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Abstract

The present paper illustrates the realization of an atom-optomechanical system

where an atomic ensemble is confined in a ring optomechanical cavity consisting

of a fixed mirror and two movable ones. An analysis of the dynamics and the lin-

earization of the equations allows to derive the multimode covariance matrix. Under

realistic experimental conditions, we numerically simulate the steady-state bipartite

and tripartite continuous variable entanglement using the logarithmic negativity,

and analyze the shared entanglement in the multimode system. The introduction

of the atomic medium allows to obtain a larger plateau for the entanglement and

make more resilient to the temperature decohering effects.

1 Introduction

The field of cavity optomechanics have witnessed a rapidly growing advance with the

goal of controlling the interaction between electromagnetic radiation and nanomechanical
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motion [1–6]. These systems, can be coherently manipulated by pumping the cavity with

an external laser field which leads to an optomechanical coupling between the cavity mode

and the mechanical oscillator. In this context, most experimental and theoretical efforts

have shown that hybrid optomechanical systems can be used to entangling mechanical

resonators, atoms, and optical cavity fields in different ways. For instance, entangling

two mirrors of two different cavities driven by entangled light beams was proposed in [7].

One can also achieve an entanglement between two movable mirrors in an optomechanical

cavity as in [8], entangling a nanomechanical oscillator with a Cooper-pair box in [9],

entangling two mirrors in a ring cavity by using a phase-sensitive feedback loop [10] and

atomic ensembles [11–16]. Enhancing quantum correlations and entanglement [17] can

be achieved via cross- Kerr nonlinearity [18].

Recently, research on the possibilities of constructing entangled states between the

macroscopic and subatomic scales in coupled optomechanical systems have been ex-

ploited, where an atomic ensemble is placed inside a cavity with a moving mechanical

object, which represents a novel type of hybrid systems. These atomic cavity optome-

chanical systems avoid the difficulties of controlling quantum behavior, decoherence, and

quantum-classical boundaries [19]. To explore the impact of the atomic ensemble on the

entanglement between mechanical resonators and optical fields, we generate a strongly

quantum entanglement between the atomic ensemble and a vibrating mirror by increas-

ing the coupling strength. Another point of interest in this paper is to investigate the

genuine tripartite entanglement sharing, since the system describes a four-partite mode

(cavity field – atomic ensemble and two vibrating mirrors).

The main purpose of the present paper is to study the behavior of the quantum en-

tanglement present in an atomic ring cavity composed of a ring cavity with a fixed mirror

and two movable ones and an atomic ensemble of two-level atoms placed inside the cav-

ity. When both an oscillating mirror and an atomic medium are present in the cavity, it

essentially forms a well-fortified environment to generate multipartite genuine entangle-

ment [20–23]. We focus on enhancing bipartite and tripartite entanglement between the

mechanical resonators, atomic ensemble and optical cavity field; we study the influence

of the atomic medium on the coherence of the present system.

The remainder of this paper is organized as follows. In section 2, we present the
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theoretical model of the hybrid optomechanical system and establish the Hamiltonian,

obtain the system dynamics, by solving the differential equations of motion and obtain

the set of Quantum Langevin Equations of the system. In section 3, we simulate the

stationary bipartite and tripartite entanglement by introducing logarithmic negativity

and exploit this result to investigate the sharing structure of tripartite entanglement in

such states. In section 4, we conclude our results and summarize with some perspectives

of the results.

2 System and model

2.1 System

Figure 1: Schematic illustration of the Atom-optomechanical system under study includ-
ing a ring cavity. An ensemble of two-level atoms is placed into the cavity which is
coherently pumped by a coherent laser source (CLS) with frequency ωL, and (SVL) a
squeezed vacuum light source.

