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Relating an entanglement measure with statistical correlators for two-qudit mixed

states using only a pair of complementary observables
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We focus on characterizing entanglement of high dimensional bipartite states using various sta-
tistical correlators for two-qudit mixed states. The salient results obtained are as follows: (a) A
scheme for determining the entanglement measure given by Negativity is explored by analytically
relating it to the widely used statistical correlators viz. mutual predictability, mutual informa-
tion and Pearson Correlation coefficient for different types of bipartite arbitrary dimensional mixed
states. Importantly, this is demonstrated using only a pair of complementary observables pertain-
ing to the mutually unbiased bases. (b) The relations thus derived provide the separability bounds
for detecting entanglement obtained for a fixed choice of the complementary observables, while the
bounds per se are state-dependent. Such bounds are compared with the earlier suggested separabil-
ity bounds. (c) We also show how these statistical correlators can enable distinguishing between the
separable, distillable and bound entanglement domains of the one-parameter Horodecki two-qutrit
states. Further, the relations linking Negativity with the statistical correlators have been derived for
such Horodecki states in the domain of distillable entanglement. Thus, this entanglement charac-
terisation scheme based on statistical correlators and harnessing complementarity of the obsevables
opens up a potentially rich direction of study which is applicable for both distillable and bound

entangled states.

The characterisation of quantum entanglement is of
key importance while using it as a resource for its multi-
farious applications in the frontier areas of quantum tech-
nology like quantum communications, quantum compu-
tation, and quantum metrology. While the workhorse of
the related implementations to date has been primarily
the entanglement between qubits, it is now well recog-
nised that the increased dimensionality of the entangled
states can contribute significantly in enhancing the effi-
ciency and robustness of their use as a resource [1-7].
Hence, the issue of characterising any arbitrary high-
dimensional entangled state has gained considerable sig-
nificance, wherein the characterisation entails both the
device-independent certification and the quantification in
terms of the appropriate entanglement measures (EMs)
defined as entanglement monotones which are non in-
creasing under LOCC and vanishing for separable states.
Here we should note that for any such higher dimen-
sional entanglement characterisation scheme to be op-
erationally effective, it needs to be based on a limited
number of measurements for any state dimension, in con-
trast to any method using the tomographic technique for
characterising a quantum state that requires a rapidly in-
creasingly large number of measurements as the dimen-
sion of the state space increases.[3, 9]

In this work, we focus on characterizing bipartite
arbitrary dimensional entangled states based on mea-
surements of complementary observables using at most a
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pair of mutually unbiased bases (MUBs), the correlations
therein being captured in terms of the standard statisti-
cal correlators like Mutual Predictability (MP), Mutual
Information (MI) and Pearson Correlation Coefficient
(PCCQ). For this purpose, on the one hand, we consider a
range of distillable entangled bipartite states with noises
like the isotropic noise, coloured noise A, coloured noise
B, and Werner states for which we are able to analyti-
cally relate the statistical correlators MP, MI and PCC
to the measure of entanglement given by Negativity,
valid for any dimension. On the other hand, we also
consider the non-distillable entangled state, known as
the bound entangled state, such as the one-parameter
Horodecki states [10]. For such states, we show that
MP, MI and PCC can be used to certify entanglement
in the non-distillable regime of these states, apart from
analytically relating MP, MI and PCC to Negativity
in the distillable (Negative Partial Transpose (NPT))
regime of such states. Thus, the results obtained in this
study provide an emphatic illustration of the efficacy of
the use of statistical correlators and mutually unbiased
bases for characterizing high dimensional entanglement.

The choice of distillable entangled states for this
study has been particularly motivated by the empirical
consideration, focusing on the noisy Bell-state which is
a convex combination of the above mentioned usually
prevalent noises. We show that, for a particular pair
of complementary measurement bases, the Negativity
of such a state can be expressed as a function of
the measured quantity MP and the knowledge of the
total amount of noise, irrespective of the amounts of
individual noises. We also show that MI and PCC have
similar relations with the Negativity of noisy Bell-states.
Now, an important point is that for a given choice of the
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complementary measurement bases, the relation between
the entanglement measure and the statistical correlators
depends on the type of state under consideration. In
order to highlight this feature, we find such relations
for a couple of other classes of states. For example,
in the case of the Werner state [11], such a relation is
different from that for the noisy Bell-state. Therefore,
it is necessary to have knowledge of the type of state in
order to use such relations. Nevertheless, this method
is useful in experiments in which a source is designed
to produce a particular state, but due to the presence
of mnoise, the fidelity is not guaranteed to be unity.
If the type of noise relevant to a given experimental
context is known or can be reasonably guessed, then
the state-dependent relations mentioned earlier can be
used to determine the Negativity by measuring the
statistical correlators. The dependence of these relations
on the type of state is the result of using a fixed set
of complementary observables for any state. This is in
contrast with the state-independent separability criteria
derived/conjectured in [12, 13], but which depend on
choosing the specific measurement bases which are
contingent on the given state. The comparison between
these two approaches is analyzed in the present paper,
alongside proving a relevant conjecture [13] for pure and
colored noise A states.

Another salient feature of this paper is that, we
demonstrate the utility of the statistical correlators
for detecting non-distillable entanglement, using the
example of the one-parameter Horodecki (OPH) states.
First, we show that MP, MI and PCC can be used
to distinguish between separable, distillable and non-
distillable entangled OPH states, enabling to define an
ordered relation over the set of OPH states, based on
the value of the statistical correlator. The interpretation
and the use of such an ordered relationship motivates
an interesting line of study. Secondly, for the distill-
able OPH states, the monotonic relations between the
Negativity and statistical correlators have been obtained.

The paper is organised as follows. In §I we provide the
relevant background of the overall studies towards en-
tanglement characterization. In §IT we present our main
results for the determination of Negativity in terms of the
statistical correlators for the classes of states we have con-
sidered. In §III we discuss the implications of our work
pertaining to the earlier proposed separability bounds by
Spengler and Maccone et al. [12, 13], and compare them
with the separability bounds obtained in our treatment.
In this process, we also provide analytical justification of
the separability bound proposed by Maccone et. al. [13]
for certain states. In the concluding section §IV, the
summary of our work is outlined and the indications are
given of a few possible future directions of studies.

