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Abstract

High-fidelity quantum state transfer is critical for quantum communica-
tion and scalable quantum computation. Current quantum state transfer
algorithms on the complete bipartite graph, which are based on discrete-
time quantum walk search algorithms, suffer from low fidelity in some
cases. To solve this problem, in this paper we propose a two-stage quan-
tum state transfer algorithm on the complete bipartite graph. The algo-
rithm is achieved by the generalized Grover walk with one marked vertex.
The generalized Grover walk’s coin operators and the query oracles are
both parametric unitary matrices, which are designed flexibly based on
the positions of the sender and receiver and the size of the complete bipar-
tite graph. We prove that the fidelity of the algorithm is greater than
1—2€1—€2—2v2 /€163 or 1 — (2+2/2)e1 —e2 — (24+2+/2) /e1€z for
any adjustable parameters €1 and €2 when the sender and receiver are in
the same partition or different partitions of the complete bipartite graph.
The algorithm provides a novel approach to achieve high-fidelity quan-
tum state transfer on the complete bipartite graph in any case, which
will offer potential applications for quantum information processing.

Keywords: Quantum walk, Quantum state transfer, Complete bipartite
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1 Introduction

Quantum walk [1, 2], the quantum counterpart of classical random walk, was
first proposed by Aharonov [3] in 1993. It is a universal model of quantum
computation[4, 5] and has become a useful tool for designing quantum algo-
rithms, such as quantum search algorithms [6, 7], quantum state transfer
algorithms [8, 9], quantum hash functions[10, 11], and so on[12-14]. There
are two kinds of quantum walks, discrete-time quantum walks[8, 9] and
continuous-time quantum walks[15-17].

Quantum state transfer is to transfer the initial state from the sender to the
receiver which is critical for quantum communication and scalable quantum
computation [18]. When the fidelity of the quantum state transfer algorithm
is 1, we call it perfect state transfer. It can be divided into two cases: the
position of the sender and receiver are known or unknown. When the position
of the sender and the receiver vertices are known, we can globally design the
dynamics to transfer the walker from one to the other. It was investigated on
different graphs such as a line [8, 9], a circle [8], a 2D lattice [9], a regular
graph [19], a complete graph[19] or more general networks [20]. When the
position of the sender and the receiver are unknown, the Grover walk with two
marked vertices, the sender and receiver, is used to achieve state transfer. It
was analyzed on various types of graphs such as a star graph[21], a complete
bipartite graph [22], a complete M-partite graph [23], or a circulant graph [24].
In this paper, we consider the latter.

Current quantum state transfer algorithms on the complete bipartite graph,
which are based on discrete-time quantum walk search algorithms, have low
fidelity in some cases. Ref. [22] has proved that perfect state transfer can
not be achieved when the sender and receiver are in opposite partitions with
different sizes. The fidelity is low when the number of vertices in the two
partitions differs greatly. Ref. [25] uses lackadaisical quantum walks to achieve
state transfer. But it achieves high fidelity only when the number of vertices
in two partitions of the complete bipartite graph exceeds a certain number.

To avoid the problem of low fidelity, in this paper we propose a two-stage
quantum state transfer algorithm on the complete bipartite graph that achieves
high-fidelity quantum state transfer in any case. It is inspired by Ref. [26]. As
shown in Fig. 1, the initial state is transferred to the uniform superposition
state of the vertices on the other side of the sender with the fidelity of at least
1 — €1 in the first stage. In the second stage, the uniform superposition state
of the vertices on the other side of the sender is transferred to the target state
with the fidelity of at least 1 — €5, when the sender and receiver are in the
same partition or different partitions.

The algorithm is achieved by the generalized Grover walks with one marked
vertex. In the first stage, the marked vertex is the sender. But in the second
stage, the receiver is the marked vertex. The coin operators of the general-
ized Grover walk and the query oracles are both parametric unitary matrices
changed with time which are designed according to the position of the sender
and receiver and the size of the complete bipartite graph.
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Through analysis, it is found that the fidelity of the quantum state transfer
algorithm is greater than 1 —2¢; —eg — 2\/5\/@ or 1 —(2+2v2)e1 —ea— (2+
2\/5)\/@ when the sender and receiver are in the same partition or different
partitions. €1, €3 are tunable parameters chosen from (0,1]. When e; and ey
are small, the value of fidelity of the quantum state transfer algorithm will be
close to 1. The advantage of the algorithm is it works in any case since high-
fidelity quantum state transfer can be reached by adjusting the parameters of
the coin operators and the query oracles.

Robust quantum state transfer algorithm

Initial state Stage 1 Stage 2
r
N € \
S S 2 u
Fi=21-€ . . .
v 1= 1 Vv the receiver vertex is on the left side
u u
£,
2 T
ST
2
the sender vertex is on the left side el I'.InlfOI'ITI superposﬂ.:lon SEDCHD u
vertices on the other side of sender A%

the receiver vertex is on the right side

Fig. 1 The process of the quantum state transfer algorithm.

The rest of this paper is organized as follows. In section 2, some prelim-
inaries are introduced. The quantum state transfer algorithm is presented in
section 3 and section 4. A conclusion is presented in Section 5.

