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A STOCHASTIC NETWORK WITH MOBILE USERS IN HEAVY TRAFFIC

SEM BORST! AND FLORIAN SIMATOS!

ABSTRACT. We consider a stochastic network with mobile users in a heavy-traffic regime.
We derive the scaling limit of the multi-dimensional queue length process and prove a
form of spatial state space collapse. The proof exploits a recent result by Lambert and
Simatos [8] which provides a general principle to establish scaling limits of regenerative
processes based on the convergence of their excursions. We also prove weak conver-
gence of the sequences of stationary joint queue length distributions and stationary
sojourn times.
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1. INTRODUCTION

We consider a stochastic network with mobile users, originally introduced in Borst et
al. [2] as a model for a wireless data communication network. Fluid limits of this model
were studied in Simatos and Tibi [15] and in this paper we examine the heavy-traffic
characteristics.

In this model, users arrive at each of the nodes according to independent Poisson
processes and then move independently of one another while still in service. The tra-
jectories of the users are Markovian and governed by an irreducible generator matrix
with stationary distribution 7 (see Section2lfor notation and definitions). At each of the
nodes, users share the total capacity of the node according to the Processor-Sharing dis-
cipline. This assumption affects the sojourn time distribution but not the distribution
of the number of users at the various nodes since we will restrict ourselves to the case
of exponential service requirements. The fundamental difference between this model
and Jackson networks is that in this model, users move independently of the service
received: transitions from one node to another are governed by the users themselves
rather than by completion of service.
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Coexistence of two time scales and the homogenization property. The above-mentioned
feature has an important consequence: although the rate of arrivals to and departures
from the network is bounded, the rate of movements of users within the network grows
linearly with the number of users. The model thus shares fundamental characteris-
tics with two classical queueing models, namely the M/M/1 and the M/M/oco queues,
which are brought about in heavy-traffic conditions. As a result, it inherits the typical
time scales of both these models: a fast time scale which governs the internal move-
ments of users between nodes (the M/M/oo dynamics) and a slow time scale that gov-
erns arrivals and departures (the M/M/1 dynamics). In particular, the total number of
users in the network evolves slowly compared to the speed at which users spread in the
network, provided the network is highly loaded.

One of the key technical challenges is to control the M/M/oo-like dynamics of the
internal movements of users on the slow time scale of the M/M/1 queue. The main
idea is that it takes a constant time for any user to be arbitrarily close to the stationary
distribution 7 while on the other hand, in a finite time window the number of users
can only have evolved by a bounded amount because of the M/M/1 dynamics. Thus
starting from a large initial state, on times of order one the total number of users will
have essentially stayed the same, while each user will be close to the stationary distri-
bution 7. The law of large numbers therefore suggests that starting from a large initial
state, after a constant time, users should be spread across the various nodes according
to 7, i.e., approximately a fraction 7. of the users should be at node k. We call this prop-
erty the homogenization property. To derive the heavy-traffic limit, we need to show that
the system stays homogenized not only at a given fixed time, but as long as there are a
large number of users in the network. Technically, this entails control over some hitting
times, which we achieve via martingale and coupling arguments.

Convergence of the full process via the convergence of excursions. The homogeniza-
tion property provides a picture of what happens when there are a large number of users
in the network: the users are spread across the various nodes according to the station-
ary distribution 7, and in particular it is unlikely for any of the nodes to be empty. Thus,
the full aggregate service rate is likely to be used, and the total number of users evolves
as in a single M/M/1 queue with the combined service rate of all nodes. This prop-
erty provides a useful handle on the processes of interest far away from zero. Imagine
for instance that the network starts empty: it will eventually become highly loaded, at
which point the homogenization property kicks in and holds until the network becomes
empty (or close to) again. In other words, the homogenization property should give us
control over excursions that reach a certain height and it is therefore natural to expect
the entire process to converge as well. This line of argument has been used in Lambert
et al. [9] to analyze the scaling limit of the Processor-Sharing queue length process and
has later been generalized in Lambert and Simatos [8]. The proofs of the scaling limit
results in the present paper leverage the general principle established in Lambert and
Simatos [8].

The above arguments lead to the result that the joint queue length process asymptot-
ically concentrates on a line whose angle corresponds to the stationary distribution 7,
thus exhibiting a form of state space collapse. The total number of users, after scal-
ing, behaves asymptotically as in a single M/M/1 queue, and thus evolves as a reflected
Brownian motion, with the stationary distribution converging to an exponential distri-
bution. These characteristics are strongly reminiscent of the heavy-traffic behavior of
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the joint queue length process in various queueing networks, see for instance Bram-
son [3], Reiman [13], Stolyar [16], Verloop et al. [17] and Williams [19]. However, to the
best of our knowledge, this is the first result which shows that mobility of users, rather
than scheduling, routing or load balancing, can act as a mechanism producing state
space collapse.

Organization of the paper. Section[2sets up notation used throughout the paper and
summarizes the main results of the paper; it also presents two key couplings, one with
an M/M/1 queue which provides a lower bound and one with a closed system that is
easier to handle with regard to homogenization. This closed system is analyzed in Sec-
tion 8] where two bounds are derived: one concerning the time needed for the closed
system to get homogenized, and the other concerning the time that the system stays ho-
mogenized, starting from a homogenized state. These estimates are used in Section[]to
derive corresponding bounds for the open system. These bounds allow us to prove that
the system is null-recurrent in the critical case, a case that had not been treated earlier.

The last three sections then deal with the heavy-traffic regime: Section[Blproves, us-
ing the above excursion arguments, that the sequence of processes converges weakly
towards a multi-dimensional reflected Brownian motion; Section[6investigates the as-
ymptotic behavior of the stationary distributions and Section [7] examines the asymp-
totic behavior of the sojourn times.

Relation with previous work. Some of the results of the present paper can partially
be found in Simatos and Tibi [15] and we wish to explain the new contributions. The
results of Section [3] somewhat strengthen the derivations in [I5]: we establish tighter
bounds and remove a technical condition on the generator matrix governing the mo-
bility of users. One of the main results of Section 4] namely Proposition [4.2] can also
be found in [I5] under an additional technical condition on the generator matrix. In
the present paper we provide an alternative proof of this result which we believe to be
potentially useful in a more general setting. All the other results are completely new.
In order to have a self-contained paper, and also because we could significantly sim-
plify some tedious technical details of [15], we present complete (and simpler) proofs
for results which were already partially known.

2. NOTATION, MAIN RESULTS AND TWO USEFUL COUPLINGS

Let N={0,1,...} be the set of nonnegative integers. In this paper we deal with multi-
dimensional processes, typically taking values in NX or RX for some K = 2, but we also
need to consider real-valued processes. It is therefore convenient to abuse notation and
use the common notation ||-|| to denote the L; norm on every i-dimensional space RE.
Thus for each i =1 and y € R! we write Iyl = 1y1l +---+1y;il. In the sequel, 2(u) for
u > 0 denotes a Poisson random variable with parameter u. It satisfies the following
large-deviation type inequality:

(@))] P(ZP(u) = v) <exp(—uh(v/u), v=u,

where from now on h(x) = xlogx +1— x. In the sequel we will use the fact that h(x)
grows at least linearly as x — +oo.

2.1. User mobility. In the rest of the paper we fix some integer K = 2 and we consider a
network of K nodes. Let ¢ be a Markov process with state space {1,..., K} and generator
matrix Q = (gge,1 < k,¢ < K), and let y > 0 be the trace of —Q. We assume that Q is
irreducible, denote by 7 its stationary distribution, and define 7 = min<x<x 74 > 0 and



4 S. BORST AND E SIMATOS

7T =max;<x<k Tr < 1. We will need to measure distance to 7 and introduce the function
o: NX — [0,00) defined by

,yeNK

|y _
9(”_” T

with the convention p(y) =0if ||yl =0. For k =1,..., K, let P be the law of ¢ started at k.
For t =0, let A(f) = max) <, ¢r<x [Pk ({(2) = €) — |, so that A(f) — 0 as £ — +oo. For € >0,
we define 7(g) =sup{t=0:A(f) = ¢}.

2.2. Sequence of networks. For each n = 1, consider (1, ,1 < k < K) € [0, 00)X and
Hnl=k=K)e€ [0,00)X, and define 1, = Ani+--+Apxand gy = gp1+ -+ Uk
Let x, = (x5k,1 < k < K) be the following cadlag, NX_valued stochastic process: for
t=0and ke {l,...,K}, x, r(2) is the number of users at node k at time ¢ in the network
subject to the following dynamics:

 users arrive at node k according to a Poisson process with intensity A, k, and
arrival streams are independent;

» users havei.i.d. service requirements, exponentially distributed with parameter
one, independent from the arrival processes;

* node k serves users according to the Processor-Sharing service discipline and
has capacity pp k;

« while still in service, users move independently from everything else according
to a Markov process with generator matrix Q.

According to the Processor-Sharing service discipline, the server splits its service ca-
pacity equally among all the users present at any point in time: in particular, each cus-
tomer present at node k at time ¢ is instantaneously served atrate y,, i / x,, 1 () (provided
that x, r(f) >0, i.e., the node is not empty). In particular, if a customer has been present
in the network between time s and ¢ and was at node ¢ (1) at time u € [s, t], then between
[s, 7] it received a service equal to

b pnew

s xn,f (u)(u)

Note that the model we consider is in sharp contrast with classical queueing net-
works, such as Jackson networks, where customers only move upon completion of ser-
vice. In the model we consider, customers arrive with a single service requirement and
they are served along their route: customers receive some service where they are and
their trajectory is governed by some random dynamics independent of the service. In
the model we consider, the trajectory process ¢ appearing in is a Markov process
with generator matrix Q, independent from all the other stochastic primitives, i.e., the
arrival processes and service requirements.

Because of (2), the stochastic process x, may in general be difficult to analyze. Nonethe-
less, when service requirements are exponentially distributed such as here, the memo-
ryless property of the exponential distribution implies that x,, is a Markov process with
generator (2, given by

2)

K K
QAW =3 Ank (fy+e) = FD)+ X tnk (Fy—er) = F() Liy>o)
k=1 k=1
+ Y qreyk(fy—ex+ed—f(1)
1<k,/<K

for any function f :NK — Rand any y = (4,1 < k < K) € NK, and where ey is the kth unit
vector of NX. Thus x,, can be seen as a system of particles, where particles are added and



A STOCHASTIC NETWORK WITH MOBILE USERS IN HEAVY TRAFFIC 5

removed (when possible) according to independent Poisson processes attached to each
node, and while alive move independently according to the same Markovian dynamics.
Note also that because of the memoryless property, the Processor-Sharing assumption
has no impact on the law of x;,;; nonetheless this assumption will impact sojourn time
distributions studied in Section[7]

For y € NK, let P}, be the law of x,, started at y (from a network perspective, users
start with i.i.d. exponential service requirements), and denote by r, the K-dimensional
process 1, = Xp/ |l x, || with the convention r,(#) = 7 when || x,(f)|| = 0, and where from
now on if b € R and y € RX then by € RX denotes the vector (byy,1 < k < K); similarly,
by denotes the K-dimensional function (byy,1 < k < K) if b is a real-valued function,
with by = (b(8) yx, t = 0).