I. BACKGROUND

The simplest device-independent scheme for certifying
entanglement, such as the one using the violation of Bell
inequality does not provide the necessary and sufficient
condition for detecting entanglement, since there are en-
tangled states which do not violate the Bell-inequality.
The other basic scheme invoking the Partial-Positive-
Transpose(PPT) criterion for separability is also of lim-
ited use, since it provides the necessary and sufficient con-
dition for detecting entanglement essentially restricted to
2x2 and 2x3 systems. In fact, the question of device-
independent characterisation of a wide class of entan-
gled states in any arbitrary dimension is, in general, a
formidable open problem.

A widely discussed approach to address this issue is
known as the Entanglement Witness (EW) based ap-
proach [14]. The Hahn-Banach theorem [15] guarantees
the existence of an observable (called an EW) whose mea-
sured expectation value provides a necessary and suffi-
cient condition for distinguishing a given entangled state
from all the separable states. However, finding a suitable
witness that satisfies this condition, without any knowl-
edge of the state in hand is not easy. This is why the
problem of an EW being sufficient but not necessary often
arises. The negative expectation values of EWs have been
used to put a lower-bound on certain measures of entan-
glement, by optimising the relevant entanglement mea-
sure subject to the limited (measured) data that is avail-
able. There are approaches in which the lower-bound is
estimated using the diagonal elements and only a few off-
diagonal elements of the density matrix, thereby reduc-
ing the required number of measurements significantly
[16, 17]. However, conventional EW measurements suf-
fer from measurement based imperfections. One of the
goals of entanglement-certification protocols is thus to be
device-independent as imperfect measurements can lead
to erroneous construction of EW and possibly an incor-
rect conclusion about the presence of entanglement. To
account for this, measurement device independent en-
tanglement witness (MDIEW) schemes have been devel-
oped to detect entanglement even with imperfect mea-
surements. For example, one such protocol builds on the
use of non-local quantum games to verify entanglement
[18], and the other one uses standard EWs to construct a
witness for entanglement which is robust against imper-
fect measuring devices [19]. A recent work has resulted
in a “quantitative” MDIEW scheme [20]. However, this
work is limited in its scope as it provides a lower bound
on an entanglement measure, which is not a conventional
EM. In particular, this scheme is essentially applicable to
a class of entangled states that the authors have called
“irreducible entanglement” [20].

Now, we proceed to discuss schemes that have been
developed independent of the EW based line of studies.
Approaches have been proposed for quantifying entan-
glement by determining the Schmidt number of a mixed
entangled state in any dimension [21, 22]. For any pure



state, the Schmidt number is the same as the Schmidt
rank. For a mixed state, the Schmidt number denotes
the maximal local dimension of any pure state contri-
bution to the mixed state. It has been argued that the
Schmidt number satisfies the requirements of an entan-
glement monotone [23]. However, the number of mea-
surements required to determine the Schmidt number
scales up with the dimension of the state, and hence it is
difficult to implement as the dimension increases.

Next, coming to the approaches seeking to quantify
entanglement on the basis of a limited number of mea-
surements, all of them quantify entanglement in terms of
the lower bounds of EMs. For example, the scheme pro-
posed by [24] can determine the lower bounds of both the
Schmidt number as well as of EOF by relating these re-
spective bounds to a suitable quantifier of the mixedness
of the prepared state, based on only two local measure-
ment bases in each wing, which are not required to be
mutually unbiased.

On the other hand, there are schemes using two mu-
tually unbiased bases that enable determining the lower
bound of EOF by relating it to respectively the quan-
tum violation of the EPR-steering inequality [25] and a
combination of suitably defined correlators [26] which are
not the standard statistical correlators like Mutual Pre-
dictability (MP), Mutual Information (MI) and Pearson
Correlation Coefficient (PCC).

The use of the standard statistical correlators like MP,
MI and PCC for the purpose of characterising bipartite
arbitrary dimensional entanglement, by employing two
pairs of mutually unbiased bases, was invoked by [12],
followed by [13] . These studies have essentially focused
on deriving the separability bounds using such statistical
correlators for certifying arbitrary dimensional entangle-
ment of pure and some specific mixed two-qudit states.

A key shift in focus from the above-mentioned line of
studies has been made in the latest study reported in a
separate paper [27], where by harnessing the maximum
complementarity of one or two pairs of mutually unbi-
ased measurement bases, the EMs like Negativity (N)
and Entanglement of Formation (EOF) of any bipartite
pure state have been analytically related to the observ-
able statistical correlators like MP, MI and PCC for any
dimension. Moreover, this general scheme has been ap-
plied for the experimental determination of N and EOF of
a prepared two qutrit pure photonic state, using the an-
alytically derived relationships. It is this newly launched
line of study which is comprehensively developed in the
present paper for a range of bipartite arbitrary dimen-
sional mixed states - isotropic, coloured noise A, coloured
noise B, and Werner states.

At this stage, a couple of points need to be noted: a)
An earlier preliminary study had investigated the use of
PCCs for determining N of a class of bipartite entan-
gled states, but this study was restricted to dimensions
3, 4 and 5 [28]. b) A scheme was earlier proposed to
relate the EMs like the Concurrence and Negativity of
pure and isotropic mixed states to the values of the Bell-

SLK function evaluated using a limited number of ob-
servables [29]. However, the experimental realisability of
this scheme remains unexplored, and the study has not
yet been extended to other types of mixed states.

II. DETERMINATION OF NEGATIVITY
USING STATISTICAL CORRELATORS

The general approach here is the following. Given a
parametric bipartite quantum state p({c;}), let the Neg-
ativity of the state be N ({a;} defined as,
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and C({a;}) be the statistical correlator of choice. The
relation between the Negativity and the statistical corre-
lator is then found by solving the parametric equations.

The statistical correlators are calculated for measure-
ments in two complementary measurement bases. We
choose the eigenbases of the generalized Pauli operators
X and Z for such measurements. The three statistical
correlators that we consider are MP, MI and PCC.

MP of a d x d bipartite state p with respect to the two
chosen bases {|a;,b;)} is defined as

d

Pag =Y (a;bilplas, by) (2)
=0

Here for all the cases considered, we fix the measurement
bases to be the eigenbases of two complementary observ-
ables Z and X defined as

Z i) =wg i) 3)
X i) =i @a 1) (4)

where wy = €2™/¢4, MP with respect to the eigenbasis of
Z ® Z (or X ® X) will henceforth be denoted by Pz (or
Px).