The model studied here is an Atom-Optomechanical system, made of a ring cavity with

length L, and an atomic ensemble of two-level atoms placed inside the cavity. This latter

is driven by a squeezed light source with frequency ωS and a coherent laser source with

strength EL; the setup is schematically shown in Figure 1. The optical cavity is composed

of two movable mirrors perfectly transmitting and a fixed one partially transmitting in a
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triangular design. We consider the two movable mirrors as quantum harmonic oscillators

with effective masses respectively m1, m2, and frequencies ωm1 and ωm2, respectively. The

cavity field is coupled to the motion of the two mechanical oscillators via the radiation

pressure force. The total Hamiltonian of the coupled optomechanical system can be

expressed as : H = H0 +Hinteraction +HDrive , which will be well explained in the next

section.

This setup is an upgraded version of the ring optomechanical cavity originally in-

troduced in [24], in which the interaction with an atomic ensemble is considered. It is

worth mentioning that systems based on atom-optomechanical models are experimentally

feasible [20, 25, 26].

2.2 The Hamiltonian

The Hamiltonian of the system is given by H = H0 +HInteraction +HDrive, with

H0 = ~ωra
†a +

~ωm1

2
(q21 + p21) +

~ωm2

2
(q22 + p22) +

~ωa

2
Sz, (1)

HInteraction = ~g(S+a+ S−a
†) + ~ G0 a†a cos2(θ/2)(q1 − q2), (2)

HDrive = i~EL(a
†e−iωLt − aeiωLt). (3)

H0 represents the free Hamiltonian, the first term of which describes the cavity mode

with the resonance frequency ωr, a† and a are the photon creation and annihilation

operators of the optical field, with [a, a†] = 1. qj and pj(j = 1, 2) describe the dimen-

sionless position and momentum operators of the two mechanical resonators, satisfying

[qj , pk] = iδjk. The last term describes the atomic ensemble composed of Na two-level

atoms, where the frequency ωa is the transition between the ground state |g〉 and the

excited state |e〉, having respectively the following energies Eg = −~ωa

2
and Ee =

~ωa

2
. Sz

and S± are the spin operators Sz,± =
∑Na

i=1 σ
i
z,±, where σ

i
z,± are the Pauli matrices defined

by σi
z = |e〉(i)(i) 〈e|, σi

+ = |e〉(i)(i) 〈g| and σi
− = |g〉(i)(i) 〈e| and satisfying the commutation

relations [σi
+, σ

i
−] = σi

z and [σi
z, σ

i
±] = ±2σi

±.

HInteraction describes the coupling Hamiltonian, where the atoms interact with the two

mechanical oscillators via the coupling with the intracavity field, which is called the atom-
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cavity coupling coefficient and expressed as g = µ
√

ωr

2~ǫ0V
with µ being the dipole moment

of the atomic transition, V is the volume of the cavity and ǫ0 is the vacuum permittivity

and ~ is Planck constant. The second term takes into account the interaction of the two

mechanical resonators motion with the electromagnetic field confined in the cavity due

to the radiation pressure force, G0 is the optomechanical coefficient, the angle between

the incident and the reflected light on the surfaces of the movable mirrors, θ, (see Figure

1).

The part HDrive represents the drive laser input, where EL =
√

κP
~ωL

, with P , ωL being

respectively the power and the frequency of the driven laser, κ is the decay rate of the

optical cavity.

Working in the rotating frame at the input laser frequency ωL, the Hamiltonian of

the system simplifies to

H =~∆ra
†a +

~ωm1

2
(q21 + p21) +

~ωm2

2
(q22 + p22) + ~∆ac

†c+ ~Ga(c
†a + ca†)

+ ~G0a
†a cos2(θ/2)(q1 − q2) + i~EL(a

† − a),

(4)

with ∆r = ωr − ωL and ∆a = ωa − ωL are respectively the cavity mode and atomic

detuning. For simplification, we choose the low atomic excitation limit, i.e., when the

atoms are initially in the ground state and the average number of photons is much smaller

in the excited state, so that SZ ≈< SZ >≈ −Na. In addition to that, we suppose the

excitation probability of a single atom to be small. In this limit, the atomic polarization

can be defined in terms of the bosonic annihilation and creation operators c = S−√
|<SZ>|

,

which satisfy the bosonic commutation relations [c, c†] = 1 [27]. We define Ga = g
√
Na,

the atom-cavity coupling strength.

