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Abstract The linear time invariant state—space model representation is common to
systems from several areas ranging from engineering to biochemistry. We address the
problem of systematic optimal experimental design for this class of model. We con-
sider two distinct scenarios: (i) steady-state model representations and (ii) dynamic
models described by discrete-time representations. We use our approach to construct
locally D—optimal designs by incorporating the calculation of the determinant of the
Fisher Information Matrix and the parametric sensitivity computation in a Nonlinear
Programming formulation. A global optimization solver handles the resulting numer-
ical problem. The Fisher Information Matrix at convergence is used to determine
model identifiability. We apply the methodology proposed to find approximate and
exact optimal experimental designs for static and dynamic experiments for models
representing a biochemical reaction network where the experimental purpose is to
estimate kinetic constants.
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2 B.P.M. Duarte et al.

1 Motivation

As a motivating example we consider a (bio-) chemical reaction network modeled by
a Linear-Time Invariant (LTI) state—space model, which also provides the basis for
our numerical exploration of the calculation and properties of optimum experimental
designs. For a recent review of (bio-) chemical reaction networks the reader is referred
to Loskot et al. (2019). The reaction kinetic model describing the convective-based
transfer network of a given component will only have linear kinetics. Specifically, the
inflow and outflow terms are represented using zero order kinetics with the interme-
diate transitions being of first order (Hangos et al., 2013). The n chemical species
(metabolites) of a reaction network are denoted as y1, - - - , x», the concentrations of
which are respectively xy, - - - , x,, forming the vector x of state variables. A network
can be represented by a stoichiometric matrix 7 € R™*"r where each entry T; ;
represents the production or consumption of metabolite i € {1,--- ,n,} in reaction
Jj €{l,---,n.}. The T; ; are +1 if the metabolite is produced, —1 if it is consumed
and 0 otherwise; n, is the number of reactions in the network.

In modern biological research, it is very common to collect detailed information
on time dependent chemical concentration data for large networks of biochemical
reactions (Crampin et al., 2004). One technique uses the differential uptake of isotopes
of carbon. Tracers containing an increased amount of Carbon-13 can be introduced
into the network to aid the identification of molecules. Examples, with a discussion
of experimental design, include Bouvin et al. (2015) and Wiechert et al. (2001). A
first step in design is to ensure that proposed measurements lead to identification of
potential models. The main purpose in the chemical networks with which this paper is
concerned is then to identify the exact structure of the network of chemical reactions
and to provide efficient estimates of the respective rate constants. We consider model
identifiability and parameter estimation problems for both steady-state and dynamic
models.

This paper addresses the D—optimal design of experiments for parameterizing LTI
state—space models, handling both static and dynamic kinds of experiments. Static
experiments are those where inputs are initially chosen and kept constant over time
until the system reaches a steady state, and the underlying model is the steady-state
LTI state—space model. Here, the experimenter will run the experiments several times,
with a different constant input u at each trial, and the response y will be observed after
the system has converged to a new steady-state. In dynamic experiments the inputs
can vary during the experiment at a previously defined grid of time instants of the
experimental horizon. These experiments are to be run a single time, and the inputs
remain constant during the time slots forming the discretized grid, but are allowed to
change at their bounds. The process is also sampled at a previously set grid of times,
that may (or may not) coincide with the grid used to manipulate the inputs.

1.1 Models and related literature

Here, we introduce the formalism of LTI space-state models. In this paper we employ
the nomenclature commonly used in systems theory. Specifically, x € X c R™



43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

7

72

73

74

75

76

7

78

79

80

Optimal experimental design for LTI state—space models 3

denotes the vector of state variables that fully characterize the state of the system,
u € U c R™ is the vector of control variables, known without error, and used
as control factors in the experiments, y is the vector of variables measured in the
experiment, called responses,ie.y € Y c R"™ C R™ where n, (< ny) is the number
of response variables, and # € ® c R"¢ the vector of parameters to be estimated.
Here, U, X, Y and @ are compact domains of factors, states, responses and parameters,
respectively; @ = (X%, [07°, 677] is a compact set in the domain of the parameters,
0 represents a local value of parameter j and 6%° and Y are the lower and upper
values admissible for 6;. The LTI state-space model relates control variables, states
and responses as follows

dx
T =A(0)x+Bu(r) (1a)
y=CXx+e, (1b)

where A(Q) € R™*"~ is a time-invariant (i.e., independent of time) matrix, B €
R g the matrix of constants relating the state variables to the inputs, and C €
R™*"x s the matrix of coefficients relating the responses to the state variables.
Equation (la) is the state equation; A(@) can be sparse with many entries 0. The
time ¢t € [0, H] is bounded by H, the horizon to be considered in the simulation
(or experiment). B and C are also time invariant and known. Equation (1b) is the
measurement equation. Let € € R™ be the vector of observational errors; each
component ¢; is described by an i.i.d. Gaussian probability distribution N (0, o;) with
mean 0 and standard error oy, i € {l,---,n,}. The dynamic behavior of process
states (and responses) can be adjusted by manipulating the control factors. Thus, the
dynamic model includes the time dependence of u, i.e. u(t). A steady-state version
of the model (1) is

x=-A0)"'Bu (2a)
y=Cx+e€. (2b)

Here, none of the states, responses and control factors are dependent on time as
they refer to a time instant where the accumulation term (dx/dt) is null and we
omit the dependence of u on . A(@) is assumed invertible to avoid underdetermined
parametrization.

More generally, state—space models are mathematical representations of the dy-
namics of general systems relating input, state and output variables. They are for-
malized as first order differential equations and allow a convenient algebrization and
compactness. Fundamental theoretical results for establishing the properties of state—
space models and constructing optimal input signals for system identification can
be found in a vast range of references (Goodwin and Payne, 1977; Kalaba and Sp-
ingarn, 1982; Ljung, 1999; Titterington, 1980). The optimal design of experiments
in the time domain and in the frequency domain has been considered for the esti-
mation of correctly parameterized models. The problem in the time domain reduces
to a nonlinear optimal control problem; the complexity was one of the reasons that
motivated researchers to find input designs in the frequency domain. The problem
in the frequency domain aims at finding a set of finitely parametrized inputs that
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4 B.P.M. Duarte et al.

parametrizes all achievable information matrices (Goodwin and Payne, 1977; Mehra,
1974; Zarrop, 1979). One of the problems of frequency domain based methods is
their inability to take time domain constraints into consideration. Here, we address
the problem in the time domain. An early reference to ODoE for time discrete model
identification is Goodwin and Payne (1977, Chap. 6) where an adjoint state approach
was considered for the solution (Kalaba and Spingarn, 1973). Additional results can
be found in Zarrop (1979, Chap. 2). The formalization of the problem as an optimal
control problem appeared in Asprey and Macchietto (2000); Espie and Macchietto
(1989); Korkel et al. (2004); Rudolph and Herrendorfer (1995) among others. The
time domain is discretized and the decision variables and control actions parametrized
in each interval so that the number of decision variables is finite (Bryson, 1999). This
approach is known as dynamic optimization; the original problem is approximated by
an algebraic representation and may be cast as a NLP solved with convenient algo-
rithms. Herein, we use a dynamic optimization-based approach to handle the optimal
ODoE problem for time discrete models.

The representation of (bio)- chemical reaction networks is an area of chemical and
biological engineering where state—space models find extensive application (Anderson
et al., 2011). Very often the parametrization and identification of reaction networks
require experimental work, and the application of the fundamentals of optimal design
of experiments (ODoE) may rationalize and reduce the amount of work needed. Here,
we use the customary parametrization of (bio)- chemical reaction networks as the
motivating example for proposing general formulations for optimal design of static
and dynamic experiments for systems represented by Linear-Time Invariant state—
space models.

The steady and time discrete LTI state—space models find direct application in
NMR spectroscopy, network traffic flow, signal processing, control theory and reaction
network modeling among others. The optimal design of experiments considered in
this paper aims at determining conditions that provide measurements so that the
parameters 6 in A(6) are estimated with minimum confidence region. This, in turn,
requires maximizing a measure of the Fisher Information Matrix (FIM). The choice of
optimal sampling strategies for system identification was considered by Mehra (1974)
and Ng and Goodwin (1976), among others. The construction of optimal input signals
for biological systems identification was considered by Cobelli and Thomaseth (1985),
and the identifiability of the state—space model was analyzed by Walter (2013).