2 Preliminaries

Complete bipartite graph. Let G = (V,E) be a graph where V is the
vertex set and F is the edge set. For u € V, deg(u) = {v|(u,v) € E} denotes
the set of neighbors of u. The degree of u is denoted as d,, = |deg(u)|. A
bipartite graph can be denoted as G = {V4 U V,, E = {(u,v)|u € Vi,v € Va}}
with ViNVa = @. V4 and V5 denote the vertices on the left side of the bipartite
graph and the right side of it respectively. A complete bipartite graph is a
bipartite graph where every vertex on the left side is connected to every vertex
on the right side. A complete bipartite graph is shown in Fig. 2, which contains
4 vertices on the left side and 3 vertices on the right side.
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Fig. 2 A complete bipartite graph with 4 vertices on the left side and 3 vertices on the
right side.

Generalized Grover walk. A coined walk is called the Grover walk if
the coin operator is the Grover matrix. The Grover walk is generalized by
considering coin operators as parametric unitary matrices, which include the
Grover matrix as a special case for some particular values of the parameters.

The Hilbert space of generalized Grover walk on a graph G = (V, E) can
be defined as

HY" = span{|uv), (u,v) € E}, (1)
where w is the position of the walker and v is the coin that represents a neighbor
of u. N is the number of vertices in the complete bipartite graph.

The evolution operator of the generalized Grover walk with marked vertex
used in this paper is denoted as

Ule, B) = SC(@)Q(B), (2)

where the flip-flop shift operator S is

S = Z |u, v) (v, ul. (3)

u,v

The coin operator C(a) is
Cla) =1®) [(1—e ")) (W] - 1], (4)

where

Y vedeg(u)

The query oracle Q(3) is

e luv), when u is marked,

Q(B)|uv) = {

|luv), when u is not marked.
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Let the initial state be |¢p). The state of the walker after ¢ steps is given by

[Ve) = Uy, Be)U(ae—1, Be—1)...U (a2, B2)U (a1, B1)[2bo)- (7)

Quantum state transfer. The initial state of the quantum state transfer
algorithm is

1
o) = 7= D I (8)

5 vedeg(s)
where s is the position of the sender.
The target state of quantum state transfer is

Y o), 9)

vEdeg(r)

[target) =

T

where r is the position of the receiver. The fidelity of the final state and the
target state is given by
F(t) = [(target|y)|*. (10)
We call it perfect state transfer when the value of fidelity is 1.
Quasi-Chebyshev polynomial. The Chebyshev polynomials of the first
kind T),(z) are defined by initial values To(z) = 1, Ti(z) = z, and for an
integer n > 2,
Tn(z) = 22T, -1 (x) — Tr—a(x). (11)
A result of one Quasi-Chebyshev polynomial implied in [27] is stated in the
following lemma.

Lemma 1. Let x = cos(8) for 8 € [0,2n]. Let h > 3 be an odd integer.
One Quasi-Chebyshev polynomial ar(x) is defined by initial values ao(x) =
1,a1(x) =z, and for k=2, ..., h,

ap(z) = x(1+ e M= )g, () — eI T g o (). (12)

When npy1—m = (—1)Fr—2arccot(tan(E2) /1 — v )f k=1,..,h—1, where
)

with € € (0,1], we have an(x) = 7 (Y with Th( )= ﬁ

_ 1
v= cos(%arccos(ﬁ))

3 Sender and receiver in the same partition

The quantum state transfer algorithm will be different when the sender and
receiver are in the same partition or different partitions. In this section, we
propose a quantum state transfer algorithm when the sender and receiver are
in the same partition. As shown in Fig. 3, the sender and the receiver are on
the left side of the complete bipartite graph. The left side of the complete
bipartite graph has m vertices and the right side of it has n vertices.
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Fig. 3 The sender and the receiver are on the left side of the complete bipartite graph.

Our algorithm is as follows.

Algorithm 1 Quantum state transfer algorithm (sender and receiver in the
same partition)

Input: the initial state|)o), parameters €; and es.
First stage:

Initialization:
Let h; be an odd integer and ensure hy > ln(\/%—l)\/ﬁ
Let B = —apt2-k = —2arccot(tan(%),/1 —92) for k =

3,5,7,..., hy, where y; = The other «; and §;, can be any

1
cos( h—ll (LT‘CCOS(\/%T )"
value.

Perform the evolution operator:

|¢h1> = U(aln ) 6h1)U(ah1717 5]11,1)...[](042, BQ)U(OCD 51)|¢0>

Second stage:

Initialization:
Let ho be an odd integer and ensure hy > Zn(\/%—z)\/ﬁ
Let o, = —By o) = 2arccot(tan(%)\/l —v3) for k =

3,5,7, ..., ha, where vy5 = The other oz; and ﬁ; can be any

1
cos(%arccos(\/%)) :
value.

Perform the evolution operator:

Wny) = Uy, By U (v, 1, By —1)---Uloig, By)U (o, BY) b, )

Our algorithm is divided into two stages. The purpose of the first stage is
to transfer the initial state to the uniform superposition state of the vertices
on the other side of the sender. In the first stage, only the sender is the marked
vertex. The purpose of the second stage is to transfer the uniform superposition
state of the vertices on the other side of the sender to the target state. In the
second stage, only the receiver is the marked vertex.