2.3 The quantum Langevin equations

For a clear analysis of the dynamics of the system, we determine the Heisenberg equations

of motion which can be obtained from the Hamiltonian 4. Taking into consideration the

effects of noise and the dissipation terms, leads to the following Heisenberg-Langevin
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equations

q̇1 = ωm p1,

q̇2 = ωm p2,

ṗ1 = −ωmq1 −G0a
†a cos2(θ/2)− γm p1 + f1,

ṗ2 = −ωmq2 +G0a
†a cos2(θ/2)− γm p2 + f2,

ȧ = −(κ+ i∆r)a− iGac− iG0 cos
2(θ/2)(q1 − q2)a + EL +

√
2κain,

ċ = −(γa + i∆a)c− iGaa +
√

2γacin.

(5)

For the sake of simplicity and without loss of generality, We choose ωm1
= ωm2

= ωm,

γm1 = γm2 = γm, where γm is the mechanical damping rate and γa is the decay rate of

the atomic excited level. In equation (5), we defined G0 as G0 = (ωr

L
)
√

~

mωm
while f1 and

f2 are the Brownian noise operators with zero mean values. We choose the quality factor

Qi =
ωmi

γmi

≫ 1 meaning that one can assume the mechanical baths to be Markovian.

Accordingly, the fi(i = 1, 2) operator’s non-zero correlation functions [28, 29] are given

by

〈fi(t)fi(t
′

) + fi(t
′

)fi(t)〉/2 ≃ γm(2nthi
+ 1)δ(t− t

′

), (6)

with nthi
= 1/(e

~ωmi
kBt −1) being the ith thermal photon number and kB is the Boltzmann

constant. The noise operator corresponding to the atomic ensemble with zero mean value,

cin, appearing in (5) , satisfy the non-vanishing correlations function 〈cin(t)c†in(t
′

)〉 =

δ(t− t
′

) [30].

Another kind of noise affecting the system, is the input squeezed vacuum noise oper-

ator ain, that are fully characterized by the nonzero correlations functions [31]:

〈δa†in(t)δain(t
′

)〉 = Nδ(t− t
′

),

〈δain(t)δa†in(t
′

)〉 = (N + 1)δ(t− t
′

),

〈δain(t)δain(t
′

)〉 = M e−iωm(t+t
′
) δ(t− t

′

),

〈δa†in(t)δa†in(t
′

)〉 = M∗ eiωm(t+t
′
) δ(t− t

′

),

(7)

where M = sinh r cosh reiφ and N = sinh2 r, r and φ being respectively the strength
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squeezing parameter and phase of the squeezed vacuum light.

2.4 Linearization of the quantum Langevin equations

To analyze the dynamics of the coupled system, we begin by linearizing the quantum

Langevin (5). In fact, these latter are in general nonsolvable analytically. So one needs

to expand each Heisenberg operator as a sum of its classical steady state value plus an

additional operator of fluctuation with zero-mean value [32]:

a = as + δa, q = qs + δq, p = ps + δp. (8)

The corresponding steady-state values read

ps1 = 0,

ps2 = 0,

qs1 =
−G0 cos

2(θ/2)|as|2
ωm

,

qs2 =
G0 cos

2(θ/2)|as|2
ωm

,

cs =
−iGaa

s

(γa + i∆a)
,

as =
EL

κ+ i∆+ G2
a

γa+i∆a

,

(9)

where ∆ = ∆r +G0 cos
2(θ/2)(qs1 − qs2).