We denote by a,, i the arrival process at the kth node and by d,, i the potential depar-
ture process from the kth node, so that a,,  is a Poisson process with intensity 1,,  and
dpn, i is a Poisson process with intensity u,  such that the 2K processes (ap k, dn,,1 <
k < K) are independent. Moreover, by definition of x,, it holds that

K K
3) X (D1 = 12, O) | + Y ani(®) =Y f[ o Lix, ¢ ()01 dn i (du), t=0.
k=1 k=1710,1

Leta,=ap)1+---+apxand d, =d,, +---+dyk, so that a, and d,, are independent
Poisson processes with intensities A, and p,, respectively. Define p, = A1/, it has
been proved in [5}[15] that x;, is positive-recurrent when p, < 1 and transient when p,, >
1; in Proposition [4.3] we will complete the picture and prove that x,, is null-recurrent
when p, = 1. When p, < 1 denote by v,, the stationary distribution of x,,. We define
K =sup, (A, + 1,) and assume throughout the paper that « is finite.

2.3. Heavy traffic regime and main results. In the rest of the paper we fix two parame-
ters A >0 and & = 0. The main results of this paper deal with the following heavy traffic
regime.

Heavy-traffic assumption. We say that the heavy traffic assumption holds if p, < 1 for
eachn=1and

nlirllmln =A and nliern(l —pn)=aq.

We believe that the techniques of the paper could be adapted to the case a € R (and
hence remove the assumption p, < 1). Under the heavy-traffic assumption, we have
tn — A. Note that we do not require each A, i or u, i to converge, but only the corre-
sponding sum. The heavy traffic assumption will be assumed to hold in Sections B}
and[7] that contain the main results of the paper. In Sections[Bland[4] we derive results
on the system for fixed n that do not require the heavy traffic assumption.

We now summarize the three main results of the paper: Theorems[.Iland[6.T]estab-
lish the scaling limits of the sequence of processes (x;, n = 1) and of stationary measures
(v, n = 1), and Corollary[Z3]investigates the asymptotic sojourn time of a typical initial
customer. Remember that by = (byy,1 < k < K) if b is a real number or a real-valued
function and y e NX,

Forthcoming Theorem[5.1l Let X, (1) = x, (n®v/n. Ifthe heavy traffic assumption holds,
then the sequence of processes (X, n = 1) under P9, converges weakly as n goes to infin-
ity to the K -dimensional process Bn, where B is a Brownian motion with drift —Aa and
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variance2A started at0.

Forthcoming Theorem[6.1l Assume that the heavy traffic assumption holds with a > 0,
and let X, (0) = x,,(0)/n. Then the sequence (X,,(0),n = 1) underP)" converges weakly as
n goes to infinity to the K -dimensional vector En where E is an exponential random vari-
able with parameter «, and all higher moments converge as well, i.e., [EZ[’(IIXn o -
ri/a’ for all integerr = 0.

Forthcoming Corollary[7.3} Assume that the heavy traffic assumption holds with a > 0
and let (y,) in NK with o(yn) — 0 and |y,ll/n — b € (0,00). Under [FD%", let xn be the
sojourn time of one of the ||y, || initial customers chosen uniformly at random. Then the
sequence of random variables (n~'y,) under P)" converges weakly to bE/A, with E a
mean one exponential random variable.

2.4. Functional operators. Fix some i > 1 and ¢ > 0. Let D; be the space of R’-valued
cadlag functions. For f = (f,1 < k < i) € D;, we define the following operators:

T(f,e) =inf(r=0: | f(Dll<e), T'(f,&) =inf{t =0: [ f (1)l = &}

aswell as N
To(f) =inf{t>0: [ f(H)Il =0} and To(f) = 1min To (fr)-

<ksi
For t = 0, let 0,6, : D; — D; be the stopping and shift operators, defined by o (f)(s) =
fsATo(f) and B:(f)(s) = f(t+ ), respectively, for f € D; and s = 0. Define also the
map e, : D; — D; as follows:

el(f) = (0007140 (-

In words, el (f) is the process f shifted at the first time TI( f,€) when || f|| reaches level €
and stopped at the first time it reaches 0 afterwards. Finally, let g. (f) be the left endpoint
of the first excursion of || || to reach level &:

g:(f) =sup{ts T'(f,e) : Il f (D)l =0}-

Note that similarly as ||-||, we use the same notation to refer to operators defined on
functions taking values in R’ for any i = 1; for instance, we have T! (f,e) = T! arfne.

2.5. Coupling with an M/M/1 queue. The process x, is naturally coupled with the
queue length process of an M/M/1 queue with arrival rate 1, and service rate p,. First,
for any f € D, define the function f, called the function f reflected above its past infi-
mum, by B

f(t)=f(t)—min( inf f(s),O).
- 0<s<t

For n = 1, let in the sequel Zn = x,(0)|| +a,—d, and ¢, = Zn be the process Zn re-
flected above its past infimum. Since a, and d,, are independent Poisson processes with
respective intensity A, and up, 7, is a continuous-time random walk and ¢,, is equal in
distribution to the queue length process of an M/M/1 queue with arrival rate 1,, and
departure rate p,.

Intuitively, this coupling does the following: the potential total departure process
from both x, and ¢, is given by d,,. When d,, ; rings, there is no departure if x,, , =0
while there may be other users elsewhere. The process ¢,, ignores how users are spread
in the network: if there are users in the network and one of the d,, \ rings, then one of
the users leaves. Thus ||x, || and ¢, coincide as long as there is no empty node, and at all
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times there are more departures from ¢, than from x,. Formally, we have the following
result; recall that if p,, < 1, then x,, is positive-recurrent with stationary distribution v,.

Lemma 2.1. Forany y € NX, the two following properties holds P, -almost surely:

o Ixn ()l = £,(0) forall t < To(x);

o |lxp (D =€,(8) forall t = 0.
In particular, if p,, < 1, then || x, (0)|| underP," is stochastically lower bounded by a geo-
metric random variable with parameter p,,.

Proof. We prove the two first properties by induction. By construction, it holds that
lx,(0)]| = ¢,(0) and when a, rings, both processes | x, || and ¢, increase by 1, which
preserves the difference ||x,|| — ¢,. Internal movements in x; also preserve this differ-
ence, hence one only needs to inspect what happens when one of the d, i rings.

So to prove the first property, consider ¢ < To(xn) and1 < k < Ksuchthatd, ({t}) =1
and assume that | x,(t-)| = ¢,(t—): we must show that ||x, ()| = ¢,(t). Since t <
To(xn), by definition of To(xn) we have x, ;(£—) > 0 and so [ x, (8] = llx, ()| = 1. On
the other hand, we have ¢,(t—) = || x,(¢t-)|l > 0 by induction hypotheses and so by con-
struction, ¢,(t) = ¢,(t) — 1, which proves the desired property.

Let us now prove the second property, so consider £ = 0 and 1 < k < K such that
dnx{t) = 1 and assume that ||x, (=) || = £,(t—): we must show that || x, ()l = £, (). If
l,(t=)=0then ¢,(t) =0and || x,(t)|| = £,(t). Else, ,,(t) = ¢,,(t—) — 1 and since || x, (¢)|
decreases by at most 1 (it does when x;, x(t—) > 0, otherwise it stays constant) we also
have ||x,,()|| = ¢,,(%) in this case.

As for the second assertion of the lemma, for any g = 0 we have by stationarity and
using the second property

P (16,011 = ) =P (16 (0] = ) = P (£a(0) = 4), — (0

since ¢, (t) converges in distribution as ¢ goes to infinity to a geometric random variable
with parameter p,,. This proves the result. O

We will often use the previous lemma in combination with the following lower bound
on Ty(xy):

4) T (ry—1,6) < To(xn), S<m.

Indeed, since by definition we have |1, (£) — 7|l = |, x(f) — 7| we see that x;, ;. (£) =0
implies that ||r,(¢) — 7|l = 7} = n. In particular, this implies that ||x, (f)|| = ¢,(¢) for all
< TT(rn —m,0)and d <.

2.6. Coupling with a closed system. Let x}, be the process built on the same proba-
bility space as x;,, sharing the same stochastic primitives as x, but ignoring arrivals
and departures. More precisely, if (¢, ;,1 < i < ||yl) are the ||y|| independent (but not
identically distributed, due to the initial conditions) trajectories of the | y|| initial users
under P, then we define

Iyl

x;l'k(t) = Z ]l{fn,i(l‘):k}’ t=01<k<K.

i=1
Note that x}, is a Markov process with generator Q' defined similarly as Q,, but with all
Ani’s and py, i's equal to 0. In particular, the law of x}, does not depend on . Under Py,
by construction it holds that y; of the ({,,;,1 <7 < ||y|) are i.i.d. with common distribu-
tion ¢ under Py.
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We define r;, = x],/||x),|| with the usual convention r},(¢) = = when ||x,(#)| = 0. Note
thatbecause x/, is a closed system, we have || x,(#)|| = || x},(0) ||. The following inequalities
are intuitively clear, see for instance [15] for a formal proof: forany t=0and k=1,...,K,

5) —dn (1) < xp, (1) —x;l,k(t) < an(t) and —du(0) < 1%, (D) = 1 x, (D] < an(2).
This has the following useful consequence.

Lemma 2.2. Foranyy€ NK with lyll >0, we have
2K(an(®) +dn(1)))
Iyl

In particular, for any y e NK, any 8 > 0 and any t = 0, we have

Py (V= 0:llr(8) — (D] <

6) P) (Ira(0) =101l = 8) <P (P (1) = Sllyll/ (2K)).
Proof. Fixk=1,...,Kand y € NK with llyll > 0: then under IP%, it holds that

XD ) |2 D10 = X (DY '

(0= (D) =

Iyl Ixa 0l Iy x (2
(o, (8) = Xk (DX (D] + X,k (D) U2 (D] = 111D
B BIIERG]
N [ BRG]
Iyl Iyl

Together with (B) this gives the first result, which implies (6) since a,(f) + d,(¢) for
any t = 0 is a Poisson random variable with parameter (1, + y,)t and A, + y, < x by
definition of . (|

3. ANALYSIS OF THE CLOSED SYSTEM

In this section we are interested in the closed system x},. Since its law does not de-
pend on 7, in order to simplify the notation we remove temporarily all subscripts n and
write P?, x', x', r’ and r,’c instead of P}, X, x' ., rr and r}’l , Tespectively. We will de-

nk’
llx" @)1

note x;c(t) =221 Lig; =k}, with (§;) independent Markov processes with generator

matrix Q.

