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Abstract. There is a constructive method to define a structure of simple k-cyclic Post

algebra of order p, Lp,k, on a given finite field F (pk), and conversely. There exists an inter-

pretation Φ1 of the variety V(Lp,k) generated by Lp,k into the variety V(F (pk)) generated

by F (pk) and an interpretation Φ2 of V(F (pk)) into V(Lp,k) such that Φ2Φ1(B) = B for

every B ∈ V(Lp,k) and Φ1Φ2(R) = R for every R ∈ V(F (pk)).

In this paper we show how we can solve an algebraic system of equations over an

arbitrary cyclic Post algebra of order p, p prime, using the above interpretation, Gröbner

bases and algorithms programmed in Maple.
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1. Introduction

M. Serfati studies in [23] the resolution of an algebraic equation in n un-
knowns over an arbitrary r-Post algebra. He gives first a general parametric
solution for the algebraic equation in one unknown

f(x) = 0.

For algebraic equations in n unknowns, he gives a consistency condition and
proposes two alternative methods for its solution.

In [1] we proved that there exists an interpretation Φ1 of the variety
V(Lp,k) generated by the k−cyclic simple Post algebra of order p, Lp,k,
in the variety V(F (pk)) generated by the field 〈F (pk);+, ·, F (p)〉 and an
interpretation Φ2 of V(F (pk)) in V(Lp,k) such that Φ2Φ1(B) = B for every
B ∈ V(Lp,k) and Φ1Φ2(R) = R for every R ∈ V(F (pk)).

In this paper we first analyze if the postian polynomial in one variable
over a Post algebra of order p,

f(x) = 0
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is consistent. We show how we can solve this equation using the interpre-
tation described in [1] with the help of some algorithms programmed in
Maple, and we also propose a solution when the polynomial does not satisfy
the consistency condition. In that case we translate the equation f(x) = 0
and we obtain the postian polynomial f in the language of F (pk); using a
well known result of Galois theory, we consider it in an extension F (pt) of
F (pk) where it is solvable. Finally, using again the interpretation mentioned
above, we obtain the solutions of the postian polynomial f in the cyclic Post
algebra of order p, Lp,t.

We also use the procedure described above for an algebraic equation in
n unknowns. We check first if it satisfies the consistency condition given
by Serfati, and once we know that the equation has a solution, we use the
interpretation Φ1 to see the postian polynomial in F (pk) where it is easier
to find the roots. We solve the equation using as a central tool the Gröbner
bases, and proceed as above to obtain the solution of the postian equation
in the postian language.

Section 2 describes the necessary facts about varieties, cyclic Post al-
gebras, finite fields and Gröbner bases. In Section 3 we describe the con-
structive method to transform a field 〈F (pk);+, ·, F (p)〉 into a k-cyclic Post
algebra of order p, p prime, k ≥ 1, and conversely the field operations as
terms in the language of cyclic Post algebras, and give the interpretations
stated above and proved in [1]. Finally in Section 4 we explain how we can
solve an algebraic system of equations over a cyclic Post algebra of order p,
p prime and illustrate the whole process with some examples.

2. Post Algebras, Galois Fields and Gröbner Bases

We give in this section some definitions, properties and proofs about vari-
eties, finite fields, cyclic Post algebras and Gröbner bases which can be found
in the literature.

For background material on varieties, the reader is referred to [8].

Given a class K of similar algebras, we denote the class of all subalgebras,
homomorphic images and direct products respectively by S(K), H(K) and
P (K). We know that K is a variety if H(K) ∪ S(K) ∪ P (K) ⊆ K. We
denote by V the variety generated by K (the least variety containing K).
We denote in general, V = HSP(K). If K is finite, say K = {A1, . . . , An},
then V will be denoted V(A1, . . . , An).

Epstein gave in [11] a definition equivalent to the following one.
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Definition 2.1. A Post algebra of order r, r an integer ≥ 2, is a system
〈A;∧,∨,0,1,∼, {Ci}

r−1
i=0 , {ei}

r−2
i=1 〉, such that 〈A;∧,∨,0,1〉 is a distributive

lattice with 0 and 1; ∼, Ci are unary operations and ei are nullary operations
satisfying:

(1) ∼∼ x = x,

(2) ∼ (x ∧ y) = ∼ x∨ ∼ y, ∼ (x ∨ y) = ∼ x∧ ∼ y,

(3) Ci(x) ∧ Cj(x) = 0 for i �= j, and
∨r−1

i=0 Ci(x) = 1,

(4) 0 = e0 ≤ e1 ≤ . . . ≤ er−1 = 1,

(5) if x ∧ e1 = 0 then x = 0,

(6) if x ∨ ei−1 = ei then x = ei,

(7) for every x ∈ A, x =
∨r−1

i=0 Ci(x) ∧ ei.