The analysis of the first stage and the second stage are shown in 3.1 and
3.2 respectively. The analysis of the fidelity of the quantum state transfer
algorithm is shown in 3.3.
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3.1 The first stage of the quantum state transfer
algorithm

In the first stage, only the sender is marked. Thus, the vertices can be divided
into three parts shown in Fig. 4: the sender denoted by s on the left side, the
other vertices denoted by w on the left side, and v on the right side. Therefore,
the analysis can be simplified in an invariant subspace with the orthogonal
basis {|e1), |e2), |es), lea)} given below. The orthogonal basis is only used in
3.1.

le1) = \/_Z|sv
lea) = \/_Eh}s

. (13)
les) = Z |vu),
\% v, u
les) = ———— |uv).
\/n(m -1) ;
S
\'%
u
Fig. 4 Only the sender is marked in the first stage.
So the initial state can be denoted as |¢g) = \/LH dilsvy = ler) =
v

(1,0,0,0)T. The target state of the first stage can be denoted as |U)
(5 o) + S os)) = Jheles) + LBLje) = (0, k. L, 0)

v,u
The flip-flop bhlft operator S, the query oracle Q(f3), and the coin operator
C(«) can be rewritten as

0100 e 000
1000 0100

0010 0 001
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and
—e i _ 0 0 0
0 (1—e**)(A—=cos(w)) 1 (1—e "*)sin(w) 0
Cla) = 0 (1762”“)sm(w) (lfe_i”)(lfcos(w)) 1 , (15)
2 2 - .
0 0 0 —e '

m — 1.

where cos(w) =1 — %, sin(w) = %

In the first stage, we know

|¢h1> = Sc(ahl )Q(ﬁhl)sc(ahl—1)Q(ﬁh1—1)"'SC(OQ)Q(ﬁQ)SC(al)Q(ﬁl)|¢0>'

(16)
The coin operator C'(«) can be denoted as
T T
Cla) = e AC)R()A(- D), (17)
where .
ez 0 O 0
0 e 0 0
R(0) = — i0 , 18
©) 0 0 e% 0 (18)
0 0 0 e %
and
1 0 0 0
_ [0 cos(%) —ie®sin(¥) 0
A®) 0 —ie=sin(%) cos(¥) O (19)
0 0 0 1
The query oracle Q(8) can be denoted as
B
Q(B) = —e= SR(B)S. (20)
And we find the equation
SB1SBsS = BySBi, (21)

where By =[], D; and By = [[2, D; for D; € A(6;), R(6;).
By using Eq. (17) q. (20), and Eq. (21), we obtain

[9ns) ~ R(Bn,)A ( )R (n, 1) A(= ) R(Bs)A(5

A(F)R(an)A(=5)R(Br,-1)A (%)R(ahl 2)A(~

)R () A(= ) (B1)S

N |

|

2

2)-R(B2)A ( JR(a1)A(=3) o)
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R() only adds a coefficient to the |1)o), and A(f) makes effect only on the
second and third dimensions of the |¢), so Eq. (22) can be simplified to

[n) ~ R(B)AGG)R(an, 1) A(=5)--R(B) A(5) R(02) A(= )S|to).(23)
Then using A(a + 8) = R(B)A(a)R(—p) and R(0)R(—0) = I, we obtain

) ~AGG + B )A(=5 + By + a1 A + By + Qg1 + -+ Bs)

A(—g + Bhy + any—1 + . + B3 + a2)S|¢o).
(24)
The purpose of the first stage is to transfer the state |1)o) to the state |¥). The
state |[¥) can be denoted as |¥) = A(F)S|es). So the fidelity of the first stage is

Fy =[{eal SA(=5) A + Bn)A(=5 + By + 1) A+ By + 021 + -+ )

A(=5 + Buy + anma + o+ By -+ 02)Suo)
(25)
There exists a set of parameters «;, 3;, then the value of fidelity F; will greater
than or equal to 1 — ¢;. It can be shown in theorem 1.

Theorem 1. Let B, = —ap, 42—k = —2arccot(tan(%)\/l —2) for k =

_ 1 2
3,5,7...,h1, where v; = o e e gy and ensure hy > ln(ﬁ)\/ﬁ, then

the value of fidelity Fy will be greater than or equal to 1 — €.

Proof. Let B = —ap, 42— for k=3,5,7..., h1. So Eq. (25) can be rewritten as

Fi =|(ealSA(¢1,) A6, 1) A(@n, ). A(d2) A(61)Stho) |, (26)
where ¢ 11— ¢ = —7— P41 for k=2,4,6,....,h1 —1 and ¢ 1 — P, = 7+ Bh, — k41
for k=1,3,5,...,h1 — 2.

The formula SA((]5h1)A(¢h1,1)A(¢h1,2)...A(¢2)A(¢1)S|¢0> in Eq.(26) can be
viewed as the operator SA(¢p,)A(dn,—1)A(dh, —2)...A($2)A(¢1)S applied to |1p).
So it can be divided into three steps as follows.

1 0 0 b, (@)
_|o S 1| A(Pn)A(bry—1)A(Sny —2)... Al$2)A(d1) | by, (x) s 0
o) @ (o @ (@) | @ | 0
0 0 0 ch, ()

In step 2), the operator A(¢p,)A(dp,—1)A(¢n, —2)...-A(p2)A(P1) will be applied
to the state |up) = (O, bo,co,O)T = (0, 1,0,0)T. Let |ug) = (O,bk,ck,O)T =
A((ﬁk)“ik,l) for k = 1,2, ceey h,l.