Inserting equation (8) in (5), and introducing δX = δa+δa†√
2

, δY = δa−δa†

i
√
2

, δx =

δc+δc†√
2

, δy = δc−δc†

i
√
2
, Xin =

ain+a†in√
2

, Yin =
ain−a†in

i
√
2

, xin =
cin+c†in√

2
, yin =

cin−c†in
i
√
2

, allows to
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obtain the following linearized Langevin equations:

δq̇1 = ωm δp1,

δṗ1 = −ωmδq1 − γm δp1 −G cos2(θ/2)δX + f1,

δq̇2 = ωm δp2,

δṗ2 = −ωmδq2 − γm δp2 +G cos2(θ/2)δX + f2,

δẊ = −κδX +∆δY +Gaδy +
√
2κXin,

δẎ = −G cos2(θ/2)δq1 +G cos2(θ/2)δq2 −∆δX − κδY −Gaδx+
√
2κYin,

δẋ = GaδY − γaδx+∆aδy +
√

2γaxin,

δẏ = −GaδX − γaδy −∆aδx+
√

2γayin,

(10)

with G =
√
2G0a

s. The resulting evolution equations of motion for the fluctuations in

(10) can be rewritten in the matrix form

u̇(t) = Au(t) + n(t), (11)

where u(t) and n(t) are respectively, the column vector of the fluctuations and the column

vector of noise operators, the transpose of which are respectively given by

uT (∞) = (δq1(∞), δp1(∞), δq2(∞), δp2(∞), δX(∞), δY (∞), δx(∞), δy(∞))

nT (t) = (0, f1, 0, f2,
√
2κXin,

√
2κYin,

√

2γaxin,
√

2γayin). (12)
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The drift matrix A, reads

A =









































0 ωm 0 0 0 0 0 0

−ωm −γm 0 0 −G cos2(θ/2) 0 0 0

0 0 0 ωm 0 0 0 0

0 0 −ωm −γm G cos2(θ/2) 0 0 0

0 0 0 0 −κ ∆ 0 Ga

−G cos2(θ/2) 0 G cos2(θ/2) 0 −∆ −κ −Ga 0

0 0 0 0 0 Ga −γa ∆a

0 0 0 0 −Ga 0 −∆a −γa.









































(13)

The solution of the differential equation (11), is u(t) = Y (t)u(0) +
∫ t

0
dxY (x)η(t − x),

with Y (t) = exp{At}.

2.5 Covariance Matrix

The covariance matrix V of the system can be obtained using the following Lyapunov

equation [33, 34]:

AV + V AT = −D, (14)

where D is a diagonal matrix that represents the noise correlations. It is given by

D =









































0 0 0 0 0 0 0 0

0 γm(2nth + 1) 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 γm(2nth + 1) 0 0 0 0

0 0 0 0 2κ(Re[M ] +N + 1
2
) 2κIm[M ] 0 0

0 0 0 0 2κIm[M ] 2κ(−Re[M ] +N + 1
2
) 0 0

0 0 0 0 0 0 γa 0

0 0 0 0 0 0 0 γa









































(15)
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The Covariance Matrix V can be written in a block form:

V =

















Vm1
Vm1m2

Vm1op Vm1a

V T
m1m2

Vm2
Vm2op Vm2a

V T
m1op

V T
m2op

Vop Vopa

V T
m1a

V T
m2a

V T
opa Va

















, (16)

where Va, Vmj
(j = 1, 2), and Vop are the Covariance Matrices of the atomic mode, the

(j = 1, 2) mechanical mode and the optical mode, respectively.

When interested in studying the behavior of only two subsystems (and their corre-

lations, among other things), the global 8 × 8 covariance matrix V (16) can be reduced

to a 4 × 4 submatrix VS, containing only the covariance matrices of the subsystems of

interest:

VS =





A C

CT B



 , (17)

with A and B being the 2× 2 covariance matrices describing the single modes and C the

2× 2 covariance matrix of the quantum correlations between the two subsystems.