MI is defined as
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A. Noisy Bell state

Here we consider Bell states with three types of
noises, based on their prevalence in the experiments,
wiz., isotropic/white noise, coloured noise A and coloured
noise B defined respectively as

1
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for a d x d system. Isotropic/white noise is the simplest
yet most prevalent type of noise, which probabilistically
converts a qudit into a maximally mixed state. For ex-
ample, when a polarized photonic qubit passes through
a depolarising channel (e.g. atmosphere in free-space
quantum communication), it incurs white noise as the
polarisation of some photons is completely randomised
[30]. Due to the U ® U* symmetry of the isotropic
noise, it is often used a test-bed for studying entangle-
ment [31, 32]. On the other hand, coloured noise A has
a special property of being completely correlated in the
computational basis whereas coloured noise B is com-
pletely anti-correlated [28]. The former is produced in
the Hong-Ou-Mandel interferometers using polarisation
flipper [33], and in the case of d = 2, coloured noise B oc-
curs when one of the parties (of the bipartite system) goes
through a local dephasing channel [341]. Coloured noise
B is also important because it has symmetries equivalent
to those of a maximally entangled state [35].

We consider a convex combination of a Bell state and
the three types of the above mentioned noises

p=a |¢+> <¢+| + (1 = a) (bpiso + (1 = b) (cpena
+(1 - C)pcnb) (12)

where the range of the parameters is 0 < a,b,c¢ < 1 and
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is a maximally entangled Bell state. The results for the
other Bell states, viz., [¢7), |¢") and |¢p~) are similar.

The Negativity of the noisy Bell state given by Eq.
(12) is

1
j\[:max{o, % [—d+ad*+b—ab+d(1—a)(l— b)c}}
(14)
where entangled state is distillable for those values of

a, b, ¢, d for which NV # 0. Note that, by applying
suitable variable transformation, the noisy Bell state can
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be shown equivalent to the class of states studied in [36].
The probabilities of outcomes of joint local measurements
performed on this state with respect to the Z and X bases
are respectively (see Appendix A for details)
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Note that the quantities p.(¢,4) and p,(i,j]i # j) are
functions of @ and A/ but are independent of b and c.
Therefore, all the three statistical correlators MP, MI
and PCC with respect to the Z basis must be functions
of only a and . This implies that N can be expressed as
a function of the statistical correlators and a, where the
value of a can be found from the values of these statistical
correlators with respect to the X basis. We plot these
relations for the different correlators and it is seen that
N for the noisy Bell-states can be calculated from these
statistical correlators.

Figs. 1, 2 and 3 respectively shows the plots for MP,
MI and PCC which indicate the way these statistical cor-
relators can be used to determine A/ for the noisy Bell
states for d = 3. An interesting feature of these results is
that the amount of an individual type of noise present in
the state is irrelevant and N depends only on the total
amount of noise, given by a.

As mentioned earlier, the monotonic relations between
N and the statistical correlators are dependent on the
type of state if the measurement bases are fixed. To
illustrate this, we now show different such relation for a
different state.

B. Werner state

Werner state is an important quantum state, that pro-
vided the first example of a mixed-entangled state which
does not violate Bell-inequality and admits a local real-
ist model. It is a U ® U invariant state that has found
uses in the studies of quantum entanglement like those
concerning the non-additivity of bipartite distillable en-
tanglement, deterministic purification of noisy entangled
state and transport of entanglement over noisy channels.

The density matrix of Werner state is given by

2
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d(d+1) Pas (18)

d(d—1)
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FIG. 1. (Top) The plot of the parameter a versus Px (MP
with respect to the X basis), for the noisy Bell-state of
Eq. (12) with d = 3. (Bottom) The plot of Negativity (N)
of the noisy Bell state versus Pz (MP with respect to the Z
basis), for different values of a. The value of a is found from
the value of Px from the top graph, and then using this value
of a, the bottom graph is used to find N from the value of
Pz.

where

Pym == (1+P) (19)
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Werner state as defined in equation 18 is known to be
entangled for a < 1/2 with Negativity

Ny = max {o, 1_652‘1} (22)

Here the joint-probability distribution of measurement
outcomes with respect to the Z basis is given by (see
Appendix A for calculations)
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FIG. 2. (Top) The plot of the parameter a versus Ix (MI with
respect to the X basis), for the noisy Bell state of Eq. (12)
with d = 3. (Bottom) The plot of Negativity (N) of the noisy
Bell state versus Iz (MI with respect to the Z basis), for
different values of a. The value of a is found from the value
of Ix from the top graph, and then using this value of a, the
bottom graph is used to find A/ from the value of 1.

Similar to the case of the noisy Bell-state, here the sta-
tistical correlators with respect to the Z basis can be
written as functions of the Negativity of Werner states.
In Figures 4, 5, 6 we show the plots of Negativity ver-
sus the three correlators for the Werner state for d = 3.
Note that, both MP and PCC are monotonically related
to the Negativity. However, there is a range of values
of MI for which there is an ambiguity in determining
the Negativity of Werner states. This is because, in this
range, there is no one-to-one correspondence between MI
and the parameter ¢ in Eq. (A10) defining the Werner
state. Beyond this region, MI can be used to determine
the Negativity of entangled Werner states.

C. One-parameter Horodecki state

The one-parameter Horodecki (OPH) state is another
important state which showed, for the first time, the ex-
istence of non-distillable entangled states called bound
entanglement [10]. The simplest example of a bound en-
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FIG. 3. (Top) The plot of the parameter a versus PCCx

(PCC with respect to the X basis), for the noisy Bell state
of Eq. (12) with d = 3. (Bottom) The plot of Negativity (N)
of the noisy Bell state versus PCCz (PCC with respect to
the Z basis), for different values of a. The value of a is found
from the value of PCCx from the top graph, and then using
this value of a the bottom graph is used to find N from the
value of PCCz.

tangled state is provided by the OPH state which is a
two-qutrit state. We show that the statistical correlators
can also be used to detect entanglement of such non-
distillable states. Moreover, for the distillable entangled
OPH states there exists a monotonic relation between
the Negativity and the statistical correlators.