Combined |ug) = A(¢y)|pg—1) and |ug—2) = A(dg—1)""|ug—1), we obtain by =
cos(%)(1 + e~ Ubk—1=0K)\p, | — e~ HPk1=®k)p, . So the recurrence formula of
b (x) can be defined by bg(z) = 1,b1(x) = z and for k = 2,3,4, ..., hq,

bi(z) = 2(1 4+ =)y (2) — T (@), (27)
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with = = cos(%).

Let B = —2arccot(tan(%),/l—’y%) for k = 3,5,7...,h1, where 71 =
k
cos(ﬁm’icos(\/%))' So we have ¢, — P41 = (—1) 7r—2arccot(tan( /1 —43) for
k=1,2,....,h1 — 1. By using lemma 1, we obtain
T, (57) 1 1 1
bp, () = N — |\ fe1 Ty, (cos(—arccos(— 1——). 28
0 (0) = 2 = VAT (os(areeos( 1= 20 ()

So the fidelity of the first stage can be calculated as follow.
0 ) 1 1 1
—1_ -1 - /1 = 29
Fy =1—|bp, (2)] 1—eaTj, (cos(h1 arccos( \/a)) m) (29)

\/2?1)\/% We know = > tanh(z) for x > 0, so we have

> tanh? ln(‘/_%) tanh®( 30
> tanh”( h )>tan \/_ (30)

Then using arccos(z) = 1 +In(z + V2% — 1) and tan(iz) = itanh(z), we obtain

Let h1 > In(

3=

1 1
tanh? —l - =1—cos™ arccos . 31
f *(arccos( ﬁ» (31)
So we have E >1—cos™ . That is
1 1 1
— — 1-— 1. 2
COS(hl arccos(\/a))q/ — < (32)
Then we can obtain F} > 1 — ¢7. O
Therefore, let By = —ap, 10k = —2arccot(tan((k_—1)7r)w v2) for k =
3,5,7...,h1, where y; = L and ensure hy > ln( -)v/m, the

cos(ﬁarccos(\/%_l)) ’
initial state will be transferred to the uniform superposition state of the vertices
on the other side of the sender with the fidelity of at least 1 — ¢;.

3.2 The second stage of the quantum state transfer
algorithm

In the second stage, only the receiver is marked (shown in Fig. 5). Thus the
analysis can be simplified in an invariant subspace with the orthogonal basis
{le1),|ez2), |es), |ea)} given below. The orthogonal basis is only used in 3.2.

(33)

u,v
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Fig. 5 Only the receiver is marked in the second stage.

The flip-flop shift operator Si, the query oracle Q1(8), and the coin
operator C1(a) can be rewritten as

0100 e? 000
1000 0 100
0010 0 001
and
—e i 0 0 0
0 (1—ef'i"‘)(;—cos(w1)) 1 (1—e7m2)sin(w1)
Ci(e) = 0 (lfe_iQQ)sin(wl) (lfe_m)(;Jrcos(wl)) 1 0 ;
0 0 0 —e

where cos(w1) =1— 2 and sin(w;) = 2/m — 1.
In the second stage, we have

[¥ns) = S1C1(a,)Q1(Bn,)S1C1 (e, 1)Q1(Bh,—1)---S1Ch (ai)@ﬂﬁiﬂwhl(éﬁ)

The coin operator C(«) can be denoted as

Ci(a) = e~ FAI(F)Ri(a)Ai(~3). (37)
where Y
e~ 2 0 0 0
0 e 0 0
1(0) 0 0t 0 (38)
0 0 0 e %
and

(39)

11
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The query oracle @Q1(8) can be denoted as

Qi(B) = —* S1R1(B)51. (40)
And we find the equation
5181518251 = B251 By, (41)

where By = [\ D;, By = [[:2, D; for D; € A1(6;), R1(6;).
By using Eq. (37), Eq. (40) and Eq. (41), we obtain

[n) ~R1<ﬁ;2>A1<§>R1<a;2_1>A1(—f>...R1<ﬁ;>A1<5>R1<a;>A1<—3>Rl<6i>&

Al(g)Rl(alhg)Al( )Rl(ﬁhQ 1)A1( )Rl(ah2 2)141(—5)

R1(ﬁ;)Al(g)Rl(ag)Al(—E)Rl(62)A1(§)R1 (041)141(—§)|¢h1>-
(42)
The state [¢p,,) can be rewritten as [ip,) = |¥) = A1(F)S1]es). Then we
eliminate invalid A;(0) and R1(0). So Eq. (42) can be simplified to

|¢h2>~51A1(g)R1(a;12)A1( ) R1(B,— DAL(S )Rl(ah2 2)A1(—

Ry (ﬁ;)Al(g)Rl (a;)Al(—§)R1 (52)A1(§)51 lea).

2 (43)

Then using A (a+ 5) = R1(8)A1(a)R1(—p5) and Ri(0)R1(—0) = I, we have

[na) ~S1 A1) AL (= + i) AL (G + iy + By 1)

Ay (—5 + oy + Bhgo + - + By +043)A1( +apy + Bhg— + - + B2)S1lea).
(44)
The target state of the second stage can be denoted as |target) = \/Lﬁ S lrvy =

le1) = (1,0,0,0)T. So the fidelity of the second stage is

Py —|<€1|51A1( )AL (= +ah2)A1( +ap, + Bpy1)--

2
A (_§+ah2+5h2 1+ +64+063)A1( +ah2+6h2 1+ +52)Sl|64>| .
(45)
There exists a set of parameters a;, B;, then the value of fidelity F> will greater
than or equal to 1 — e3. It can be shown in theorem 2.