The applications of dynamic experimentation aim at finding the optimal sequence
of actions on input variables and/or time instants at which sampling is required so
that the information obtained from experiments is maximized (Asprey and Macchi-
etto, 2000; Espie and Macchietto, 1989). The problem is formulated as an optimal
control problem (Pronzato, 2008; Zarrop, 1979), handled numerically with dynamic
optimization techniques (Hoang et al., 2013; Korkel et al., 2004). Recent applications
include systems with continuous measurement (Galvanin et al., 2011), online redesign
of experiments considering the amount of information gathered previously and model
inaccuracy (Galvanin et al., 2012), the design of robust experiments taking into ac-
count the uncertainty of the model and violation of the constraints (Telen et al., 2018)
and an application to a real case study where local identifiability is simultaneously
monitored and used to transform the problem into a well-conditioned equivalent form
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Optimal experimental design for LTI state—space models 5

(Barz et al., 2013). These applications focus on the optimal design of experiments for
dynamic models, and address locally optimal designs for general nonlinear state—space
models; but they disregard the static experimentation that can be considered for some
processes. The LTI state—space model has specificities that broaden its application to
a large range of systems, namely a structure that:

i. allows improving the numerical efficiency of the formulations for computing
optimal experimental designs through taking advantage of the sparsity of A(8);
and

ii. generalizes to the use of both static and dynamic experiments for parameter
estimation.

The ODoE for LTI models represented by state—space models has not been ad-
dressed consistently although there is a recognized interest in the optimization of the
experimental work for estimating the parameters and checking whether or not the
model is identifiable. The problem was addressed by Brown et al. (2008) for mea-
surement selection in Chemical Reaction Network (CRN) characterization; Maidens
and Arcak (2016) considered the problem of finding the optimal substrate injection to
characterize metabolic networks using magnetic resonance imaging. Their proposed
solution used a Semidefinite Programming formulation; another context where ODoE
was applied to LTI systems is in inference about traffic flow networks (Sagnol, 2010;
Singhal and Michailidis, 2010) and optimal design of Kalman filters (Sagnol and
Harman, 2015b). The application of nonlinear state—space models to CRN inference
was considered, among others, by Chis et al. (2016); Eisenberg and Hayashi (2014);
Telen et al. (2014); Villaverde (2019). We observe that there is a lack of systematic
methods for finding optimal experimental designs specifically for LTI state—space
models which simultaneously take advantage of the topology of the model represen-
tation and of the accuracy and efficiency of the optimization algorithms currently
available. Further, a strategy that can adapt to find optimal experimental designs for
both steady-state and dynamic LTI state—space models is certainly a research topic
worth pursuing. Finally, since the optimal design of experiments can be viewed as
maximizing a (quantitative) measure of model identifiability, where the usual practice
is to maximize some functional of the FIM (Walter and Pronzato, 1985, 1988), one
can use the FIM at convergence of the ODoE problem as a local check of model
identifiability.

1.2 The LTI state—space model representation of CRN's

Now we recall the CRN reaction rate estimation problem conceptualized in §1 and
demonstrate that under certain conditions it can be represented by an LTI state—space
model of form (1). We note the formulations developed are general and can be applied
to models of different areas with the CRN parametrization being one of them.

Letv e R';’O be the vector of fluxes (or reaction rates) expressed in units of quantity
of matter consumed (or produced) per time. When the network only involves first order
kinetics, v = L(0) x, and the model representing the species concentration network
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6 B.P.M. Duarte et al.

becomes
j—fzSV:SL(O)x:A(B)X+Bu(t), 3)

where S is the constant stoichiometric matrix (Varma and Palsson, 1994) and L(0)
contains all the kinetic parameters, even those referring to the conceptual zero-order
reactions converting inflow terms into intermediate metabolites. Matrix L(6) can be
decoupled into matrices A (@), which includes all the kinetic rates used for representing
first order kinetics, and B assumed to be known. In this context u is the vector of inflow
terms and refers to reactant species entering the network (with zero-order kinetics).
The rates of the conceptual zero-order reactions give the desired values of u. That is,
choosing u; is choosing the conceptual rate of the zero-order (or saturated) reactions
modeling inflows. When u; = 0, the flux is deactivated, otherwise, when u; > 0, the
flux is activated. In the optimal design of experiments, the vector of support points u
is chosen to maximize a given information criterion of the network parametrization.
This optimal choice ensures the local identifiability of the model parameters (when
this is possible) and the most precise estimation of the model parameters, in the sense
of a scalar function of their asymptotic covariances being minimal. In turn, the vector
of measurements corresponds to the set of states that are measured, and Equation (1b)
is used for forecasting the responses.

As an example, consider the kinetic network formed by 6 state variables (n, =
6) with 3 input variables (n, = 3) and 10 parameters to be estimated (ng = 10)
represented by matrices (Frgysa et al., 2020)

—0,-6,-6; 0 0 0 0 0 100

0, —05-6s 0 0 0 0 010

~ 0 0, —05—-69 0 0 0O _looo
A6) = 0, 0 o -6,0 o | Bloo1
05 05 0 6 -6 0 000

0 0 06 0 65 —00 000

and graphically represented in Figure 1. Here, we consider that all process states are
measured from the experiments, i.e., the experimental response variables correspond
to the states affected by observational error. It means that the matrix C in (2b) is the
identity matrix of size 6.

Briefly, the ODoE aims at finding the set of combinations of u that assure max-
imization of a given measure of the information content. The example introduced
above of the identification of CRN is used for demonstration, since the characteri-
zation of chemical reaction networks is currently of appreciable interest, playing an
important role in systems biology, (bio-) chemical engineering, and the emerging field
of synthetic biology (Loskot et al., 2019; van der Schaft et al., 2016). The problem
considered by Frgysa et al. (2020) offered a motivating example and we use their
results for comparison. Their strategy to find the optimal design of experiments in-
volves (i) generating a set of potential control action vectors using the vertex of the
design space; and (ii) find the optimal combination. This approach does not consider
explicitly the time in the dynamics (or the time discretization interval At at which
the system is sampled and actions implemented), only finds the set of actions that
lead to information maximization. Practically, it is comparable to our framework to
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Figure 1 Example of kinetic metabolic network.

determine optimal static experiments. We extend the results in their paper and include
the time explicitly in the model. Thus, we find the optimal vectors of actions (which
can be similar) and the optimal sequence having into account the system dynamics;
this sequence can not be interchanged without loosing information. Practically, our
formulation for dynamic experimentation relies on the representation of the prob-
lem as an optimal control problem, and we use a dynamic optimization approach to
handle the problem numerically which requires discretizing the horizon of the exper-
iment. Next, the NLP problem is solved using a simultaneous approach exploiting the
representation of dynamic profiles by parametric approximations.

1.3 Novelty and organization

This paper contains five elements of novelty:

i. the development of general Nonlinear Programming (NLP) formulations to find
continuous and exact locally D-optimal experimental designs to estimate the
parameters in matrix A(€) in steady-state LTI state—space models employing
static experiments;

ii. the development of general NLP formulations to find locally D—optimal exper-
imental designs for time discrete LTI state—space models employing dynamic
experimentation where the control actions are optimized so that they assure the
maximization of the information gathered in the experiment and the dynamics
of the system is explicitly considered. The resulting optimal control problem is
cast as a dynamic optimization problem after discretizing the time domain and
parametrizing the variables profiles at the grid; the problem is then solved with a
simultaneous-based technique;

iii. to avoid the effect of inaccuracy in the estimation of variables on the amount of
information, we use a dual time grid, where a tighten grid is used for updating
the state and response variables and a coarser grid used to sample the process and
actuate;

iv. the diagnostic of model identifiability using the results of the ODoE, specifically
the FIM at convergence; and
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v. demonstrating the application of the formulations proposed to the identification
of biochemical reaction networks.

The paper is organized as follows. Section 2 introduces the background and the
notation used to formulate the problem as well as the fundamentals of nonlinear
programming and the time discrete LTI model. Section 3 presents the mathematical
programming formulation for finding D—optimal designs for steady-state and dynamic
state—space models. Details of the construction of the FIM are given, which in turn
requires the calculation of the sensitivity coefficients. Section 4 applies the previous
formulations to finding optimal designs. Comparisons involving uniform and non-
uniform optimal designs for steady-state models are provided and compared to ODoE
for dynamic models. After solving the ODoE problem, model identifiability is ana-
lyzed. Finally, Section 5 reviews the formulation and offers a summary of the results
obtained.

2 Notation and background

This section establishes the nomenclature used in the representation of the models.
In §2.1 we present the experimental design problems outlined above and in §2.2 we
address the dynamic solution of the LTI model considering a time-discrete represen-
tation as well as the construction of the FIM. Then, §2.3 overviews the fundamentals
of NLP.

2.1 Optimal experimental design

Bold face lowercase letters represent vectors, bold face capital letters continuous do-
mains, blackboard bold capital letters discrete domains and capital letters are for ma-
trices. Finite sets containing ¢ elements are compactly represented by [¢] = {1,- -, ¢}.
The transpose operation of a matrix/vector is represented by “7”.