3.1. Homogenization at a fixed deterministic time. We first show that starting from
any initial state, the system becomes close to homogenization in a constant time. Note
that the following bound is consistent with the central limit theorem, which suggests
that ||7/(¢) — 7|l should be of order (||x(0)[)~'/? for large ¢ and [ x'(0)||. The following
resultimproves on Simatos and Tibi [15} Proposition 5.2]; here we use Chernoff’s instead
of Chebyshev’s inequality. In the following lemma, both in the statement and the proof,
we make us of the functions and constants 7(-), A(-), 7 and z that were introduced in
Section2Z.11

Lemma 3.1. There exists €9 > 0, depending only on m and K, such that forany0 < e < g
and any y e N,

ezllyll)

PY (|| r'(t(e/ 2K))) — | = 8) <2Kexp (— 1K2
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Proof. In the rest of the proof, fixe >0, y € NX and write £ = 7(¢/(2K)) and €' = ¢/ (2K).
Since r'(#) = w under PY, the bound holds when [lyll = 0 and we consider | y|| = 1. Stan-
dard manipulations yield

PY(Ir'(n-nllze)<K rr}caxK[P’y (Ire(n —ml = e/K).
1<k=<

Until the end of the proof fix some 1 < k < K: we have x; () = lelﬂ Li¢,(n=k; under PY
and so

1 1
— Y PIE D =k —m| = — Y |PYE (1) = k) -7y

B (r () = mg| =
| (Tk( ) ”k| ||J/|| bt ||J’|| i=1

Thus by definition of A and 7, we have |[Ey(r]’€(t)) — 74| < € since t = 7(¢/). Conse-
quently, the triangular inequality gives IrI’C(t) — Tl < IrI’C(t) - (r,’c(t))l +¢' and so

PY(Ir () —mkl = e/ K) <PV (Ir (0 =B (r (0) | = €') = PY (|x.(0) —E (xp ()| = €' 1 yl) .

Let us now define €y. For p € [0,1], define f(p) = p(1 — p). Since f(1 —7) > 0, there
exists £, < 1 -7, which only depends on 7, such that f(1 -7 —-8) > 6 for all § < g;,. We fix
such an g, and consider &y = 2Kep, which only depends on 7 and K. In the sequel we
assume that € < &9, or equivalently, £’ < &

Recall Chernoff’s inequality: if (Y;,1 < i < I) are independent random variables with
|Yil<land E(Y;) =0foreachl<i< I thenforanyO<n<»b

I
2 Yi
i=1

Denote p; = PY(¢;(t) = k): we wish to apply Chernoff’s inequality to the random
variables (V;,1 < i < || yl) with Y; = 1y¢,(n=k; — pi, for which b = f(p1) +-+ f(ppyp- In
order to ease the notation, we suppress the dependencies of p;, Y; and bon k, t and y,
which have been fixed once and for all earlier. Define now i = || y||/ b, so that

P

znb) <2¢7 " with b2 =E(Y2) +--- +E(Y).

Iyl

Yy

R EAGE HEAGIEAVIE P(
i=1

> nb) .
Assume for a moment that 1 < b: then we could apply Chernoff’s inequality and get

lyl B ,
P( 3 v Enb)sze—n2/4=2exp(—(£ L) )szeXp(_E ||y||)
i=1

4bh? 4K?2
using b? < || y||/4. This would prove the result, and so it remains only to prove that n < b,
or equivalently, b* = €'||y||. By definition we have b* = f(p1) + -+ f(pjy)). Let 1 < i <
llyll: since t = 7(¢'), we have | p; — x| < €’ and in particular

- sa - <spismp+e =T+

Since f(p) = f(1— p), f is increasing on [0,1/2] and decreasing on [1/2,1] and & <
1 -7, the previous inequalities imply that

fp)zmin(fx-¢€), f@+e))=min(fx-€), fA-T-€))=fA-T-€)=¢

by choice of & and since €’ < &;,. Thus b? = €'||y|| which concludes the proof. O
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3.2. Deviation time from the equilibrium. We now study the time needed for the pro-
cess 1’ to leave a neighborhood of 7. Note that x' can be seen as a multi-dimensional
Ehrenfest urn, where sharp results on hitting times in the two-dimensional case K = 2
have been established in Feuillet and Robert [4].

Estimates on hitting times will follow from the optional sampling theorem applied to
the martingale of Proposition[3.4] This martingale was first constructed in Simatos and
Tibi [15] for the open system under an additional diagonalizability assumption on Q.
Since the martingale construction is quite complicated for the open system, we adopt
here a different approach: we only construct the martingale for the closed system and
then use coupling arguments to transfer results on the closed system to the open one.

Compared to Simatos and Tibi [15], the new contribution of the following construc-
tion consists of Lemma [3.2) which makes it possible to drop the diagonalizability as-
sumption. Nonetheless, the construction of the martingale for the open system is in-
tricate while it becomes quite elementary for the closed one. For this reason, we have
chosen not to refer to [15], but rather to provide a self-contained proof (except for the
proof of Lemma[3.3]lwhich can be repeated almost verbatim).

3.2.1. Additional notation. The following notation holds throughout the rest of this sec-
tion. Let & ={u e [0, 115! Jull < 1} cRX L and F = {ue [0, 11X : |u|| = 1} < RX be the
K-dimensional simplex. Let L:.¥¥ — % be the function that completes u € % into a
probability distribution, i.e., (Lu)y = ug if 1 = k< K—-1and (Lu)x =1 - ||lul for u e &.
Note that L is invertible with inverse L™! : .# — . being the projection of the K —1 first
coordinates. Let finally IT = diag(s,...,mx) be the diagonal matrix with entries (74) on
the diagonal.

Let J be the Jordan normal form corresponding to Q with change of basis matrix w.
Thus J and w are possibly complex matrices, and we have the following properties, see
for instance Herstein and Winter [6]. Let (9;,1 < i < I) be the I distinct eigenvalues
of Q with 9; =0, for 1 =i < I let m; be the algebraic multiplicity of 9; and let wy;
for some k(i) € {1,...,K} be any eigenvector of J corresponding to the eigenvalue 9;,
ie., Joyi = 9;wki). Since m; is the algebraic multiplicity of J; we have in particular
my9; + -+ my_197-1 = —y (recall that y > 0 is the trace of —Q). Moreover, we have
Q = w Jw so that e'Q = p=lety for any ¢ € R, and because of the block structure of J
this gives (e"/) (;,j = 0 for j # k(i) and (e'/) k(i) k(i) = €. In the sequel we consider the
following function F : RK — [0,00):

I-1
Fw =[] [@wim|™, uerX.
i=1
Then F satisfies the following simple property, which is key to generalize the martin-
gale construction of Simatos and Tibi [15] to the case of non-diagonalizable Q.
Lemma 3.2. Forany ucRK and t € R, we have F(e'Qu) = e V' F(u).

Proof. We have e’? = w~'e” w so that

I-i oIl R el
Fe"u = [T|weuin|™ = [T | wum|™ =] ‘emi (@) k(i
i=1

i=1 i=1

m; vt
=e "'F(u).

The identity (e”/ wu) i) = e'? (wu) ;) follows from the fact that (e”)k(,-),j isequal to 0
for j # k(i) and to e? for j = k(i). This proves the result. (]
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3.2.2. Upper bound on hitting times. Proposition [3.5is the main technical result of this
section, which will be used in the following section. We omit the proof of the following
result, for which one can repeat almost verbatim the proof of Lemma A.5 in Simatos and
Tibi [15].

Lemma 3.3. The quantity supg..., (¢ [, (F(I™'Lw)*"'du) is finite.

Proposition 3.4. Forany c >0 and any y € NK, the process

K X}, (1) o1
Mc(r)ze‘mf I1 ) (F'Lw)" du, t=0,

((Lu)k
& k=1

Tk
is a bounded martingale under PY.

Proof. Fix in the rest of the proof some ¢ > 0 and y € NK. Then under P?, we have for
any t=0

M, (1) < g_”y”f (Far'Lw) du
<

and so sup;so M.(?) is bounded by Lemma B.3]for 0 < ¢ < 1 while for ¢ = 1 one only
needs to use the fact that u € . — F(II"! Lu) is bounded. Let s, t = 0: we have

K
EY (M, (t+5)|F,) = e—cﬂ””f [TF (Far'Lw) du
S k=1

K
exp ( Z Gr(w)x (1 + s)) |x'(t)
k=1

with Gi (1) =log((Lu)y/my), so that €W = (I~ Ly),. For any z € NX, we have

K K |z
‘ eXp(ZGk(u)xk“)) =E* exp(z ZGk(u)]l{fi(s)=k})

k=1 k=1i=1

Izl

=[]E*

i=1

K
eXP(Z Gk(u)]l{f,-(s):k})]
k=1

since the ({;,1 < i < ||z||) under P? are independent. For j € {1,...,K}, zj of the (¢;) are
i.i.d. with distribution ¢ under P; and so

Izl

[1F°

i=1

fife

K Zj
exp (Z Gk(u)]l{as):k})] }‘
k=1

K
exp(z Gr(W) L, (5= k})
k=1

1l
.:W :

Il
—

k=1

[

K /
EY (Mc(1+5) | Fp) = &) f [T{(e"on " a) }* (P17 L))" du
4

Zj
Wp; (&) = k))
J

I}
—
M=

%K z:
(esQ)jk(H_lLLt)k) 1—[{ e* " Lu) }J.

J 1

Thus

We want to make the change of variables (Lv)y /7y = (esQH_lLu)k, ie, O 1Ly =
e~ Ly or Lv = 1e*?IT ! Lu. To use the inverse of L, we check that ITe*QII ™! Lu € F
for u € #: we have (HesQH_lLu)k = 0 because Lu has only positive coordinates and the
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matrix [Te*QI1~! has only positive coefficients, and

K Q-1 K K s (Lu)]. K (Lu)]. K )
Y @ Luye =) mp Y (@ pj—=3 Y mPrE(s) = )
k=1 k=1 j=1 j j=1 T k=1

Hence we can consider v = Hyu with H; = L™ T1eSQIT 1L, Clearly H; is invertible
with inverse Hs_1 =L e Q1L = H_g. For any t € R, we have H;(¥) c #: indeed,
H;u for u € % has only non-negative coordinates, because of the same arguments as
above, and moreover

K-1 K-1 K-1 K
Y (Hwe=Y WM Lu)g = Y. e’ Lw < Y. (e Luyg = 1.
k=1 k=1 k=1 k=1

Hence H (%) ¢ ¥ and H_ (&) = Hs_l(y) c % and so the restriction Hy : ¥ — & of H;
to & is invertible with inverse H_g. This gives

K
EY (M (t+5)|.F)) :e—cﬂm)f il ((Lv)k
Lk=1\ Tk

x;.(£)

) (F(IT' LH_4v))“ Jac, (H-)|dv
where if M is a matrix | M| stands for its determinant and if M : R — R? then Jac, (M)
stands for its Jacobian matrix evaluated at v:

oM,

Jac, (M) = (—k(v),l <ksbl=fl< a).
aug
Lemma 3.2 therefore gives, since 17! LH_;v = e *CII™ Ly,

K (Lv)g x;c(t)
(%)

EY (Mc(t+ )| Fp) = e—fﬂe—ﬂf (F1"Lv)) ™" Jac, (H_)ldw.

S k=1

We now show that |Jac, (H_s)| = e¥*, which will complete the proof. The chain rule
gives
Jacy (H-s) = Jacz, (L™ Tle™* ™ YJac, (L) = Jac, (e *IY)Jac, (L)

using for the second equality that L™! is the projection on the first K — 1 coordinates.
Also, Jac, (L) is the diagonal matrix diag(1,1,...,1,—1), so its determinant is equal to —1
and on the other hand, if M is a linear operator then Jac, (M) = M for all v and so

Jacr, (Me™* M| = [Me ™| = [e™5C| = e*.
The proof is complete. ([l

The following proposition makes use of the function and constants p(-), y and z de-
fined in SectionZ.Iland of the operator T defined in Section 2.4l

Proposition 3.5. There exists a family of finite constants (65,0 > 0) such that for every
t>1/y, everyd >0 and every y e NK with o(y) < n6°/8,

[FDJ’(T1(r'—7r,6) < t) < Gsexp (Klogt—52||y||/8).