The density matrix of this state is

0~ (24)

2 a
PH == 67) (67| + 20+

where ¢ is the 3 x 3 maximally entangled state defined
in equation (13) and

o :%(|071><0,1|+|1,2><1,2|+|270><270\) (25)
o =5 (1,0) (10| +[2,1) 211 +10.2) (0.2)  (26)

are mixed separable states [37]. The one-parameter
Horodecki state is known to have the following charac-
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FIG. 4. Negativity (N) of the Werner state as a function of
MP (P.) with respect to the Z-basis. The plot shows that for
the entangled Werner states, Pz has an upper bound. Below
that bound, N depends linearly on the value of MP.

teristics for 2 < a <5

separable for 2 < a <3
bound entangled for 3 < a < 4 (27)
NPT entangled for 4 < a <5

pu is

We observe that statistical correlations of joint local mea-
surements can be used to detect bound entanglement in
the one-parameter Horodecki states. This is achieved
from the monotonicity of the statistical correlators MP,
MI and PCC with respect to the state parameter a whose
value distinguishes between the separable, non-distillable
and distillable entangled OPH states. In the distillable-
entangled region, we also relate the statistical correlators
to the Negativity of the state. Negativity of the one-
parameter Horodecki state as defined in Eq. (24) is

1 (241~ 900 T da? — <
NH={28(2 T=2aFda?=10) 4<as<5 0

0 2<a<4

where, in the range 4 < a < 5 the state is NPT entangled.
In the NPT entangled region, the Negativity expression
can be inverted to get a as a function of Ny

a :% <5 + \/9 + 140N5 + 196/\/},21) , Nu>0 (29

which can be used to relate MP and MI to N. Here, we
use a relabelling scheme for the measurement basis which
translates to

pli, ) = (i, @3 klpli, j @ k), 4,k € {0,1,2} (30)
The reason for this is that for k = 0, the only contribution
to MP comes from the |¢™) state whose coefficient 2/7
is independent of a, and therefore, it cannot be used to
determine N. The use of such a relabelled basis with
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FIG. 5. (Top) The plot of MI (Iz) with respect to the Z basis
versus the parameter a shows that there is a range of Iz for
which the Werner state could be either entangled or separa-
ble. However, beyond a threshold, the value of Iz necessarily
implies entanglement. (Bottom) The plot of Negativity (N)
of the Werner state versus Iz. The plot shows that within
the range of Iz for which entanglement is not guaranteed,
N shows an oscillatory behaviour between zero and non-zero
values. Beyond the threshold, N is a monotonic function of
Iz.

k = 1 to calculate MP and detect bound-entanglement
has been shown by [38]. Here we stress the point that
any k # 0(mod d) can be used for this purposes. Table
I shows that MP of the OPH state as a function of the
parameter a, for different values of k, which confirms that
the MP is a function of a for any k # 0(mod d).

Moreover, importantly, we show, using the same rela-
belling scheme, that MI and PCC can also be to detect
bound-entanglement as discussed below. Note that, the
condition k£ # 0 is not necessary for using MI to detect
entanglement and determine N in the distillable region.
This is because MI is a sum of weighted logarithms over
all indices and, therefore, there are non-zero contribu-
tions from all the terms in the OPH state, as can be seen
from Eq. (24). Nevertheless, for uniformity, we calculate
MI with k& # 0(mod d) like in the cases of MP and PCC.
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FIG. 6. Negativity (N) of the Werner state as a function of
PCC with respect to the Z-basis (PCCz). The plot shows
that for the entangled Werner states, PCCz has an upper-
bound. Below that bound, N depends linearly on the value
of PCCy.

Here we show the example with k£ = 1, and the results
for other choices of k are similar. Specifically, for k = 1
when A/ > 0, i.e., in the NPT-region

& (5+ O+ 0N +196AE) i =

. Z 1=7®31
pZ(Z7.]) = 1 ) . .

5 (5— O+ 0N +196AE) j=ims1

0 otherwise

(31)

is the probability expressed in terms of the Negativity of
the state. Consequently, the statistical correlators can
be related to A

We now show in the plots discussed as follows how
the statistical correlators can be used to detect separa-
ble, bound-entangled and NPT-entangled states, along
with getting the Negativity of the state in the distillable-
region. Figure 7 shows a plot of MP with respect to the
Z basis versus the parameter a for the OPH states. The
monotonic relation between the two quantitities makes
it feasible to distinguish the separable, bound-entangled
and the NPT-entangled OPH states. Note that measure-
ments pertaining to only one basis, for example the Z
basis is needed for this purpose. Therefore, MP is not
only useful to detect NPT-entangled states but bound-
entangled states as well. In the NPT-entangled region,
MP can be used to also directly measure A/, as shown in
Fig. 8. Figs. 9, 10, 11 and 12 show similar results using
MI and PCC for the OPH states.

Note that, owing to the monotonic relation between
the statistical correlators and the state parameter of the
OPH state (which determines whether the state is sepa-
rable, bound-entangled or NPT entangled), one can de-
fine an ordered relation for the bound-entangled states
based on the value of the statistical correlator (just like
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TABLE I. Mutual Predictability (MP) with respect to the
{|#,7 @a k)} basis as a function of the state parameter a of
the OPH state.
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FIG. 7. MP (Pz) with respect to the Z basis varies according
to the values of the parameter a, spanning the three regions
corresponding to the separable, bound entangled and NPT
entangled states respectively. Therefore, it is possible to de-
tect bound entangled OPH state from the value of Pz.

I1III. SEPARABILITY BOUNDS

A crucial feature of the entanglement characterization
scheme formulated in this paper is that while the ob-
servables used to calculate MP, MI and PCC are fixed
i.e. are independent of the state in question, the corre-
sponding separability bounds are state-dependent func-
tions. In particular, given the knowledge of the noises
available to the experimenter, the sum of the statistical
correlators in the complementary X and Z bases as a
function of Negativity provides an upper bound for the
separable states. This upper bound obtained specifically
using the X and Z bases, is, in general, dependent on
the state. In contrast, the previous studies regarding
the separability bounds involving MP [12], MI and PCC
[13] yield state-independent separability bounds whose
violations crucially depend on the choice of the comple-
mentary observables. Thus, there can be complementary
observables for which some entangled states do not vio-
late such bounds. These features are illustrated for the
noisy-Bell and Werner states in Appendix B.
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FIG. 8. The Negativity (N) of one-parameter Horodecki state
as a function of MP (Pz) with respect to the computational
basis of the type |i,7 ©a 1) V0 < i < d. Asis evident from the
plot, MP acts as an entanglement witness. Moreover, in the
NPT region, N is a monotonic (linear in this case) function
of MP.