To introduce the theoretical background to formalize the ODoE problem we con-
sider static experimentation. Accordingly, the steady-state model (2) is used for de-
scribing the process, and u is independent of time. We consider continuous designs
with K support points at uj, uy, .. ., ux where each vector w;, i € [K], corresponds
to a combination of control factors (constants) used in each trial; the process is ob-
served after reaching the steady-state. The weights representing the relative effort at
these points are, respectively, wi, wa, ..., wg where K is chosen by the user so that
K xny > ng.

Let N be the total number of experiments of the experimental plan. Continuous
designs are used to represent experimental setups where N — +oco; consequently
the weights vary continuously on [0, 1]. To implement continuous designs we take
roughly N X wy, experiments at uy, k € [K], subjectto N X wi +---+ N Xwg =N,
and each summand is an integer. For models with n,, control factors, we denote the
k™ support point by u; = (ug1,...,Un,) and represent the design ¢ by K rows
(uZ* wk), k € [K] with Zle wi = 1. In what is to follow, we let E = UX x X be the
space of feasible K-point designs over U where X is the K — 1-simplex in the domain



274

275

276

277

278

279

280

281

282

283

284

285

286

287

288

289

290

291

292

293

294

295

296

297

298

299

300

301

302

303

304

305

Optimal experimental design for LTI state—space models 9

of weights, i.e. £ = {wg : wy =0, Vk € [K], Zle wg = 1}. We notice that uniform
designs have w; = 1/K. In finding continuous optimal designs the weights are not
restricted and these designs are usually non-uniform, that is some of the weights are
larger than others.

Exact designs are experimental plans where the weights wj are ratios ng/N
satisfying the conditions: (i) all nx’s are integer (or null); and (ii) sum to N. In practice,
exact designs are obtained from continuous designs considering an experimental plan
with N experiments and using a rounding procedure (Pukelsheim and Rieder, 1992) or
Mixed Integer Nonlinear Programming formulations (Duarte et al., 2020) to allocate
them to support points.

The log-likelihood function for the parameter estimation problem after the exper-
imental data are available reduces to the least squares problem

My ne

Ly,0 =D D 0% =0 ) VI 0 —mi )T @)

i=1 j=1

See, for example, (Fedorov and Leonov, 2014, Chap. 1). Here, V is the (constant)
variance-covariance matrix, n?}’js refers to measurements of y; from the j™ experiment,
n;,; stands for predictions constructed using model (1), and n, is the number of
experiments. Consequently, the corresponding global FIM at a singleton point p € ®

for continuous optimal design £ is

9 (9LEW)] _ X
M(§|u,0)=—E[—(—) = > wj M(u;lp) =
00 007 JZ_; / /
K
= > w; F(u;lp)" V' F(u;lp), 5)
J=1

where w is the vector of weights of the support points in the design (or experiments if
a static experimental setup is adopted), K is the number of support points, previously
set by the user, M (u;|p) is the elemental FIM at u;. Further, we assume Visan, xn,
identity matrix as in Draper and Hunter (1966), i.e. the measurement error of each of
the responses is independent of the others and their standard error is equal; E[e] stands
for expectation. Let F(u;|p) be the sensitivity of the measurements with respect to
the parameters at support point j, i.e., F(u;|p) = C 9x/98|y; p-

To derive the sensitivity matrix consider the steady-state LTI state—space model
(2). Let A(9) = Z:’jl 0; E; where E; is a ng X ng matrix populated with elements
“+1”, “0” and “—1” such that E; = 63—&5). Using (2a), chain-rule differentiation leads
to

OE(y)
FY)

where the symbol @ is used to represent the concatenation of columns into a matrix,
and F(ul@) is an (ny X ng)-matrix, whose i column is C A(8)™! E; A(8)™! B u.
Despite the linearity of A(@) its inversion leads to nonlinear dependence of y on 6.
Thus, we focus on locally optimal designs, as they do ensure optimality for a vector,

F(ul6) = =e CAW@) ' E; A0)"' Bu. (6)
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i.e. @ = p. Similar approaches for calculating sensitivities are discussed in Perry et al.
(2006).

Herein, we focus on the class of design criteria proposed by Kiefer (1974) where
each member in the class, indexed by a parameter 9, is positively homogeneous and
defined on the set of symmetric ng X ng semi-positive definite matrices given by

1/6
®5[M(£]u.0)] = % t(M(Elw.0)%)| . )

The maximization of ®s for 6 # 0 is equivalent to minimizing tr(M (&|u, 8))
when 6 < 0. Practically, ®5 becomes [tr(M(£u,0)~")]~! for 6 = —1, which is
A-optimality, and [det[ M (£|u,®)]]'/" when § — 0, which is D—optimality. These
design criteria are suitable for estimating model parameters as they maximize the FIM
in various ways. For the D—optimality criterion the volume of the confidence region
of @ is proportional to det[ M~1/2(£|u, 8)]. Then, maximizing the determinant of the
FIM leads to the smallest possible volume. Consequently, the ODoE problem can be
cast as an optimization problem. For example, when p is fixed, the locally D—optimal
design is defined by

&p =arg max log {det[M(&[u, p)]}, 8

where the criterion (8) is +oco for designs with singular FIM. Herein we limit our
analysis to D—optimal designs since these are the most commonly used in practical
applications. Without loss of generality, the formulations proposed in the following
sections can easily be extended to other criteria of the Kiefer’s class as well as V—and
I-optimality when interest is in prediction rather than parameter estimation.

When the design criterion is convex (which is the case for the D—optimality criteria
originally formulated), the global optimality of a design ¢ in U can be verified using
an equivalence theorem based on the consideration of the directional derivative of
the objective function (Fedorov, 1972; Kiefer, 1974; Kiefer and Wolfowitz, 1960;
Pukelsheim, 1993; Silvey, 1980; Whittle, 1973). For instance, if we let §,, be the
degenerate design putting weight one at the point u € U, the equivalence theorem for
D-optimality is as follows: &p is D—optimal if and only if

tr {[M(£plu,0)]7' M(6,)} —ng <0, VYuel. )

Herein, for convenience we reformulate of the D—optimality criterion as a maxi-
mization problem where the objective function is concave (Whittle, 1973). To compare
the information content obtained from two different designs, say ép and fgf, where
the latter one is the reference, we use the D—optimality efficiency (Atkinson et al.,
2007, Chap. 11)

det M(£plu.0)] |
t
- ={ et[M(éplu, >]} | (10,

det[M(&5'|u, )]
In determining model identifiability we use the FIM at convergence and deter-

mine the eigenvalues. The smallest eigenvalue, A, [M(éplu, 6)], is subsequently
compared with the tolerance employed to solve the NLP problem.
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Mathematical programming algorithms can currently solve complex, high—
dimensional optimization problems, especially when they are convex and a self-
concordant barrier is available for the constraints. Among the mathematical pro-
gramming methods two strategies are commonly followed: (i) the design domain is
discretized, when the optimal design problem reduces to weight optimization where
convex programming can be used; and (ii) the optimal design problem involves op-
timizing the weights and location of the support points simultaneously where the
design domain is continuous. The latter approaches require nonlinear programming
based methods. Examples of applications of convex programming based algorithms
for finding continuous optimal designs are Linear Programming (LP) (Gaivoronski,
1986; Harman and Jurik, 2008), Second Order Conic Programming (SOCP) (Sagnol,
2011; Sagnol and Harman, 2015a), and Semidefinite Programming (SDP) (Duarte
and Wong, 2015; Papp, 2012; Vandenberghe and Boyd, 1999). Examples of applica-
tions requiring nonlinear solvers include: Semi Infinite Programming (SIP) (Duarte
and Wong, 2014; Duarte et al., 2015), Nonlinear Programming (NLP) (Chaloner and
Larntz, 1989; Molchanov and Zuyev, 2002), and Global optimization (Boer and Hen-
drix, 2000; Duarte et al., 2016). Yang et al. (2013) and Pronzato and Zhigljavsky
(2014) consider the joint problem of weight optimization and choice of support points
in a compact (continuous) set and propose specific methods with guaranteed con-
vergence to the optimum. Applications based on optimization procedures relying
on metaheuristic algorithms are also reported in the literature. See, among others,
Heredia-Langner et al. (2004) for Genetic Algorithms, Woods (2010) for Simulated
Annealing, Chen et al. (2015) for Particle Swarm Optimization and Masoudi et al.
(2019) for the Imperialist Competitive Algorithm.

The proposed approach for solving the design problem (8) relies on nonlinear
programming algorithms as we determine the weights and the support points (control
actions) simultaneously. Our formulation leads to an optimization problem of the NLP
class; since the problem may have multiple local optima, a global optimizer is used.
The equations representing the model and the sensitivity construction are embedded
in the optimal design problem as additional constraints. The same holds for matrix
algebra operations required for computing D—optimality criteria. This strategy allows
us to find optimal designs that satisfy the model equations and guarantees that all
the solutions in the convergence process are feasible. For a detailed analysis of the
formulation that allows the automation of determinant computation the reader is
referred to Duarte et al. (2020).