4 ! k—1)m
Theorem 2. Let o) = _Bh2+?—k = 2arccot(tan(%)«/l —Q'yg) for k =
3,5,7..., ha, where y3 = cos L areeos () and ensure ho > ln(\/a)\/ﬁ, then

the value of fidelity Fo > 1 — €s.
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Proof. Let a}v = —ﬂ;lerka for k =3,5,7..., ha. So Eq. (45) can be rewritten as

Fo = {e1]S1 A1 (11y) A1 (Mg —1) A1 (Mhy—2)-- A1 (n2) A1 (1) S1 [ea) |, (46)

where n 11 —ng = 7r—oz;€+1 for k =2,4,6,...,ho — 1 and M1 — M = —7r+oz;L_k+1
for k=1,3,5,..., hog — 2.

The formula SlAl('qhg)Al(Uhgfl)Al(ﬁlwa)mAl(772)A1(771)Sl|e4> in Eq. (46)
can be viewed as the operator S1A41(Np,)A1(Mhy—1)A1(Mhy—2).-A1(1n2)A1(n1)51
applied to |eq). So it can be divided into three steps as follows.

0 0 0 bhz (JJ)
0 L 0| Ar(ny)Ar(ny—1)A1(Mny—2)--Ar(n2)Ar(m) | by, () L 0
of o |! @ ey (@) | 3 0
1 0 0 Ch, (T)

Then after calculations in step (2) like in the proof of theorem 1, the recurrence
formula of ¢ (z) can be defined by co(x) = 1,¢1(z) = x and for k = 2,3,4, ..., ha,

ep(@) = a(1+e Ty (@) — eI ey (a), (47)
with x = cos(%).
Let O‘k = 2arccot(tan((k;21)7r),/1—’yg) for kK = 3,5,7...,ha, where 72 =

1 k
COS(%M,CCOS(\/%)). Then we get ng4+1 — M = (—1)"7m — 2arccot(tan( )4 /1— 72)
By using lemma 1, we obtain

X
ch, (z) = ;::E:é; =eTh, (cos(hiQarccos(\/—le_Q)) 1- %) (48)
So the fidelity of the second stage can be calculated as follow.
Fo=1—|en, (2)2 = 1 — eT2 (cos(——arccos(—=))1/1 — —) (49)
ho Ve m
Let ho > ln( )\/_ Similar to the proof of the theorem 1, we obtain F5 > 1 — €.

d

Therefore, let o, = Bh2+2 b = 2arccot(tan(u)«/ 2) for k =
3,5,7..., ho, where yo = and ensure hy > ln( )\/— the

coe(Earccos(\/%)) ’
uniform superposition state of the vertices on the other side of the sender will
be transferred to the target state with the fidelity of at least 1 — es.

3.3 The fidelity of the quantum state transfer algorithm

Since the sender and receiver are in the same partition of the complete bipartite
graph (shown in Fig. 6), the analysis of the algorithm can be simplified in
an invariant subspace with the orthogonal basis {|e1), |e2), |es), |ea), les), |es)}

13
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given below. the orthogonal basis is only used in 3.3.

le1) = E|sv
|€2> = % Z |U5>7
les) = E|rv
les) = \/_Z|vr

les) = \/7 ; |uv),
leg) = \/7 ; |vw).

F

Fig. 6 The sender and the receiver are in the same partition.

From the analysis of the first stage in 3.1, we know
SA(¢h1)A(¢h1fl)A(¢2)A(¢1)S|w0> = (bh1 (fE),0,0,Chl (x))T where ¢h1 =
—5- And we know [¢n,) ~ A, —1)A(Pn,—2)--A(¢2) A(61)S]¢o). So we can

obtain [, ) ~ (0, /2=Lby, (z) + \/—%chl(x), —ﬁbhl(x) + /2, (2),0)7.
So in the new basis, the state |i,) can be rewritten as

[, ) ~ 1| T) + ta]ea), (51)

where t1 = cp, (x) — ﬁbhl(aﬁ), ty = %bhl(x), and |¥) = ﬁ|62> +
\/—%|e4) + V%Q le). W) denotes the target state of the first stage.
In the second stage, we have

¥n,) ~ t1U2| W) + t2Uslez), (52)

where U, denotes the evolution operators of the second stage.
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Let t1U2|\I/> = (fl, 0, f3, 0, f5, O)T and t2U2|€2> = (gl, 0, gs, 0, gs, O)T, where
If112 4+ | f31% + | f5]? = |t1]? and |g1]® + |g3|> + |g5]? = |t2|>. And we can obtain
the following equation.

it gl +1fs+gsl>+fs+g5° =1 (53)
The target state of the algorithm is |es). So the fidelity of the algorithm
can be denoted as

F=|fs+g (54)
From Eq. (53) and Eq. (54), we can obtain
le—}f1+91}2—}f5+95}2 (55)
By using |z + y| < ||z| + |y||, we can obtain
F21-|Al" = o = 2lnllo] = |55 = los* ~ 2|5l os| (56)

From 3.2, we know }f1|2 + }f5|2<62. And we know |g1}2 + }g5|2 < |ta]? < 2¢;.
Then we obtain |f1H91| + }f5||g5} < \/(}f1}2 + |f5}2)(|gl|2 + |g5}2)<\/26162.