3 Entanglement analysis

The system being comprised of four modes: atomic (a), optical (op) and the two mechan-

ical modes (m1 and m2), it allows the study of various types of entanglements. Bipartite

entanglement, which is generally the type that is thoroughly studied in the literature,

can be investigated in this case, using any bi-partition of the system. Moreover, tripar-

tite entanglement can also be discussed in detail using the different tri-partitions of the

system. The benefit from such a general study is that the comparison of the different

types of entanglement brings more insight into their general behavior and their mutual

influence.

3.1 Bipartite entanglement

To quantify the bipartite stationary entanglement between any two modes x and y

(x, y = a,m1, m2 or op), we use the logarithmic negativity EN . It is defined for Gaussian
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continuous variable systems as [35, 36]

EN = max[0,− ln 2η̃], (18)

with

η̃ = min
{

eig | ⊕2
j=1 (−σy)PVSP |

}

, (19)

where σy is the y-Pauli matrix, VS is the 4× 4 covariance matrix of the two subsystems

and P = σz ⊕ 1, with σz being the z-Pauli matrix.

In order to evaluate numerically the logarithmic negativity. we choose, the power

of the driven laser P = 35mW , the masses and the frequencies of two oscillators are

respectively m = 10 ng and ωm = 2π × 107Hz, the laser wavelength is λ = 1064 nm,

θ = π
3
, the cavity decay rate κ = π×107Hz, the mechanical damping rate γm = 2π×102Hz,

the length of the cavity l = 1mm, the phase of the squeezed vacuum light φ = 0. We

choose the parameter of the atoms to be Ga = 12π × 106Hz and γa = π × 107Hz. In

addition, we consider that the atoms are resonant: ∆a = −ωm. Some parameters are

taken from the set of experiments [37–39].

It is important to note that, the symmetry between the mechanical modes reflects in

the expressions of the logarithmic negativities involving these modes. For instance the

logarithmic negativity between any mechanical mode and the optical mode are the same:

Em1op = Em2op, and the same with respect to the atomic mode: Em1a = Em2a. Next, we

investigate the stationary entanglement as a function of the thermal bath’s temperature

T .
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Figure 2: Plot of the bipartite entanglement Em1a, between m1 and a, versus the thermal
bath temperature T (K), for different values of the input field squeezing parameter r.

Figure 2 shows the bipartite stationary entanglement Em1a, we choose ∆ = ωm and

numerically simulate the logarithmic negativity between the mechanical mode 1 and

the atomic mode for different values of the squeezing parameter r, since the purpose of

this paper is to investigate the impact of the atomic medium on hybrid optomechanical

systems. It is worth noting, that the atoms are indirectly coupled to the mechanical

resonators through their common interaction with the input field. The motion of the

resonator under the influence of the optical field does enhance the radiation pressure

force, which allows for an atom-mirror entanglement. We see from the figure that Em1a

decreases as the temperature increase. It is evident that the entanglement decreases with

the effect of the environment’s temperature due to the thermal fluctuations. The presence

of the atomic medium in an optomechanical cavity though, has a favorable effect since

it enhances the optomechanical coupling. This is explained by the plateau observed for

the entanglement at low temperatures. It is a generally found that adding an atomic

ensemble to a cavity allows for a stronger optomechanical coupling. Indeed, the atom-

field coupling strength and the excitation number have an important influence on the

atomic effective damping rate of the mechanical resonators [40].
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The numerical simulation results show that the progressive injection of the squeezed

light increases the entanglement, and it becomes more robust against the environment

temperature, e.g. for low temperatures, when r = 0.2, the numerical values of the

entanglement are Em1a = 0.3, whereas, for r = 1, it is Em1a = 0.56. Notice that, the

entanglement in the case of r = 1 persists against the bath environment more than in the

case where the parameter of squeezing r = 0.2. This explains the relationship between

the squeezed vacuum light and entanglement due to the light-matter interaction. Indeed,

the increase of the photon number in the cavity leads to a stronger radiation pressure

force and does enhance the quantum correlations transfer from squeezed light to the

subsystems.

