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Abstract

In this article, a special case of two coupled M/G/1-queues is considered, where two
servers are exposed to two types of jobs that are distributed among the servers via a ran-
dom switch. In this model, the asymptotic behavior of the workload buffer exceedance
probabilities for the two single servers/both servers together/one (unspecified) server
is determined. Hereby, one has to distinguish between jobs that are either heavy-tailed
or light-tailed. The results are derived via the dual risk model of the studied coupled
M/G/1-queues for which the asymptotic behavior of different ruin probabilities is
determined.

Keywords Bipartite network - Bivariate compound Poisson process - Hitting
probability - Coupled M/G/1-queues - Random switch - Regular variation - Ruin
theory - Queueing theory
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1 Introduction

A general 2 x 2 switch is modeled by a two-server queueing system with two arrival
streams. A well-studied special case of such a switch is given by the 2 x 2 clocked
buffered switch, where in a unit time interval each arrival stream can generate only
one arrival and each server can serve only one customer; see, for example, [1,11,19]
and others. This switch is commonly used to model a device used in data-processing
networks for routing messages from one node to another.
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In this paper, we study a 2 x 2 switch that operates in continuous time, i.e., the
arrivals are modeled by two independent compound Poisson processes. Every incom-
ing job is of random size and it is then distributed to the two servers by a random
procedure. This leads to a pair of coupled M/G/1-queues. In this model, we study
the equilibrium probabilities of the resulting workload processes. In particular, we
determine the asymptotic behavior of the probabilities that the workloads exceed a
prespecified buffer. Hereby, we will distinguish between workload exceedance of a
specific single server, both servers, or one unspecified server. As we will see, the behav-
ior of these workload exceedance probabilities strongly depends on whether jobs are
heavy-tailed or light-tailed, and we will therefore consider both cases separately.

A related model to the one we study has been introduced in [10] where a pair of
coupled queues driven by independent spectrally positive Lévy processes is introduced.
The coupling procedure, however, is completely different to the switch we shall use.
For this model, in [10], the joint transform of the stationary workload distribution in
terms of Wiener—Hopf factors is determined. Two parallel queues are also considered,
for example, in [23] for an M/M/2-queue where arriving customers simultaneously
place two demands handled independently by two servers. We refer to [2,22] and
references therein for more general information on Lévy-driven queueing systems.

As itis well-known, there are several connections between queueing and risk mod-
els. In particular, the workload (or waiting time) in an M/G/1 queue with compound
Poisson input is related to the ruin probability in the prominent Cramér—Lundberg risk
model, in which the arrival process of claims is defined to be just the same compound
Poisson process; see, for example, [2] or [31]. To be more precise, let

N(t)
Rty=u+ct—Y X;, t=0,

i=1

be a Cramér—Lundberg risk process with initial capital u > 0, premium rate ¢ > 0,
i.i.d. claims {X;, i € N} with cdf F such that X; > 0 a.s. and E[X ] = u < o0, and
a claim number process (N (¢));>0 which is a Poisson process with rate A > 0. Then,
it is well-known that the ruin probability

W(u) =P(R(t) <0 forsome:r > 0)

tends to 0 as u — o0, as long as the net-profit condition Aju < c holds, while
otherwise W (u#) = 1. In particular, if the claims sizes are light-tailed in the sense that
an adjustment coefficient ¥ > 0 exists, i.e.,

R c
de >0: / e F(x)dx = —,
0 A

where F (x) = 1 — F(x) is the tail function of the claim sizes, then the ruin probability
W (u) satisfies the famous Cramér—Lundberg inequality (cf. [2, Eq. XIII (5.2)], [3, Eq.
L.@4.7N)
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W) <e ™™, u>0.

Furthermore, in this case the Cramér—Lundberg approximation states that (cf. [2,
Thm. XII1.5.2], [3, Eq. 1.(4.3)])

lim e““W¥(u) =C,
u—00

for some known constant C > 0 depending on the chosen parameters of the model.
On the contrary, for heavy-tailed claims with a subexponential integrated tail function
ﬁ Jo F(y)dy it is known that (cf. [3, Thm. X.2.1])

. L[> - AL
lim (;/ F(y)dy> V() =

U— 00 C—AM’

and in the special case of tail functions that are regularly varying this directly implies
that the ruin probability decreases polynomially.

Via the mentioned duality, these results can easily be translated into corresponding
results on the workload exceedance probability of an M/G/1-queue.

In this paper, we shall use an analogous duality between queueing and risk models in
amulti-dimensional setting, as introduced in [7]. This allows us to obtain results on the
workload exceedance probabilities of the 2 x 2 switch by studying the corresponding
ruin probabilities in the two-dimensional dual risk model.

Bivariate risk models are a well-studied field of research. A prominent model in
the literature that can be interpreted as a special case of the dual risk model in this
paper has been introduced by Avram et al. [5]. In this so-called degenerate model, a
single claim process is shared via prespecified proportions between two insurers (see,
for example, [4-6,24,26]). The model allows for a rescaling of the bivariate process
that reduces the complexity to a one-dimensional ruin problem. Exact results and
sharp asymptotics for this model have been obtained in [4], where also the asymptotic
behavior of ruin probabilities of a general two-dimensional Lévy model under light-
tail assumptions is derived. In [24], the degenerate model is studied in the presence of
heavy tails; specifically asymptotic formulae for the finite time as well as the infinite
time ruin probabilities under the assumption of subexponential claims are provided.
In [26], the degenerate model is extended by a constant interest rate. In [6], another
generalization of the degenerate model is studied that introduces a second source of
claims only affecting one insurer. Our risk model defined in Sect. 2.2 can be seen
as a further generalization of the model in [6] because of the random sharing of
every single claim, compare also with Sect. 5.2. There exist plenty of other papers
concerning bivariate risk models of all types and several approaches to tackle the
problem. For example, [14,21] consider bivariate risk models of Cramér—Lundberg-
type with correlated claim-counting processes and derive partial integro-differential
equations for infinite-time ruin and survival probabilities in these models. Various
authors focus on finite time ruin probabilities under different assumptions; see, for
example, [15-17,29,32,37,38]. For example, in [38], the finite time survival probability
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is approximated using a so-called bivariate compound binomial model and bounds for
the infinite-time ruin probability are obtained using the concept of association.

In general dimensions, multivariate ruin is studied in [9,12,13,25,30,34]. In partic-
ular, in [9], a bipartite network induces the dependence between the risk processes,
and this model is in some sense similar to the dual risk model in this paper. Further,
in [20], multivariate risk processes with heavy-tailed claims are treated and so-called
ruin regions are studied, that is, sets in R? which are hit by the risk process with small
probability. Multivariate regularly varying claims are also assumed in [27] and [30],
where in [27] several lines of business are considered that can balance out ruin, while
[30] focuses exclusively on simultaneous ruin of all business lines/agents. Further,
[36] introduces a notion of multivariate subexponentiality and applies this on a mul-
tivariate risk process. Note that [27,36] both consider rather general regions of ruin,
and some of the results from these papers will be applied on our dual risk model.

The paper is outlined as follows: In Sect. 2, we specify the random switch model
that we are interested in and introduce the corresponding dual risk model. Section 3 is
devoted to study both models under the assumption that jobs/claims are heavy-tailed,
and it is divided into two parts. First, in Sect. 3.1, we focus on subexponentiality. As
we shall rely on results from [36], we first concentrate on the risk model in Sect. 3.1.1,
and then transfer our findings to the switch model in Sect. 3.1.2. Second, we treat the
special case of regular variation in Sect. 3.2, where we start with results for the risk
model in Sect. 3.2.1, taking advantage of results given in [27], before we transfer our
findings to the switch model in Sect. 3.2.2. In Sect. 4, we assume all jobs/claims to be
light-tailed and again first consider the risk model in Sect. 4.1 before converting the
results to the switch context in Sect. 4.2. Two particular examples of the switch will
then be outlined in Sect. 5, where we also compare the behavior of the exceedance
probabilities for different specifications of the random switch via a short simulation
study in Sect. 5.3. The final Sect. 6 collects the proofs of all our findings.

2 The switching model and its dual
2.1 The 2 x 2 random switching model

Let Wi, W» be servers (or workers) with work speeds ¢, co > 0 and let 71, J> be
two job generating objects. We assume that both objects generate jobs independently
with Poisson rates A1, Ay > 0, respectively, and that the workloads generated by one
object are i.i.d. positive random variables. More specifically, we identify the objects
Jj, J = 1,2, with two independent compound Poisson processes

N;@®)
Y Xjw  j=12,
k=1

with jumps {X i, k € N} being i.i.d. copies of two random variables X ; ~ F; such
that F;(0) =0and E[X ;] < 00, j =1, 2.
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Fig.1 The random switching model

The jobs shall be distributed to the two servers by a random switch that is modeled
by a random (2 x 2)-matrix A = (A;;); j=1,2, independent of all other randomness
and satisfying the following conditions:

(i) A;j €0, I1]foralli, j = 1,2, meaning that a job cannot be assigned more than
totally or less than not at all to a certain server,

(ii) Z?:l A;jj = 1forall j =1,2,i.e. every job must be assigned entirely to the
servers.