It is known that if B(A) is the Boolean algebra of complemented elements
of A, then x ∈ B if and only if x = Ci(y) for some i and some y ∈ A.

The unary operations Ci(x) are unique. This means that for any given
x ∈ A there is only one sequence of elements C0(x), C1(x), . . . , Cr−1(x) sat-
isfying (3) and (7) of Definition 2.1.

The following example plays an important role. Let Lr be the set of all
fractions j/(r− 1), with j = 0, 1, . . . , r− 1, considered as a sublattice of the
real numbers, with ∼ (j/(r − 1)) = 1− j/(r − 1) and Ci(j/(r − 1)) = 1 if
j = i and Ci(j/(r− 1)) = 0 otherwise. Then Lr is a Post algebra of order r,
where ej = j/(r − 1), 0 ≤ j ≤ r − 1.

The variety of Post algebras of order r is a discriminator variety (see [8]),
generated by the chain of r elements. In particular, any finite Post algebra of
order r is isomorphic to a direct product of copies of chains with r elements.

Definition 2.2. A k−cyclic Post algebra of order r (r ≥ 2, k ≥ 1, r, k fixed)
is a pair 〈A;T 〉, where A is a Post algebra of order r and T is a Postian
automorphism of A such that T k(x) = x for every x ∈ A.

Observe that the class of k−cyclic Post algebras of order r is equationally
definable.

The set (Lr)
k of all sequences x = (x1, x2, . . . , xk), with xi ∈ Lr and with

the pointwise defined operations, is also a Post algebra of order r. Defining
T (x1, x2, . . . , xk) = (xk, x1, x2, . . . , xk−1), we have that T is an automor-
phism of (Lr)

k such that T k(x) = x for every x ∈ (Lr)
k. Then 〈(Lr)

k;T 〉
is a k−cyclic Post algebra of order r. We will denote by Lr,k the algebra
〈(Lr)

k;T 〉, where T is the automorphism described above.

The simple algebras of the variety of all k−cyclic Post algebras of order
r are isomorphic to the algebras Lr,d, with d a divisor of k [2].
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Definition 2.3. Let F be an extension of a field K. An automorphism
σ : F −→ F is said to be a K−automorphism if σ |K= IdK . The group of
all K−automorphisms of F is called the Galois group of F over K and it is
denoted by AutKF .

If H is a subgroup of AutKF , the set {x ∈ F : σ(x) = x, σ ∈ H} is called
the fixed field of H.

If F is an extension of a field K such that the fixed field of the Galois
group AutKF is K, then F is called a Galois extension of K.

Theorem 2.4. (The Normal Basis Theorem) Let F be a finite Ga-
lois extension of the field K, of degree n. Let G = {σ1, σ2, . . . , σn} be
the Galois group of F . Then there exists an element w ∈ F such that
{σ1(w), σ2(w), . . . , σn(w)} forms a basis of the K− vector space F .

For every prime p and every positive integer n, there exits a field having
exactly pn elements. Moreover any two fields of order pn are isomorphic.
The intersection F ′ of all subfields of F is called the prime field of F . If F
has characteristic p, then F ′ ∼= Zp.

If F = F (pn) is a finite field with pn elements, the multiplicative group
F \ {0} = {ε, ε2, . . . , εpn−1 = 1} is cyclic.

Definition 2.5. The mapping σ : F (pn) −→ F (pn) defined by σ(x) = xp

is a field automorphism, which is called the Frobenius automorphism. The
group of automorphisms of F (pn) is cyclic of order n and σ is a generator.

We introduce now some concepts of Commutative Algebra. For back-
ground material on Gröbner bases, the reader is referred to [6, 10].

Given a system of polynomials in n variables over a field K,

f1(x1, . . . , xn) = 0

...

fm(x1, . . . , xn) = 0

we are concerned with finding the common zeros of the fi over some alge-
braically closed field K̄ containing K.

Solving such systems of algebraic equations is one of the most challeng-
ing problems in Computer Algebra. The computational complexity of the
problem is quite difficult to solve in practice. There is no hope to solve
problems with more than 10 unknowns.

The ideal generated by the fi, denoted by (f1, . . . fm), is the set of all
linear combinations f1g1+. . .+fmgm where the gi are arbitrary polynomials.
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The radical of the ideal I is the ideal of all polynomial having a power
in I. A radical ideal is an ideal which is its own radical.