0.81
0.6
NPT
] Entangled
\N( 0.4
0.2 Bound
oled
0.07 Separable
20 25 30 35 40 45 5.0
a

FIG. 9. MI with respect to the Z basis (Iz) varies according
to the values of the parameter a, spanning the three regions
corresponding to the separable, bound entangled and NPT
entangled states respectively. Therefore, it is possible to de-
tect bound entangled OPH state from the value of 1.

A. DMutual predictability based bounds

The separability bound based on mutual predictability,
formulated by Spengler et al. [12] states that, for sepa-
rable states and for any set of m MUBs, the following
relation holds

m—1

S P<i+ mTl (32)
i=0

where P; is the MP for the i*® MUB. This bound is nec-

essary and sufficient for separability if the measurements

are made in all d + 1 MUBEs, i.e., for m = d + 1. For

m < (d+ 1), the separability criterion is only sufficient,
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FIG. 10. The Negativity (N) of one-parameter Horodecki
state as a function of MI (Iz) with respect to the computa-
tional basis of the type [i,4 ®a 1) V 0 < i < d. Asis evident
from the plot, MI acts as an entanglement witness. More-
over, in the NPT region, N is a monotonic (linear in this
case) function of MI.
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FIG. 11. PCC with respect to the Z basis (PCCz) varies
according to the values of the parameter a, spanning the three
regions corresponding to the separable, bound entangled and
NPT entangled states respectively. Therefore, it is possible to
detect bound entangled OPH state from the value of PCCy.

but not a necessary condition for detecting entangled
state. Nevertheless, with a priori knowledge of the type
of entangled state, one can find m MUBs, for which the
separability bound is violated.

On the other hand, we provide an alternative approach
based on the relations between the Negativity and the
statistical correlators, derived in the preceding sections.
We show that for a fixed choice of MUBs, the separa-
bility bound becomes state-dependent. Also, because of
the monotonicity of the above mentioned relations, the
separability bounds that have been obtained are neces-
sary and sufficient to detect entanglement for the quan-
tum states considered. The comparison between the
state-independent bound of [12] and the state-dependent
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FIG. 12. The Negativity (N) of the one-parameter Horodecki
state as a function of PCC with respect to the computational
basis of the type |i,i @4 1) V 0 < i < d. As is evident from
the plot, PCC acts as an entanglement witness. Moreover, in
the NPT region, NV is a monotonic (linear) function of PCC.

bounds obtained in the present study for the noisy Bell
and Werner states has been discussed in Appendix B.

B. Mutual Information based bounds

The separability bound based on MI, formulated by
Maccone et al. [13] states that, for the separable states
and for any pair of complementary observables A® B and

C ® D, the following relation holds
Iag +Icp <logyd. (33)

where I4p (Icp) is MI for the observable A® B (C® D).
Maccone et al. [13] have showed that for entangled bi-
partite states, there exists a pair of complementary ob-
servables A® B and C'® D such that the sum of MIs has
a lower-bound

Iap+1Icp > 10g2 d. (34)

Similar to the case of MP, for a given entangled state,
the suitable choice of complementary observables satis-
fying the bound given by Eq.(34) is dependent on the
state. In contrast, our approach utilizes the earlier de-
rived monotonic relations between Negativity and MI for
the fixed choice of complementary observables to obtain
the necessary and sufficient separability bounds which
are state-dependent. A graphical comparison between
the two approaches is shown in the figures 14 and 17 of
Appendix B.

C. Pearson Correlation Coefficient based bounds

The separability bound based on PCC, suggested by

)]

Maccone et al. [13] states that, for the separable states



and for any pair of complementary observables {A, C}
and {B, D}, the following relation holds

|PCCap| +[PCCcpl| < 1. (35)

where PCCyp (PCCcp) denotes PCC for the observ-
able A® B (C ® D). In other words, for any entangled
bipartite state, there exists a pair of complementary
observables A ® B and C' ® D such that the sum of
PCCs exceeds the state-independent separability bound
given by Eq.(35).

Similar to the results for MP and MI, for a given en-
tangled state, the suitable choice of observables violating
the separability bound given by Eq.(35) is dependent
on the state. On the other hand, in our scheme, the
monotonic relations between Negativity and PCC for
the fixed choice of complementary observables yield
necessary and sufficient separability bounds which are
state-dependent. A graphical comparison of the two ap-
proaches is shown in the figures 14 and 18 of Appendix B.

While the separability bounds for MP and MI were
analytically proved for an arbitrary d for any bipartite
state[12, 13], the conjectured bound for PCC was proved
analytically, restricted to any pure bipartite qubit state
[13]. Later, it was proved for d = 3,4, 5 for a certain class
of mixed states [28]. For a pure bipartite qutrit state,
the validity of Eq.(35) has recently been demonstrated
experimentally in [27].

As an extension of this line of work, we prove the
above mentioned conjecture for the bipartite pure and
coloured noise A states for an arbitrary d in Appendix
C. In particular, we prove that for these states, there
exists a pair of complementary observables such that
1—|PCCap|—|PCCcp| xx N, where N is the Negativity.

Thus, to summarize, there are two ways of detect-
ing entanglement using statistical correlators: (a) Us-
ing the state-independent bounds in [12, 13] with state-
dependent complementary observables. (b) Using state-
dependent bounds based on our results, with the fixed
choice of complementary observables. The latter scheme
can be useful in the contexts where the realization of the
required choice of the observables/measurement bases for
implementing the scheme (a) may be difficult in a given
experimental setup.