Figure 3: The logarithmic negativity Em1op, between m1 and op versus the thermal bath
temperature T (K).The other parameters are chosen as 2.

In Figure 3, we plot the logarithmic negativity Em1op which express the entanglement

between the mechanical mode 1 and the optical mode. We analyze the influence of the

injection of the squeezing light on the hybrid system. The red line representing the

entanglement when there is no squeezing light source and only the laser field is injected

(r = 0), shows that the entanglement vanishes around T ≃ 0.35mk. However, the blue

line representing the squeezed vacuum light with (r = 0.1), shows that the entanglement
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survives until T ≃ 0.42mk. We remark that for low temperatures we have Em2op = 0.14

(when r = 0) and Em2op = 0.17 (when r = 0.1). A relatively significant entanglement is

reached for sufficiently large number of photons from the two sources, as they allow for a

robust photon-phonon interaction via the radiation pressure. Indeed, the photons exert

a small push on the surface of the movable mirror and changes the cavity’s length, which

in turn, modifies the intensity of the field and do enhance the radiation pressure force,

and allows for a strong optomechanical coupling that optimizes entanglement [41]. In

addition to that, we have the quantum fluctuations from the optical environment and the

thermal fluctuations from the mechanical bath environment inducing decoherence. Since

any genuine feasible system couples with its own environment in some way, a large number

of photons is needed to circumvent the decohering effects of the quantum fluctuations

and strengthens the resulting entanglement.

3.2 Tripartite entanglement

In order to study the existence of genuine tripartite entanglement we adopt a quantitative

measure of tripartite negativity [42–44], which for a tripartite system (ABC) is given by

EABC = (EA|BC EB|AC EC|AB)
1/3. (20)

EA|BC = max[0,− ln 2νA|BC ] is the logarithmic negativity of the one mode-versus-two

modes bipartitions in the system, where νA|BC = min
{

eig | ⊕3
j=1 (−σy)PA|BC V3 PA|BC |

}

,

with PA|BC = σz⊕1⊕1, PB|AC = 1⊕σz⊕1 and PC|AB = 1⊕1⊕σz are the matrices of the

partial transposition of the tripartite covariance matrix, and V3 is the 6 × 6 covariance

matrix of the tripartite system. In our case A, B and C can be one of the mechanical

modes, optical mode or atomic mode. Moreover, for the sake of simplicity we will use

the following compact notations E1 ≡ Em1m2a, E2 ≡ Eam1op = Eam2op and E3 ≡ Em1m2op.

We plot in figure 4a, the tripartite entanglement as captured by the logarithmic

negativity (20) versus the normalized atomic detuning. The three logarithmic negativities

react quite differently, and broadly speaking, it depends on whether the atomic mode is

involved or not. For instance, E1 and E2 have their maximum close to the region where

∆a = −ωm whereas, E3 decreases in this interval and actually reaches its minimum in

14



(a) (b)

Figure 4: Effect of the normalized atomic detuning on the (a) tripartite logarithmic
negativities E1, E2 and E3 and (b) bipartite negativities (Em1m2

, Em1op, Em1a and Ea op) .
In all the cases we choose ∆ = ωm, P = 10mW , r = 0.1 and the temperature T = 0.1mK.

this region. It is remarkable that the tripartite entanglement between the optical mode,

the atomic mode and the mechanical mode (E2 ), is the one that remains significant in a

broader interval. This is due to the absorption and remission of photons by the atoms.

On the other hand, the more photons we have in the cavity, the more the photon-phonon

interaction is enhanced via the radiation pressure force due to the effect of the vibrating

mirror. Under the atom-photon-phonon interaction, not only the region of the effective

detuning is wider, but also a significant entanglement is obtained. These collective bosonic

modes form an optimal quantum tripartite system that ensures a strong entanglement

sharing.