2.2 Time-discrete state—space models

In this section we consider the solution of the model (1). We solve the model at a grid
with intervals Ar. The sampling (and actuation) interval, At, is an integer multiple
of At. In general the instants at which the system is sampled and control actions are
applied form a coarser grid, the points of which coincide with some of the instants at
which the variables are recalculated, see Figure 2 where a discretization scheme with
At =2 At is exemplified.



382

383

384

385

386

387

388

389

390

391

392

393

394

395

396

397

398

399

400

401

402

403

404

405

406

407

12 B.P.M. Duarte et al.

) . 0 Continuous experimental domain (H) H
Time horizon I {
AT
b

Sampling interval ‘ ‘ . ‘ ‘ ‘

discretization (1) 1 9 gmax _ 3 max _ o max _ |
At

Solution interval ‘ ‘ ‘ ‘ . ‘ ‘ ‘ ‘ ‘

. o ; | | | f | f f f |
discretization (t;) 1 2 3 4 pmax _ g gmax _ g gmax _ |

Discretized domain

Figure 2 Discretization scheme for a sampling and actuation interval twice that of solution interval.

The solution considering a discrete time representation and successive step dis-
turbances at control variables u is (Bay, 1999):

X¢+1 =exp[A(6) At] x¢ + A(8)™" {exp[A(8) At] - 1,,.} Bug, (11a)
ye =C X¢ +€, (11b)
X0 =Xin, (ITc)

where ¢ € {0,---,{™* — 1} is the counter of discrete time instants at which the
system is to be updated, £™** — 1 is its maximum number, which is previously given;
the discretization time instants at intervals At are denoted by t, where t,4 = f¢ +
At. Here, X, is the vector of states and y, the vector of measurement variables
observed at t¢, I, is the identity matrix of size n, and X, the initial state of the
system. The grid of sampling points k € {0,---,k™* — 1} is formed by 7, = k X
At time instants at which the system is sampled and u,, the vector of inputs, is
optimally chosen (and implemented) to maximize the amount of information gathered
from the complete experiment. In our conceptualization we distinguish between the
discretization grid and the sampling (and actuation) grid. The former controls the
accuracy of the predictions, and the latter is related to the amount of information
gathered. The accuracy of estimated variables increases as Az — 0 and may have
impact on the amount of information gathered. If the prediction error becomes large the
discretization interval can be reduced without affecting the sampling grid. On the other
hand, since the ODoE problem is reformulated as a dynamic optimization problem, the
dual grid has the same purpose of using more nodes as when simultaneous approaches
relying on orthogonal collocation are used (Hoang et al., 2013). It also corresponds to
lower tolerances in error-based step adaptation techniques when sequential approaches
are considered (Banga et al., 2002).

In this framework, the control actions are time dependent and can vary over
the horizon of the experiment. After discretization we consider they are constant
over discrete sampling intervals, changing only at their limits. Thus, u, designates
the vector of actions to be implemented in sampling interval (x — 1). Within the
dynamic experimental setup required by (11), we take the input variables to be constant
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piecewise functions, i.e.

Uy ift e [T(),Tl)
U=1{u, if t € [T, Tes1)

U emax_ | lft € [TKmax_l s TKmux),

with the steps occurring at the discrete time instants 7,. Here, we consider only
single experiment setups and the optimal design is formed by « tuples u,, « €
{0, -+, kM — 1},
‘e w, -, e W, .
[0, T1)s -+ [T Tuewt)s oo s [Tamanoy, Tmar)

The optimal design aims at finding the optimal sequence of input levels that maximizes
the information content of the complete experiment given a grid of sampling times.

The sensitivity matrix of the states with respect to € at time instant #, is denoted
by S?’e = 0x,/06 with S’{f’a € R™>"e_ Similarly, the sensitivity matrix of the mea-
surement variables with respect to the parameters is F(u|p) = C 0x/06|y, p. After
algebraic manipulation they are:

S8 =At exp[A(8) Ar] agéo) x¢ +exp[A(8) At] S0+
+Ar A(8)™! exp[A(6) Ar] 6220) Bu,—
-A@6)™! 82—‘(:) AO)" {exp[A(0) At] - 1,,} Bug, €21,  (12a)
F(uc|9) =C S¥°, £ €{0,---, 6™ 1} (12b)
X0 =Xin, (12¢)
5% =05 - (12d)

Here Sg’o is the matrix of sensitivities at 7y, and the exponential matrix exp[ A () At]
is computed via eigendecomposition, i.e. exp[ A(8) At] = V(8) exp[A(8) At] V(0)~';
V(0) is the matrix of eigenvectors of A(#), V(@)™ its inverse and A(@) the corre-
sponding diagonal matrix containing the eigenvalues. Similarly to Equation (11a), in

(12a),us = u, for all points of the discretization grid, t7, € € {0, - - - , {™*—1}, falling
in the " interval of the sampling grid. The sensitivities F(u,|@) are updated at all
discretization points, but only those obtained at sampling points « € {0, - - - , k™* -1}

are used for constructing the FIM. The term 0 A(0) /36 produces a three-dimensional
tensor where each slice contains the derivatives A(8)/d0; = E;, i € [ng].

2.3 Nonlinear Programming

In this section we introduce the fundamentals of NLP which are used to solve the
design problem (8). Nonlinear Programming seeks to find the global optimum x of
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a convex or nonconvex nonlinear function f : X — R in a compact domain X with
possibly nonlinear constraints. The general structure of NLP problems is:

mei)rg f(x) (13a)
st.g(x) <0 (13b)
h(x) =0, (13¢)

where (13b) represents a set of r; inequalities, and (13c) represents a set of r, equality
constraints. The functions f(x), g(x) and h(x) are twice differentiable. In our context,
the variable x € X includes the location of the support points as well as the weights
quantifying the relative effort required at each one. By construction X in (13a) is
closed which is what we have for E.

Nested and gradient projection methods are commonly used to solve NLP prob-
lems. Some examples are the General Reduced Gradient (GRG) (Drud, 1985, 1994)
and the Trust-Region (Coleman and Li, 1994) algorithms. Other common methods
are Sequential Quadratic Programming (SQP) (Gill et al., 2005) and the Interior-Point
(IP) (Byrd et al., 1999). Ruszczyiiski (2006) provides an overview of NLP algorithms.

3 Finding D-optimal designs

In this section we describe the numerical procedure for finding D—optimal experi-
mental designs for estimation of the parameters 6 involved in A(@). First, in §3.1 we
consider the steady-state model (2), and subsequently, in §3.2 the time-discrete state—
space model (11) is addressed. Section 3.3 overviews the implementation details. For
clarification, the first model is to be designated as the SS-LTI model, and the second
as the TD-LTI model.

3.1 Locally D—optimal design for SS-LTT model

Here, we consider the locally D—optimal continuous design problem for the SS-LTI
model for a given vector p € @. Let us recall that the design problem consists of
finding the combination of inputs u and weights w maximizing a given criterion of
the information extracted from a set of K experiments in the feasibility domain E.
The optimization problem for finding uniform (exact) D—optimal designs is similar
to that used for continuous designs except for the weights which are set equal to 1/K
and fixed.

Practically, this setup can be seen as a static experimental plan where the complete
set of experiments is planned at one time, and the results at the end of the experiments
characterizing the steady-states of the system serve to estimate the parameters. The
experimental design is represented by

T T

u PEEE u —_

Ess-LT1 = (Wll’ L W’j{) €E, (14)
9’ b
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where 2 = UX x X and solves

max log{det[M(¢[u, p)]} (15a)
[SC)
s.t. Model (2) (15b)
Sensitivity Equations (6) (15¢)
K
Dwi=1. (15d)
i=1

Let each element of M(&|u,p) be designated as m; j, i,j € [ng], and let
M(&|u, p) aggregate the information of all the response variables at all the sup-
port points. Each element of the FIM is determined from (5) using the sensitivity
matrices generated at the support points, see Fedorov (1971).