IV. SUMMARY AND OUTLOOK

In a nutshell, the results obtained in this study serve
to comprehensively highlight the efficacy of the standard
statistical correlators viz, MP, MI and PCC for charac-
terizing the high dimensional entanglement of both dis-
tillable entangled states and non-distillable bound entan-
gled states. For the distillable NPT entangled states, we
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have considered the general case of an empirically rele-
vant convex combination of a Bell state with the most
prevalent types of noise, viz. isotropic, colored A, and
colored B noises. In this case, based on the measure-
ments for a fixed choice of at most two mutually unbi-
ased bases (corresponding to maximum complementary
observables), we have obtained the operationally useful
monotonic relations between the Negativity and the sta-
tistical correlators to detect and measure entanglement.
Note that, knowledge of the total amount of noise is suffi-
cient and we need not know the amount of any individual
type of noise. This gives our method an advantage over
quantum state tomography in terms of the number of
measurements required, provided we have the relevant
information about the state considered.

The relations between the Negativity and the statis-
tical correlators, derived in this work, with a fixed set
of measurement bases, are dependent on the form of the
state. This is illustrated by considering different states
like the Werner state and the one parameter Horodecki
state (in the NPT region). This entails knowing the
type of state in order to use the relation appropriate
to the state. In contrast to the separability criteria
in [12, 13], where the bounds pertaining to the crite-
ria are state-independent but the complementary observ-
ables (or measurement bases) satisfying these criteria are
state-dependent, our work implies state dependent crite-
rion with state independent fixed choice of complemen-
tary measurement bases. The latter criterion may be
particularly useful in the cases where implementing mea-
surements of certain observables as required for applying
the former criterion could be experimentally difficult.

It should be worth probing the conceptual ramifica-
tions of the revelation that the Negativity as an entan-
glement measure is monotonically connected with all the
standard statistical correlators which quantify correla-
tions in the wide-ranging areas of science. Significantly,
this connection is enabled by the use of measurements of
only one or two complementary observables, and is valid
for a range of bipartite arbitrary dimensional distillable
entangled states. Therefore, these features underscore
the need for bringing out the broader fundamental sig-
nificance of this line of study. For instance, what the
above-mentioned connection implies regarding the phys-
ical meaning of Negativity could be instructive to probe
by taking cue from the relevant earlier analysis [36].

Another key aspect of this paper is our demonstration
that the statistical correlators can as well be used to de-
tect bound entangled states, as shown by considering the
example of the one-parameter Horodecki state. More-
over, owing to the monotonic relation between the sta-
tistical correlators and the state parameter of the OPH
state (which determines whether the state is separable,
bound entangled or NPT entangled), one can define an
ordered relation for the bound-entangled states based on
the value of the statistical correlator (just like the Neg-
ativity can be used to order the NPT entangled states).
The physical implications of such an ordering of bound



entangled states is a potentially interesting line of re-
search.

Finally, we note that the feature that our line of study
enables detection of entanglement of bound OPH states
using all the three standard statistical correlators MP,
MI, and PCC, and can even distinguish between the
bound and the NPT regimes may provide motivation for
extending this direction of study. In particular, for the
entanglement characterisation of, say, the bound entan-
gled states which show Bell nonlocality [39] and steering
[40]. Such states have possible applications for quantum
information tasks, for example, for extracting secure key
[11] as well as for reducing communication complexity
[42]. Thus, the use of our scheme based on statistical cor-
relators and complementary observables could be worth
exploring for complementing the entanglement witnesses
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[43] which have been suggested for these states.
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Appendix A: Joint probabilities of measurement
outcomes for the chosen states

Statistical correlators like MP, MI and PCC are func-
tions of the joint probabilities of outcomes of the mea-
surements performed on the bipartite state considered.
Here we explicitly derive the relevant expressions for the
classes of states that we have considered.

1. Noisy Bell-state

The density operators for the three types of noises
are given in equations (9), (10) and (11). The joint-
probabilities of measurement outcomes for all the three
types with respect to the Z basis are

R 1
Diso,z = <Zv‘7|ﬁ‘7ﬁ]> = E (Al)
1 1
Pcna,z :8 az:;) (z’,j|a,a> <a7a|ivj> = 86ij (AQ)
=t 3 gl (@ bling) = (1
Pcnb,Z _d(d_l)ab_o 1,714, a, 0)2, _d(d—].)
a#b

(A3)

and therefore, the mutual predictabilities of all these
three states are given by

1
Piso,Z :E (A4)
Pena,z =1 (A5)
Pcnb,Z =0 (AG)
Similarly, with respect to the X basis, one obtains
.1 1
Piso, X = <7/a.]|ﬁ|27.7> = E (A7)
1 1
Pcna, X :g Z <i7j|aa a> <a7a‘i7j> = ﬁ (A8)
a=0
1 > (i, jla,b) (a,bli, j) = 1 (A9)
Penb, X _d(d—l) L » 14,y ) yJ) = d2
ab

and, therefore, the mutual predictability of all these
noises separately is 1/d.

2. Werner State



where

Pum :% (1+P) (A1)
Py :% (1_P) (A12)
(A13)

P=Z|i> (| ® 15) (il

The joint-probability of outcomes in the Z basis for
the operator P is

PP,Z - Z <Z’aj‘a7 b> <b7 all,j> = (5” (A14)

a,b

Note that due to the U ® U invariance of Werner states,
the probability of measurement outcomes with respect
to the X basis is the same as that with respect to the Z
basis.

Appendix B: State-dependent separability bounds

As discussed in §III, with the fixed choice of mea-
surement bases, which in this work are the X and Z
bases, our separability bounds are state dependent. This
is because the relations between the Negativity and
the statisitcal correlators are state-dependent. On the
other hand, with the chosen bases in this paper, the
separability criteria of [12, 13] are not suitable to detect
all the entangled states (among the classes of states
considered here). We show this by using the sums of
statistical correlators with respect to the Z and X bases
in the figures described below. For comparison, we also
indicate in these figures the respective bounds of [12, 13].