Proof. Fix in the rest of the proof § > 0, t > 1/y and y € NX, and denote ¢ = 1/(yt) and
T =T'(+' — 7,6): then Markov inequality gives

PY(T < 1) < et (exp(—cyT)).
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We now derive an upper bound on this Laplace transform. Consider the martin-
gale M, of Proposition3.4] Since under P’ it is a bounded martingale by Proposition[3.4]
the optional stopping theorem gives

EY (M(T) = (M(0)).

We will provide an upper bound on EY (M, (0)) and a lower bound on EY (M, (T)) of the
form AEY (e=7T), thus providing a desired upper bound on EY (e='T). For u, v € % let
H(u,v) = uylog(uy /v1) +- -+ ug log(ug / vg) be the relative entropy, so that M, under PY
can be rewritten as

M.(8) = e_mfy exp{llyll (H('(0),m) — H(r' (1), L)) } (FAT L)) du.

The relative entropy is positive and satisfies the following upper and lower bounds:

lu-vl, u,ve .

1
) —llu-vl*< H(u,v) < —
2 kVk
The lower bound, called Pinsker’s inequality, is well-known, see for instance Pinsker [11],

while the upper bound follows by convexity:
K

H(u,v) = ulog
k=1

<

1+

uk—vk)

i ug (U — vi) _ i Uglug — vil - lu—vl
Vk k=1

= Vg Vg ~ ming vy’

using uy < 1. Thus using that the relative entropy is always positive, we obtain using the
upper bound in (@)

EY (M,(0) < eIIyIIH(y/IIyII,n)f (F(H‘lLu))C_ldusAle”J’”QU’”Ec_Kz AZeKIOgHIIyIIQ(y)/z
5

with A; = sup0<c<1(cK fy(F(H_lLu))C‘ldu) and Ay = AlyK, A; and therefore Ay being
finite by Lemma[3.3] (recall that 0 < ¢ < 1 by assumption). We now derive a lower bound
on M,(T). The lower bound in @) gives H(r'(T),n) = ||x(T) — 7||12/2 and since || x(T) -
7|l = 6 by definition of T we obtain the following lower bound on the integral part of
M(T):

f VI (H D m=HE (DL0) (R 1)~ du
b4

> eIIyII52/2f e IVIHE DL (R 1)) .
S

By definition, F is a continuous function, hence it is bounded on the compact set
' =N 1L(#) and so

f o IYIH( (), L) (F(H_lLu))c_lduZAgf o IMIHE (DL g,
;4 S

with A3 = (1+sup .y F)~!. For ve F let #(v) = {u € S : H(v,u) < 6%/4} and ¢(v) =
S, dube the volume of # (v): then

! 2 2
f e WIHG (DL gy 5 o= IV1%14 gy (7)) 5 1716274 5,
S

with Ay = inf,e o ¢(v). We have A4 > 0 since ¢ is easily seen to be continuous, ¢(v) >0
for any v € Sk and ¥k is compact. Therefore, we have proved

_ 2 _ 2 _ 2
M, (T) = e~ YT V10712 g, o= IVI6"14 4 — p_p=CYT llyI6~I4
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with A5 = A3 A4 a deterministic constant. Combining all the previous bounds, we obtain
A
Py (Tr(r’—n,é) < t) < % exp (Klogt+llylle)/z — llyll6/4).
5
Assuming p(y) < 62/8 ends the proof, since A; and As only depend on &. ]

4. ANALYSIS OF THE OPEN SYSTEM

We extend Lemma [B.T]1and Proposition B.5] to the open system, exploiting the cou-
pling with x), of Section[Z6l In the rest of the paper, ¢y denotes the constant given by
Lemmal[3.1]l Recall that x = sup,,~; (A, + 1) is assumed to be finite, and that the various
constants, functions and operators that will be used, e.g., 7, y, 7(-), (), T! and T' have
been defined in Sections[ZIland 2.4l

Lemma4.1. Foranyn =1, any < 2¢y and any y € NK, we have

P ) -7|=26)<P(® &2y
rUlrp(@) =7l = 6) < P(2(x7) >_5||y||/(4K))+2Kexp(— N " 2”)
wheret = 1(5/(4K))

Proof. Since
Py (@) =7l 2 8) <P}, (17 (0) = 1y (0| 2 6/2) + Py, (7, (1) = 7]l 2 572)
the result follows directly from Lemmas[2.2]land B.11 O

Proposition 4.2. There exists a finite constant ¢, > 0 and for each 6 > 0, there exists a
finite constant c;(0) such that ¢, and c,(0) only depend on K, x and Q (and 6 for c(6))
and such that for everyn = 1, every t >0 and every0 <5 <1, ¢ € N and y € NK such that:

n < 2¢y, E;'b?nk>max(r(17/(4K)),%), Iyl>¢ and o(y)<mn,

wheren = 152132, then
pY (TT(rn —m,8) < EATH (xn,gb)) < () exp (log 1 — ¢1 (8¢ —log¢h)).

Proof. Intherest of the proof, fix n, t, §, ¢, n and y as in the statement of the proposition
and denote for simplicity 7 = 7(n/(4K)) and u = ¢n/(8K«). We have
Lt/u)-1
PL(T,<tAT)< Y. PH(Tr<TyiusT,<(i+Du)
i=0
where from now on T} = TT(rn —m,0) and Ty = Tl(xn,(,b). Since ||yl = ¢ and p(y) <1,
the term corresponding to i = 0 in the above sum is upper bounded by

PL (T, < Ty, Ty <u)< sup P (T, <u).
VEly'lIizg.e(y=n

Consider now i > 0, and note that iz = T by assumption. Since ||x,(iu—1)|l = ¢ in

the event {iu < Ty}, the Markov property at time iu — 7 gives
Py (Tr < Tx,iu< T, < (i+Dulry(iw-nl=n)< sup P}, (Ir,() -7l =n).
Y:ly'lz¢

Similarly, since ||x,(iu)]l = ¢ in the event {iu < Ty}, the Markov property at time iu

gives

IP%(T,STx,iusTrs(i+1)u,||rn(iu)—7r||517)s sup P%’(Trsu).
Villy lizg0()=n
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Since the previous upper bounds do not depend on i, summing over 0 < i < [t/u] -1
gives

PY (T, <tATy)<t/ul| sup P%’(Ilrn(‘r)—nll >n)+ sup I]J’%I(T,Su)).
y:ly'lz¢ Y:ly'llz¢,0(y)=n
Let y' e NK with |||l = ¢: since 1) < 2e¢ and 7 = 7(/ (4K)), LemmaETl gives

UK )
16K2)"

P2 (Irn(m) - 7l = n) < P(P(kT) = np/ (4K)) + 2K exp (—

Since ¢ = 8k K1 /1, we have

P (2 (k1) 2 1¢p/ (4K)) < P (P ($1)/ (8K)) = ¢/ (4K)) < exp (_¢’;}Il<(2))
and we finally get
" - _M) (_ ’p )
y’:ﬁ;l’ﬁ)zd)[pn (@ =i =m) SeXp( 8K +2Kexp 16K2 )"

Consider now y’ € NK with [|y'|| = ¢ and p(y') < n: then
PY (T, <w) <PV (T (=17, 612) < ) +PY (7' -m,602) < u).
On the one hand, Lemma[2.2]implies that
24 (11 -1y, 602) < u) <P (77 (@ +dn, 81y 114K0) < u) <P (2 0c) = nlly' 1/ (4K))

using that 0 > n and that a,, + d, is an increasing process to get the last inequality. Since
Il = ¢ this gives

[FD%’ (TT(rn -r,6/2) < u) <P(Pxu) =6¢/(4K)) < exp (_(Dnh(Z))

8K

plugging in the definition of u and using (I} for the last inequality. On the other hand,
since u>1/y and p(y') <n= 1(6/2)2/8, Proposition[3.5implies that

IP%’ (TT (r,—m,6/2) < u) <6s2exp (Klogu - 62||y’||/32)
<6512/ (8KK)) X exp (Klogp— 62¢p/32)

using [|y'|l = ¢ and the definition of u to obtain the last inequality. Gathering the previ-
ous upper bounds, we have proved at this point that

16K2 8K
+6512 (1 8KK)) X exp (Klogp — 62¢/32).

2
%P%(TT(rn—n,a) < (AT (0, ) SZKeXp(— e )+2€Xp(_¢>nh(2))

The result then follows easily from this expression. ]

Proposition[4.2]has the following consequence, which is interesting in its own right
and will be used in the proof of Lemma 5.3l

Proposition4.3. Letn=1:ifp, =1 then x, is null-recurrent.
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Proof. Since ¢,, is null-recurrent it is enough to show that x, is recurrent by Lemmal[Z.1]
Intuitively, the drift of x, is always strictly positive due to the fact that there is always
a positive probability that a potential departure finds an empty node, creating a slack
between the arrival and departure rates. However, the drift should go to 0 as the size
of the initial state becomes large. Theorem 3.2 in Lamperti [10] asserts that if the drift
vanishes sufficiently fast, then x;, is recurrent.

Since n is fixed, in order to ease notation, we omit the subscript 7, so for instance a
and d refer to the processes a, and d,,, respectively, and x refers to x,,. Let b=1/4 and
Q) = ||y||1+2b = ||y||3/2 forye NK. Fori=1let w; = w;_; + @(x(w;-1)) with wy = 0 and
xi = llx(w;)]l. If we can show that

8 esssupE® (yiv1—xilxi=&xj=¢pjsi—1)
1 . . i
sEess 1nf[E0(()(l-+1—)(l-)2|)(,-=§,)(j=§j,]51—1)+C§ 1-b

for some finite constant C and all ¢ large enough, where the sup and the inf are taken
over i =1 and ({;,0 < j < i-1), then Theorem 3.2 in Lamperti [10] will imply that x
almost surely visits infinitely often some finite set; since it is irreducible this will prove
recurrence. Let &; = o(xj,0=j<1i) and ¥; = o(x(wj),0=j<i): we have

E (i1 — xi 1 %) =E° [E° (xis1 — xi19:) 1. Fi] = E° [EX0 (I x((x(0)) || = X (O)1I) |. 5]

and hence

E® (xiv1— il Fi) < ax EY (Ix(@ )1l - 1 xO)1),

writing indifferently ¢, or ¢(y). Similarly,
E((Xiv1 —X)* 1 Fi) = y-..iyﬁ}ix.[Ey (Ux(pp) Il = 1x(0))?).