Maximizing log{det[ M(&|u, p)]} is equivalent to maximizing det[ M(&|u, p)]
which is a concave function of the FIM. The determinant of the FIM is calculated
applying the Cholesky decomposition. Let log{det[ M(¢£]u, p)]} = 2 Z:‘fl log(gi.i),
where g;;, i € [ng] are the diagonal element of the lower triangular matrix that
results of the decomposition of the FIM denoted by Q(&|u, p). Then, maximizing
det[ M(&]u, p)] is equivalent to maximizing the sum of the logarithms of the diagonal
elements of Q(£|u, p). The NLP formulation used for determining locally D—optimal
designs for the SS-LTI model is

ng
ma 2 ;log((ﬁ,i) (16a)
AA(8
s.t. F =C A(p) ™! % A(p)' Bu, kel[K] (16b)
P
K
mi ;= Zwk Fl. .V Feijo i j€[ne] (16¢)
k=1
ng
mij = ZQi,IQj,I: i, j€ngl,i<j (16d)
=1
qii 2 ¢, 1€ [ng] (16e)
qi,j = 0, i, ] € [[I’lgﬂ, I < j, (16f)
mii 2 q;; i, j € [nal, (16g)
K
Zwi =1, (16h)
i=1

where  is a small positive constant to ensure the semi-positiveness of the FIM. In
all examples presented in the following sections we set £ = 1 x 107>. Equation (16b)
generates the matrices of sensitivity of the response variables with respect to 6 at the
support points (which are saved in three-dimensional matrices F of size K Xng X ng).
Equation (16c) is to construct the FIM, (16d) represents the Cholesky decomposition,
(16e) is to guarantee the positiveness of the diagonal elements of Q(&|u, p), and
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(16f) ensures that Q (£|u, p) is upper diagonal. Equation (16g) is a numerical stability
condition imposed on the Cholesky factorization of positive semidefinite matrices
(Golub and Van Loan, 2013, Theorem 4.2.8), and (16h) is to constrain the sum of
weights.

It is noteworthy that the optimal design of static experiments (Problem 15) can
be handled with convex techniques such as SOCP and SDP combined with adaptive
strategies or cutting planes for refining the location of the support points. Typically,
these techniques iterate between the solution of the problem for finding the optimal
weights for a previously defined (or updated) grid of candidate points, and the im-
provement of the support points location using adaptive schemes as in Duarte et al.
(2018) or cutting planes as in Pronzato and Pdzman (2013). In both cases the con-
vergence may require a large amount of CPU time, especially for models including
several parameters. Instead, NLP can handle the optimal design problem at once and
solve simultaneously for the weights and the locations of support points. The result-
ing optimization problem is NP-hard and may include several optima, thus requiring
global optimizers that allow certifying the global optimality of the design. Since the
optimal design problems are typically of small/medium scale, and the Jacobian and
Hessian matrices can be generated analytically using automatic differentiation, NLP
guarantees a good compromise between accuracy and numerical efficiency. Also,
since the design of dynamic experiments (see §3.2) cannot be solved with convex
techniques and we aim at formalizing a strategy that can easily adapt to static and
dynamic experiments, NLP was chosen so it allows this generalization.

3.2 Locally D—optimal design for TD-LTI model

Here, we present the formulation for finding D—optimal designs for time-discrete
state—space LTI model (11). The prescribed problem in the ODoE has the form of a
dynamic experiment in which the input variables are changed along the horizon of
the experiment so that the information obtained is maximized. The optimal design
consists of the optimal set of combinations of u in each interval [« Az, (k+1) At), k €
{0,--- k™ — 1}, i.e.,

T T
u() ) R uKmux_l € UKmax’

§Tp-L11 = [f0, t1), -+, [temax_y, tymax)

where u is formed by successive step jumps, «™?* is the number of sampling instants
of the experiment, #yp = 0 and the time horizon of the experiment is H = «™ X At.
The last action implemented occurs at # = (k™ — 1) X At but the system is monitored
during the horizon of the experiment, i.e., the responses are measured at «™** time
instants and the FIM matrix is so scaled. We note that the number of observations
produced by an experiment is k™ X n,,. The optimal design problem is as follows:

ng
max 2 Z log(gi.;) (17a)
X iE

£ KM X

s.t. Xe+1 = exp[A(p) Ar] xe +A(p)™ {exp[A(p) Ar] - 1, } Buy,
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¢ e e - 1], (17b)
ye=Cxp, Ce€[™ -1] (17¢)
X0 = Xin (17d)
S’;ﬁ = At exp[A(p) At] Bgép) X, +exp[A(p) At] S;’0+

A
+ A AR)! exp[A(p) Ar] 2 B(GP) Bu,—
A

@ 2 A {explAm) A1 -1, } B,

e e - 1] (17¢)

,0

Fp=CSy%, €ef0,---, (™ -1} (17f)
S8 = 00,5y (17g)

u =, Ce{l: tr €[t Tr)}, K €0, k™ =1} (17h)

Kmax _ 1

mij= Y Fl V7 Frige is j € [no] (17i)
k=0
Equations (16d — 16g) (17j)

Equation (17b) is for the prediction of state variables, (17c) for measurement
prediction and (17d) is the initialization of the state variables. Equation (17¢) is for
the computation of the sensitivities of the state variables, (17f) the sensitivities of
the measurements wrt 6, and (17g) is the initialization of the sensitivities. Finally,
(17h) sets the control actions used for updating state variables and sensitivities at
discretization time instants to the values prescribed for " interval of the sampling
grid, (17i) is to construct the FIM.

3.3 Implementation aspects

Here we detail the implementation aspects related to the numerical approach for
solving the optimal design problem.

Formulations (16) and (17) are coded in The General Algebraic Modeling
System environment, commonly known by the initials GAMS (GAMS Development
Corporation, 2013). GAMS is a general modeling system that supports mathematical
programming applications in several areas. Upon execution, the code describing the
mathematical program is automatically compiled, symbolically transcribed into a set
of numerical structures, and all information regarding the gradient and matrix Hessian
is generated using the automatic differentiation tool and made available to the solver.
We provide a sample of such a code in the Supplementary Material.

The convexity properties of ODoE problems are rather challenging. The calcula-
tions require matrix algebra operations embedded in the optimization problems which
in turn produce problems with multinomial terms and variables of different scales, that
may, in principle, lead to multiple local optima. We did not encounter such problems
in our numerical examples.
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To determine the optimal design (i.e., solve the ODoE problems) we used a
multistart heuristic algorithm-based solver, OQNLP. The algorithm calls an NLP solver
from multiple starting points, keeps all the feasible solutions found, and picks the
best as the optimal solution of the problem (Ugray et al., 2005). The starting points
are computed with a random sampling driver that uses independent normal random
variables for initializing each decision variable. Contrarily to deterministic global
optimization solvers, OQNLP does not certify that the final solution is a global optimum,
but it has been successfully tested on a large set of global optimization problems. To
build the initial sampling points the variables need to be bounded, which is what
we have since the design space and the region of plausible values are all compact
by assumption. The NLP solver called by OQNLP is CONOPT, which in turn uses the
Generalized Reduced Gradient (GRG) algorithm (Drud, 1985).

The maximum number of starting points allowed is set to 5000 and the procedure
terminates when 100 consecutive NLP solver calls result in an improvement less than
1 x 107*. The absolute and relative tolerances of the solver were set equal to 1 x 107
and 1 x 107%, respectively, with the absolute tolerance being equal to £ which is the
minimum value allowed for the diagonal entries in the FIM so that it is positive
definite. All computations in §4 used an Intel Core i7 machine running a 64 bits
Windows 10 operating system with a 2.80 GHz processor.

4 Locally optimal designs

This section presents the locally D—optimal designs calculated for steady-state and
time-discrete LTI models employing the formulations derived in §3. In Section 4.1
we consider the steady-state LTI model, and in §4.2 the time-discrete LTI model is
solved and optimal designs for dynamic experiments are obtained. For demonstration
we consider the biochemical reaction network of Figure 1, and the corresponding
state—space representations which involve 10 kinetic rates to be estimated.

4.1 Locally optimal designs for SS-LTI model

In this section we consider steady-state LTT models and analyze (i) the impact of p for
which the design is to be obtained; (ii) the comparison of exact and continuous optimal
designs for the same vectors of parameters; and (iii) the impact of constraining the
individual elements in u; to smaller allowable maximum levels. We recall that this
setup is adopted for static experiments, where the optimal vectors of actions (support
points) found give the conditions for running different trials. In each trial, the system
is observed after achieving the (new) steady-state. We take the vectors ug, k € [K],
to be constrained to the unit simplex set, i.e. {ux € R?, k € [K] : 17 u; = 1},
which represents the limitation of activating no more than one entering flux in each
trial; 1 is the unitary vector of size 3. The exception occurs when the number of
support points is restricted to 2; the optimal design may require fractionally activating
more than one flux at once to assure the FIM is non-singular. This constraint is
explicitly included in the design space, U, which may include additional bounds.
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The first numerical cases reported in Tables 1-4, were solved limiting the upper
bound of control actions to 1, corresponding to fully activating a single flux. This
constraint assures bounded optimization problems since the determinant of the FIM
depends on combinations of square vectors u, thus being naturally unbounded if
u — oo, Here, U= {u; € R’, k € [K] : 17 ux = 1, u; < 1}. The results in
Tables 5-6 were obtained with an upper bound of 0.5 imposed to control actions
which corresponds to fractionally activating the fluxes with upper limits of 50 %.
Now, we have U = {u; € R3, k € [K] : 17w =1, u; < 0.5}.