In the figures 13,14,15 we have plotted the Negativ-
ity of the Noisy Bell state given by eq.(14) with respect
to the sums of MPs, MIs and PCCs for the X and Z
bases respectively in the case of d = 3. Note that, for all
the three statistical correlators, the corresponding state-
dependent separability bounds depend upon the mixed-
ness parameter a as indicated by egs.(15) and (16). In
the figures 16,17 and 18 we have plotted the Negativity
of Werner state with respect to the sums of MPs, MIs
and PCCs for the X and Z bases respectively in the case
of d = 3. For these observables, there exists entangled
states such that the sums of the statistical correlators
are less than the state-independent bounds. [12, 13] In
other words, the use of the observables X and Z is not
suitable to detect certain entangled states using the state-
independent bounds but which can be detected using the
state-dependent bounds.
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FIG. 13. The Negativity (N) of the noisy Bell state versus
the sum of MPs (Pz + Px ) with respect to the X and Z bases
for d = 3. The vertical dotted line corresponds to the state
independent but observable dependent separability bound 1+
1/d. The line for each value of the state parameter a intersects
the horizontal line corresponding to N' = 0, with the point of
intersection indicating the state dependent separability bound
for a given value of a.
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FIG. 14. The Negativity (N) of the noisy Bell state versus the
sum of MIs (Iz + Ix) with respect to the X and Z bases for
d = 3. The vertical dotted line corresponds to the state inde-
pendent but observable dependent separability bound log, d.
The line for each value of the state parameter a intersects the
horizontal line corresponding to A/ = 0, with the point of in-
tersection indicating the state dependent separability bound
for a given value of a.
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FIG. 15. The Negativity (N) of the noisy Bell state versus
the sum of PCCs (PCCx + PCCyz) with respect to the X
and Z bases for d = 3. The vertical dotted line corresponds
to the state independent but observable dependent separabil-
ity bound 1. The line for each value of the state parameter
a intersects the horizontal line corresponding to N = 0, with
the point of intersection indicating the state dependent sepa-
rability bound for a given value of a.
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FIG. 16. The Negativity (N') of the Werner state versus the
sum of MPs (Pz + Px) with respect to the X and Z bases
for d = 3. The vertical dotted line corresponds to the state
independent but observable dependent separability bound 1+
1/d.
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FIG. 17. The Negativity (N) of the Werner state versus the
sum of MIs (Iz + Ix) with respect to the X and Z bases for
d = 3. The vertical dotted line corresponds to the state inde-
pendent but observable dependent separability bound log, d.
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FIG. 18. The Negativity (N) of the Werner state versus the
sum of PCCs (PCCx + PCCZz) with respect to the X and Z
bases. The vertical dotted line corresponds to the state inde-
pendent but observable dependent separability bound given
by 1.

Appendix C: Proof of Maccone et al. Conjecture for
pure and colored noise A states

Here we deal with the problem of finding pairs of com-
plementary observables {A, C'} and {B, D} such that the
sum of PCCs |PCCap| + |PCCcp| > 1 for a bipartite
arbitrary dimensional entangled state. For two given ob-
servables, say, X and Y, PCCxy is given by

(X1){(1xY)

PCCxy = Xolz,/ iy -

(XeY)—
VIXZe1) - 1Y)
(C1)

Taking the Negativity (N) as the measure of entan-
glement, we show that, using suitable pairs of comple-



mentary observables {A,C} and {B,D}, |PCCap| +
|[PCCcp| —1 oc N for certain types of states, viz, pure
and colored noise A state.

We proceed as follows. First, we construct the relevant
observables and demonstrate their mutual unbiasedness.
Next, we obtain the values of the relevant Pearson cor-
relators for a d dimensional bipartite state. Finally, we
derive the desired relationship between the sum of Pear-
son correlators and the Negativity for pure and colored
noise A states.

1. Construction of the required observables and
their properties

The complementary observables for each subsystem are
the generalized Z observable and a modification of the
generalized X observable which is given by

197 (il (C2)

i,5:(i]7)=0

In eq.(C2) the summation is over both ¢ and j. For
a given i, we sum over only those values of j which are
orthogonal to i, i.e (i|j) = 0. Another way to express the
above observable is to consider generalized Pauli basis
Gk = |7) (k| + |k) (j] with 7 > k. We can then write
Gjk-
3k
The observable defined in eq.(C2) projects each
computational basis vector [j) to D ;. ;=0 [k) ie. to

its complete orthogonal subspace, |i) — > ;1:y—o 7)-

Now, we show that the observables Z and W are com-
plementary to each other i.e. the corresponding eigen-
states are mutually unbiased.

Demonstration of maximum complementarity of the W and
Z observables

Note that the eigenstates of Z form the computa-
tional basis {|j)}. Therefore, to show the maximum
complementarity of Z and W we only need to show that
the eigenvectors of W are mutually unbiased(MUB)
to the states of the computational basis. For this
purpose, we define a suitable basis, mutually unbiased
with respect to the computational basis {I7)} given by

{Ik) = 25 ;57 )}
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For k = 0 we can show that

Wk =0) = ZWIJ (C3)

f > |k> (C4)

Jk (kli)=

(C5)

— (d—1)|k=0) (C6)

The above calculation shows us that |k = 0) is one of
the eigenstates of W with eigenvalue (d —1). For 1 <

k < (d—1), taking w = e°@ we obtain

ZkaW\j

J
1 4

- 3w (c7)
\/EJUMUJ’):O
1

=—=> I Z wk (C8)
vd l J(llg)=

Note that, for any k& which is not a multiple of d we have

W k) =

%\

d—1 :

) 1— 2imk
Zw]k = eziwk =0. (C9)
=0 1—e"a

Using Eq. (C9) we can rewrite Eq.(C8) as

W k) = —%Zuwk
l
— [k)

In other words, the states |k) = %Zj wI* |7) with

1 <k < (d—1) are the eigenstates of W with eigenvalues
—1.

Next, we outline the steps used in proving a relation
which will be crucial for calculating the denominator of
the expression of PCC given by Eq. (C1).

e The following relation holds for the observable
given by Eq.(C2)

W2 =1[(d—1)1+ (d —2)W] (C10)

Note that, from Eq.(C2) it is evident that we can
write the matrix form of the observable W as fol-

lows:
n 1 111 ... 17
1 0 111...1
1 1 011...1
w=1(11101..1 (C11)
1 1 110...1
11 1 111 0]




Consequently, for W?2 we have the following expres-

m 1 111 ...1770 1 111...17
1 0111...1 1 0111...1
1 1 011...1 1 1 011...1
W2 — 1 1 101...1 1 1 101...1
1 1 110...1 1 1 110...1
L1 1 111...0] [1 1 111 ...0]
(d—1) (d—2) (d—2) (d—2) ... (d—2)
d=2) (d=1) (d—2) ([d—2) ... (d—2)
(d—2) (d—2) (d—1) ([d—2) ... (d—2)
= 1(d=2) (d-2) (d-2) (d-1) ... ({d—2)
(@l2) @2 @o2) @o2) .. @1
— A=D1+ (d—2)W (C12)

2. Pearson correlators for a d dimensional bipartite
state

Here we find the values of PCCyz and PCCyy for a
general bipartite qudit state.