The switch matrix is triggered independently at every arrival of a job (Fig. 1).
We are interested in the coupled M /G /1-queues defined by the resulting storage
processes of the two servers, i.e.,

2 N .
Wit) =Y Y (AijXjk —/0 ci(Wi(s)) ds, .1
j=1 k=1

where {Ay, k € N} are i.i.d. copies of A and

0, x<0, .

ci(x) = B i=1,2.
¢, x>0,

In particular, we aim to study the stationary distribution of the multivariate storage

process W(t) = (W, (1), Wa(¢)) T, that is, the distributional limit of W(r) as t — oo

whenever it exists. In this case, we write

W= (Wi, W) ' 2.2)
for a generic random vector with this steady-state distribution. Note that here and in
the following (-) " denotes the transpose of a vector or matrix.

Let u > 0 be some fixed buffer barrier for the system and b = (b1, b2) " € (0, 1)?
withby+by = 1.Setu = bu,i.e. u; = bju. Then, we are interested in the probabilities
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that the single servers exceed their barriers
Yi(u)) =P Wi —u; >0), i=12, (2.3)

the probability that at least one of the workloads exceeds the barrier u

T,(u) =P (2?,’5(% —uj) > O) , 2.4
and the probability that both of the workloads exceed the barrier u

T(u) =P (iril}g(Wi —uj) > O> . 2.5)

2.2 The dual risk model

In the one-dimensional case, it is well-known that there exists a duality between risk
and queueing models; see, for example, [2]. The multivariate analogue shown in [7]
allows us to formulate the dual risk model to the above introduced random switching
model as follows:

Set N(t) := N1(t)+ Na(t) such that N (¢) is a Poisson process withrate A = A1 +2s.
Define the multivariate risk process

N ()

N(t)
. Ri(H) . X, c )
R(t) := ( R; (;)) = ;AkBk <x;],i) —t (C;) =: ];AkBka —tc, (2.6)

where By are i.i.d. random matrices, independent of all other randomness, such that

s s
P(Bk = (5 8)) = 7‘ and P(Bk = (8 ?)) = 72 for all k.

Note that the components of (R(#));>¢ satisfy the net-profit condition if

1

1 1
¢ = _XE[Ri(l)] =7 (ci = ME[Ai1]- E[X1] — 22E[Ai2] - E[X2]) > 0
fori =1,2. 2.7
We will therefore assume (2.7) throughout the paper. Note that, as mentioned in [7],
(2.7) implies existence of the stationary distribution of W(z), i.e. W in (2.2) is well-
defined. For a proof of this fact in the univariate setting, see, for example, [31, Thm.
4.10].

For the buffer u > 0 in the risk model, we define the ruin probabilities of the single
components

W (u;) :=P(R;(t) —u; > O0forsomer >0), i=1,2, (2.8)
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the ruin probability for at least one component
v, (u) ;=P <n{1?>§} (R;(t) — u;) > 0 for some t > 0) , 2.9)
iefl,

and the ruin probability for all components
V,(u) :=P((R;(t;) —u;) >0forsomet; >0,i =1,2), (2.10)

where, as before, u = bu for b € (0, 1)2 with b; + by = 1.
The following lemma allows us to gather information about the bivariate storage
process in the switching model by performing calculations on our dual risk model.

Lemma 2.1 Consider the distributional limit of the workload process W and the risk

process (R(t));>o defined in (2.6) and assume (2.7). Then, the workload exceedance
probabilities (2.3), (2.4), and (2.5), and the ruin probabilities (2.8), (2.9), and (2.10)

satisfy

Yi(ui) = Wi (u;),
Tv(u) = Wy (u),
and Ya(u) =Wa(u), u>0.

Proof This follows directly from [7, Lem. 1] letting N — oo and due to the so-called
PASTA property; see [2, Thm. 6.1]. O

Note that in the ruin context it is common (see, for example, [4] or [9]) to consider
also the simultaneous ruin probability for all components

W, sim(u) (=P (rr{llmz} (R;(t) — u;) > 0 for some ¢ > O> . (2.11)
teql,

As we will see, results on W, sim can sometimes be shown by analogy to those on W/,
and we shall do so whenever it seems suitable. However, W, sim has no counterpart in
the switching model.
It is clear from the above definitions that for all u = bu € (0, oo)2
W sim(u) < Wa(u) = Vi(bru) + Wa(bou) — Wy (u), (2.12)
and likewise

Ta() = Y1(biu) + Yo(bou) — Yy (u). (2.13)

We will therefore focus in our study on Y\, and W\, and then derive the corresponding
results for Y, and W, via (2.13) and (2.12).
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2.3 Further notation

To keep notation short, we write R>0, and R<o for the positive/negative half line of
the real numbers, respectively, and likewise use the notation, R~ (, and R ¢ such that,
in particular, R2<o = (—00,0) x (—00, 0). Further, R=RU {—o00, 00}. For any set
M C RY, we write M for its closure, and d M for its boundary, i.e., M = M U dM.

We write ~ for asymptotic equivalence at infinity, i.e., f ~ g if and only if
limy 0 % = 1, while ~ indicates that such a convergence does not hold. More-
over, we use the standard Landau symbols, i.e., f(x) = o(g(x)) if and only if
f(x)/g(x) > 0as x — oo.

Lastly, throughout the paper, we set é := 0and (1—) =: 00, which yields in particular

F(%) := 0 for any tail function F.

3 The heavy-tailed case

In this section, we will assume that the distribution of the arriving jobs is heavy-
tailed. A very general class of heavy-tailed distributions is given by the subexponential
distributions, and we will consider this case in Sect. 3.1. However, as we will see,
the asymptotics we obtain in this case are not very explicit, in the sense that in a
multivariate setting they do not allow for a direct statement about the speed of decay
of the exceedance probabilities. We will therefore proceed and treat the special case
of regularly varying distributions in Sect. 3.2, where speeds of decay can be derived
more easily.

3.1 The subexponential case

Recall first that a random variable X in R. o with distribution function F is called
subexponential if

I
lim % 5
X—>00 F(x)

where F*? is the second convolution power of F, i.e., the distribution of X’ + X",
where X’ and X" are i.i.d. copies of X. In this case, we write F € Sor X € S.

As we are considering a multivariate setting in this paper, our proofs use a concept
of multivariate subexponentiality. Several approaches for this exist, and we shall rely
here on the definition and results as given in [36], which also provides a comprehensive
overview of previous notions of multivariate subexponentiality as given in [18,33].

3.1.1 Results in the risk context
We start by presenting our main theorem in the subexponential setting, which we state

in terms of the risk process defined in Sect. 2.2. Its proof relies on the theory developed
in [36] and is given in Sect. 6.1.
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Theorem 3.1 Forallu > 0,v > 0 set

M —= . [ubitve]  ubytvcy
gu,v) = N 'E[Fl (mmi A A })]

A2 — . uby4vcf  uby+vcy
-|—7 ~IE[F2 (mm{ in i ])], (3.1)

and assume that

py Ay A
0 =L Ex,]- ]E|:min{ I 2‘”
A c

1 9
Ap A
E[X,]-E [mm{ e ” > 0. (3.2)
G G
Further, define a cdf by
o
Fsubexp(u) =1- 0_1/0 gu,v)dv, u >0, (3.3)

and assume that Fypey, € S. Then
o0
Wy, () ~ / gu,v)dv, asu — oo. 3.4
0

The asymptotic behavior of the ruin probabilities for single components in the
subexponential setting as presented in the next lemma can be shown by classic results.
Again a proof is given in Sect. 6.1.

Lemma 3.2 Assume that

1
A1 -E[Ai] - E[X 1]+ A2 - E[A;2] - E[X>]

X X
XE[M/O Fl(AL“)der)\z/O Fz(A%z)dy}

Fi(x) :=

is subexponential. Then, the ruin probability for a single component (2.8) satisfies

W, (u) ~ %IE UOOO (MFI (“*”‘ ) 4 nFs (“*“c ))dv} Casu— oo, (3.5)

Lastly, we consider the joint ruin probability W, in the following proposition.

Proposition 3.3 Assume that Fypey as in (3.3), and Fl, F,2 as in Lemma 3.2 are in
S. Recall u = bu with by + by = 1 andb = (b1, by) " € (0, 1)%. Then, if

Wi (biu) + Wa(bou) ~ W (1), (3.6)
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we obtain, as u — 00,
A o __ * "
W) ~ B U Fy (max {0t 22 ) dv:|
A 0

A2 o _ uby+vcf  ubytvc
+ 28 [T F (max |22, 2225 ) 0.

Conversely, if (3.6) fails, then with g(u, v) as in (3.1),

v, (u) =o0 </oog(u, v)dv) , asu — oo. 3.7
0

3.1.2 Results in the switch context

With the help of Lemma 2.1, we may now directly summarize our findings from the
last section to provide a rather explicit insight into the asymptotic behavior of the
workload barrier exceedance probabilities in the switching model defined in Sect. 2.1.

Corollary 3.4 (Asymptotics of the exceedance probabilities under subexponentiality)
Assume that Fypexp as in (3.3), and F}, F,2 as in Lemma 3.2, are in S. Define the
resulting integrated tail functions for servers i = 1,2 via

- o u+tvcf o _ u+tvcf
FriuwA) =2 | Fy ( b )dv o Fz( tu )dv, u>0. (3.8)
0 0
Then, the workload exceedance probabilities (2.3), (2.4), and (2.5) satisfy

1 _
Yi(biw) ~ - E[Fribin, A)], i =12,
A L ([ubitvet ubrtvck
Ty (u) ~ TE |:/0 Fy (mln{u Xlrlvcl, - f;;vcz }) dv]

A2 o _ . uby+vcy  uby4vcs
+ TE |:/0 F> (mln {A—lz’ A—ﬂ})dv

and, assuming additionally that

T1(b1u) + Yao(bou) = Yy (u), (3.9

we obtain

A 0 __ * *
Tau) ~ TIIE |:/ Fy (max [ubx:ml ) ubzlwz ]) dv]
0

A2 o _ uby+vet  uby+vch
+TIE|:/(; Fz(max{ i l’A—zzZDdU .
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If (3.9) fails, then
Ya(u) =0 (E[Fr1(biu,A) + Fra(bu,A)]).