To study the impact of p on the optimal design and model identifiabil-
ity, we consider two distinct scenarios where (i) the parameters 6;, i € [ng]
are all equal to 1, ie. p;1 = 1;,; and (ii) the parameters 6;,, i € [ng]
are chosen using a uniform random generator in interval [0.5, 1.5]; the
main purpose of this numerical test is generalizing the application to ev-
ery 8 € O. Specifically, the vector obtained for the later scenario is pr =
[1.3147, 1.4057, 0.6269, 1.4133, 1.1323, 0.5975, 0.7784, 1.0468, 1.4575, 1.4648].

We recall that the formulations developed in §3 are for continuous designs. To
determine exact optimal designs we solve the optimal design problem (16) after
setting wi = 1/ng, k € [ng], i.e. the optimization problem aims at finding the support
points maximizing the optimality criterion given that each one of them have equal
weights 1/n. Obviously, for some values of ng, the exact optimal design may include
replicates corresponding to support points with weights integer multiples of 1/n;.
The corresponding continuous designs are determined relaxing the weights wy and
solving the problem (16) for both ux, k € [ns], and wy. The continuous optimal
designs will be at least as efficient as the equivalent exact optimal designs as they
do not have to obey the constraint ny € N. To evaluate the efficiency of the exact
designs obtained for different values of ny (number of support points) we calculate the
D-efficiency with (10). Here, the continuous designs obtained for ng = 3 in Tables 3
and 4 are used as reference for evaluating the efficiency of the exact designs in Tables
1 and 2 as well as that of the continuous designs obtained from ng = 2, also displayed
in 3 and 4.

To assess model identifiability we use the value of the minimum eigenvalue of the
FIM at convergence and compare it with the tolerance imposed on the NLP solver, £.
If Amin[M(ép|u,8)] < ¢ the model is assumed unidentifiable (Id = 0) otherwise it
is locally identifiable with the identifier /d = 1. The designs presented in Tables 14
were obtained foruy € [0, 1]3, k € [ns] where the minimum value (0) corresponds to
inactive entering fluxes and (1) to active fluxes. For compactness we use {det[ M] }1/ o
for representing {det[ M (&|u, 6)] 1m0 and Apin [M] for Amin[M (¢éplu,8)]. The Ta-
bles also report the CPU time required to solve the ODoE problem with OQNLP which
is relatively high because of the need of ensuring that global optimality is attained.

Table 1 presents the exact optimal designs obtained for p;. To help in the interpre-
tation of the results, each of columns 2 to 4 in the table is for one support point, with
the respective weights listed below for ng € {3, --- , 6}. These extreme support points
correspond to activation of just one flux. In contrast, the optimal design for ny = 2 in
the last line of Table 1 contains one support point which is not extreme; the second
support point indicates activation of a linear combination of inputs u, and u3.
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The efficiency of the exact designs in Table 1, computed using the continuous
design for ny = 3 in Table 3 as reference, is close to 100 %, and very similar for
ng € {3,---,6}. However, two patterns are discernible. The design for ng = 6 twice
replicates the design for ng = 3, so the two designs have identical properties since the &
are identical. The highest determinant is from n; = 5, which is a close approximation
to the optimal continuous design in Table 3. The determinant of the FIM for ny = 2
is one order of magnitude below the values obtained for other values of ng, with the
efficiency being about 80 %. Considering the criterion Ay, [M(&p|u, @)], we notice
the model is identifiable for ng € {2,--- ,6}.

The exact optimal design obtained for ny; = 2 includes a support point where
the levels of u, and u3 are fractional; a linear combination of both allows exciting
the complete network as u; and u3 excite different parts (i.e., up excites the fluxes
X — X3, X3 — output, x, — x5, x5 — xg and xg — output while u3 excites
X4 — x5, x5 — xg and x¢ — output). The activation of u; excites the full network
but only provides 6 measurements, insufficient to identify the model.

Table 2 contains the exact optimal designs for a different parameter vector p;.
Although the parameters are different, the designs are the same as those in Table 1. The
model is again identifiable for ng; € {2,--- , 6}, and the behavior of det[ M(£|u,8)]
and Apin [M(&p|u, 8)] with the number of support points is similar to that observed
for the previous paremeter vector. Although the model is identifiable for both of the
vectors p tested, model identifiability is pointwise in the space of parameters, and
no general conclusion can be extended to the global identifiability of the model. The
efficiency of the exact designs computed using the continuous designs in Table 4 for
reference is again very close to 100 %, except for ng = 2.

The diagnosis of global identifiability of the state—space model describing the
network in Figure 1 is out of the scope of this paper as it requires symbolic algebra-
based approaches, see Saccomani et al. (1997). The lower eigenvalue of the FIM
at convergence can only be used for checking local identifiability; there are many
models that are locally identifiable despite being globally non-identifiable (Guillaume
et al., 2019). However, to check the global identifiability of the space-state model
representing the network we ran the analysis in DAISY, a software tool developed for
testing the global identifiability of state—space models (Bellu et al., 2007). Practically,
we tested the model (1) representing the network in Figure 1, and the result is that it
is globally identifiable. Thus, we expect local identifiability holds for all parameter
vectors used for finding optimal experimental designs.

Table 3 presents the continuous optimal designs obtained for p;. Only the designs
obtained for ny € {2, 3} are listed’ since the numerical experiments for K > 3
produce designs identical to that for ng = 3 after collapsing some support points. The
D-optimal designs obtained for a single output (1, = 1) and ns = ng allocate equal
weights w; = 1/ng to each support point. We note the designs in Table 3 do not follow
this rule because ny, > 1.

Practically, D-optimal designs based on two or more support points allow full
identification of the model; designs with more than 3 support points collapse into the
3 support point design. As for the exact designs, the continuous optimal designs for
ns = 2 include a support point formed by a fractional combination of u, and u3; the
weights of the support are unequal but close to 1/2. Table 4 shows the optimal designs
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Table 1 Steady state model: exact optimal experimental designs for p; (U = {ux € R3, k €
[K]: 1Tup =1, ug < 1}).

Support points
1.0000 0.0000 0.0000
(0.0000) (1.0000) (0.0000)
ng 0.0000 0.0000 1.0000, {det[ M]}!/70 Amin [M] Id Effp (%)  CPU(s)
3 1/3 1/3 1/3 0.2176 4.9911 x 1073 1 99.10 28.31
4 2/4 1/4 1/4 0.2157 3.7783 x 1073 1 98.25 30.69
5 2/5 2/5 1/5 0.2192 5.0072 x 1073 1 99.80 35.15
6 2/6 2/6 2/6 0.2176 4.9911 x 1073 1 99.10 31.65
Support points
1.0000 0.0000
(0.0000) (0.8383)
0.0000 0.1617
2 1/2 1/2 0.1746 2.1388 x 1073 1 79.50 24.13

Table 2 Steady state model: exact optimal experimental designs for p, (U = {u;z € R?, k €
[K]: 1T ug =1, up < 1}).

Support points

1.0000 0.0000 0.0000
(0.0000) (1.0000) (0.0000)
+  10.0000 0.0000 1.0000/  {det[ M]}"/"6 Amin [M] Id Effp (%) CPU(s)

S

3 1/3 1/3 1/3 0.1853 3.4247 x 1073 1 99.34 34.88
4 2/4 1/4 1/4 0.1837 2.5821 x 1073 1 98.50 40.57
5 2/5 2/5 1/5 0.1859 3.3626 x 1073 1 99.67 39.20
6 2/6 2/6 2/6 0.1853 3.4247x 1073 1 99.34 33.85
Support points
1.0000 0.0000

(0.0000) (0.8474)

0.0000 0.1526
2 1/2 1/2 0.1437 1.2233 x 1073 1 77.02 20.34

for p,. Although the designs are not identical to those of Table 3, we observe similar
trends to those found for p;.

Now we consider a constrained design region with U= {u e R3: 0 <u < 0.5}.
The exact optimal designs obtained for p; are in Table 5, and the corresponding
continuous optimal designs in Table 6. The efficiency of the exact designs relative to
the continuous design for ng = 3 is close to 100 %. The comparison of the determinant
values with those for the designs in Tables 1 and 2 reveals that the constraint on input
variables decreases the efficiency by about 30 %. In Tables 1-2 the optimal designs
take measurements when each input in turn equals one, with the other two zero. The
effect of the constraint on the values of the uy in the designs of Tables 56 is to have
two inputs at the maximum for each design point and one at zero. The weights for
the continuous optimal design in Table 6 are less equal than those for the continuous
design in Table 3, with the effect in Table 5 that 3 trials are at support point 1 when
ng = 6.
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Table 3 Steady state model: continuous optimal experimental designs for p; (U = {ux € R3, k €
[K]: 1Tup =1, ug < 1}).