Remember that ¢ = lx(0)|| + a — d: since || x|l = ¢ by Lemma 2.I]and ¢ = Z > Zby
definition, we get ([x(¢y) [ — [ x(0) 2= @y in the event {£(¢p,) — | x(0) [ = (p}/z} and so

EY ((lx@yp) I = 10 %) = EY ((ux((py) 1= 1x©1)% £(py) - 1x(0) ]| = w}’z) > cpy

with ¢ = inf;>¢ PO (1) = V'f) which is strictly positive since oY, V1 under P° converges
in distribution as ¢ — +oo to a normal random variable. Thus to show () it is enough to
show that there exists some finite constant C such that

Co:
9) yf,,r}?."ig[” (lx@ I = 1)) < £

for all £ large enough. Let ¢ = 0 and y € NX such that | y|| = ¢: integrating @) over P¥ and
using A = p gives

K 123
EY (Ixtp)ll - 1xO)]) = 3 Mkfo PY (. (1) = 0) .
k=1
Let ke{1,...,K}: then
P P
f PY (x(w) =0)du5(p,5[|3’y(Tl(x,g‘/2) 5¢5)+f W(xk(u) =0, T (x,£/2) Z(pg)du.
0 0

Since ¢ < ||x|| and ¢ is a symmetric random walk, we have

P (1) (x,612) < e < PY (T (0,612) < e = P (T1(7,612) < ) = 2P° (P = €12)
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using the reflection principle to get the last equality. Moreover, writing O(t) for t = 0 as
(1) = (a(t) — At) + (At — d(1)), using the triangular inequality and the fact that @ and d
areii.d. Poisson processes with intensity A, we obtain

PO (C(pe) = E12) <P (12 (Agpe) — Ape| = E14).

Extending (I) to upper bound P(2?(Ag;) < @¢—¢/4), it can be proved that there exists
a finite constant H > 0 such that

P(I2(Ape) — Ape| = £14) < exp (- HE? ;) = exp (—H\/E).

Further, let § > 0 and 1 = 7162/32 be such that § < & and 1 < 2go, and write 7 =
7(n/(4K)): then

v¢ 0¢
f Py(xk(u):o, Tl(x,f/Z)z(pg)du <7 +f Py(xk(u)=0,T1(x,§/2)2(p§)du
0

T

and for u = 7, the Markov property at time 7 gives

pY (xk(u) =0, T} (x,&/2) = (pf) <PY(Irm) -7l = 1)

+sup pY (xk(u—r) =0,T (x,&/2) = ¢ —T)
yl

where the supremum is taken over the set {y’ € NX: ||y/|| = £/2,0(y") < n}. Since 1 < 2¢g
and 1 = 7(n/(4K)), Lemmal4.Tlgives

2
PY (Il7(2) - 7wl 2 1) < P (k) 2 6§/ (4K)) +2KeXp(_ 1(2152)
<e (— k0 +2Ke (— 625)
=P\ 1Kur RANTY

using (1) for the last inequality, together with k(v) = v for v large enough (so this in-
equality holds for ¢ large enough). Since xi(u) = 0 implies ||7(u) — || = & = §, we have
forany 7 < u < ¢ and any y' e NK with |y’ = /2 and p(y') <7

PY (xku-1=0,T'x,6/2) 2 g —7) <PV (T (r = 7,8) < u-7, T} (x,6/2) = 9 - 7)
<pY (TT(r —7,8) <@ AT (x,E/Z))
< c2(6) exp (log e — c1(8*¢12 ~1og(¢/2)))

since all the assumptions of Proposition[4.2lare satisfied (for ¢ large enough). Gathering
all the previous bounds, we obtain for ¢ large enough

0
EY (I x(pe) I = 1 x(0) ) < 4pqpg exp (—H\/é_’) +Tu+ pexp (— 41;<1fr)

2

6°¢
+2Kuexp( —

ek |+ 2@ nwpexp (logpe — c1(8*¢12~1log(é/2)))

which proves since every term decays exponentially fast, except for the constant
term 7y which has to be compared to ¢;/¢ 1+b which goes to infinity. ]
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5. SCALING LIMIT

We assume in this section that the heavy traffic assumption stated in Section
holds. In particular, p, <1 foreveryn=1and 1, - A >0and n(1-p,) — a=0. We
are interested in the sequence (X, n = 1) of renormalized processes where X, for each
n=1is given by

2
Xn(n-t
X, (0) = n ),rzo.
n

We define R, (1) = r,,(n?t) which satisfies R,,(£) = X,,(£)/1 X, (8)|| when | X,,(8)] > 0,
and also L,,(t) = n~1¢,(n%t). In the sequel, we denote by B a Brownian motion with
drift — e, variance 21; P? for b € R denotes its law started at b. Note that it is known
that L, = B under the heavy-traffic assumption, where from now on = denotes weak
convergence. The goal of this section is to prove the following result.

Theorem 5.1. The sequence of processes (X,, n = 1) under P% converges weakly as n goes
to infinity to Bmt under P°.

The above theorem is reminiscent of heavy-traffic diffusion limits for the joint queue
length process in various queueing networks, involving reflected Brownian motion and
state space collapse, see for instance Bramson [3], Reiman [13]], Stolyar [16] and Williams [19].
However, to the best of our knowledge, this is the first result which shows that mobility
of users, rather than scheduling, routing or load balancing, can act as a mechanism pro-
ducing state space collapse.

It is straightforward to adapt the proof of Theorem[5.I]to handle a more general initial
condition. Let b > 0 and assume that || X,,(0)|| — b, then it can be proved that:

« for any sequence (g,) such thate, >0, £, — 0 and n%e, — +oo, the sequence of
shifted processes (0, X,,) converges weakly towards Bz under P?;
« if R,(0) — 7 then (X,,) converges weakly to B under P?.

We see that if R, (0) — 7’ # 7 then (X},) converges in the sense of finite-dimensional
distributions to a process which is discontinuous at 0 and so cannot converge weakly
(at least in the space of cadlag functions).

5.1. Overview of the proof. Remember from Section[Z4that el (X)) = (UOGTT(X,,,E))(XH)
and that g.(X,,) is the left endpoint of the first excursion of X,, with height larger than
¢, equivalently the left endpoint of the excursion of X, straddling T'(X,,€). To prove
Theorem[.T] we use Theorem 4 in Lambert and Simatos [8]: in particular, Theorem 5.1l
will be proved if we can show that g, (X,,) = g.(Bn), el(Xn) = el (Bm) and (Tpo el) (Xn) =>
(Tpo el)(gn) for any € > 0, where X}, is considered under IP(,)Z and B under P, Note that
g:(B7) = g¢(B) and similarly that (Ty o e}) (Br) = (Ty o e}) (B).

The convergence of the two sequences (el(Xn)) and ((To el) (Xy)) is studied in Propo-
sition [5.4] its proof relies on the following ideas. First, let @, = xn(TT(xn,en)): the
Markov property shows that el(Xn) under PY, is equal in distribution to o (X,) under
P2". In Lemma[5.2lwe show that @, = €7, i.e., the system is with high probability ho-
mogenized at time T! (xn,en). Then, we want to show that this property lasts on times
of order of n? that we are interested in. To do so we exploit the bound of Proposition[4.2]
which shows that we will be able to control the process on times of order of n? as long
as there are at least of the order of logn users in the network. Thus, this reduces the
problem to control o (X},) started with log n users: this is studied in Lemma[5.3]where it
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is shown that Ty(Xj) is at most of order of v/n. Since arrivals and departures are Pois-
son, on this time scale the total number of users at most varies by /n which is negligible
compared to the space scale n that we are interested in.

On the other hand, the convergence g.(X,,) = g:(Bn), proved in Proposition[5.5] fol-
lows from two arguments: one that provides a lower bound in terms of a sum of i.i.d.
terms related to (Tp o el) (Xn), whose asymptotic behavior we will control thanks to the
convergences of (el(Xn)) and ((Tpo el) (X»)); and one that provides a corresponding up-
per bound via the coupling with the M/M/1 queue.

5.2. Convergence of (el(Xn), n=1)and ((Tyo el)(Xn), n=1). The convergence of these
two sequences is proved in Proposition[5.4] In the following proofs we make repeated
use of the constant gy given by Lemma[3.I]and of the various constants, functions and
operators defined in Sections[Z.I]and 2.4}

Lemma5.2. Foranye,6 >0,
: 0 1 _ _
nl_lgl P, (IIRn(T (Xp,€) —7nll 25) =0.

Proof. Fix € > 0, by monotonicity, the result only needs to be proved for § small enough;
in the sequel we will consider § > 0 such that ) < 2¢¢ with n = 162/32. Let 7 = 17(n/(4K)),
Uy = nt/s, Vp = nt/2, T, = TT(xn,nf), T, = T! (xn, ne — uy) and E;, be the event

En={T,+7 < Tp} 0 {llxu(T), + DIl = ne = 2up} 0 {llru (T, + 1) -l < n}.
Using that T}, < Ty, the strong Markov property applied at T, gives
P (ES) =Py ({Ty < 7} U llxn (D] < ne — 21} U {7 (1) — 7l = })

where @/, is equal in distribution to x,(T},) under P%. On the other hand, the strong
Markov property applied at the stopping time T}, + T gives

PO ({1 (Ty) — 7ll = 8} N Ep) < max P, (lrn(Tp) =7l = 6).

with 95, = {y e NK : ne —2u,, < ||yl < neand p(y) < n}. Let y, € F, that realizes the
maximum, so that P%({II ra(Tp) —7ml| =8N Ey) < [FD%"(II rn(Ty) — 7|l = 6). Thus we get the
bound

PO (7 (Ty) - 7]l 2 6) < PO (T <7 o || %, (D) < ne — 2up,) + PO (17n(0) — 7]l 2 7)
+ PP (17 (To) — 7l = 8).
Since @}, = [ne — uy], if under Py" we have T, < 7 or || x,(7)|| < ne ~2uy then we

must have at least u, arrivals or u, departures in [0,7]. Since the arrival and depar-
ture rates are bounded (by x) while u,, — +oo we see that the probability of this event
!

vanishes, i.e., IP‘,I;”(T,Z <7tor|x, (1) <ne-2u;)—0.
On the other hand, since ||@), || = [ne — u,1, we have
Py (Irn(@) =7l =) <Py (Irn(1) — 7l = 1)
for some y), € NKX with Iy, Il = [ne — uy,]. Since n < 2¢g and 7 = 7(n/(4K)), Lemma 1]
shows that IPJ,;" (Irn(z) =7l =n) — 0. Hence we have

limsup P (I74(Ty) - 7|l = 8) < limsup P} (Irn(Ty) — 7l = 6)

n—+oo n—+oo

and we now show that this last upper bound is equal to 0.
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We have
PV (1ra(T) = 7]l = 8) < PV (Tyy = vp) + PV (TT(rn 1,8 < vn)
and by Lemma[2.1]
Py (Ty = vy) <P} (T1 (p,ne) = vn) < [FD%Z (T1 (lp, ne) = vn)

where y), € NK is such that || ¥yl = ne—uy], using stochastic monotonicity of T (¢, ne)
in the size of the initial condition. Since ¢, = ¢,,, we get

PV (T, = vy) <PI7 (TT (O, nE) = vn) =p° (TT Oy tin) = yn).
On the other hand we have

