L1,

where

LR R S I B Vi

This QMC' is similar to the one on Example with the difference that the first block is replaced by C. Now P
is trace preserving and the associated Stieltjes transform to ®, B(z; W), satisfies

B(z;W)(zl3 — C — CB(z; W)A) = I3,
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where B(z; W) is the associated Stieltjes transform to the QMC on Ezxample . Thus, we obtain

7 72—64+/4922-24 0 0
6 5—Tz /3
. _ 7 —T24+2v/3-4922—-24
B(z; W) = 0 5 V329 0
34323 19622 —12624-64+4 (4922 —282—4)\/4922 24 0 17224492224
160—3842—2122458823 34324 2 1—z

Therefore,

> povip(n) = lim Tr (B(z; W)p)
n=0

7(3432° + (492° —20)v4922 — 24 —182z)a | 172 -2+ V4922 - 24

3 34323 — 24522 — 224z + 160 2 1-=2

a b
b* 1 —

o0,

for any density operator p = [ a} . Hence, this QMC is recurrent.

O

Applying the folding trick to a nonpositive measure. It is worth noting that the folding trick can also
be applied to homogeneous QMCs whose matrix representations are not symmetrizable. Then, we can examine
the associated recurrence problem. In fact, let us recall equation :

Doo(2) = P (2) (I — Z2A71‘I’:1,71(Z)CO‘I)(JJFO(Z))_1~

In order to analyze recurrence of site [0) of a given QMC on Z, we have to calculate ) > poo;p(n) =

Yoo Tr(q)(()g) p) for each density operator p. This can be done by using equation in the following way:
oo
(68) S o) = lizn Boo (=) = lim I} B(z; W) (I — A1, B(2; W_)CoII3 B(z; W) ™1,
4 z
n=0

where the Stieltjes transform appearing on the right-hand side are obtained by applying . Therefore, we have
the following result, which gives a recurrence criterion for a tridiagonal homogeneous QMC with non-singular
coins above and below the main diagonal.

Proposition 8.6. Fix N € {1,2,3,...}, A, B,C operators on CN? with A, C non-singular such that
A B
o= A

= WA

a ;
B C

is a QMC on Z. Given a density operator p € Mn(C), a vertex i € Z is p-recurrent if and only if
(69) 11%1 Tr [B(z; W) (I — Al B(z; W4 )CILf B(2; W4)) ™ 'p] = oo,
z

where B(z; W4.) is the solution of . Therefore a QMC @ is recurrent if and only if is satisfied for any
density operator p € My(C).

Proof. Vertex |0) is p-recurrent if and only if
ZTr (@gg)p) = 00.
n=0

Since the QMC is homogeneous we have ®T = &~ hence gives the equivalence between recurrence and

equation .

U
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Example 8.7. We will extend the QMC on Z>q given by Ezample @ to Z. Let ® be a homogeneous QMC
with compact matriz representation given by

A 0 C i § 5
A 0 C , A=R1+ Ry, C = La,
A 0 C

Ko<
I

where Ry, Ry and Ly are given by . The Stieltjes transform associated with ®T is the same as the one given
by . Therefore, according to Proposition we have

for any density operator p = [a

S poop(n) = lim Te(B(z W )(I — AL B(z W4 )CIL B(z: W) ~p)
n=0

z—1
1
V492224 ? 0 a
= lmTr |7 0 Vo221 0 2b
z=1 343234 8424 (4922 4+8)/19:2—24 0 1 1—a
492232 V4922—24
Ta
\/4912421;24
= lmTr Vio? 2i
2= 7 —343234-842+(4922+8)1/4922 24 7(1—a)
a 1922-32 T Vo2
~ lm 7@—34323 + 84z + (4922 + 8)V/4922 — 24 N 7
=S 4922 — 32 V4922 — 24
1824+ 595
N 425 7

b

b1 — a} . Therefore, we conclude that this QMC is transient.

O
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