Support points
1.0000 0.0000 0.0000
(0.0000) (1.0000) (0.0000)
ng 0.0000 0.0000 1.0000, {det[ M] }'/”9 Amin [M] Id Effp (%)  CPU (s)
3 0.3887 0.3757 0.2356 0.2196 4.9949 x 1073 1 100.00 78.42

Support points

1.0000 0.0000
(0.0000) (0.8381)
0.0000, 0.1619

2 0.5143 0.4857 0.1746 2.1233x 1073 1 79.51 44.18

Table 4 Steady state model: continuous optimal experimental designs for p» (U = {ur € R, k €
[K]: 1T ugp =1, ug < 1}).

Support points
1.0000 0.0000 0.0000
(0.0000) (1.0000) (0.0000)
ng 0.0000 0.0000 1.0000, {det[ M] }'/”9 Amin [M] Id Effp (%) CPU (s)
3 0.3836 0.3649 0.2515 0.1865 3.3758 x 1073 1 100.00 93.21
Support points
1.0000 0.0000
(0.0000) (0.8471)
0.0000 0.1529
2 0.5188 0.4812 0.1437 1.2128 x 1073 1 77.05 40.21

Table 5 Steady state model: exact optimal experimental designs for p; (U = {u; € R?, k €
[K]: 1T ug =1, ug <0.5}).

Support points

0.5000 0.5000 0.0000

(0.5000) (0.0000) (0.5000)
ng 0.0000 0.5000 0.5000, {det[ M] }‘/"0 Amin [M] Id Effp (%) CPU (s)
2 1/2 1/2 0 0.1516 9.2594 x 10™* 1 98.23 21.35
3 1/3 1/3 1/3 0.1511 1.3115x 1073 1 97.92 39.15
4 2/4 1/4 1/4 0.1522 1.3212x 1073 1 98.69 42.38
5 2/5 2/5 1/5 0.1536 1.5323 x 1073 1 99.54 45.68
6 3/6 2/6 1/6 0.1541 1.4961 x 1073 1 99.87 37.06
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The convergence of the global optimizer ensures the global optimality of all
the designs obtained in subsequent sections. Nonetheless, the optimality of the static
designs was checked graphically by plotting the dispersion function and validating the
equivalence theorem. Here, for demonstration purposes we consider the continuous
D-optimal design with three support points obtained for vector p, (in Table 4), and
compute the directional derivative (9). The display is shown in Figure 3; the dispersion
function is bounded from above by zero and is maximized at the support points, so
the design is indeed locally D-optimal. We note the design problem has three decision
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Table 6 Steady state model: continuous optimal experimental designs for p; (U = {ux € R3, k €
[K]: 1T ug =1, ug <0.5}).

Support points
0.5000 0.5000 0.0000
(0.5000) (0.0000) (0.5000)
ng 0.0000 0.5000 0.5000 {det[ M] }'/”9 Amin [M] Id Effp (%)  CPU (s)
2 0.5502 0.4498 0.0000 0.1519 8.6006 x 107 1 98.47 32.18
3 0.4864 0.3757 0.1379 0.1543 1.4393 x 1073 1 100.00 46.40

variables but because of the constraint 2i=1 uy = 1 it reduces to variables u; and u>,
and the directional derivate can be represented in a three-dimensional plot. Similar
plots were constructed for all designs obtained for static experiments and all satisfy
the optimality conditions.

Dispersion function

Figure 3 Directional derivative (9) of the continuous D—optimal design for p, assuming 3 support points
(see Table 4).

4.2 Locally optimal designs for TD-LTI model

We now consider optimal design for time-discrete LTI models and solve the optimiza-
tion problem (17). This setup is adopted for dynamic experiments, where the optimal
sequence of actions found serve to run a single experiment. The sequence of actuations
prescribed as well as the process sampling are implemented at a previously defined
grid of discrete time instants of the experimental horizon. We set «™®* to 6 and varied
the interval At between sampling (and control) instants. In all dynamic experiments
considered in this section, the factor domainis U = {u € RE™ . Zi:l ur =1, u > 0}.
The impact of p on local model identifiability is also assessed. For testing the formu-
lation we used the parameter vectors considered in §4.1, i.e. p; and p,. The optimal
designs are presented as the set of values of the control factors u;, i € [ny], at
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each discrete time instant k € {0, -- , k™ — 1}. The state and measurement (alge-
braic) equations (11) and the respective sensitivity equations (12a-12b) are solved for
¢ €{0,---,¢™* — 1} at once. Initially, at time ¢ = 0 (corresponding to discrete time
t9) the network is considered deactivated, consequently x;, = 0.

The sampling interval At should be lower than the Shannon period for the input
signal (Franklin et al., 1990). That is, At should be smaller than 1/2 of the time
constant associated with the slowest system dynamics. For vector py, this is governed
by the eigenvalue A = —1. Thus, we consider A7 = 1/3 and subsequently reduce it to
1/6 to analyze the impact of the sampling interval reduction on the optimal design.
The time interval At at which the model predictions and sensitivities are updated is
At = 1/6 in all the numerical experiments, which is the minimum value of At tested.
Consequently, in these experiments we set £™* = 12 which allows comparing optimal
designs independently of the grid at which the variables are recalculated. We thus
disaggregate the influence on the amount of information gathered of the integration
interval from that of the sampling interval and the horizon of the experiment.

Table 7 presents the optimal designs for AT = 1/3; we observe the inputs take
extreme values corresponding to activation/deactivation of inflow fluxes. It is well
known that D—optimal designs for linear models choose experimental points at the
extremes of the design region. The same is found by Zarrop (1979) for D—optimal
designs for linear control systems, resulting in persistent excitation in which at least
one control is non-zero. Here, the optimal profiles of actions likewise require extreme
variations of the input, going suddenly from lower to upper bounds or vice-versa. The
two optimal designs are identical, having one input at its maximum and the others at
the zero, the input at the maximum changing over the horizon of the experiment.

We found that the matrix of eigenvectors, V(8), for the first vector of parameters
(p1) is non-invertible, so V~!(@) cannot be computed. To overcome this issue the
matrix exponential exp[A(p) At] is computed using the power series method with 30
terms, i.e. exp[A(p) At] = Z?EO[A(p) Ar]i/il.

The optimum design for AT = 1/3 and p; is plotted in Figure 4 where 4(a) is for the
sequence of control actions and 4(b) for measurement predictions. Figure 4(a) high-
lights the “bang-bang” form of actions when the goal is to maximize the information
content gathered from dynamic experiments.

Table 7 Discrete-time dynamic model: D—optimal experimental designs (A7 = 1/3, H =2).

Values of u
P1 P2

K uj uz usz uj uz usz
0 0.0000  0.0000  1.0000 0.0000  0.0000  1.0000
1 1.0000  0.0000  0.0000 0.0000  1.0000  0.0000
2 1.0000  0.0000  0.0000 0.0000  1.0000  0.0000
3 0.0000  1.0000  0.0000 1.0000  0.0000  0.0000
4 0.0000  1.0000  0.0000 1.0000  0.0000  0.0000
5 0.0000  1.0000  0.0000 1.0000  0.0000  0.0000

et . .

{det[ M]}!/0 0.2002 0.1779
Amin [M] 2.8527 x 1074 1.5119 x 10~

CPU (s) 167.86 221.51
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Figure 4 Optimal experimental design for TD-LTI model; A7 = 1/3 and p;: (a) control factors; (b)
measurements.

Table 8 shows the optimal designs obtained for the same parameter vectors by
reducing the horizon and considering a smaller sampling interval, AT = 1/6 such
that the number of observations obtained is equal to that of the previous setup. Here,
At = At; consequently, £ = 6. Practically, we analyze the effect of reducing the
sampling interval keeping the number of observations produced from the experimental
plan fixed as well as the interval at which variables are updated. The model is still
identifiable for both parameter vectors since the minimum eigenvalue of the FIM at
convergence is larger than 1 x 107>. The efficiencies of the designs in Table 7 (H = 2
and At = 1/3) relative to those of Table 8 (H = 1 and At = 1/6) are 94.57 % and
97.97 % for vectors p; and p,, respectively. We note that the experiments with smaller
sampling interval are slightly more efficient when the number of sampling points is
fixed, although the difference is small. This finding is due to appreciable information
at the beginning of the experiment, as the responses change relatively rapidly, which
is partially lost if At is too large. A further advantage is the economic one that a
shorter experiment is cheaper to run. Nevertheless, these findings are dependent on
the model and sampling interval, and cannot be generalized.

Table 8 Discrete-time dynamic model: D—optimal experimental design (A7 =1/6, H = 1).