Proof This is clear from Lemma 2.1, Theorem 3.1, Lemma 3.2, and Proposition 3.3.
O

3.2 The regularly varying case

In this section, we will restrict the class of considered heavy-tailed distributions and
assume that the tail functions of the arriving jobs are regularly varying. As we will see,
this restriction leads to a much more explicit description of the asymptotic behavior
of ruin and exceedance probabilities.

Let f: R — (0, co) be a measurable function and recall that f is regularly varying
(at infinity) with index a > 0 if, for all > > 0, it holds that

im FO) =%,
1—00 f(t)

with the case « = 0 typically being referred to as slowly varying. In this case, we write
f € RV(x). A real-valued random variable X is called regularly varying with index
o > 0,ie., X € RV(a), if its tail function F(-) = P(X > ) is regularly varying with
index —a. It is well-known that RV («) C S for all ¢ > 0, cf. [3, Prop. X.1.4].

Further, we follow [27] and call a random vector Z on RY multivariate regularly
varying if there exists a non-null measure p on Kq\{O} such that

() (R"\R?) =0,
(i) u(M) < oo for all Borel sets M bounded away from 0,
(iii) for all Borel sets M satisfying (9 M) = 0 it holds that

M — (M) (3.10)
P(IZ]l > 1) ' '

The norm || - || will typically be chosen to be the L!-norm in this article. If Z is
multivariate regularly varying, necessarily there exists @ > 0 such that, for all M as
in (3.10) and r > 0,

u(M) =1t~ u(M).

Thus, we write Z € MRV («, ().
Note that in the one-dimensional case, the above definitions coincide. We refer to
[8,35] for references of the above and more detailed information on multivariate regular
variation.
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3.2.1 Results in the risk context

We will now present our first main result in the regularly varying context. Note that
this is not obtained by an application of our above results in the special case of regular
variation, but instead we give an independent proof of Theorem 3.5 in Sect. 6.2 that
relies on results from [28]. This approach also allows as, to consider the simultaneous
ruin probability, which had not been possible with the methods used in Sect. 3.1 due
to stronger assumptions on the involved ruin sets.

Theorem 3.5 Assume the claim size variables X1, X, are regularly varying, i.e., X| €
RV(«y), and X, € RV(ay) for oy, ap > 1. Then with A, B from Sect. 2 and X =
(X1, X 2)T, it follows that there exists a measure * such that

ABX € MRV (min{ay, oo}, u*).
Further,

. Wy, (1)
lim
u—oo y - P(|ABX|| > u)

o0
=/ w*(e* +b+Ly,)dv=:Cy <00, (3.11)
0

and

\IJ/\ sim (1)

00
lim —————— et +b+ La gim)dv =: Ca g , (3.12
ul>moo i P(JABX| = u) K) w(ue” +b+ L sim)dv A,sim < OO ( )

with ¢* = (¢}, ¢3)", Ly = RA\RZ, and L sim = RZ,

Note that, by conditioning on B, we have

A X, ApXs
P(|ABX]|| > u) = (H <A21X1> ’ ) (H <A22X2> ” u)

=1 (AlFl(u)+A2F2(u)). (3.13)

Using the limiting-measure property of p*, it is further possible to explicitly com-
pute the constants Cy, and Cx sim in Theorem 3.5. This then yields the following
proposition, whose proof is also postponed to Sect. 6.2.

Proposition 3.6 Assume X| € RV(«1) and X, € RV(ay) for oy, aa > 1 and set

MF (@
— tim 221D 0. o0,
100 Ay F)(t)

so that clearly ¢ € (0, 00) implies a1 = ap. Then

\va(u)~cT u (M Fi(u) +AaFa2(u)  with (3.14)

@ Springer



Queueing Systems (2021) 99:27-64 39

. vt by vei4b —al . vt by vei4b —a2
0o ¢ - (min | L4 22T + (min § 1228 2222
Al Azl A An
Cy, =E d
0

v 9
14¢
(3.15)
and
C/\,sim - - .
WA sim(u) ~ === u (M F(u) + A2 Fa(u))  with
vei+by ves+by |\ Y vef+by ves+by |\ Y2
. ¢ (max[ An A ]) + (maX[ An T An ])
Chsim = E dv |,
0 1+¢

(3.16)

. 00X .__
where we mterpret o = X.

We continue our study of the asymptotics of the risk model by determining the
asymptotic behavior of W,. It is clear from Equations (2.12) and (3.14) that in order
to do this, we first have to determine the asymptotic behavior of the ruin probabilities
for single components (2.8), which will be given by the following lemma.

Lemma 3.7 Assume X1 € RV (1), and X2 € RV(ap) for ay, ay > 1. Then, the ruin
probability for a single component (2.8) satisfies (3.5).

With this the following proposition is straightforward. Again, the proof is given in
Sect. 6.2.

Proposition 3.8 Assume X1 € RV(«1) and X, € RV(ap) for a1, a0 > 1. Recall
u =buwithby +by =1andb = (b, )" € (0, 1)2. Then,if (3.6) holds,

1 _
Unt) ~ 5 (21 (B[F 1100 4)] = CouFrw)

N _ (3.17)
+ 32 (E[F21 (. 4)] = CouFa) ),
with Cy, as defined in (3.15) and with the weighted integrated tail functions
For(u,A) = / 7, (L) o+ / 7, (L) .

0 Ay 0 Azj
foru>0,j=12
Otherwise, if (3.6) fails, then

V() =o(u- (Fi(u)+ F2(u))). (3.18)
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3.2.2 Results in the switch context

Again, we may now summarize our findings in the context of the switching model
defined in Sect. 2.1 as follows.

Corollary 3.9 (Asymptotics of the exceedance probabilities for regularly varying jobs)
Assume the workload variables X1, X, are regularly varying, i.e., X1 € RV(a1) and
X2 € RV(a) for oy, ap > 1. Set

) MF1(D)
= l1im —
1=00 qp Fa(t)

€ [0, oo,

so that ¢ € (0, 0o) implies a1 = ay. Recall Cy, from (3.15) and the integrated tail
Sfunctions for serversi = 1, 2 from (3.8). Then, the workload exceedance probabilities

(2.3) and (2.4) satisfy

1 _
i (biu) ~ % E[Fpibiu,A)], i=1,2,

Cy — _
Ty (u) ~ - u(M F1(u) + A Fa(u)).

Assuming additionally (3.9), the workload exceedance probability (2.5) satisfies

1 _
Ta) ~ 5+ (E[FraGiu )] +E[Fra(bou. 4)]

— (M @) + AauFaw) v ).
If (3.9) fails, then

Taw) =o(u- (Fiw) + F>w))).
Proof This is clear from Lemmas 2.1, 3.7, and Propositions 3.6 and 3.8. O

Remark 3.10 At first sight the structure of the asymptotic formulae for Wy, and Y\, in
the regularly varying and the subexponential case looks pretty similar, as both formulae
rely on a minimum inside an integral. However, in the case of regularly varying claims
the formulae immediately provide the principal behavior of the tail, only the constant
needs more computation. On the contrary, in the subexponential case, the initial capital
u is involved strongly inside the integral and even to obtain the asymptotics up to a
constant, one has to calculate the integral explicitly.

Example 3.11 In the setting of Corollary 3.9, assume that o; < . Then, in all asymp-
totics given in Corollary 3.9, the terms including F» that are regularly varying with
index —a» + 1 are dominated by the terms involving F; which are regularly varying
with index —a1 + 1. This yields that in this case
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Y (b; A
lim (biu) :—1, i=1,2,

CRE[fTE (]

as long as P(A;1 = 0) < 1. Similarly, since { = 0o, we obtain

lim @ _MC _Ap Oo(min{”CTerl vc§‘+b2}>7m dv
U—00 yy . Fl(u) Y 0 An 0 T-An )

With these observations at hand, we may conclude that (3.9) holds if and only if

B[ Fr () do+ 5o Fo (M7 ) do]

lim o # 1. (3.19)
U—>00 . b by 1\ T —
E |:f0°° (mln { ”C}‘: L 1)16_2;;“2 }) dv} u- Fi(u)
Thus, given (3.19), we get
Ta(u) Al

lim ub+vc uby+vc — = T’
SRR F (M) do + [ F (Pt ) av] - con Frw)

while otherwise
Ta(u) =o(u-Fiw).

Remark 3.12 The above example can be generalized in the sense that a regularly vary-
ing tail dominates any lighter tail, no matter whether this is regularly varying as well
or not.

Indeed, assuming that w.l.o.g. X1 € RV(«) for o > 1 and X3 is such that

Fa(x) = o(F1(x)), (3.20)

one can prove in complete analogy to the results from the last subsection that the
workload exceedance probabilities (2.3), (2.4), and (2.5) satisfy

A o _
Ti(b[u)~7115[/ 7 (b“j”‘)du} i=1,2,
0

A L [uet4br vei4by |\ Y =
Ty (1) ~ TE |:/0 (mm{vcﬂ1 L ch‘; 2 }) dv |- uFi(),

and, assuming additionally that (3.9) holds,
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)\. OO— * OO_ *
Tal) ~ = (lE UO F (—blﬂfwl)du] +E UO Fi (250 dv]
00 ) K b K b — —
) [/() (mm[“ﬂl L mﬁ; 2 ]) dv | -uF () ),

while otherwise

Ya(u) =o0 (u ~Fl(u)) .