To set the stage, we will define a few mathematical
notations. The vector |i) denotes an arbitrary vector
from the computational basis spanning the orthogonal
subspace of |i). For example, for d = 3, and the com-
putational basis {|0),[1),]2)}, the vector |0) would de-
note an arbitrary vector from the set {|1),]2)}. We use
this notation in Eq. (C2). For a fixed 4, the summation
>_j:(ilj)=o 1S equivalent to > ;. In this notation, we can
re-write Eq.(C2) as follows:

W=l (C13)
Given a d, X dp bipartite state
pav = Y cigmali) (il @ [R), (C14)

1,53kl

for W, = 37, ;i) (il and Wy, = 37, 1 [k)(k|, the following
relationships hold
Wa®@Wo) = D €iini (C15)
iik,k
W & 1b Z 6771,k,k (016)
i3k, k
® Wb Z Ez ik, k (Cl?)

i3k, k
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Proofs of Eqs.(C15)-(C17)
For

p=> €ijmali) (il @ k)|

1,55k,1

given by Eq.(C14) we have

ali) (gl @ k)]

Wo @ Wyp = Z
0,55k, k.1

Note that, i # i and k # k by definition. Consequently,
for the expectation value, we have

E ei,i;k,/;:

i3k, k

<Wa X Wbp> =

thus proving Eq.(C15).

Similarly, we can prove Eqs.(C16) and (C17).Then,
combining Egs.(C15)-(C17), we can obtain the follow-
ing expression for the numerator of the expression for
PCCyy as follows:

(C18)

E €k, k — E €i ik k E € isk,k

i,i;k,k i,k isk,k

Similarly, from Eq.(C14) using Z = ), ex|k)(k|, we
can obtain the expression of the numerator of PCC7y as
follows

E €jCKE] jik,k — E €5€j.3:k.k E €k€j.j3k.k
gk i,k J.k

(C19)

Note that Tr(W) = 0 as well as Tr(Z) = 0 in the
computational basis. Using Eqs.(C19) and (C18) one
can then seek to obtain the sum of PCCs for the various
types of states and relate them to the Negativity for the
respective states.

In what follows, we will show that for both pure and
colored noise A states, the following relation holds good

PCCy + PCCy —1 & N (C20)



3. The sum of Pearson correlators for the pure and
colored noise A states

Pure state

For pure entangled states we have the Schmidt bases
{]#)} and {|a;)} such that

V= Z_ VA as) (c21)
“L VA Elelel. @)
The Negativity for a pure state is given by
=0 Y VAN = VAR ()
i,j:i] i

Writing Eq. (C22) in the form of Eq. (C14) we obtain

{\/)\Z)\j fori=k andj = l, €i,5:1,5»
€ijikl = '

C24
0 otherwise. ( )

Eq. (C24) implies that for j = i the non-zero terms are
€707 =/ NiXi. From Eq. (C15) we obtain (W, ® W;) =

Y ii€iii = i VAiNs = 2N From Egs. (C16) and
(Cl?) we have <W ® 1) = (1® W) = 0. Consequently,
the following relationship is obtained

2N,

PCCw = AN,

(C25)

Here the variances A,, Ay are given by

Aa = \/<W3 ®1> -

(W, ® 1)

Ay = \/<1®W3>—<1®Wb>

Using Eq. (C12) and the reasult that (W, ®1) = (1®
W) = 0 we can obtain

Ay =AMy =vVd—1
Thus, Eq. (C25) can be rewritten as
2N,
P = P 2
CCw -1 (C26)

Now, considering PCC, note that since with respect
to the Schmidt decomposition, the outcomes are perfectly
correlated, it follows that

PCCy, =1 (C27)
Combining Egs.(C26) and (C27) we then obtain
2
PCCyz + PCCw =1+ ( dffpl) (C28)

Note that for the pure product state, the above sum is 1.
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Colored noise A state

First, we consider the colored noise A state defined as
follows

d—1 ( . )dfl
pena =& ) (k1@ 13) (k] + = 3 13) il @ 13) ¢l
j=0,k O 7=0
(C29)
1

gZU (lel) ]|+dZU Gle )l
J JsJ

The Negativity (NV,) of a colored noise A state is given
by

p(d—1)
2
Writing Eq. (C29) in the form of Eq. (C14) we obtain

N, = (C30)

% ifi:jzkzlEjjJ'j
B ifi=k#j=1,¢,
zero otherwise

Cirjikil = 5,453:3 (031)

It is evident from Eq. (C31) that the terms
€ ki = €j.jik,k = 0. Consequently, R.H.S of Egs. (C16)
and (C17) are zero and we have 7 €; 5, =p(d—1).

.G kR

Using Eq. (C15), we then have (W, ® W,) = p(d —
1) = 2MN,, whence the numerator of the expression of
PCCw becomes 2N,. Using Eq.(C10), the denominator
of PCCy is obtained as (d — 1). Thus, for the colored
noise A we obtain

2N,
@-1)
Next, in order to obtain the numerator of the expres-

sion for PCCy for the colored noise A state, we can use
Eq. (C19) along with Eq. (C31) which yield

Ze

The denominator of the expression for PC'Cy can then
be obtained as follows

PCCy = (C32)

(Za @ Zb) — (Za @ 1) (1o @ Zb) = (C33)

(Z2®1)

pZe +(1-p Ze
_Ze

(1o 22) (C34)

Using T'r(Z) = Tr(Zy) = >_; j = 0, one can verify that
(Zo®1) = (1® Zy)
= Z ej
J
=0 (C35)



Combining Eqgs. (C33)-(C35), the value of PCCy is ob-
tained as

PCCy =1 (C36)

Combining Eqgs. (C36) and (C32) the final relation is then
derived as

2N,
(d—-1)

PCCz+ PCCw =1+ (C37)
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To sum up, the sums of the two PCCs, PCCy; and
PCCyy, as functions of the Negativity of the states con-
sidered given by the above derived Eqgs. (C28) and (C37)
justify the conjecture made by Maccone et al.[13] for the
bipartite arbitrary dimensional pure and colored noise A
states respectively.
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