If two sets of polynomials generate the same ideal, or generate ideals
having the same radical, they have the same set of solutions. Hilbert’s Null-
stellensatz, an important result of the nineteenth century, asserts that the
converse is true.

Theorem 2.6. (Hilbert’s Nullstellensatz) Two systems of equations have
the same set of solutions in an algebraic closed field if and only if the ideal
generated by each of them have the same radical.

Buchberger’s algorithm for computing Gröbner bases is the first efficient
one for solving algebraic systems. We begin recalling the notion of multi-
variate polynomial.

A polynomial is a sum of terms. Each term is the product of a coeffi-
cient and a monomial which is a product of powers of the variables. The
exponent of a monomial (or of a term) is the vector of the exponents of each
variable. Thus, the exponent of xα1

1 . . . xαn
n is (α1, . . . αn), and the exponent

of a constant monomial 1 is (0, . . . , 0).
The degree of a monomial (or of a term) is the sum of the exponents of

the variables. The degree of a polynomial is the biggest degree of its terms.
The terms are ordered by some total ordering on the coefficients. The

first term for this ordering (the biggest one) is called the leading term and
the corresponding monomial, exponent and coefficient are the leading mono-
mial, the leading exponent and the leading coefficient. We will denote for a
polynomial p, lmon(p), lterm(p), lexp(p) and lcoef(p).

The ordering on the monomials has to satisfy the following two axioms
for any monomials m, n and p:

(a) 1 < m and
(b) m < n ⇔ mp < np.
These conditions imply that infinite decreasing sequences of monomials

do not exist.

The most commonly orderings used are the following:
The lexicographical ordering (denoted by lex) for which the monomials

are ordered by lexicographical ordering on the exponents, i.e.

(a1, . . . , an) <lex (b1, . . . , bn)⇔ ai < bi for some i, and aj = bj for j < i.

The degree-lexicographical ordering (denoted by glex) for which the de-
grees are compared first, and, lex is used in case of equality of degrees:

(a1, . . . , an) <glex (b1, . . . , bn)⇔ a1 + . . . + an < b1 + . . . + bn
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or a1 + . . . + an = b1 + . . . + bn and (a1, . . . , an) <lex (b1, . . . , bn).

The degree reverse-lexicographical ordering (denoted by rlex) for which
the degrees are compared first, and then, in case of equality, the opposite of
lex is used after reverting the ordering on the variables:

(a1, . . . , an) <rlex (b1, . . . , bn)⇔ a1 + . . . + an < b1 + . . . + bn

or a1 + . . . + an = b1 + . . . + bn and (an, . . . , a1) >lex (bn, . . . , b1).

The latter of these orderings is generally the most efficient for the com-
putation of Gröbner bases.

Definition 2.7. A Gröbner basis G of an ideal I for a fixed order on the
monomials is a (finite) set of generators of I such that the leading monomials
of the elements of I are exactly the multiples of the leading monomials of
the members of G.

If G is a Gröbner basis, the monomials which are not multiple of a leading
term in G are called irreducible.

A Gröbner basis is said minimal if none of its leading monomials is a
multiple of another of them.

A Gröbner basis is said reduced if each polynomial in it is irreducible by
the other ones, i.e. if the basis is minimal and if all not leading monomials
in it are irreducible.

The Gröbner basis of an ideal for a fixed order is not unique, but the
reduced Gröbner basis, which always exists, is unique.

As Gröbner bases are computable, many facts concerning polynomial
systems are easily deduced from them.

The next theorem called Weak Nullstellensatz was the basis (and is equiv-
alent to) the Hilbert Nullstellensatz.

Theorem 2.8. (The Weak Nullstellensatz) A system of polynomial equa-
tions has an empty set of solutions if and only if the Gröbner bases of an
ideal generated by the equations contains a constant polynomial, i.e. if {1}
is a reduced Gröbner basis for any ordering.

The main algorithm for computing Gröbner bases is due to Buchberger,
and was introduced in 1965 in his PhD. thesis. The reduction process and
the definition of S − polynomials are the main tools in the development.

Reducing a monomial m by a polynomial p consists in replacing m by
m− m

lmon(p)
p

lcoef(p) if m is a multiple of the leading monomial lmon(p) of p,
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or in doing nothing if it is not a multiple. Reducing a polynomial p by a set
of polynomials S consists in reducing the monomials in p by the polynomials
of S while it is possible. In the general case, the reduction depends on some
choices, and, thus, the reduction has not uniquely defined result.