4 The light-tailed case

In this section, we will study the asymptotic behavior of ruin/workload exceedance
probabilities for claims/jobs that are typically small, i.e., we will assume throughout
this section that the moment generating functions ¢ X; (x) =E[lexp(xX )], j = 1,2,
are such that

¢x;(xj) <oo forsomex; >0, j=12. 4.1)

4.1 Results in the risk context

As in the heavy-tailed setting, we start by studying the dual risk model. Again, the ruin
probabilities for the single components are particularly easy to treat. The following
lemma is obtained by a direct application of Lundberg’s well-known inequality and
the Cramér-Lundberg approximation; see, for example, [3, Thms. IV.5.2 and IV.5.3].
In Sect. 6.3, a short proof is provided.

Lemma 4.1 Assume the claim size variables X1, X, satisfy (4.1) and assume there
exist (unique) solutions k1, k3 > 0 to

ciki = E[A(px, (kiAi1) — 1) + Ao (px, (kiAin) — D], i=1,2. 4.2)
Then, the ruin probabilities of the single components satisfy
W;(u) <e ““forallu >0, and V;(u) ~ Cie ", i=1,2,

where

p¥e
¢ = , A L i=12.  (43)
E[A1Ai1@y, (kiAi1) + A2 Ain@y, (ki Ai2)] — ¢i

Using (2.12) in the form W\, (1) < Wy (bju) + Wa(byu), we easily derive the fol-
lowing Lundberg-type bound for W, from the above lemma.
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Corollary 4.2 Assume the claim size variables X, X» satisfy (4.1) and assume there
exist (unique) solutions k1, ko > 0 to (4.2). Then the ruin probability for at least one
component satisfies

W (u) < (e71P1 4 o7 2b24y A1 forallu > 0.

Remark 4.3 Similarly to what has been done in [9, Thm. 6.1], it is also possible to
derive a Lundberg bound for W, sim via classical martingale techniques. Indeed, one
can show that for any «1, k2 > 0 such that

Kicr + kacy = A (B [ex, (k1 A1Dex, (ka(1 — An)] — 1)
+ 22 (E [ox, (k1 A12)px, (2 (1 — A12))] — 1)

it holds that
\I’/\,sim(u) =< e*(K1b1+K2b2)u’ u > 0.

As this has no implications for the considered queueing model, we will not go into
further details here.

To derive the asymptotics of Wa, W im and Wy, we rely on results from [4], which
lead to the following theorem.

Theorem 4.4 Assume the claim size variables X, X» satisfy (4.1) and assume there
exist (unique) solutions k1, k3 > 0 to (4.2). Then,

"I’v(l/t) ~ Cl . e*K]blu + C2 . eszbzu’
W, (1) =o0 (C1 ceTabi 4, e_"zbz”> ,

and lIJA,Sim(u) =0 (Cl . g_"lbl“ +Cy- e—bigu) ,
with Cy, Cy given in (4.3).

4.2 Results in the switch context

Again, using Lemma 2.1, we summarize our findings from the last subsection to obtain
the following corollary on the asymptotic behavior of the workload barrier exceedance
probabilities in the switching model defined in Sect. 2.1.

Corollary 4.5 (Asymptotics and bounds of the exceedance probabilities for light-tailed
jobs) Assume the workload variables X1, Xo are light-tailed such that (4.1) holds
and assume there exist (unique) solutions k1, k2 > 0 to (4.2). Then, the workload
exceedance probabilities (2.3), (2.4), and (2.5) satisfy

Yi(biu) < e P forallu; > 0,i = 1,2,
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and Yy (u) < (e 01 4 o722y A forallu > 0.
Further, with C;,i = 1,2, as in (4.3), it holds that

Yi(biu) ~ Cie %" i =1,2,
T (u) ~ Cy - e b1 4 ¢y . gr2b2m, (4.4)

while the probability that both workloads exceed their barrier satisfies
Taw) =0 (Cy - eI 4 Cy et ).

Remark 4.6 Note that the light-tail assumption (4.1) does not necessarily imply exis-
tence of k1,k2 > 0 solving (4.2). Assuming for j = 1,2, the slightly stronger
condition that

Either

@x;(xj) <oo forall xj < oo,
or there exists x;.‘ < o0 such that

*

@x;(xj) < oo forallx; < Xx;

and ¢y, (x;) = oo forall x; > x;f.
however, is sufficient for existence of k1, k» > 0.

In case that the above condition fails, i.e., for some j € {1, 2} there exists x;‘ such
that x; (x;) < oo forall x; < x;‘ and gy, (x;) = oo forall x; > x7, then existence
of k1, k2 depends on the chosen parameters of the model; see, for example, [3, Chapter
IV.6a] for a more thorough discussion of this.

Remark 4.7 1f k1by # Kk2by, then the summand of lower order on the right-hand side of
(4.4) can be omitted in the asymptotic equivalence. Thus, in contrast to the regularly
varying case, the vector b here is crucial for the exact asymptotic behavior and to
contributes more than just the constant.

On the other hand, we immediately see that, given two job distributions and hence
given k1, k2 > 0, we can choose by, by in order to minimize the joint exceedance
probabilities. The optimal b then solves

. K2 K1
b1K1 = szz, 1.€. bl = s and bz = s
K1+ K2 K1+ K2

which leads to

LS L
Yo (u) ~(Cy + Cr)e A+ ™

. L L
while YA (1) =0 (e K+ )
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5 Examples and simulation study

In this section, we consider two special choices of the random switch for which we will
evaluate the above results and compare to simulated data. The first part is dedicated
to the special case of the Bernoulli switch, where the queueing processes become
independent of each other. In the second part, we discuss the special case of a non-
random switch, where every job is shared between the servers with some predefined
deterministic proportions. We finish in Sect. 5.3 with a short comparison to study the
influence of the chosen type of randomness on the exceedance probabilities.

5.1 The Bernoulli switch

The Bernoulli switch does not split any jobs, but assigns the arriving jobs randomly
to one of the two servers. More precisely, we set

A1 =1 — Ay ~ Bernoulli(p), and Ajp =1 — Az ~ Bernoulli(g),

independent of each other with p, g € [0, 1]. This yields independence of the com-
ponents of the process (R(#));>0 which can now be represented as

N0 N0 NP NP ()
Ri()= Y Xi,+ > Xp,—tey and R()= > X[, + Y XJ, —1c,
k=1 (=1 k=1 =1

where X//,k and X///.,k are independent copies of X ; r, j = 1, 2,k € N, and the counting

processes (Nl(l)(t)),zo, (Nl(z) ))=0, (Nz(l)(t))tzo, and (Nz(z) (t)):>0 are independent

: : rmp o amd=p) rg r(l—q) :
Poisson processes with rates i ven el v et and E , respectively. In par-

ticular, from (2.5) and (2.13) we obtain that in the Bernoulli switch

Ta(u) = Y1(bru) Yo (bau) = Ti(bru) + Ta(bou) — Ty (u), (5.1

and hence YA () and Y\, () can be expressed in terms of Y1 (bju) and Y2 (bou). Thus,
although the Bernoulli switch is not covered by Theorem 3.1 in the subexponential
setting, as (3.2) is not satisfied, via (5.1) one can still calculate the asymptotics using
Lemma 3.2.

Indeed, we obtain by direct application of Corollary 3.4 that if F}, F,2 € S (which
holds in particular if X1 € RV(«1), X2 € RV(x2), @1, a2 > 1),

ap fpo F1)dy +22g [, Fa(y) dy
c1 — M pE[X1] — 22gE[X5]

M= p) [, F1) dy +22(1 = q) [, Fa(y)dy
c1 — Al = pE[X1] = 22(1 — ¢)E[X>]

Yi(bru) ~

(5.2)

and Yo (bou) ~
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Bernoulli Switch, Pareto Jobs Bernoulli Switch, Pareto Jobs (log-log)
0.7 —— Monte-Carlo Y,
A - Theory Asymptotics Yy
0.6 — = Monte-Carlo Y,
- - Theory Asymptotics Y,
0.5 ——- Monte-Carlo Y; 10709 -
041 —-— Theory Asymptotics Y;
.. N
0.31 —— Monte-Carlo Y, ~ <
10-2 4 - Theory Asymptotics Yy "*-. ) S o
0.2+ — - Monte-Carlo Y, NN
o1l . -- Theory Asymptotics Y, T S
: ——- Monte-Carlo Yy N e
0.04 1034 —-— Theory Asymptotics Y; e,
6 5‘0 160 150 260 25‘0 360 3E‘|0 460 161 162
u u

Fig.2 Simulated exceedance probabilities in the Bernoulli switch in comparison with the obtained asymp-
totics in natural scaling (left) and as log—log plot (right). Here, job sizes are Pareto distributed with
Fi(x) = x3/2 x = 1,and Fp(x) = 4x 2, x > 2. Further, o] = A = 1, ¢] = 5, ¢, = 8, and
b1 = 0.8 = 1 — by. The Bernoulli switch is characterized by p = 0.4 and ¢ = 0.7. For these parameters
from (5.2), we derive Yy (u1) ~ 0.8 - u > and Y2 (uz) ~ 0.24 - uy > such that Y (u) ~ 0.48 - u~!
and Y\ (u) ~ 1.431 - u=05 via (5.1). Note that a direct evaluation of the asymptotics of Y\, as given in
Corollary 3.9 yields the same result