Values of u
pPI p2
K uj uz usz uj uz usz
0 1.0000  0.0000  0.0000 1.0000  0.0000  0.0000
1 1.0000  0.0000  0.0000 1.0000  0.0000  0.0000
2 0.0000  0.0000  1.0000 0.0000  0.0000  1.0000
3 0.0000  1.0000  0.0000 0.0000  1.0000  0.0000
4 0.0000  1.0000  0.0000 0.0000  1.0000  0.0000
5 0.0000  1.0000  0.0000 0.0000  1.0000  0.0000
{det[ M]}/70 0.2117 0.1816
Amin [M] 1.8816 x 10~* 3.6568 x 107>

CPU (s) 191.31 280.64
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To analyze the impact of varying At but conserving the horizon we solved the
problem for At = At = 1/6 and H = 2 with the two sets of parameter values of
Table 7. Here, we analyze the effect of doubling the number of observations. Now
KM = M = 12 and the optimal designs obtained are in Table 9. The comparison
of the results of Table 9 with those of Table 7 shows an increase in information when
the horizon is maintained and the sampling interval is reduced to one half. This effect
is stronger for the parameter value in the right-hand half of the table.

Table 9 Discrete-time dynamic model: D—optimal experimental designs (A7 = 1/6, H = 2).

Values of u
Pi P2
K up u us ug u us
0 0.0000  0.0000  1.0000 0.0000  0.0000  1.0000
1 0.0000  0.0000  1.0000 0.0000  0.0000  1.0000
2 1.0000  0.0000  0.0000 0.0000  0.0000  1.0000
3 1.0000  0.0000  0.0000 0.0000  1.0000  0.0000
4 1.0000  0.0000  0.0000 0.0000  1.0000  0.0000
5 1.0000  0.0000  0.0000 0.0000  1.0000  0.0000
6 0.0000  1.0000  0.0000 0.0000  1.0000  0.0000
7 0.0000  1.0000  0.0000 1.0000  0.0000  0.0000
8 0.0000  1.0000  0.0000 1.0000  0.0000  0.0000
9 0.0000  1.0000  0.0000 1.0000  0.0000  0.0000
10 0.0000  1.0000  0.0000 1.0000  0.0000  0.0000
11 0.0000  1.0000  0.0000 1.0000  0.0000  0.0000
{det[ M]}!/m0 0.3040 0.2754
Amin [M] 6.7658 x 1074 4.2541 x 107
CPU (s) 558.28 740.26

To compare the amount of information gathered from the experimental plans
obtained for (i) At = 1/3, H =2; (ii) Ar = 1/6, H = 1; and (iii) At = 1/6, H = 2,
we compute the D—optimal efficiency of the two former designs using Eq. (10) with
the reference design used for computation being that obtained for setup (iii). The
efficiency of the reference design is omitted from Table 10 since it is 100 % by
assumption. The D—-optimal efficiencies are in Table 10, and is noteworthy that the
number of observations of the plan increases the amount of information. The reference
design involves 12 observations and the other two only 6. We note the D—efficiency
of the latter two is around 65 %. The consequence is that it is more efficient to repeat
independent observations with multiple sensors in setups (i) and (ii) than to use (iii).

Table 10 Discrete-time dynamic model: D—optimal efficiency obtained for parameter vectors p; and p;
(expressed in percentage). The reference design is that obtained for AT = 1/6, H = 2 (see Table 9).

Setup Pi P2
At=1/3, H=2 65.86 64.62
At=1/6, H=1 69.64 6596
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Now, we compare the volume of the parametric confidence regions estimated
from static experimental setup with U = {uy € R?, k € [K] : 1T u; = 1, u; < 1}
(see Tables 1-4) and dynamic setup with At = 1/6, H = 1 (see Table 8) for plans
producing the same number of measurements using the metric {det[ M(&|u, 6)] yl/ne,
The aim is to determine if any of the approaches have clear advantages. Specifically,
we compared static plans obtained for ny; = 6 with the dynamic plan in Table 8.
The dynamic experiment allows obtaining 97.29 % and 98.00 % of the information
gathered from the exact static design for p; and p», respectively, and 96.40 % and
97.37 % of the information produced by equivalent continuous designs. Consequently,
the confidence region obtained from static experimental design is slightly smaller but
it requires 6 trials while the dynamic experimental plan requires only one setting of
the control factors, although the system is, of course, sampled at 6 time instants.

We conclude with a simulation to illustrate the effect of the proposed approach
in accurately estimating the parameters 8. We could, as in the preceding paragraph,
compare the values of determinants of information matrices for two designs, but
we instead provide simulated confidence intervals for the values of the individual
parameters. We take H = 2, At = 1/3 with @ = p,. The precision of the estimated 8 is
computed by simulation for the profile of actions resulting from the optimal dynamic
design and for an alternative (non-optimal) design. To construct the reference scenario
we used the design obtained from solving the ODoE problem. Then, the response
variables were simulated and corrupted with observational error normally distributed
where each component ¢; is described by an i.i.d. Gaussian probability distribution
N (0, o). Here, we set o; = 2 x 1073 for all the components.

Each simulated sample provides a total of 67, measurements used to estimate the
model parameters with a multiresponse least squares (MLS) method. This problem is
formulated as a NLP problem that minimizes Zlnz‘ » 5:]“ (77?3.5 1) y-1 (n?}}s - )7,
and is solved for each simulated sample.

To construct non-optimal profiles of actions we randomly sample a 6-element
vector from the set of integers {1, 2, 3}. Then, a 6 X 3 matrix of zeros is constructed
and the elements with row indices equal to the vector of integers previously generated
are set to 1. Next, this profile allows estimating the response variables, which are then
corrupted with noise with the same characteristics applied to reference scenario, and
used to estimate the model parameters with MLS. This procedure is also repeated
500 times. The complete set of parameter estimates allows computing the average and
95 % confidence intervals. The results are displayed in Table 11. Column 2 shows
the true values used for generating the data, column 3 the estimates obtained with
the profile of actions prescribed by the optimal design, and in the last column are the
estimates obtained with the non-optimal sequence of actions. The estimates resulting
from the optimal design are closer to the true values and, more importantly, for most
of the parameters the confidence intervals are tighter. Consequently, the size of the
parametric confidence regions for the individual parameters found from data obtained
with the optimal profile of actions is smaller, which is the primary objective of ODoE.

The convergence of the global optimizer indicates the global optimality of all the
designs obtained in this section. A full certification requires using a spatial branch
and bound algorithm.
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Table 11 Simulation-based analysis for AT = 1/3, H = 2, p, and 500 simulated samples. (in the
representation x.xxxx + y.yyyy the first number indicates the mean and the second the 95 % confidence
limits)

Value obtained from Value obtained from
Parameter  True value  reference simulated samples ~ non-optimal simulated samples

0, 1.3147 1.3165+0.0699 1.3610+0.0748
6 1.4057 1.4058+0.0410 1.3963+0.1054
63 0.6269 0.6231+0.0682 0.6116+0.1241
64 1.4133 1.4141+0.0485 1.3918+0.1290
05 1.1323 1.1331+0.0653 1.2744+0.1118
O 0.5975 0.6045+0.1163 0.6285+0.1835
67 0.7784 0.7777+0.0169 0.7897+0.0419
63 1.0468 1.0456+0.0382 1.0658+0.0674
69 1.4575 1.4557+0.0660 1.4382+0.0396
10 1.4648 1.4667+0.0551 1.4535+0.0555

5 Conclusions

We have considered the optimal design of experiments for Linear Time Invariant State-
Space models, and have proposed general formulations for finding locally optimal
designs for steady-state and time-discrete representations. Here, the formulations
were applied to the identification of biochemical reaction networks; the analysis of the
Fisher Information Matrix at convergence provides a check on the local identifiability
of the model through comparison of the minimum eigenvalue of the FIM with a
previously set threshold value.

The static experimental designs for the SS-LTI model demonstrate only a very
slight loss in D—efficiency from small exact designs compared with the optimal con-
tinuous designs. The actual number of experiments should be chosen to reflect the
required level of accuracy in the estimates of the parameters, or derived confidence
intervals. The dynamic optimal experimental designs for the TD-LTI model show that
the sampling interval is a crucial factor in design efficiency; however, the optimal
sampling interval depends on the specific system under analysis.

Our formulation addresses the D—optimality criterion and includes: (i) the gen-
eration of the sensitivity coefficients; and (ii) the computation of the determinant of
the FIM. This approach can be applied to any criterion formulated as the maximiza-
tion/minimization of a convex function of the FIM such as those of the Kiefer (1974)
class. The first step requires solving/expanding the sensitivity equations derived from
the chain rule of differentiation, and the second allows optimizing concave/convex
functions of the FIM, such as the determinant. The resulting optimization problem for
approximate and exact designs can have multiple local optima, so a global optimizer
is required to ensure that a global optimum is attained.
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