Pl (TT (rp—1,8) < yn) <p)n (Tl (O, tin) < yn) +P (TT (Fp—1,8) < vn A T (2, un))

where we have used the inequality T (%, up) < T @, n, Un) that stems from Lemma [Z. 1]
Since 11 < 2gg, p(¥n) <1 and ||y,|l = uy, all the assumptions of Proposition [£.2] are sat-
isfied, at least for n large enough. Thus the second term of the right-hand side of the
previous display vanishes, and gathering all the previous bounds we see that we are left
with

limsup P (|r4(T,) — 7]l = 8) < limsup P (TT Oy i) > vn)

n—+oo n—+oo

+limsup [FD%” (Tl (Zn, Up) < vn) .
n—+oo

Since the sequence of rescaled processes (T;n) with zn(t) =7 Z(R20in converges in
distribution to a Brownian motion, it is not hard to show that the two sequences of ran-
dom variables (u;2 T! (Zn, uy)) under IF’% and (n2T! (Zn, uy)) under IPJ,;” converge weakly
to a non-degenerate random variable (actually, hitting times are continuous function-
als when the limiting process is the almost sure realization of a Brownian motion, see
for instance Proposition VI.2.11 in Jacod and Shiryaev [7]). Since (un)? <« v, < n? this
finally proves that the right-hand side of the previous display is equal to 0, hence the
result. [l

Lemma5.3. Let ¢, = |(logn)?]: then

lim | max P} (To(xn)=vn)|=0.
n—+oo \y:llyl=¢n
Proof. Let M, € N be such that 2M»~! < ¢, < 2M» By monotonicity of Ty in the size of
the initial state, we have
max P (To=vn)< max P} (To=vn)
yillyll=¢n YeT (Mp)

where from now on 9 (m) = {y € NK - lyl = 2™} and we omit the dependency of the
functional operators when they are applied at x,,, so that Ty = Tp(x,). Define S(f) =
TS, ILF(0)11/2) and @y, = exp(M), + 2Mn=™/4) "and note that since p,, < 1 by assump-
tion, S is almost surely finite since x, is recurrent by Proposition [4.3] The relation
To =S+ Tpo0s gives for any n> 1 and y e N

Py (Toz V) =Py (To 2V, S 2 @) + Py (To = Vi, S < ¢iy0)
P15 0no) 7L 112052 T ).
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Since moreover P}, (x,,(S) € I (M, —1)) = 1 for y € 7 (M,,), the strong Markov property
at S gives

y y y _
yerjl?l\)/(ln)lp (TO = \/—) = yerjlfal\)/(fn)lp (S =n, 0) ye;(l%—l)n:)n (TO = \/ﬁ (Pn,o)-

Iterating M,, + 1 times, we obtain

Mﬂ
Py (Ty = PY(S=
yerjl?h)/([n) ( 0 \/_) mZO yeJr{II\EIlX m) ( b, m)
+ max P} (To=vVn—@no——@nm,)-
YET (0)

Now J(0) = {0} and Ty under PY is equal to 0. Since in addition 2M» < 2¢),, < 2(logn)?,
we obtain 2Mn/4 < 21/4(logn)'/? and so

Pno++ P, < (My+1)exp (M, +2M"*) < exp((1/2)logn) = vn

for n large enough. For those n, we get

max P}, (To=vVn—@uo—-—®nm,) =0
yeT (0)

and finally, we obtain after a change of variables

Mﬂ
(10) max P}, (To=vn)< Y. max P (S = exp(M, +2™'%)).
YT (Mp) m=0 V€T (m

Let us justify that for fixed m = 0 and y e NK we have
(11) nlierP% (S = exp(M,, +2™h) = 0.
First, let (u(n)) be a subsequence such that
lim PY (S = exp(Mym +2™") = limsupPy, (S = exp(M, +2™'%).
n—+oo oo

Since the [0,00)2X -valued sequence (A, k> Hum) k1 < k< K),n=1) lives in a com-

pact set as a consequence of the heavy-traffic assumption, we can find a subsequence
(v(n)) of (u(n)) and Awo, too € [0,00)K such that Ao,k = Aook and tyn) k — Mook for
each k=1,...,K. Because of the heavy-traffic assumption, we have || Aol = Il hooll-

It is then not hard to see that the sequence (x,(,)) under P}, converges weakly to Xoo,
where X is the Markov process with x.,(0) = y and generator Q. defined similarly as
Q, but with 1, x and y,, ;. replaced by Ao and peo k., respectively. Since x, lives in
NK and is piecewise constant, it is not hard to prove that S is a continuous functional
at X, and so the continuous-mapping theorem implies the weak convergence of the
sequence (S(xy())) towards S(x). In particular,

lim PY (S 2 exp(Mu +2™'") =P (S(too) = +00).

Since [ Aooll = llooll, Xoo is recurrent by Proposition [A.3land so S(xs) is finite almost
surely which proves (II). Since for each fixed m = 1 the set I (m) is finite, combin-
ing (I0) and (I1) we obtain for any M =0

Mp
limsup| max P (T zﬁ)slimsu max P} (S=ex (2””4) < U,

n~+cxr>) YeT (Mp) ( 0 ) n—>+cxl?(mZMy€J I (m) ( b mg’M "
where

Um—sup( max P (S>exp(2m/4))).
n=1 \yeJ (m
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Thus if we can prove that the series (U,;) is summable, letting M — +o0 in the previ-
ous inequality will show the result.

For the rest of the proof, fix any § > 0 such that § < & and 1 < 2¢q where n = 162/32.
Let in addition 7 = 7(/(4K)). Then for any y € NX, we have

P} (S=exp™™") =P} (S=exp@™™"), Irn(1) =7l <0, X (D1 = [ X, () || < m)
+P (Irn (@ =7l =) + P, (x (@1 = [, O) 1] = m).
Invoking the Markov property at time 7 for the first term and (5) together with Lemmal[2.2]
for the two last ones, we get

max PY(S=exp2™*)< max P (S=exp™*) -7
yeT (m) n( p( )) yeg '(m,n) n( p( ) )

+ max P) (Irn(@) =7l = n) +P(P(KT) = m)
yegT (m)

where ' (m,6) = {y € NK [yl —2™| < mand p(y) < n}. The last term of the above
upper bound defines a summable series since a Poisson random variable has a finite
mean; the second term also by Lemma[4.Ilsince ) < 2gy. It remains to control the first
term.

So consider y € 3'(m, ) and let v, = exp(Zm/4) —-tand ¥, = 2m=1 _m/2. Since
Iyl =2™ — m we have S = T (xp, lyll/2) = Tl(xn,wm) under IF’% and we obtain

PY(S= vy) <P, (Tl s W) = Uy T (1 = 71,6) = vm)
+P), (Tl(xanm) > U, T (ry—7,8) < vm).
Since § < 7, we have ||x, ()| = €,(¢) forall t < T'(r,, - 7,6) by @) and so
P%(Tl Con Ym) = v, T! (1 = 7,8) 2 Vm) = P%(Tl CnsWm) = U, T (rp = 7,6) = vm)
which implies

max P} (Szv,) < max P, (le"’wm) = vm)
yeg'/(m'n) yeﬁ"(m,n)

+ max P (TT(rn —7,8) < Um AT (xn,wm)).
yeg '(mm)

As for the second term, it is easily checked that all the assumptions of Proposition4.2]
are satisfied, at least for m large enough, since 6 and 1 < 2¢, are fixed and both v,
and 2™~ grow without bounds with m. Proposition @2l provides a bound uniform in
y € 9 '(m,8) and n = 1 which defines a summable series in m. Hence to complete the
proof it remains to show that

(12) mngnlifl){P%'" (Tl(én,wm) > vm)} < +00

with y,, = (2" + m)ey, using monotonicity of T!(¢,,,y,,) in the size of the initial state
and the fact that Z,, only depends on the initial state through its size. Note that

PR (TN ym) = ) = BN (T @) = v = PS (T (T ) = 0

with ¢/, = @, —2™ —m = 2m~1 2™ —3m/2. It is well-known that T! (Zn,z//;n) un-
der PY scales like (y,)? = 22™ for large m and n, which is negligible compared to v, ~
exp(2™'%). In the case p,, = 1, we can use the reflection principle and establish an expo-
nential upper bound as we have done in the proof of Proposition[£3] When p, < 1 we
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can couple 7, with a critical random walk ¢ !, such that ¢, = . In particular we have
T, wm) < TN, W) and so PY™ (TH (0, wim) = vm) < PY™(THE,, wm) = U), where
this last term obeys to an exponential upper bound. This proves (IZ) and completes the
proof. (I

Proposition 5.4. For any € > 0, the sequences (el(Xn), n=1) and (Tyo el)(Xn), n=1)
under P converge weakly to el (Bm) and (Ty o el) (B) underP°, respectively.

Proof. In the rest of the proof fix any € > 0 and let @, be the law of xn(TT (xp,€)) un-
der PY. In view of the strong Markov property, the convergence properties claimed are
equivalent to the convergence of the two sequences (o (X,),n = 1) and (Tp(X,), n = 1)
under P9" towards o(Bx) and To(B) under P, respectively.

We know that (o/(L,,7)) and (Ty(L,)) under P§" converge weakly to o (Brr) and Ty(B)
under P, respectively, and we want to transfer this result to X,, using Theorem 3.1 in
Billingsley [1], sometimes referred to as a “convergence-together” result. Thus we only
have to prove that for any >0,

lim PR supllo(Xa) (1) = (Lam) ()| 2 B| = lim_Py" (1To(Xn) = To(Ln)| = B) = 0.
R =0 —Too

Define ¢, = [(log n)?] aswell as Tyx = T'(X,, n‘1<pn) and T, 1 = THL,, n‘1<pn): then
To(Xp) = Tp,x + (Too 07, ) (Xy) and To(Ly) = Tp,p+ (Too 07, ,) (L)

so that

Pa" (1To(Xn) = To(Ln)| 2 B) < PR (1Tn,x = Ta,1l > 0)
+PY" ((To 0071, ) (Xn) = BI3) + P ((To 007, ) (Ly) = B/3).

Note that Lemma 2.Ilimplies that P‘,?”(I Tnx—Tprl>0) = P‘,?"(Tn' x > Ty,1). Together
with the strong Markov property at T, x and T}, 1, this gives

P (1To(Xn) — To(Lp) | = B) <P (Tpx > T1) +  max Py, (To(xp) = n?B13)

+ max P (Ty(¢,) = n?B/3).
Yiyi=n n(To@n)=n"p13)

Since the sequence (¢,,% Ty (¢,)) under P(,f" “! converges in distribution to a non-degenerate
random variable, the last term goes to 0 since n? > ¢. The second term goes to 0 by
Lemmal[5.3] and so it remains to control the first term. In the rest of the proof, let § > 0
such that § <  and 1 = 16%/32 < 2¢¢: we have

PO (To,x > Tp) < PO (IRn(0) = 7l = 1) + max P) (Tpx > TnL)

with 95, = {y e NK: | y|| = Lne] and p(y) < n}. The first term goes to 0 by Lemma[5.2land
so we have at that point

limsup Py" (1 To(Xp) — To(Ln)| = B) <limsup (max P, (Tn,x > Tn,L)).

n—+o0o n—+oo yeffn

Thanks to Lemma[2.1] one sees that T}, x > T, 1 implies that there was a time ¢ < Ty, 1.
such that x,, x(#) = 0 for some k. At that time we have | r,(f) - 7|l = 7 = § and so

P! (Tpx > Tpr) < P%(TT(rn—n,a) < T,l,L).
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Further we have
pY (TT(rn 1,8 < T,l,L) <PY(n<Ty)+P, (TT(rn &) <nA T,l,L).