So we have

F>1— ey — 261 — 2V2\/e16. (57)
From Eq. (57), we know that the fidelity will be close to 1 when €; and ey
are small. For instance, let €; be 0.01 and €3 be 0.01. From Eq. (57), we know
the fidelity will be greater than 0.94 regardless of the value of m and n. The
simulation results of the algorithm are shown in Fig. 7. The fidelity is bigger
than 0.98 at a certain range of m and n when €; = 0.01 and e = 0.01. It further
verifies that the quantum state transfer algorithm can achieve high fidelity.

0 20 20

© m o0 80 100

Fig. 7 The fidelity of the quantum state transfer algorithm with €¢; = 0.01, e = 0.01 when
the sender and receiver are in the same partition.
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4 Sender and receiver in different partitions

In this section, we propose the quantum state transfer algorithm when the
sender and receiver are in different partitions. As shown in Fig. 8, the sender
is on the left side of the complete bipartite graph and the receiver is on the
right side of it. The left side of the complete bipartite graph has m vertices
and the right side of it has n vertices.

Fig. 8 The sender is on the left side of the complete bipartite graph and the receiver is on
the right side of it.

Our algorithm is as follows.

Algorithm 2 Quantum state transfer algorithm (the sender and receiver in
different partitions)

Input: the initial state|)o), parameters €; and es.
First stage:

Initialization:
Let i1 be an odd integer and ensure hy > Zn(\/i—l)\/ﬁ
Let B = —apt2-k = —2arccot(tcm(%),/1 —92) for k =

1

cos( ﬁ arccos( \/1?1 )

. The other a; and ; can be any

3,5,7,..., hy, where v, =

value.
Perform the evolution operators:
[¥n,) = Ulany, Br )U(ahy—1, Bry—1)---Ulaz, B2)U (a1, B1)[vo)

Second stage:

Initialization:
Let h2 be an even integer and ensure hy > In( \/25)\/5
Let o) = —5;12+27k = 2arccot(tan(%)\/1 —3) for k =
— 1 ’ ’
2,4,6, ..., hy, where v = T o ey ey The other o; and 3, can be
any value.

Perform the evolution operators:
[Vn,) = U(ahgaﬁ}m)U(O‘hg—pﬁhg—ﬂ---U(aza Bo)U (v, B1)ny )
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Our algorithm is divided into two stages. The purpose of the first stage is
to transfer the initial state to the uniform superposition state of the vertices
on the other side of the sender. In the first stage, only the sender is the marked
vertex. And the second stage is to transfer the uniform superposition state of
the vertices on the other side of the sender to the target state. In the second
stage, only the receiver is the marked vertex.

The analysis of the first stage and the second stage are shown in 4.1 and
4.2 respectively. The analysis of the fidelity of the quantum state transfer
algorithm is shown in 4.3.

4.1 The first stage of the quantum state transfer
algorithm

The first stage of the quantum state transfer algorithm is the same when the
sender and receiver are in the same partition or different partitions. Therefore,
the analysis of the first stage can be viewed in section 3.1.

4.2 The second stage of the quantum state transfer
algorithm

In the second stage, only the receiver is marked (shown in Fig. 9). Thus the
analysis can be simplified in an invariant subspace with the orthogonal basis
{le1),|e2),|es), |ea)} given below. The orthogonal basis is only used in 4.2.

ler) = E |rv),
lea) = \/_ E lur),

|€3> \/T ;; |UU
|€4> \/T ;; |UU'

u <
}V

~

Fig. 9 Only the receiver is marked in the second stage.

17
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The flip-flop shift operator Sa, the query oracle Q2 () and the coin operator
C3(«) can be rewritten as

0100 e 000
1000 0 100
0010 0 001
and
—e i 0 0
. B 0 (1—e _m)(; cos(w2)) 1 (lfe_ZQQ)sin(wz) 0
2(a) = 0 (1—e™ “)‘2)szn(w2) (1—e*m)(;+cos(w2)) —1 0 ’
0 0 0 —e i

where cos(wz) =1— 2 and sin(ws) = 2v/n — 1.
In the second stage, we know

[¥ha) = S20a(0,)Q2(Bh,)S2Co(atn, 1)Q2(Bhy—1)--S2C2 (1) Q2 (B1) [¥n, )

(61)
The coin operator Cz(c) can be denoted as
_ia ™ T
CQ(OZ) =€ 2 AQ(—§)R2(OC)A2(§), (62)
where »
ez 0 0 0
0 e 0 0
Ry (0) = — i , 63
0==| o % S o (63)
0 0 0 e %
and
1 0 0 0
|0 cos(%) —ie Gsm(%) 0
Ax(0) = 0 —ie Psin(%2) cos(%) O (64)
0 0 0 1
The query oracle Q2(8) can be denoted as
Q2(8) = —e* Sy Ra(B)Sb- (65)
And we find the equation
S2B152B2S2 = BaS2 By, (66)

where By = [\ D;, Bo = [[:2, D;, for D; € A3(6;), R2(6;).
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Then by using Eq. (62), Eq. (65) and Eq. (66), we have

