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Abstract Originated from the work extraction in quantum systems coupled to
a heat bath, quantum deficit is a kind of significant quantum correlations like
quantum entanglement. It links quantum thermodynamics with quantum infor-
mation. We analytically calculate the one-way deficit of the generalized n-qubit
Werner state. We find that the one-way deficit increases as the mixing probability
p increases for any n. For fixed p, we observe that the one-way deficit increases
as n increases. For any n, the maximum of one-way deficit is attained at p = 1.
Furthermore, for large n (2" — o0), we prove that the curve of one-way deficit
versus p approaches to a straight line with slope 1. We also calculate the Holevo
quantity for the generalized n-qubit Werner state, and show that it is zero.
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1 Introduction

Similar to quantum entanglement [I] and quantum discord [2[3], quantum deficit
[45116] is a kind of important nonclassical correlation, which characterizes the work

Yao-Kun Wang
College of Mathematics, Tonghua Normal University, Tonghua, Jilin 134001, China

Rui-Xin Chen
27 Jiefang Road, The High School Affiliated to Bohai University, Jinzhou, Liaoning 121000,
China

Li-Zhu Ge
The Branch Campus of Tonghua Normal University, Tonghua, Jilin 134001, China

Shao-Ming Fei
School of Mathematical Sciences, Capital Normal University, Beijing 100048, China

Zhi-Xi Wang
E-mail: wangzhx@cnu.edu.cn
School of Mathematical Sciences, Capital Normal University, Beijing 100048, China


http://arxiv.org/abs/2305.06097v1

2 Yao-Kun Wang et al.

extraction from a correlated system coupled to a heat bath by using nonlocal op-
erations [4]. Oppenheim et al. defined the work deficit [4] to be the difference
between the information of the whole system and the localizable information [7].
By means of relative entropy over all local von Neumann measurements on one sub-
system, Streltsov et al. [9[I0] introduced the one-way deficit (OWD) as a resource
of entanglement distribution. OWD is able to characterize quantum phase tran-
sitions in the XY model and even topological phase transitions in the extended
Ising model [§]. These results enlighten extensive researches of quantum phase
transitions from the perspective of quantum information processing and quantum
computation. For a bipartite composite quantum system p 4 p associated with sub-
systems A and B, the one-way deficit with respect to von Neumann measurement
{II}} on one subsystem is given by [11]

A7 (paB) = pain S(>_ Mkpaplly) — S(pas), (1)
k

where S(-) denotes the von Neumann entropy.

The Holevo bound characterizes the capacity of quantum states in classical
communication [12[13]. It is a keystone in many applications of quantum informa-
tion theory[T4[I5LI6LI7A8I920]. With respect to the Holevo bound, the maxi-
mal Holevo quantity referred to weak measurements has been studied in [21I]. The
Holevo quantity of the SU(2)-invariant states has been investigated in [22]. The
Holevo quantity of an ensemble {p; pa,}, corresponding to a bipartite quantum
state pap with the projective measurements {I1;} performed on the subsystem B,
is given by [21]

Xpas{IPY} = xApispaim} = SQ_pipan) = D_piSlpam),  (2)
where
pi = trap[(Ia®@ILi)pa(Ia® )], pajm, = ]%trB[(IA@)Hi)PAB(IA ®1II;)]. (3)

It characterizes the A’s accessible information about the B’s measurement outcome
when B projects the subsystem B by the projection operators {H,B}.