The first term goes to 0 uniformly in y with [|y|| = [en] since the sequence (T},1)
under P}, with y € 9, converges in distribution, while the second term can be rewritten
as

P (T (= 7,1) = A T ) =P (T (o = 7,8) = 0° A T (€, p)

which goes to 0 uniformly in y € 97, by Proposition [£.2] (using T! (ln,pn) < T! (Xn,Pn)).
This proves the result on Ty(X,), the result on o(X;,) follows along the same lines but
at the expense of more technical details. Lemma[2.I]land @ imply that 7, x = Tp,,1 and
Ly(Ty ) = 1 Xu(Ty x|l = n_l(pn in the event {T'! (Ry —m,6) = Ty1}, so that the strong
Markov property gives

Py" (Suplld(Xn)(t) —o(Lym) (D] = ﬁ) <Py" (T1 (Rp—m,6) = Tn,L)
t=0

+[F°‘};"( sup ||Xn(t)—Ln(r)n||zﬁ/3)+max[@%( sup IIXn(t)Ilzﬁ/?))
0<t<T,p Yye@y 0=t=To(Xyn)

+ max [FD% sup Lu(t)=p/3
yeED, 0=<t<To(Lp)

where @, ={y € NK | vl = ¢n}. We have already proved earlier in the proof that the first
term vanishes. The last term can be seen to vanish invoking the convergence of (L)
towards a Brownian motion. The third term vanishes because for any y € @,

PY|  sup IIXn(t)Ilz,B/S):[P%( sup ||xn(t)||2nﬁ/3)
0<t<Ty(Xp) 0<t<Ty(xn)

<P}, (To(xn) = V1) + P} (an(vVR) = nfi3—¢,)

and both terms go to 0 uniformly in y € ®,, the first one using Lemma[5.3and the sec-
ond one using Markov inequality. It remains to show that the second term also vanishes.
Let S, = supyg, 7, 1 Ln: then forany 0 < ¢ < T}, 1, one has

m
1 Xn(£) = Ln(O)7] < 1 Xn (DI R () =7l + 17| 1 X ()| = L (£)]
2
< Ly (DI R (6) — 7] + 2[1 Xn ()| — Ln (1)

@)
< SnllRn (1) — mll + 21 X (D - Ln(D)]

where (1) follows by adding and subtracting 7 || X,,(?)|| and using the triangular inequal-
ity, (2) follows from [| X, (£)|| < L, (2) + || X, (8]l — L, (£)] together with ||R,(?) — | <1 and
Izl = 1 and (3) is by definition of S,, since t < T, ;. Using this upper bound together
with standard manipulations, we get the following upper bound, valid for any s > 0:

P27 | sup IIXn(t)—ﬂLn(t)llzﬁ/S)sl]”‘g”( sup IIRn(t)—ﬂllzﬁ/(Gs))

0=t<Ty 1 0=<t=<Ty1

+PR" (Sn = 5) + Py ( sup 1 Xn (D) - Ln(0)]> 0).

O<t< Tn,L
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Similarly as before the first and last terms go to 0, so we are left with

limsupPY" | sup |1 X, (1) =L, (D] = B <limsup P2 (S, > s).

n—+oo o<t< Tn,L n—+oo

Letting s — +oo completes the proof, since the sequence (S,,) under P%" converges
weakly to supg, 7, (g) B under P*. d

5.3. Convergence of (g.(X;),n = 1). To complete the proof of Theorem [5.I] based on
Theorem 4 in Lambert and Simatos [8] it remains to be shown that g.(X;,) = g:(B).

Proposition 5.5. Foranye > 0, the sequence (g¢(X,,)) underP® converges weakly to g¢(B)
underP°,

Proof. Since || X, || = L, by Lemma 2] it is clear that TT(Xn,e) < TT(Ln,e), and hence
going back in time and using again || X, || = L,, we see that g.(X,,) < g.(L,). On the other
hand, since L,, = B it is not difficult to show that g.(L,) = g.(B), see for instance Lam-
bert and Simatos [9] where similar computations are carried out. This proves that the
sequence (g¢(X})) is tight and that any accumulation point is stochastically dominated
by g:(B). We now derive a corresponding lower bound which will conclude the proof.

Let 6 > 0 and denote by Ell s the kth excursion of Xj, that reaches level § shifted at
the first time it reaches this value: formally, we have

E!

hio = Xn) and E} 5 =(efo0d,,,) (X

nk+1,6 —

with d,, . s the right endpoint of the excursion of X;, corresponding to Ej, k5. Let Ny, 5 ¢
be the number of excursions of X, that reach level § and not level ¢ before the first
excursion of X, to reach level ¢: it satisfies

Nyse+1= inf{kz 1: supllEL esOll = E}.
t=0 o

Then N5 is a geometric random variable with parameter p, s, given by p,, s, =

I]J’(,)l(supll e;(Xn) | < &), the (EL,M, 1<k=< N,s.) areii.d., independent of N, 5 . and with

common distribution e;(Xn) conditioned on {sup|| e;(Xn) || < €}, and we have

gX)= > Ty (£].0)
k=1

with the convention Y9 = 0. This last inequality implies for any s > 0

[E(r)z (e_Sgs(Xn)) <F

_ oel Nps.e
{[E(r)z (e s(To 66)(Xn) | Sup”e;(xn)" <E)} ]
and it can be computed that this last upper bound is equal to

1-Puoe P (supllel (Xa) = )

] = 7 .
1— pn,5,£[E(r)1 (e—S(Tooeé)(Xn) | supII e(Ts Xl < E) 1- [E(r)l (e_S(Tooeﬁ)(X");Sllp” e;(Xn) | < E)
Proposition[5.4]and the continuous-mapping theorem give

nl_igl@[P% (supll e;(Xn) | = g) =p° (sup e;(ﬁ) > z—:) .
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On the other hand, the two convergences of Proposition [5.4] can be shown to hold
jointly, see for instance Lambert and Simatos [8], and so the continuous-mapping the-
orem gives
ool —s(Thoe!
lim EY (e‘s(TO 85)(X”);sup||e;(Xn)|| < z—:) =E° (e sTooes) B, syp e;(B) < z—:).
n—+oo -

Thus for any § > 0 we have

PO (suplie}(B)l = &)

limsup E), (e™$8Xn) < .
n—+oo 1—[FO e—S(Tooe;)(E).su 1
ssuplles(B)ll <&

Using standard arguments from excursion theory, the above upper bound is seen to
converge towards E°(e~%8:®)) as § — 0, and so we finally get

limsup E, (¢ 58¢Xn)) < 0 (¢~58¢®))
n—+oo
This implies that any accumulation point of the tight sequence (g, (X)) is stochasti-
cally lower bounded by g, (B), and since a corresponding stochastic upper bound holds
this gives the result. O

6. CONVERGENCE OF THE STATIONARY DISTRIBUTIONS

Throughout this section the heavy-traffic assumption of Section[2Z.3] continues to be
in force, and we moreover assume that a > 0, so that p, < 1 for n large enough. Recall
that in this case x,, is positive-recurrent, see [5,[15], and that v,, denotes its stationary
distribution. This section is devoted to proving the following result, where we write
similarly as in the previous section X;,(0) = n~1x,(0).

Theorem 6.1. The sequence (X,(0),n = 1) under IP‘,;” converges weakly as n goes to in-
finity to En where E is an exponential random variable with parameter a, and all higher
moments converge as well, i.e., [E,Vl” X)) — rY/a" for all integer r = 0.

Since the exponential random variable E in the above theorem has the stationary
distribution of the reflected Brownian motion B introduced in Theorem[5.1] we may ob-
serve that the heavy-traffic characteristics are preserved under an interchange of limits.
While such an interchange of limits tends to apply in most specific cases, there do not
appear to be any general guarantees for that. The proof of Theorem relies on the
following estimate, and we will in particular make use of the constants z and ¢y defined
in Section 2.J]land Lemma [3.1] respectively.

Lemma 6.2. There exist two constants c, ¢’ € (0,00) such that for everyn =1, every q = 0
andeveryl <k <K,

P} (16,0 = ¢, %,,1.(0) = 0) < ce .

Proof. Fixn=1, g=0and 1 < k < K. Recall the constant £y of Lemma B.1] and let
0 < € < 1 be any number such that
£0 2€

]l-—<——«1
n al-e)
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Letn=2¢e/(n(l-¢)),sothat0<n<land (1-n)x < &g, and 7 = 7((1-n)x/(2K)). Then
for any y € NX, one has
P (12 (D1 = %1 (1) = 0) < P}, (I (@)l = g, T 1 (7) < €70)
<P}, (1X2 (D = G, Xk (1) < empl X0 (D), an (1) V din (1) < £)
+P) (an(®) vdy(t) 2 £q).
The last term P}, (a, (1) v d,(T) = £q) is upper bounded by P(2 (k) = £4q) which we

control using (I). One can check that /(x) = x for x = e, hence for g such that ext < eq
we obtain

Py (an(mVvd,(1) 2 eq) < e, q= extle.

In particular there exists a finite constant ¢ such that PJ (a,(1) v d, (1) = £q) < ce ¢4
for all g = 0. On the other hand, {||x, (1)l = g,a,(7) < €q} c {lx,(0)|| = (1 -€)g} and
according to (@), we also have the inclusion

{an® v dp(@) < £q} < {201 (1) 2 X, (1) - 24,1 2,D) ] < 1%, O] + £},

hence

Py (12 (@)1 = 4, %0, (1) < 7120 (D, @n (0) V (1) < £4)
<P (161 = (1-2)4, %, , (1) < em (%2 (O)]| + £4) + £
<P (16 1= 1 -8)g, 7, , (1) <eme(1+£/(1-£) +g/(1—g)).
Recalling that n = 2¢/( (1 —€)), one sees that the last term of the previous equation is
upper bounded by ]l{”y”Z(l_E)q}P%(r;’k(r) < nmy) and we have further
Liyiza-ogPn (r;'k(f) = Tlﬂk) < Luyiza-e1q Py (I7,(1) =7l = (1 =m)m)..
Since 0 < (1 -n)7 < g9, Lemma[3.Ilimplies

(1-n)?r’(-¢e)q

Lyyi=a-oqaPh (I7,(@) -7l = 1 —mx) < 2Kexp - e

This proves the result, with for instance ¢’ = (2K) "?min(4K?¢, (1 -n)?n2(1—¢)) and ¢ =
c+2K. O

Proof of Theorem[6.Il We first prove the convergence of the moments by induction on
r = 0. The result is immediate for r = 0 so consider r = 1 and assume by induction
hypothesis that E;" (| X, (0)[|*) — s!/a® for every 0 < s < r — 1. Let G, be a geometrically
distributed random variable with parameter p,: Lemmal[ZIlimplies that

Ey" (Ix2(1") = E(G}),

and using n(1-p,) — a, it can be proved that E((G,/n)") — r!/a”. This provides a lower
bound and so we only have to show that limsup,,_, , E (X, <rl/a". Let m=1:
summing the balance equations over the set {y € NE | ¥yl < m—1}yields

(13) APy (1xn (0 = m—1) = upPy (1xn (0) || = m)

K
= kP (12, (0) | = m, X, 1 (0) = 0).
k=1
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For any M = 1, writingm" =}."_, ﬁ (m—1)° gives

M " r!