™

[n,) ~S2Aa (= )RQ(ahz)AQ( )Rz(5;1271)142(%)1%2(04;1272)142(—5)---

Ra(85) A>(5) Rala >A2<—§>R2<6;>A2<5>R2(a;>Az(—1>R2<ﬁ;>
5232(5;12)142(5) 2(04;1271)142(—%) (ﬁg)Az( )Ra(ay) As(— )|¢h1>,
(67)
where hs is an even integer.
The state [¢p,) can be rewritten as [¢p,) =~ |¥) = S3A2(%)|e3). Then we
eliminate invalid A2(0) and R3(#). So Eq. (67) can be simplified to

[ny) ~S2As(= )RQ(ahz)AQ( )Rz(ﬁhQ DA (S )Rz(ah2 2)A2(—g)...
R2(55)142(5)Rz(044)A2(—§)R2(53)A2(§)R2(Oéz)A2( 2)32(51)A2(2)|€3>

(68)
Then by using As(a + 8) = Ra(8)A2(a)Ra(—5) and Ry(0)Ra(—0) = I, we
obtain

[na) ~S2A2(5) Aa(= + ) A2 (5 + i, + By 1)-n

Ay (—§+ahz+ﬁhz 1t +a2)A2( + Uy F Byt o+ 02+ Bi)es).
(69)
The target state of the second stage is [target) = \/— Z |rv) = |e1). So the

fidelity of the second stage can be calculated as follow.

Fp = |<61|52A2( )A2(—— + ahz)AQ( +ap, — ). Az(— 5 + 0[112)142(2)|€3>|2

(70)
There exists a set of parameters oz;, ﬁ;, then the value of fidelity F5 will greater
than or equal to 1 — €3. It can be shown in theorem 3.

2

Theorem 3. Let a; = 6h2+1 b= 2arccot(tan(hkil)\/1 v3), for k =

2,4,6, ..., ha, where y5 = , and ensure hy > ln( Wn—
cos((h Jr1)0,rccos(\/_)) Ve

1, then the value of fidelity Fo > 1 — €s.

Proof. Let ﬂ; = _a;LQ-i—l—i’ fori=1,3,5,..., hg — 1. So Eq.(70) can be rewritten as

Py = [(e1]S242(Cryt1)A2(Chy ) A2(Chy—1)--A2(C2) A2(C1)es)], (71)
where (11 — (=7 — a;c for k =2,4,6,....,hg and (41 — (= —7 + a;wf,ﬁl for
k=1,3,5,.. ho — 1.

The formula S2A2(Chy+1)A2(Chy)A2(Chy—1)---A2(C2)A2(¢1)]e3) in Eq. (71) can
be viewed as the operator SoA2((py+1)A2(Chy)A2(Chy—1)---A2(C2)A2(¢1) applied to
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les). So it can be divided into two steps as follow.

0 0 bh2+1(x)
0| A2(Chyt1)A2(Chy)A2(Chy—1)---A2(C2)A2(C1) byt () i} 0
1 @ Chot1(2) | @ 0
0 0 Ch2+1(3:)

Then after calculations like the proof of the theorem 1, the recurrence formula
of ¢ () can be defined by co(z) = 1,¢1(x) =z and for k = 2,3,4,...,ho + 1,

cx(2) = 2(1 e FTE D)y (2) — TR ey (a), (72)
with & = cos(“g).
Let a/k = 2arccot(tan(%)«/1—’y§), for k = 2,4,6,...,ho, where 72 =

1 _ _ (_1\k__ km A2
o o e gy So we have (j+1 — G = (—1)"m —2arctan(tan(35),/1 — 75).
By using lemma 1, we obtain

Thy+1(35) 1 1 1
%Mm:iiéfwammm@—ﬂmm—ml—ﬁ (73)

+1) NG n

So the fidelity of the second stage can be calculated as follow.

) ) 1 1 1
F2 =1- |Ch2+1(l‘)| =1- EQThg_i_l(COS(mOﬂ"CCOS(ﬁ)) 1- E) (74)
Let ho > ln(i)\/ﬁ— 1. Similar to the proof of the theorem 1, we have F5 > 1 —e€a.

Ve
0

Therefore, let a, = —5;12+1_k = 2arccot(tan(h’;il)\/1 —3), for k =
2,4,6, ..., ha, where v = — =y , and ensure hy > ln(\/i—)\/ﬁ—l,

(h2+1) arccos \/sz €2
the uniform superposition state of the vertices on the other side of the sender

will be transferred to the receiver with the fidelity of at least 1 — es.

cos(

4.3 The fidelity of the quantum state transfer algorithm

Since the sender and receiver are in different partitions of the com-
plete bipartite graph(shown in Fig. 10), the analysis of the algorithm
can be simplified in an invariant subspace with the orthogonal basis
{le1),|e2),les), |ea), les), les), le7), |es)} given below. The orthogonal basis is
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only used in 4.3.

Fig. 10 The sender and the receiver are in different partitions.