Bernoulli Switch, Exponential Jobs Bernoulli Switch, Exponential Jobs (log-lin)
1.09 —— Monte-Carlo Y, 100 4
A - Theory Asymptotics Yy
0.84 — - Monte-Carlo Y, 107! 4
-+ Theory Asymptotics Y,
—=—- Monte-Carlo Y; .
0.6 —-— Theory Asymptotics Y 10
0.4 103 Monte-Carlo Y '\.\
=== Theory Asymptotics Y, ~ «
10-44 — - Monte-Carlo Y, *-4\_
0.2 «+ Theory Asymptotics Y, S
0] Monte-Carlo Yy S
0.0 —-— Theory Asymptotics Y; S~
r r r v r r T T T T T T T T T T
0 20 40 60 80 100 120 140 0 20 40 60 80 100 120 140
u u

Fig.3 Simulated exceedance probabilities in the Bernoulli switch in comparison with the obtained asymp-
totics in natural scaling (left) and as log—linear plot (right). Here, jobs are exponentially distributed with
Fi(x) = e*/3 x > 0, and Fa(x) = e~*/4 x > 0. Further, M =x =1,¢c1 =5, ¢ =38, and
b1 = 0.8 = 1 — by. The Bernoulli switch is characterized by p = 0.4 and ¢ = 0.7. For these parameters
from (5.4), we derive k1 ~ 0.054 and ko ~ 0.178 and (5.3) yields Yy(u1) ~ 0.796 - exp(—0.054u)
and Yp(up) ~ 0.343 - exp(—0.178u3) from which YA (u) ~ 0.273 - exp(—0.079u) and Y\ (u) ~
0.796 - exp(—0.043u) 4+ 0.343 -exp(—0.036u) via (5.1). Note that in the latter case we keep both summands,
since the exponents are close together

In the light-tailed case, an application of Corollary 4.5 yields

c1 — M pE[X1] — /\2¢IIE[X2]e
M p@ly, (k1) + A2q @, (k1)
2 = M = PEX1] — Ao(1 = PEIXo] _py
ML= p)pl, (k2) + 12(1 — @), (k2)

—Kk1bu

T1(bru) ~
(5.3)

and Yy (bu) ~
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as long as there exist x1, k2 > 0 such that (4.2) holds, which in the Bernoulli switch
simplifies to

cik1 = A plex, (k1) — 1) + Aaq(ex, (k1) — 1)

54
and k2 = A1 (1 — p)(ex, (k2) — 1) + 22(1 — ¢)(px, (k2) — 1).
The asymptotic behavior of Y\, and Y, can now be described via (5.1).

In Figs. 2 and 3, we compare the asymptotics in the Bernoulli switch obtained in
this way with data that has been simulated using standard Monte Carlo techniques.
As one can see in all cases, the obtained asymptotics fit the data very well for u large
enough.

5.2 The deterministic switch

The deterministic switch is characterized by setting

Ay =dy =1- Ay,
and A]2 = dz =1- A22,

for some predefined constants dy, dy € [0, 1].

Note that for Ay = 0, meaning that we have only one source of claims, the corre-
sponding dual risk model coincides with the degenerate model considered in [4,5,24].
Allowing two sources of claims, but setting d; € (0, 1), d» = 1 reduces our model to
the setting treated in [6].

Clearly, for any choice of di, d» in the deterministic switch one can easily evaluate
the asymptotics of the exceedance probabilities as given in Corollaries 3.4 , 3.9, and
4.5 since all appearing expectations disappear.

In Figs. 4, 5, and 6, we compare the asymptotics and bounds in the deterministic
switch obtained in this way with data that has been simulated using standard Monte
Carlo techniques. Again simulations and theoretical asymptotics fit well in all cases.
Note that in contrast to the cases with lighter tails, in the purely subexponential case
shown in Fig. 4, we observe that Y is close to Y\, for small u, but close to Y, for
large u. This can be interpreted as follows: While, for small «, the net working speed
c} determines the exceedance probabilities, for large u this becomes less relevant and
the workload exceedance is mainly influenced by the heavyness of the tails.

Example 5.1 Consider a deterministic switch with d; € (0, 1) and A, = 0, i.e., there is
only one source of jobs and the jobs are distributed deterministically to the two servers
with proportions d; and 1 — dj, and assume that Z—: <7 fzdl , so that the resulting
dual risk model properly rescaled coincides with the degenerate model studied in
[4,5,24]. Then, applying Theorem 3.1 in this setting reproduces the tail behavior of
the probability of ruin of at least one component stated in [24, Cor. 2.2]. Interestingly,
also the ruin probability of both insurance companies one derives in this case from
Proposition 3.3 coincides with the asymptotics provided in [24, Eq. (2.9)], although
the latter corresponds to simultaneous ruin. This suggests that in this special setting
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Deterministic Switch, Weibull Jobs (log-lin) Deterministic Switch, Weibull Jobs (log(—log)-log)
0 g
10 10t
10*] 4
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Fig. 4 Simulated exceedance probabilities in the deterministic switch in comparison with the obtained
asymptotics as log-lin plot (left) and log(—log)-log plot (right), meaning the y-axis is scaled as
log(—1log(y)), while the x-axis is scaled as log(x). This particular scaling of the axes is chosen in order
to get straight lines of ascent y_l, for functions of the type e~ /% Job sizes are Weibull distributed with
_ 1 _ 1

Fi(x) =1—exp((2x)3),x > 0,and Fo(x) =1 —exp((x/2)2),x > 0. Further, .} = Ap =1,¢1 =5,
cp = 8,and by = 0.8 = 1 — by. The deterministic switch is characterized by d| = 0.4 and dp = O 7.

2

For these parameters, from Corollary 3.4, we derive Y (bou) ~ Y (u) ~ (0 1374 -u3 +0.31449 - u ? +

2
0.36) - exp(—0.87358 - u3) and Y1 (bju) ~ (1.51191 - u3 + 1.90488 - u3 + 1.2) - exp(—1.58740 - u3)
while for YA no asymptotics are given as (3.9) fails

Deterministic Switch, Pareto Jobs Deterministic Switch, Pareto Jobs (log-log)

—— Monte-Carlo Y,
osd 4 e Theory Asymptotics Y
— = Monte-Carlo Y,
- Theory Asymptotics Y,
0.4 ——- Monte-Carlo Y,
—-— Theory Asymptotics Y; 10-1 4
0.3 .
—— Monte-Carlo Yy L 5
0.2 - Theory Asymptotics Yy, > < N
EPSENEN RN
— = Monte-Carlo Y, \ < SN,
1 - Theory Asymptotics Y, T
0.1 LN o
——- Monte-Carlo Y, RN
—.— Theory Asymptotics Y, R
001, T T T T T T T T 10724 T T
0 50 100 150 200 250 300 350 400 10t 102
u u

Fig. 5 Simulated exceedance probabilities in the deterministic switch in comparison with the obtained
asymptotics in natural scaling (left) and as log—log plot (right). Here—as in Fig. 2—job sizes are Pareto
distributed with 7 (x) = x~3/2,x > 1,and Fa(x) = 4x~2,x > 2.Further .{ = Ay = l,¢| = 5,cp = 8,
and by = 0.8 = 1 — by. The deterministic switch is characterized by di = 0.4 and dp = 0.7. For these

parameters, from Corollary 3.9, we derive Y1 (u1) ~ 0.506 - ufo's, and Yo (up) ~ 0.186 - u27045’ while
Ty () ~ 0.756 - u=%3, and Y (u) ~ 0.226 - u=03

the ruin probability of both components and the simultaneous ruin probability of both
components are asymptotically equivalent.

5.3 A comparison of different switches
In this section, we aim to compare the two above special cases of the Bernoulli switch

and the deterministic switch with a non-trivial random switch, which we chose to be
a Beta switch characterized by setting
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Deterministic Switch, Exponential Jobs Deterministic Switch, Exponential Jobs (log-lin)
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Fig. 6 Simulated exceedance probabilities in the deterministic switch in comparison with the obtained
asymptotics in natural scaling (left) and as log—linear plot (right). Here, jobs are—as in Fig. 3—exponentially
distributed with F{ (x) = e */3,x > 0,and Fo(x) = e */4,x > 0. Further,\; = Ay = 1,¢] =5,¢3 = 8,
and by = 0.8 = 1 — by. The deterministic switch is characterized by di = 0.4 and dp = 0.7. For these
parameters, from (4.2), we obtain k1 =~ 0.084 and ko ~ 0.383, which yield Yy (u1) ~ 0.78-exp(—0.084u )
and Yo (up) ~ 0.341 - exp(—0.383uy), while Y, (u) ~ 0.78 - exp(—0.067u) + 0.341 - exp(—0.077u) and
YA (1) = o(exp(—0.067u)) by Corollary 3.9

Ay =1— Ay ~ Beta(B1, y1),
and Ajp =1-— Ay ~ Beta(Bs, v2),

for some constants 81, B2, ¥1, y2 > 0, where Beta(8, y) is the Beta distribution with
density 5Pl (1 —x)7 =1 x € [0, 11.