In this paper, we consider the generalized n-qubit Werner state given in [23]
24]. The state becomes the Werner state [25] when n = 2. We study the OWD
and the Holevo quantity under the bipartition of any single qubit (B subsystem)
and the remaining n — 1 qubits (A subsystem) for the generalized n-qubit Werner
state. Here we perform a projective measurement on subsystem B. The general
projective measurement operators are of the form,

I =14 ® |u) g (ul and IIy =14 ® |v)pB(v], (4)

where |u) = cos(0)]0) + € sin(h)|1) and |v) = sin(6)|0) — e*® cos(#)[1) with 0 <
0 <7/2and 0 < ¢ < 2. In section[2, we analytically calculate OWD between the
subsystems A and B, and derive the linear relationship between OWD and the
mixing probability p at the thermodynamic limit (n — o0). The Holevo quantity
between the subsystems A and B is investigated in section [3
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2 OWD for generalized n-qubit Werner state

As the two-qubit Werner state is a special case of the Bell-diagonal states, while
the quantum discord coincides with the one-way deficit for Bell-diagonal states
[26], the one-way deficit is equal to the quantum discord for two-qubit Werner
state [2]. We first study the relation between the non-local correlations and the
total number of qubits n. The generalized n-qubit Werner state is given as follows,
PWas = P|®)aB a(P] + %HAB, (5)
where 0 < p < 1, |¢)ap is the n-qubit GHZ state under bipartition, |p)ap =
% (10)E™H0) g+ [1)E™ ! 1) ), Tap/2™ is the n-qubit maximally mixed state.
To calculate the OWD between subsystems A and B for the state pw,,, we
calculate the von Neumann entropy of pw .
Denote N = 2". The matrix representation of the state pw,, has the form,

aill 0 0 ... aiN
0 az2 0 ... 0
_ 0 0 azz... O
PWap = 33 ’ (6)
aN1 ANN]| Ny N
1_
where a11 = ayy = ( Q,f'Jrg), a1y =an1 = 5 and a2 = a33 = a4a = ... =
AN_1 N—1 = 12_””). From the characteristic equation of the matrix pw,,, (a22 —

M(ass = A) -+ (an-1 n—1 — N)(A? = Ma11 + ann) + annany — anrain) =0, we
have the eigenvalues [28§],

1—
M=X=X=..=Ay_a= 2np (7)

and

1
AN—1 = 3 {(an +ann)+ V(a1 —ann)? + 4alNaN1}

1+ (2" -1)p
_ 1L+ @-p ®
1 p)
AN = 3 {(au +ann) — V(a1 —ann)? + 4alNaN1}
_1-»
T oan 9)

Therefore, we have the entropy S(pw ),
Stowa) = -2 { - (122 ) 1og, (1522} - (L2 1)
() (D ()
= -1 (4520w, (152 - (BHEAE)

log, (#) . (11)
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To compute {IIIHIH} SO Hypw, ;) under measurement (@) on subsystem B,
K k

let us consider the following state,

p=pcos’(0)[0)*" 0|7 + pe'® cos(6) sin(6)0) " (1 F"
+pe” " cos(0) sin(0)[1)®"H0|®" ! 4 psin®(0) 1)@ (1@ !

+§=j (52t (12

Denote L = 2"~ !. The density matrix p has the form,

b11 0 O ... byg

0 b2 0 ... O
by 0 O ... bnL LL
where
biy = poos? 0 4+ ——P brs = psin® 0+ P 14
1= peos” 0+ oo, Lp = psin® 0+ oo, (14)
b = pewﬁ cos(0) sin(0), br1 = p(fw5 cos(0) sin(6) (15)
and
1
boo=b3z3=...=bp_11-1= Qn—f' (16)
The eigenvalues of p are f1 = f2 = ... = B2 = 25, Br_1 = W and
BL = 35.