From the analysis of the first stage in 3.1, we can obtain |[i¢p,) ~

(0, v/ 2=Lby, (x) + ﬁchl(x), —#bhl(x) + 4/ 2=Lep, (2),0)T. So in the new
basis, the state |1y, ) can be rewritten as

[Yn,) ~ t1|¥) + talea) + Vn — 1taey), (76)

where t1 = cp, (z) — \/%bhl(x), ty =\ /5y b (%) and @) = ﬁ|62> +

\/—%|e4> + V:/’%Q les). |¥) denotes the target state of the first stage.
So in the second stage, we have

[Vny) ~ t1U2|¥) + taUslea) + vn — 1taUs|es), (77)

where U, denotes the evolution operators of the second stage.
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Let 7("1[J2|\I/> = (05 f2) 07 f47 0) f67 0) fg)Ta t2U2|62> = (Oa 92, 0) 94, 0) 96, 0) gS)T
and v/n — 1taUsles) = (0,12,0,14,0,16,0,13)T. So we can obtain

| fol? + [ fal? + 1 f6? + | fs]? = [taf?,
19217 + |94l + [g6|* + 9s]* = [t2]?,
2] + [la|* + [l6]* + [Is]* = (n — Dta/?,
|[f2+ g2 + 1ol + [ fa + g4+ la® + [ fo + g6 + 16|* + | fs + g5 +1s|* =
(78)
The target state of the algorithm is ﬁ|62> + %k@. So the fidelity of
the algorithm can be denoted as

N

fot g2 +12) + (fo + 96 +16)|". (79)

_|\/_

From 4.2, we know fg = v/m — 1f5. So we can obtain

5

F>|fa+go+ b + [ fo + g6 + l6|” — 192> = lla|* — lgs|* — [l6]* — 2[gallla] — 2lgs|[ls|-
(80)
Then by using Eq. (78), we have

F>1—|fa+ga+ 1 = fs + g8 + Is]* = lg2|* = |2 — lgo|* — ll6|* — 2[g2]ll2] — 2[ge]lls]-
(81)
By using |z + y| < ||z| + |y]||, we obtain

F>1—(Ifal® + 1fs1*) = (192> + lga® + |g6|* + lgs|® + ll2]* + |1a]? + |l6]* + [Is]*)
= 2(|fallgal + | fsllgs| + [ falllal + | fs||ls] + |g2|l2] + |gallla| + |gs|ls| + |gs||ls])-
(82)

From 4.2, we know |f4|? + |fs|? < |t1|%e2<e2. From Eq. (78), we have
lgal® + [gal® + |g6® + lgs|* + [la|* + [la]? + 6] + ls]* = nlta|* < 21

We know |[fallgs|l + [fsllgs] < /(Ifal? + [fs]*)(lgal? + |gs|?) <\/erea.
We also have |[fallla] + [fsllls] < /(Ifal? + [fs?)([la]? + [Is[?) <+/2e€162.
And we have [go|llo] + |gallla] + |gsllle] + I|gsllls] <
Vg2l + 1gal? + 196 + 9s?) ([T2[? + [la]? + [l6]? + [Is]?) <V/2e1.

So we obtain

F>1— (24 2V2)e; — 63 — (24 2V2) /a1 6. (83)

From Eq. (83), we know that the fidelity will be close to 1 when €; and €9
are small. For instance, let €; be 0.01 and ez be 0.01. From Eq. (83), we know
the fidelity will be greater than 0.89 regardless of the value of m and n. The
simulation results of the algorithm are shown in Fig. 11. The fidelity is bigger
than 0.98 at a certain range of m and n when €; = 0.01 and e = 0.01. It further
verifies that the quantum state transfer algorithm can achieve high fidelity.
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40

60
m "» we  °

Fig. 11 The fidelity of the quantum state transfer algorithm with ¢; = 0.01 and e2 = 0.01
when the sender and receiver are in different partitions.

5 Conclusions

In this paper, we propose a high-fidelity quantum state transfer algorithm on
the complete bipartite graph. The algorithm is divided into two stages. The
first stage is to transfer the initial state to the uniform superposition state of
the vertices on the other side of the sender. The second stage is to transfer the
uniform superposition state of the vertices on the other side of the sender to the
target state. The two stages are both achieved by using the generalized Grover
walks with one marked vertex. The coin operators of the generalized Grover
walks and the query oracles are parametric unitary matrices that changed with
time.

Through analysis, it is found that in the first stage, the initial state is
transferred to the uniform superposition state of the vertex on the other side
of the sender with the fidelity of at least 1 — €;. In the second stage, the
uniform superposition state of the vertices on the other side of the sender is
transferred to the target state with the fidelity of at least 1 — e5. We prove
that the fidelity of the algorithm is greater than 1 — 2e; — €5 — 2\/5\/m or
1—(2+2v2)e1 — €2 — (2+2V2) /ere2 when the sender and receiver are in the
same partition or different partitions. €; and e; are chosen from (0,1]. When
€1 and €9 are small, the fidelity of the algorithm will be close to 1.

Consequently, the algorithm can achieve high-fidelity quantum state trans-
fer when the sender and receiver are located in the same partition or different
partitions of the complete bipartite graph. Moreover, the algorithm can achieve
high-fidelity quantum state transfer on complete bipartite graphs of various
sizes. Compared to the previous algorithms, the advantage of the algorithm is it
works in any case because high-fidelity quantum state transfer can be achieved
by adjusting the parameters of the coin operators and the query oracles. The
algorithm provides a novel method for achieving high-fidelity quantum state
transfer on the complete bipartite graph, which will offer potential applications
for quantum information processing.
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