To keep all examples comparable, we fix A1, A2, E[X1], E[X3], E[A11] and E[A12]
such that the scenarios only differ in the behavior of the switch and the job sizes.
Figure 7 shows the approximate exceedance probabilities obtained by Monte Carlo
simulation for the Bernoulli switch, the deterministic switch and two different Beta
switches.

As we can see, in the regularly varying case the probability that at least one of
the workloads exceeds the barrier Y\, tends to zero with the same index of regular
variation for all choices of the random switch. In case of the probability that both
components exceed their barrier Y5, the Bernoulli switch yields a faster decay due to
the independence of the two workload processes in this model.

Further, the figure indicates the intuitive behavior: The more correlated the co-
ordinates of the workload process are, the closer together are Y\, and Y 1. This leads
to a trade-off between the two probabilities: Changing the switch toward reducing one
probability raises the other and the Beta switches may serve here as a compromise to
control both probabilities.

In the light-tailed case, the trade-off between Y\, and Y » cannot be observed. Quite
the contrary, the more correlated the co-ordinates of the workload process are, the lower
tend to be the exceedance probabilities. Hence, in this case, the Bernoulli switch yields
the highest exceedance probabilities, while the deterministic switch obtains the best
results.

Thus, for keeping Y\, small, in general the simple deterministic switch yields good
results. On the contrary, if one is interested in keeping Y'» small, the tail-behavior of
the appearing jobs is crucial for the choice of the optimal switch. Here, again Beta
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Comparison: Exponential Jobs (log-lin) Comparison: Pareto Jobs (log-log)
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Fig.7 Simulated exceedance probabilities for different switches with heavy-tailed (left, log—log plot) and
light-tailed (right, log—linear plot) job sizes. Throughout Ay = A = 1,¢1 = 5,¢ = 8,and by = 0.8 =
1 — by. On the left—as in Figs. 2 and 5—job sizes are Pareto distributed with F(x) = x732 x> 1,
and Fp(x) = 4x~2 x > 2. On the right jobs are—as in Figs. 3 and 6—exponentially distributed with
Fi(x) = e /3, x > 0, and Fr(x) = e~*/4, x > 0. The Bernoulli switch is characterized by p =04
and g = 0.7, the deterministic switch is characterized by di = 0.4 and d» = 0.7, the Beta switch 1 is
characterized by A1 = 1 — Ap; ~ Beta(0.4,0.6) and Ajp = 1 — Ap> ~ Beta(0.7,0.3), and the Beta
switch 2 is characterized by A1; = 1 — Az ~ Beta(1.5,2.25) and Ajp =1 — Ay ~ Beta(3,9/7)

switches or other non-trivial random switches may serve as a compromise in situations
where the tail behavior of the appearing jobs is unknown.

6 Proofs
6.1 Proofs for Sect. 3.1
To prove the asymptotic result for the ruin probability W, as given in Theorem 3.1,
we need some preliminary definitions and results.
Let
R:={M C RZ: M open, increasing, M° convex, 0 ¢ M}
be a family of open sets, where increasing means that for eachx € M and d > 0 we
have x +d € M. Let I1(dx) be a probability measure on R230~ For M € R we define
a cdf on [0, co) by setting
Fy@®) :=1—-T1tM), t > 0.
Then, following [36, Def. 4.6], if F); € S we say that [1 € Sy;. Furthermore, IT is
multivariate subexponential if T1 € Sg := () 7er SM-
Throughout this section we consider the specific sets
L:=R"\RZ, and M:=b-L. 6.1)
Then clearly M € R and by [36, Rem. 4.1] alsouM € R forall u > 0.
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Moreover, we specify IT to be the probability measure of the claims ABX in the
dual risk model described in Sect. 2.2. Then, we can prove some basic relationships
in the upcoming lemma.

Lemma 6.1 Consider the probability measure I1 as just defined, the set M as in (6.1),
and the constant 6 given in (3.2). Then,

M + ve*) = g(u, v),

with g(u, v) defined in (3.1), and

*

A — *
H(Rzzo +ve*) = " -E [Fl (v . max{AC]ll, X; })]
%) — PR
+5 B[P (o mad{ 55 )]

forallu >0, v>0andc* € R2>0' Moreover,

[o/e]
0 =/ H(R2>0+vc*)dv < 0.
0 >
Proof By the definitions of M, L and I, and conditioning on B,

(UM + ve*) = P (ABX € ub + ve* — uL) = P (ABX € ub + ve* + RZ\RZSO)

A Aqq 2\ o2
= 71}»((/‘21) X1 € ub +ve* +R7\RZ,

A2 A2 * 2\ 2
+ TP<<A22> X> eub+ve*+R \RSO ,

where, for j =1, 2,

IP’( <AU) X;j € ub+vc* +Rd\Ri0)

IP’((AL,-X_/ > uby +vcl) or (A2; X > uby + vcg))
—P (X_,‘ ~ min { uh;f;)cf ’ uthJ;)C; })
which proves the first equation. The second equation follows by an analogous com-
putation.

Lastly, using the obtained expression for H(R%O + ve*), we may compute using
Tonelli’s theorem that -

e Sav =g [T F a9 l)g
A (20+U'C)U_T A l(v-maxHA—H,A—ZI]) v
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gl [T F 4 9l
+7 A 2<v~maX A_IZ’A_ZZ}> v,

et

where, for j =1, 2,

E |:/0ij (v - max [;—L, A%*j})dv} =E [(max[fﬁj’ 2‘1 })—1 fooofl o dy:|

This proves fooo I1 (Rzzo + ve*)dv = 6. Moreover, we note that the finite mean of the

claim sizes X ; implies finiteness of fooo IT (Rzzo + vc*) dv. O

Proof of Theorem 3.1 Recall the definition of the set L in (6.1) and note that obviously
L satisfies [36, Assumption 5.1]. Furthermore note that ub — R(#) € L if and only if
max;=1 2(R; (t) — ub;) > 0, which immediately implies that

W, (1) = P(ub — R(¢) € L for some ¢t > 0)
=PR() € uM for somet > 0), u > 0.

Thus, by [36, Thm. 5.2] we obtain
o0
Wy, (1) ~ / uM + ve*) dv, (6.2)
0
as soon as we can guarantee that the probability measure on R? defined by

o
n'(p)=6"" /0 I1(D + ve*)dv, for any Borel set D C Rzzo,

and TI/ (R*\R2 ) = 0, is in Sy. This, however, is by definition equivalent to the
assumption that the cdf Fy (1) =1 — I/ (uM), u > 0, is in S. Since by Lemma 6.1
Fy(u) = Faupexp(u) wWith Faupexp as given in (3.3), this is assumed in the theorem.
Lastly, observe that the right-hand side of (6.2) equals fooo g(u, v)dv as shown in
Lemma 6.1. O

Remark 6.2 Naively one could guess that subexponentiality of the claims X and X,
should be enough to obtain subexponentiality of at least I1. However, as noted in [36,
Remark 4.9], this is not true in general, because random mixing of two subexponential
distributions (as done by our matrix B) leads to a subexponential distribution if and
only if the sum of the mixed distributions is subexponential. This again is not true in
general.

Proof of Lemma 3.2 Fix i € {1, 2} and assume that P(A;; + A;» = 0) < 1. Otherwise
R; (¢) is monotonely decreasing, W; (1) = 0, and the statement is proven. Note that by
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definition

N()
i(u) = P( D (Br(Aii X1k + (Boi(Ai)kXo.x) — tei > u for some ¢ > 0)
k=1
N
=: P(Z Yi k —tc; > u for some ¢ > 0), i=1,2,
k=1

where the random variables {Y; x, k € N} are i.i.d. copies of two generic random
variables Y;, i = 1, 2. The corresponding integrated tail function is defined as

X
FYi(x) == B[y, /0 P(Y; > y)dy, x=0.

From [3, Thm. X.2.1] we obtain that, if F]Yi €S,

Wi (u) AE[Y]

Jm ) ¢ — AET ©3)
where
MM Ao
ElY;] = TE[AH]E[XI] + TE[AQ]E[Xﬂ, (6.4)
so that
AE[Y;] _ ME[AHIE[X 1] + M E[A]E[X>]
ci —AE[Y;] ¢ — ME[AG]E[X 1] — A E[A;2]E[X]
_ ME[AGIELX ]+ M E[AR]E[X;]
- Acf '
Further

X )\'1 X )‘-2 X
/ PY; > y)dy = 7/ P(A;1 X >y)dy+7/ P(Ai2X2 > y)dy,
0 0 0

and since, by Tonelli’s theorem for all i, j € {1, 2},
X X - i X_
[ rasx; = na = ["s[Fep]a-z| [ Foa),

this proves F Vi F I’ € S. Inserting everything in (6.3) we obtain

ME[A;IE[X ] + M E[An]E[X>] ;
\Iji (M) ~ F] (M)a
¢i — ME[A]E[X1] + M E[AR]E[X?]
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which immediately yields the result by (2.7) via substitution with v = 2=2% O

c?