Y m' P Ulx Ol =m-1) =) ———E;" (1%, 0)[I%; [ x,(0) | < M —1)

m=1 =0 Si(r—9)!
and so multiplying with m'/u, on both sides and summing over 1 = m < M, we
obtain

r !
Z()—S,(rr_ S),pn[EZ" (12, O 1% 12, O | = M = 1) = E;" (1%, (O 12, (0) | = M)
) !

1 X Vn r
= — > kB (10 @175 162 )| < M, X, 1 (0) = 0)..
Hn =1
Using Ey," (1%, 0) 1”5 1, (0) | = M) = Ey" (1%, (0)I"; I x, (0)| = M — 1), other simple in-
equalities and isolating the terms corresponding to s = r and s = r — 1 in the previous
sum, we end up with

r—2
1= p)Ey" (12175 12,0 = M= 1) < rEp" (I 1" ) + 11 Y By (116 (0)11%)
s=0
K

+ Y B (12O %,1(0) = 0).
k=1

Letting M — +oo and dividing by n" (1 - p,,) gives

|

Vn r r Vn r—1 r =2 s=(r=1)rvn s
Er (1% @17 = 2B (16 O + s Zon Ey (1 X (1)
1 K

+ W A=pn) k:l[Eyl" (1% (O II"; X, (0) = 0).

Since n(1 - p,) — a > 0, by induction hypothesis the first term of the above upper
bound converges to r!/a” while the second term vanishes, thanks to the terms ps=r-b
that go to 0 for s < r — 2. We now show that the last term also vanishes, thus concluding
the proof. To this end we prove that E," (I[x,(0)[I"; x,x(0) =0) — O for all 1 < k < K. Let
ke{l,...,K} and M = 0: we distinguish the two events {||x,(0)|| < M} and {||x,(0)] =
M + 1}. On the one hand we have

Ey" (120 @15 126 ()] < M, x,1.(0) = 0) < M'P} (1% (O)) < M) < M" (1= (o))
invoking Lemmal[2Z.T]to get the last bound. On the other hand, Lemmal[6.2]gives
Ex" (122 15 1,0 2 M +1,x,,.0) =0) = Y P (1x,0)I" = m, xp,(0) = 0)

m=M+1

VSN Vi
< Z ce €M,
m=M

Since p, — 1, letting n — +oo for a given fixed M gives
limsupEy" (Il (0)[1"; X, (0) =0) < ) ce=¢m""
n—+oo m=M

Letting M — +oo achieves to prove that integer moments converge.

We now prove the weak convergence result. Since [EZ[’(IIXn 0% — 2/a?, the se-
quence (]| X, (0)|l, 7 = 1) is uniformly integrable and tight. Let X be any accumulation
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point and assume without loss of generality that X,,(0) = X: we will prove that X = E,
thus proving the desired result.

Since n(1 - p,) — a, | X| is stochastically lower bounded by an exponential random
variable with parameter a thanks to Lemma 2.1l On the other hand, since X,(0) = X,
[EZ” I X, ) = 1/a and (|| X, (0)]l, » = 1) is uniformly integrable, we get convergence of
the means and so E(|| X||) = 1/a. In summary, if E is an exponential random variable
with parameter a, then || X|| is stochastically lower bounded by E and E(| X||) = E(E):
hence || X|| and E must be equal in distribution.

In particular, P(|| X|| = 0) = 0 and so the continuous-mapping theorem implies that
IR, (0) —7m|| = I X/ X|| —7x|l. Let 0 < & <2gp and T = 7(e/(4K)): since

P, (IR (0) — 7l = &) =P, (Irn () — 7l = &) =

Lemma @ Tlimplies that P} (| R,,(0) — n|| = &) — 0 and so P(| X/ X|| - || = €) = 0. Since
€ < 2¢gg is arbitrary, letting € — 0 shows that X = || X||z and since | X| is an exponential
random variable with parameter « this proves the result. O

7. CONVERGENCE OF THE SOJOURN TIMES

Throughout this section the heavy-traffic assumption of Section[Z.3] continues to be
in force, and we moreover assume that @ > 0 so that p, < 1 for n large enough. We
fix a sequence (y;) in NK with o(yn) — 0and |ly,ll/n — b € (0,00), and we return to the
network description of x,,, see Section[2.2] In the sequel we implicitly consider x;,, under
P)" and write = for weak convergence under P".

For n = 1, we pick an initial user of the nth system uniformly at random, which we
refer to as the tagged user, and denote by E,, its initial service requirement (which is
exponentially distributed with unit mean), by ¢, its trajectory and by y , its sojourn time,
so the following relations hold:

Hnén
1v xn,‘g"(u)(u)

Note that s,(?) for ¢ < y, is the service received by the tagged user up to time ¢. We
want to show that n~!y,, = bE/A where in this section E is an exponential random
variable with unit mean. Introducing the rescaled service process S,(f) = s,(nt), we
have n~ Xn inf{r=0:8,(r) = E,}. Let s}, be defined as follows:

t
xn=inf{t=0:s,(t) = E,} with sn(t)zf du.
0

P e,
lyall Jo 7e, @
and define S}, (#) = s},(n?). Let finally S = (b~ 1At t=0).

s, (1) = du

Lemma 7.1. The sequence of processes (S',) underP)" converges weakly to S.

Proof. Since S}, and S are strictly increasing and continuous, we only have to show that
finite-dimensional distributions converge, see for instance Jacod and Shiryaev [7, The-
orem VI.3.37]. Since the law of ¢,, does not depend on 7, we can couple all the processes
(S),,n = 1) on a common probability space by taking ¢, = &;. Then we have

nt 1 K t
S, (8) = Enii gy, = —Hn’kf L, =k du
”J’n" 0 TTE (1) "J/n" k=1 Tk Jo
and so
At n :unk nin /1‘
s W) === f 1 du—nu,t|+ —-—|t
b ||yn|| |2 N s R T
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The second term goes to 0 by assumption while the first term is easily seen to vanish
using the ergodic theorem. This shows that S),(f) — S() almost surely, for every t = 0,
which readily implies convergence of the finite-dimensional distributions. This proves
the result. (]

Lemma 7.2. The sequence of processes (S,) under P)" converges weakly to S.

Proof. Since S;, = S by Lemma[Z.1] Theorem 3.1 in Billingsley [1] shows that it suffices
to prove that for any € > 0 and any % =0,

. Yn _ —
Jlim P, (Osstli[r)”ohn(t) sn(t)|2€) 0.

By definition we have

1 t
Isu(0) = s, ()] = | [ Frsnt_ gy, Fn du‘
0 xn,fn(u) vl ||J’n " 0 ﬂfn(u)
1 ft Hn,ép(w)
< Sn Xn,é, Vl—j‘[n ||y " du.
lynll Jo ﬂgn(u)(xn,{n(u)vl)| n,&n (u) En) 1 Yn |

Fix in the sequel ¢ =2 +sup,,-; (I yxll/n) and 6 > 0 such that

( Unden?ty ) ez,
lynllz@llynll - ocn)

6<m, &d<bnl/c, n<2¢ and sup
nx1

where 1 = 162/32. Let F,, be the event
Fy= {11 = 7,8) = nto | 0 {T" (1l =yl n8) = ity }

where |lx, | — lly,ll refers to the process (| x, ()l = llynll, ¢ = 0). Since § < & we have
T, —7,6) < To(x) by @ and so x,(t) >0forall t < nfypand1 < k <K in Fp, in
particular x, x(f) V 1 = x,, 1 (£). Thus, we also have in F,

%, (D V 1=l ynll] = | %0, () = Tyl | < | X () = 7l (] + 10 | Nt (N = Ny

<(lynl +8n)lir,(t) —nll+6n<bcn

forall £ < ntpand 1 < k < K. In particular, x,, x(t) =zl y, |l — dcn which is positive for n
large enough since 6 ¢ < br. Plugging in these different bounds, we obtain the following
inequality, valid in F;, for any ¢ < nfy:

1 [t Scn®t

f Hn ocndu < HnOCH fo <e/2

lynll Jo m@lynll —bcn) lynllm@lynll—bcn)

Thus we obtain |s,, () — s’n(t)l < ¢ in F,;, and therefore

[sn(0) = s, (0)] <

Py | sup |su(0) = s, (1] ze) =P (F) <Py (TT(uxnn —llynl, né) < nto)

0<t=nty
4 (T = 7,8 < nto AT (]l = Nl m6) ).
Since T! Uxpll = lynll, nd) < T! (Xn, |¥n |l — n6), the second term can be shown to go to 0

by Proposition [4.2] (using that p(y,) < n for n large enough since p(y,) — 0). The first
can also be shown to go to 0, since

Py (T (xall = 1yall n8) < o )| = B3 (T101 X0l = 1 X, (0)1,8) < 1o/ m )

and the convergence X, = Bn of Theorem 5.1l implies that T U Xl = 1 X, O], 8) =
T'(B - b,8) which is strictly positive. The result is proved. ([



A STOCHASTIC NETWORK WITH MOBILE USERS IN HEAVY TRAFFIC 31

Corollary7.3. The sequence of random variables (n~y,) underP}" converges weakly to
bE/A.

Proof. Since S;, = S and S is strictly increasing and continuous with S(0) = 0, the continuous-
mapping theorem implies that S,,! = S7!, see for instance Whitt [I8]. Moreover, the
E,’s are identically distributed and so E, = E. Since S~! is deterministic we get the
joint convergence (S,,', E;) = (S7!, E) and the continuous-mapping theorem then im-
plies that S;l(En) = S~1(E), since S~ is a continuous function. Since S;l(En) = n‘lxn
and S™1(E) = bE/ A this proves the result. O

Corollary7.4. The sequence of random variables (n'y,,) underP)" converges weakly to
E'E/A with E' an exponential random variable independent of E and with parameter a.

Proof. Thisis a consequence of Corollary[Z3]together with the fact that n~! x,,(0) under
P}" converges weakly to E'm by Theorem 6.1 O

The above corollary is similar to heavy-traffic results for the sojourn time distribution
ordinary Processor-Sharing queue, see for instance Sengupta [14], Yashkov [20], and
Zwart & Boxma [21]. These results may be intuitively explained by the snapshot princi-
ple, see Reiman [12]: in heavy-traffic conditions the total number of users in the system
hardly varies over the time scale of a sojourn time. Thus each individual user sees a
service rate that is random, determined by the inverse of the total number of users in
stationarity which has an asymptotically exponential distribution in heavy traffic, but
nearly constant over the duration of its sojourn time.

It is worth emphasizing that although in the present model the users within each
of the individual nodes are served in a Processor-Sharing manner, at any given time
the service rates of users may strongly vary across nodes. Due to the homogenization
property, however, the empirical distribution of the location of each individual user over
the course of a long sojourn time in a heavy-traffic regime will be close to the stationary
distribution 7. Hence each individual user will see a m-weighted average of the service
rates in the various nodes, which is only affected by the exponentially distributed total
number of users in the entire system, just like in an ordinary Processor-Sharing queue.
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