It is worth noticing that, when ∆a > 0, both E2 and E3 asymptotically increase, while

E1 is negligible i.e, the tripartite {m1, m2, a} entanglement is not present in this area.

This result might be interpreted as a result of the negative effective atomic detuning

being a convenient choice since it regulates the evolution of the atomic quadrature [45].

This collective tripartite behavior can be explained by the corresponding underly-

ing bipartite entanglement shown in Figure 4b. As a matter of fact, the behavior of

E1 ≡ Em1m2a in Figure 4a is identical to that of Em1a in Figure 4b because the other
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bipartite entanglement Em1m2
involved in E1 is shown in Figure 4b to be negligible.

Similarly, E3 ≡ Em1m2op, relies on the mechanical-optical, entanglement Em1op and the

negligible mechanical-mechanical, Em1m2
entanglement. This results in the behavior of

E3 resembling that of Em1op. In contrast, E2 ≡ Em1a op, depends on three bipartite entan-

glements Em1op, Em1a and Eop a, the last one of which is shown to be negligible in Figure

4b. E2 is thus mainly driven by Em1op and Em1a; henceforth, the behavior of E2 in Figure

4a is a hybrid of that of Em1op and Em1a in Figure 4b.

This discussion confirms the premise that the mechanical -optical -atomic modes forms

an ideal system, which requires that ∆a = −ωm, thus providing optimal performances on

quantum information theory of continuous variable systems.

(a) (b)

Figure 5: (a) E2 and (b) E3 as a function of the temperature T (mK) for different values
of the pumping power P (measured in mW). ∆ = 0.5ωm and the other parameters are
chosen as in figure 4.

To analyze the influence of the pumping power, we plotted in figure 5 E2 and E3 as a

function of the environment temperature T , for different values of P . With the increase

of driving power, the values of logarithmic negativity increase and, relatively, resist better

the environment-induced decoherence. We also find that, for P = 15mW , E3 vanishes at

T ≃ 0.65mk, while E2 survives until T ≃ 1.2mk, so E3 vanishes quicker than E2 due to

the thermal environment. On the other hand, for P = 5mW and for a fixed temperature
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T = 0.27mk, E3 = 0.048 while E2 = 0.13, which shows that, compared to E2, E3 requires

much higher values of power that increases the number of photons in the cavity and a very

low thermal phonons numbers, i.e. temperature. It is an intuitive fact that entanglement

is highly sensitive to the fluctuations, with the mechanical modes being much noisier and

the fluctuations of the atomic mode being less noisy resulting from the collision between

photons of the light source and the photons emitted by the atoms. This partly explains

the reason of the fragility of E3 compared to E2 as this latter depends less on the much

more fragile correlations involving the mechanical modes than the former. In addition

to that, we have an additional squeezed vacuum light, the injection of which reduces the

fluctuations and results in stronger correlations when it is involved; this illustrates well

the usefulness of squeezed light. The system under consideration is an optical ring cavity,

which is characterized by a high quality factor since the use of two movable mirrors

enhances the field-mirrors interaction. With significant values of the power, increases

the circulation inside the cavity which in turns enhances the interaction and thus the

entanglement, establishing the importance of the parameter of power as well.

(a) (b)

Figure 6: Plot of the influence of the atom cavity coupling Ga on E1 and E2 as a function
of the temperature T (mK). We choose P = 35mW , r = 0.6, ∆ = ωm.