Proof of Proposition 3.3 Combining the asymptotics obtained in Theorem 3.1 and
Lemma 3.2 via (2.13) we obtain, due to (3.9),

A — — x *
Yr (i) ~ TI]E |:‘/0 7 (b1u+vc] ) + F (b2M+L(2) —F (min{ublA-ll—lel ’ ubzA-;—lvcz })dv]

A2 — ([ biutvc bru+vcs = . uby+vct  uby+vck
B[ () 7 () o o i ]

where

Fi(fi()) + Fi(f2(v)) — Fi(min{ f1(v), f2(v)})
= Fi(fi)) + Fi(f2(v)) — max{F; (f1(v)), Fi(f2(0))}
= min{F; (f1(v)), Fi(f2()}
= Fi(max{fi(v), ()}

as F; is monotonely decreasing. This implies the given asymptotics for W.
If (3.6) fails, then Wy (b1u) + W2 (bou) ~ Wy, (u). Therefore, we immediately obtain
from (2.12) that

WA (1) - lim Wi (biu) + Wa(bou)

lim —-1=0.
u—oo0 WUy, (u) Uu— 00 Wy, (u)
Thus Theorem 3.1 implies (3.7), which finishes the proof. O

6.2 Proofs for Sect. 3.2

We start to prove the first statement of Theorem 3.5 which we restate below as Lemma
6.4.

Proposition 6.3 LetrZ € MRV («, 1) be a random vector in R? and let M be a random
(g x d)-matrix independent of Z. Let

() =ElpoM ()],

where M—1 (") denotes the preimage under M. If E[||M||] < oo for some y > o and
i(BY) > 0 then MZ € MRV (a, *) with

wi(-) =

where B := {x e R? : | x|| > 1} denotes the complement of the unit sphere in RY.

@ Springer



Queueing Systems (2021) 99:27-64 55

Proof First note that our definition of regular variation corresponds to Definition 2.16
(Theorem 2.1.4 (i)) in [8], setting E = B, which implies P(Z € tE) = P(||Z]|| > t).
Now, double application of [8, Proposition 2.1.18] implies the statement, since for
M C R? measurable and bounded away from 0

PMZ e:M) PMZeiM) P(Z]|>1)

P(IMZ| > 1)  P(Z]| >1) PMZetB)’ .
—_— ——
— (M) — (B!

Lemma 6.4 Consider the notation of Sect. 2. If X1 and X, are regularly varying in the
univariate sense with indices a1, oy, then there exists a measure (* as in Proposition
6.3 such that ABX € MRV (min{«, az}, u™).

Proof Obviously, X = (X1, X2) € MRV(«, ) for some non-null measure p con-
centrated on the axes, and « = min(«y, «p) since the random variables X, X, are
independent and both regularly varying with indices o, op. To prove the lemma, it is
thus enough to check the prerequisites of Proposition 6.3. Clearly, using the properties
of A and B, we compute E[||AB||¥] = 1 < oo for any y. Further, for M C R2
measurable and bounded away from 0,

(M) =E[p o (AB)™'(M)] = E [u ({x €R”: ABx M})]

A E — X eR X
)\.1 ' M({X_(Xh 2) : <A21: i) M})
A — eR
—+ —2 -E w <{X - (xla X2) : <A212x2> M}) | .

Thus for M = B{, and recalling property (ii) of the matrix A, we obtain

. A
AB) = - Blu(x = (ri,x2) € B | > 1)
Ao 2
+ 2 Elu(x = (x1.x2) € B : [xal > 1))

A A
=71-u((1,00)xR)+72-M(RX(1,00))>0,

where we have used that, due to positivity of X, u is zero on IR2\R2>O. This finishes
the proof. O

To prove the remainder of Theorem 3.5, we will use a result from [28]. To do so,
first recall the bivariate compound Poisson process R from our dual risk model from
Sect. 2.2. Let (T )xen be the independent identically Exp(A)-distributed interarrival
times of the Poisson process N(?), i.e.,

N@® =) sy ne<)-

n=1
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We define the random walk

S, = Z (AxBiXy — Txc) + n - (E[T;]c — E[ABX]), (6.5)
k=1

and directly observe that (S,),cn is compensated, i.e., for alln € N,

E[S,] = Z (E[ABiXk] — E[Tke]) +n - E[Ti1]e — n - E[ABX] = 0.  (6.6)
k=1

The following lemma explains the relationship between the risk process (R(¢));>0
and the random walk (S,,),eN.

Lemma 6.5 Let L C R? be a ruin set, i.e., assume that

(i) L\R%2, =L, i.e, LNR%, =¥, and
(i) uL = L forallu > 0.

Then

Wy (u) :=P(S, —n ()f]c — IE[ABX]) € u(b + L) for some n € N)
:P(R(t) —ub € L for somet > O).

Proof Recall from (2.6) that R(r) = Y A¢By Xy —r¢, wheree = (c1, )T € R2,,
Thus, by assumption (i) R(f) may enter L only by a jump and since N (t) s 00 a.s.

we get

{R(t) — ub € L for some ¢t > 0}
N(t)

= ZAkBka —tce€ub+ L forsomet >0
k=1

n
= {Z(AkBka — Tre) e u(b+ L) for somen € N}
k=1

n
= {Z(AkBka — Tre) + (n —n) (A_lc — E[ABX]) € u(b+ L) forsomen € N
k=1

- {sn - (rlc - E[ABX]) € u(b + L) for some n € N} ,

which yields the claim. O

We proceed with a lemma that specifies the ruin sets that we are interested in.
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Lemma 6.6 Ler

Ly :={(x1,x) e R*: x; >0V >0} = RZ\RZSO and

L sim = {(x1,x2) € R?>: x; >0A X > 0} = R2>0’
then
Y, () =W, and Y, ;@) = VYA smW), u>0.

Proof Clearly
P(R(1) —ub € Ly forsome t > 0) =P <.m?’§(Ri (1) — u;) > 0 for some 1 > O)
=1,

which is Wy, (1) = W\ (u). The second equality follows analogously. O

Proposition 6.7 Let the claim size variables X1, X2 be regularly varying, i.e. X €
RV(«;) for aj > 1. Then ABX € MRV (min(«1, a2), u*) for a suitable measure j1*.
Further, recall ¢* = (c], cj)T € Riofrom (2.7). Let L C R? be a ruin set in the sense
of Lemma 6.5 and assume additionally:

e 2
(iii) Foralla € RZ,
w @@+ L)) =0.
(iv) The setb + L is p-increasing for allp € Rio, i.e., for all v > 0 it holds that
xeb+ L implies x+vpeb+ L.

Then

i W (u)
m =
u—oco u - P(|ABX|| > u)

o0
f w*(ve* +b+ L)dv.
0

Proof That ABX € RV (min(«ay, @), u*) has been shown in Lemma 6.4. Recalling
the definitions of S,, and W (1), we may write

W) =P (s,, —n ()r‘c — E[ABX]) € u(b + L) for some n € N)

n
= ]P’(ZYk —nc* € u(b+ L) for some n € N) ,
k=1

for i.i.d. random vectors
Y = AiBi Xy — Txe + A~ 'e — E[ABX].

All the other prerequisites ensure that we may apply [28, Thm. 3.1 and Rem. 3.2] to
obtain the desired asymptotics. i
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The following lemma justifies the usage of Proposition 6.7 for our problem.

Lemma 6.8 The sets L\, and L, sim from Lemma 6.6 satisfy conditions (i)-(iv) of
Lemma 6.5 and Proposition 6.7.

Proof Properties (i), (ii) and (iv) are obvious. Consider (iii). Fix an arbitrary a =
(a1, a)" € R? . It holds that

da+L)y=a+d(L)
and we have

L) ={xeR?: x] =0Ax2<0)V (x] <0Axy=0)},
A Lnsim) ={(xeR*: (x =0AX2>0)V (x; =0Ax=0)}.

Set

Mi(@) := {(x1,x2) € R?: x| <a; A x2 = an},

My(a) == {(x1,x) €eR?: x; =a; A x2 < ay)},

sothata+ 9L, = Mi(a) U M,(a). Now consider the set M1 (a). Lett € (1, 00) N Q,
then

tMi(a) = {(x1,x2) € R? : x1 < tap A xp = tap}.

Thus, fort; # tp, we have t; M (a)Nt; M (a) = (. Further, the set Ute(l,oo)ﬂ@ tMi(a)
is obviously bounded away from zero, since (a1, az) > 0. We thus obtain

co>put | J M@ Y. WaMi@)

re(l,00)NQ re(l,00)NQ

= ) ol o ()

te(1l,00)NQ

= W(Mi@) gl
te(l,00)NQ

Since the last sum is infinite, ©* (M| (a)) must be zero. The same argument applied to
M (a) thus yields the result for L.,. The proof for L s sim is analogous. O

Proof of Theorem 3.5 The first statement has been shown in Lemma 6.4. The asymp-
totics for W, and W, sim are direct consequences of Lemma 6.8 and Proposition 6.7.

O

For the proof of Proposition 3.6, we will use the following lemma.
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Lemma 6.9 Let f, g be regularly varying with indices o, B > 0 and set

¢ = lim rLf(@)

U g <00

for A1, Ay > 0, so that { € (0, 00) clearly implies « = B. Then for any constants
71,72 >0,

o SO +hag(n) gyt +vs
1=oo  Apf(t) + Aog() 1+¢

’

. 00X .__
where we mterpret o = X.