From @) and ([I2)), it is direct to verify that IT1pw,,II1 = § ® |u)pp(u| and
I pw, ;112 = £ ® |v) pp(v|. Hence,

ZHkPWABHk = ILpw, 1 + 2pw, ;112 (17)
k
= L@ (wpnlul+[v)os ) (18)
_ Py (L0
5® <0 1) . (19)

From the calculation of the eigenvalues of p, we have the following eigenvalues of
the matrix %:HkPWABHkv Q] = Q2 = ... = Qo[,_4 = 12;”27, Q21,3 = Qof,_9 =
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n—1
4@ —Up - VP and qasp_1 = asr, = 122 The entropy of Zk:HkPWABHk is given by

S(; Mepw oy ITy) = —(2L — 4) (lz—_np) log, (lz_np) L (1 - (2"2;1 — l)p)
() ()
—(@2 1) (;n;ff) log, (1;”1’) _ (W)

log, <w) _ (20)

2n
Note that S(3>° Hipw,,Ik) is independent of the parameters 6 and ¢ in the
k
measurement operators given in (). Therefore, the minimization of S(>_ ITxpw , ;1)

k
over the measurements is not required. Using Eqgs. (), ({0} and 20), we have the
OWD of state pw,,,

A7 (pwap) = {mnl:l} SO Mypw ., 1x) — S(pan)
’ k

e () () ()
log, (W) +(2"—1) <12;np) log, <12*np)
. (1 + (2" - l)p) log, (1 + (2" — l)p) ' (21)

2n 2n

In Fig. 1, We plot the OWD as a function of p for different number of qubits
n. We observe that the OWD increases as p increases for any n. As n increases,
the OWD increases for a given p, which indicates that the nonclassical correlations
are dependent upon n. The maximum of OWD is attained at p = 1 for any n.

We next study the one-way deficit at thermodynamic limit (n — o0). The
OWD (ZI) can be rewritten as,

1-p 1-p 1 J4
Aﬁ(pWAB) = - <1 —P— on—1 ) 10g2 < on ) - (27171 +p - on—1
1 'p p 1-p 1-p
-10g2<2—n+§—2—n)+<1—p—2—n log, on

1 p 1 D
— — £ — N 292
+(2n +p 2n) 0g2<2n +p Qn) (22)

When 2" — 0o, one obtains

. 1 —
2hm A7 (pway) = — (1 —p)log, ( np) —plog, (E)
n—00 2 2

—

+ (1 — p) log, ( ;p) + plog, (p)



6 Yao-Kun Wang et al.

1.0
F n=2 7/ 1
08 | n=3 7
r n=4 / il
.= n=10 - j
0.6 — n=100 / T
5 - ’
= L i
a i - ]
04} - .
I - ]
L / i
L o i
0.2+ - T
L -~ i
L ~ i
| / -
0.0 = \ | | | |
0.0 0.2 0.4 0.6 0.8
p

Fig. 1 (Color online) One-way deficit of the generalized n-qubit Werner State as a function
of the mixing probability p for different number of qubits n.

Interestingly, the change between OWD and p saturates at thermodynamic limit.
The curve in Fig. 1 approaches to a straight line with slope 1, a phenomenon we
call it “saturation of one-way deficit”.

3 Holevo Quantity for generalized n-qubit Werner state
In this section, we calculate the Holevo quantity of the generalized n-qubit Werner

state pw,,. Denote p; the probability with respect to the measurement outcome
of IT;, i = 1,2. From (B)) we have

p1 = tr(llipw,, 1)

= ir(C e u)psu) = .

The post measurement state of the subsystem A is

1
pajm, = p—ltTB(HlPWABHl)

1 P
= —trg(t =p.
o TB(2 ® |u)pp(ul) =p

Similarly, we have ps = % and pa|, = p-
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The Holevo quantity of the generalized n-qubit Werner state is then given by

x{pap|{Ili}} =S sz‘pAmk - Zpis (pajm,)

4 Conclusion

We have analytically calculated the one-way deficit of the generalized n-qubit
Werner state, with the projective measurements performed on one-qubit subsys-
tem. We have found that the OWD increases as p increases for any n. When n
increases, the OWD increases for any fixed p. For any n, the maximum of OWD
is attained at p = 1. Furthermore, for large n (2 — o), by analytical calculation
we have proved that this curve OWD versus p approaches to a straight line with
slope 1. We have also shown that the Holevo quantity of the generalized n-qubit
Werner state is 0.
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