Let us finally explore the effect of the atomic-field coupling strength Ga. To that,
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we simulate the tripartite entanglement E1 and E2 versus the temperature for different

values of Ga. It is observed that, for a fixed temperature e.g. T = 0.5mK as Ga

increases, both E1 and E2 increase and in general, one can achieve significant amounts

of tripartite entanglement for high couplings. This can, for instance, be achieved by

increasing the atom numbers in the cavity and with a strong driven laser that increases

the number of photons as explained in previously, then a well-fortified interaction is

achieved leading to a strong atom-field coupling. Indeed, for high-quality cavities such as

ring cavity considerable coupling can be easily realized experimentally [46]. By comparing

the plots 6a and 6b, it comes out that E1 is more resistant than E2 to the thermal induced

decoherence; e.g., when Ga = 8π106Hz, E2 vanishes at T ≈ 1.3mk while E1 vanishes at

T ≈ 1.5mk all the while maintaining a significant amount and plateauing over a longer

interval. It is clearly seen that E1 i.e. the {m1, m2, a} entanglement which is of interest

in this paper is greater than E2 i.e. {a,m1, op} even though atoms and mirrors are only

indirectly coupled in the Hamiltonian 4. As a matter of fact, E1 enhances at the expanse
of the field-mirror interaction via the radiation pressure as in [23]. According to all these

results, we conclude that a significant entanglement is established with a strong atom-field

coupling and can be differentiated according to the optical field squeezing.

4 conclusion

In this work, we have proposed a theoretical scheme for the study of steady state bipartite

and tripartite entanglement. The system under study is a ring cavity with fixed mirror

and two movable ones, an atomic ensemble of two-level atoms confined in the cavity.

This latter is pumped with a coherent laser source and a squeezed vacuum light driving

to enhance the quantum correlations. A proper analysis of the dynamics of the coupled

system is made allowing to get the set of the quantum Langevin equations and the

linearization of the equations is carried to get the 8 × 8 steady state covariance matrix

that is fully describing the hybrid optomechanical system (cavity field – atomic ensemble

- two vibrating mirrors). The bipartite and tripartite logarithmic negativity are used to

evaluate the entanglement of the multimode system.

An analysis of the bipartite and tripartite entanglement being possibly shared by
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the coupled system confirms the negative influence of the environment’s temperature

on the different types of entanglement. Some being more resilient than other types; in

particular the benefits of adding the atomic ensemble in the cavity is observed as it allows

for more resistant entanglement. In this regard, we have shown that a stronger atomic-

field coupling allows for better entanglement. On the other hand, with the increase of the

power of the driving laser, significant entanglement and broader effective detuning region

can be achieved. In addition to that, we have shown the needfulness of the squeezed light

source since this latter allows for a strong entanglement.

Such a scheme will open new perspectives for the application of quantum teleporta-

tion in the cavity and the implementation of quantum memories for continuous variable

quantum information processing. The enhancement of the entanglement in cavity, will

prove critical for the cavity optomechanical sensing [47, 48]. The presence of a strong

multipartite entanglement can be exploited for realizing teleportation in optomechanical

ring cavities in the same spirit of what was achieved in [49].
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[43] Carlos Sab́ın and Guillermo Garćıa-Alcaine. A classification of entanglement in

three-qubit systems. The european physical journal D, 48(3):435–442, 2008.

[44] Fabrizio Buscemi and Paolo Bordone. Measure of tripartite entanglement in bosonic

and fermionic systems. Physical Review A, 84(2):022303, 2011.

23



[45] Gabriele De Chiara, Mauro Paternostro, and G Massimo Palma. Entanglement

detection in hybrid optomechanical systems. Physical Review A, 83(5):052324, 2011.

[46] Rui-Jie Xiao, Gui-Xia Pan, and Ling Zhou. Multiple optomechanically induced

transparency in a ring cavity optomechanical system assisted by atomic media. In-

ternational Journal of Theoretical Physics, 54(10):3665–3675, 2015.

[47] Bei-Bei Li, Lingfeng Ou, Yuechen Lei, and Yong-Chun Liu. Cavity optomechanical

sensing. Nanophotonics, 10(11):2799–2832, 2021.

[48] Fabienne Schneiter, Sofia Qvarfort, Alessio Serafini, André Xuereb, Daniel Braun,
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