Proof Obviously it holds that

fit) g(nat)
Mf(nt) +rag(yat) 70 <)
M@+ rgt) A (1) I3VA0)
1L.f(@) + Aag(t) L+355  1+350
o B o B
o _tntn
>0 14¢7 1 14¢ 1+¢

Proof of Proposition 3.6 We concentrate first on the V-case and start by determining
the constant C\,. Using the limiting-measure property of ©*, (3.13) and the properties
of A and B we obtain

o0
/ w*e* +b+ Ly)dv
0

/00 . P(ABX € 1(ve* + b+ Ly))
= lim dv
0 1~ P(ABX]| > 1)
AL A Xy 8 53 ApXo *
:/oo . AP ((A1F1) e rwer + b+ Ly)) N 2P((41202) erwer + b+ Ly)) N
0 1=oo | ALLP(Xy > 1)+ 22 P(Xp > 1) ALP(Xy > 1)+ 22 P(Xp > 1)

Now recall that L, = {(x1, x») € R%2: x; >0Vvxy > 0}, which yields
t(ve*+b+ L) = [(xl,xz) eR?>: (x] > tvel +thy) V (x2 > tves + tbz)} )
Hence

P((ﬁ;ﬁ}) € t(vc*+b+Lv)> =P (A11X1 > t(uc] +b1) V Ay X1 > t(vc + by))

]p(Xl - min{t(v0T+b1) t(uc§+b2)})

A1l ’ Arq
. [vci+by vA+br )
_ . 1 2
_]P’(X1>t mm{ A Ao } .
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A similar computation for (ﬁ zﬁ; ) thus leads to

wwe* +b+Ly)

. | vet+by v+, .| vet+by i 40,
AP X > ¢ min{—L ,—2 MP( Xy > ¢ min { — ,—2
1 < 1= . { Aq A B 2= ! A1

A
= lim +
t—00 MP(X1 > 10) +P(X2 > 1) MP(X1 > 1)+ 0P(X2 > 1)
p(x . ue by veS+by p(x | vet+by vek+by
A 1>1-miny —=—, +A 2> min§ o=, =2
= lim dP
1=00 Jach MP(X1 >0 +1P(Xy > 1) A
| uei4br vei4by ety vty
MP<X1 >t~m1n{ ;11 , 42121 +12P | X2 >1 - min 11112 , 11222
= lim dP
/Z-IEA =00 MP(X1 > 1)+ P(Xy > 1)

where P (- ) denotes the probability measure induced by A and A denotes the set
of all possible realisation of A. Hereby, the second equality has been obtained by
conditioning on A = a, while the last equality follows from Lebesgue’s theorem of
dominated convergence. Note that Lebesgue’s theorem is applicable since

K K X3 3
MP (X1 > t min { Ucéjbl , U?‘;bz }) + AP (Xz > t min { Uckllltb] , vcé;bz })
MP(Xq > 1) + P (X > 1)
MP (X1 > rmin {vef 4 by, ves + by }) + 4P (X2 > tmin {vc] + by, ve + ba})
MP(X] > 1) + MP(Xp > 1)
- AP (X) > t min {ch + by, v + b2}) N AP (X2 > tmin{vci“ + by, vc + b2})
- M -P(Xy >1) M -P(Xp >1)
— (min{vef + by, ve5 + b2}) ™" + (minfvc} + by, ved + ba})

and thus there exists 7o > 0 independent of the realisation a such that for all # > 1
the integrand is smaller than

2 ((min{vc}k + b1, ves + b))~ + (minfvc] + by, vy + bZ})_az) ’

which, as a constant (with respect to A), is clearly [Pa -integrable.
By Tonelli’s theorem we thus obtain

o
Cv=/ w*(we* +b+ Ly)dv
0

— . [vct+by vch+by — . [vct+by vch+by
o MFy (zmln{ ,i\” , 3\21 })+)\.2F2 (tmln{ /'412 , /2422 })
=E / lim d
0

t—>00 A Fi(t) + 2y Fa(t)

v

Applying Lemma 6.9 now yields (3.14).
The proof of (3.16) can be carried out in complete analogy. O

Proof of Lemma 3.7 1t is enough to prove that under the present assumptions also the
assumption of Lemma 3.2 is fulfilled. Hence, we need to show that X1 € RV («1), X3 €
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RV(ay) for a1, @y > 1 implies that F } € S.Recall ¥; and F ly = F,i from the proof
of Lemma 3.2 and assume for the moment that neither A;; = 0 a.s., nor A; = 0 a.s.
Then, using Proposition 6.3 and the same argumentation as in the proof of Lemma 6.4
we obtain that ¥; € RV(min{wq, an}). Thus, the corresponding tail functions of the
integrated tail functions FYi ; are regularly varying as well, withindex — min{ay, ap}+
1, which implies FI’ € S.If Aj; = 0 as. then ¥; = Aj»1lp,,—1X> and clearly
Y; € RV(«2) which again implies F' 1’ eS. O

Proof of Proposition 3.8 Assume (3.6) holds true. From Lemma 3.7 and its proof, we
obtain directly that, as u = u1 + up — o0,

Wi(bu) + W (bou) ~ - | A **/ P(A11X1 >y)dy+7/ P(A21 X > y)dy
A ¢l Jbu ¢y Jbou

1 o0 1 0
+ A2 Tk/ P(A1pX2 > y)dy + Tk/ P(Ap X2 > y)dy ]|,
€1 Jbu ¢ Jbou

where the first two terms on the right-hand side are regularly varying with index
—aq + 1, while the latter two terms are regularly varying with index —ay + 1.
Together with (3.11), (3.13) we thus obtain that, as u — oo,

WA@) = Wi (bju) + Wa(bou) — Wy (u)

1 1 o0 1 o0 _
~ M= P(A X1 > y)dy+ — P(A21 X1 > y)dy — CvuF1(u)
€1 Jbru € Jbou

1 o 1 o0 _
+ A2 <*f P(A12X, > y)dy + 7/ P(Axp Xy > y)dy — Cquz(u))> ,
€1 Jbyu €y Jbou

where (3.6) ensures that terms with the same index of regular variation do not cancel
out asymptotically. Using Tonelli’s theorem as in the proof of Lemma 3.7 this yields

1 1 ©_ 1 ©_ _
)~ (M (EE [/b Fl(AL“my} + [/b Fl(%ﬂ)dy} - chl(m)
el [FF el [T Fyay] - oo F
+ 2 <CT]E|:/b1u F2(A,2)dy] + C;E [/bzu Fz(Azz)dy} Csz(M)))

and hence (3.17) by substituting v = LIZ‘” If (3.6) fails, then the statement follows

c

in analogy to the proof of Proposition 3.3. O

6.3 Proofs for Sect. 4

Proof of Lemma 4.1 We take up the notation used in the proof of Lemma 3.7 and denote
the jumps of the resulting one-dimensional risk processes by {Y; x, k € N}, i =1, 2.
Then the given bound for W;(u) follows from [3, Thm. IV.5.2] with x; > 0 such
that ¢c;x; = A(¢y, (k;) — 1). (Note that in [3] the constants ¢ and A are combined as
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B = X\ /c.) But since, by conditioning,

oy, (y) = E[ey(BllAi1X1+BZZAi2X2)] — EE[ yAi1X1:| + A—Z]EI: )'Ai2X2]
! A A
A A2 .
= T Elox 0AD]+ TE[ex, 0An)], i =1.2,
this is equivalent to (4.2).
Further, by [3, Thm. IV.5.3], it holds that
; — AE[Y;
lim i, (u) = <Y
U—00 Ay, (ki) — ci

with E[Y;] as given in (6.4) and

Ap d . A A
- YA X _ My A2
A dy]E I:e ’ 2] - wAiIXi (y) + by wAizXz(y)v

A d
0}, () = SHE [erAn ] 4 -

A dy

where, again by conditioning,

x. () =E [AinjeyAinj] =E [E [AinjeyAifo \Aijﬂ

/
(pAi./ J

9 YA X ’
:E[Aij 3(yAij)E[ey YA :E[Aiijj(yAij)]’

which yields the given asymptotics. i

Proof of Theorem 4.4 Recall from Sect. 2.2 that

N ()

Ri(t) =Y ((AiDk(BiDkX1x + (A (Ba)k X2.x) — tci
k=1

so that the joint cumulant exponent of the two-dimensional Lévy process (—R;(?1),
—R>(t2)) can be determined via conditioning first on (B )zen, then on the components
of A, as

k(t1, 1) = log E[exp(—11 R1 (1) — 12 Ra(1))]
N(D)

= log]E{eXp < - Z ((fl (AiB1Dk + (1 — (A1) B1)k) X1k
k=1

+ (1 (A1) (B22)k + 12(1 — (A12)k) (B22)k) Xz,k) +tier + tzt‘z)]

Ni(1)
=logE {exp (— A+ 00— (All)e)Xl,e):|

=1

=1

Na(1)
+logE |:€Xp (— > (A + 0 - (AIZ)Z)X2$Z):| +tecl+he
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=2 (e an+na-amx (D — 1) + 22 (0@ aptna-amx, (1) — 1)
+ticr +he

=E[ i (px, (—11A11 — 02(1 — A1) — )]
+ E[ha(px, (11 A2 —2(1 — A1) — D]+ t1¢1 + 122,

which is, by assumption (4.1), well defined on some set & 2 [0, oo)z. The first
two statements thus follow from [4, Thm. 3], as long as there exist y1, y» such that
k(—y1,0) = k(0, —y») = 0and (—y1, 0), (0, —y») € E®, the interior of E. But since

k(=x,0) = exp (A1 (Elpx, xA1D)] = 1) + 22(Elpx, (xA12)] = 1)) — xe1,

we observe that y; = «1 which exists and is such that (—«, 0) € E° by assumption.
Likewise, we obtain y» = k with (0, —«) € E°.
The last equation now follows directly from the fact that W, gim(u) < WA (u). O
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