A polynomial lies in an ideal if and only if it is reduced to 0 by a Gröbner
basis of an ideal.

Given two polynomials p and q, let m be the LCM of their leading mono-
mials. Then, their S-polynomial is

lcoef(q)
m

lmon(p)
p− lcoef(p)

m

lmon(q)
q.

In other words it is the polynomial obtained by simplifying together the
leading terms of p and q.

The Buchberger’s algorithm consists in:
Start with a set S of polynomials
While this modify S,

compute the S-polynomial of two elements of S,
reduce it by S,
and, if the result of the reduction is not 0, add it to S

Remove the polynomials in S which have a leading monomial which is
a multiple of

another leading monomial in S

Reduce the polynomials in S by the other elements of S
Return S

The algorithm described above has several improvements for an efficient
implementation [6, 10]. However, the research in this field is active and many
improvements are implemented in some systems without being published. In
spite of these improvements, Gröbner bases computations need often very
long computations and a lot of memory space. Thus further improvements
are yet needed.

3. Interpretations

In this section we give the interpretation Φ1 of the variety V(Lp,k) generated
by Lp,k into the variety V(F (pk)) generated by F (pk) and an interpretation
Φ2 of V(F (pk)) into V(Lp,k).

We obtain first an effective representation of any function on a finite field
F as a polynomial with coefficients in F , and an effective representation of
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any function on a finite cyclic Post algebra A as a (Post) polynomial with
coefficients in A.

Given a structure of field F = F (pk) defined on a set with pk elements,
let 〈FF m

; +, ·〉 be the ring of functions f : Fm → F where the operations +
and · are defined by

(f + g)(x1, x2, . . . , xm) = f(x1, x2, . . . , xm) + g(x1, x2, . . . , xm),
(f · g)(x1, x2, . . . , xm) = f(x1, x2, . . . , xm) · g(x1, x2, . . . , xm).

Let 〈F [x1, x2, . . . , xm]; +, ·〉 be the ring of all polynomials in m variables
over the field F .

The proof of the following results can be seen in [1].

Lemma 3.1. Every function f ∈ FF m

can be uniquely represented as a poly-

nomial of the form
∑

i

λi ·Mi, with i = (ri1 , ri2 , . . . , rim) ∈ ([0, pk))m, λi ∈ F

and Mi = x
ri1

1 · x
ri2

2 · . . . · x
rim
m .

We can get an effective representation for each function as a polynomial
by considering the following Lagrange polynomials in
F (pk) = {0, ε, ε2, . . . , εpk−1},

L0(x) = (p − 1)xpk−1 + 1,

Lεi(x) = L0(x + (p − 1)εi).

As xpk

+ (p− 1)x = 0, it follows that

L0(x) =

{
1 if x = 0
0 if x �= 0

and Lεi(x) =

{
1 if x = εi

0 if x �= εi .

So, for f ∈ FF m

,

f(x1, . . . , xm) =
∑

(α1,...,αm)∈F m

f(α1, · · · , αm) · Lα1
(x1) · . . . · Lαm(xm). (I)

We consider now the simple k−cyclic Post algebra of order p, Lp,k =
〈(Lp)

k;T 〉 and define the operations � and � on (Lp)
k as follows

Ci(x� y) =
∨

s+t≡i mod (p)

(Cs(x) ∧ Ct(y)),

Ci(x� y) =
∨

s·t≡−i mod (p)

(Cs(x) ∧Ct(y)).
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So, from (5) of Definition 2.1 we obtain

x� y =

p−1∨
i=0

Ci(x� y) ∧ ei and x� y =

p−1∨
i=0

Ci(x� y) ∧ ei.

Proposition 3.2.
〈
(Lp)

k;�,�
〉

is a commutative ring with unit ep−1 = 1.

Lemma 3.3. For x ∈ (Lp)
k, px = 0, xp = x, ∼ x = 1 � (p− 1)x and,

over the chains of constants,

ep−1
i =

{
0 if i = 0
ep−1 = 1 if i �= 0

.

On the set Fm((Lp)
k) of all functions f : [(Lp)

k]m → (Lp)
k we can define

a structure of ring by means of the following operations:

(f � g)(x1, x2, . . . , xm) = f(x1, x2, . . . , xm)� g(x1, x2, . . . , xm),
(f � g)(x1, x2, . . . , xm) = f(x1, x2, . . . , xm)� g(x1, x2, . . . , xm).

Let 〈(Lp)
k[x1, x2, . . . , xm]; � ,�〉 be the ring of all polynomials in m

variables over the algebra (Lp)
k, that is, expressions of the form

�i μi �Ni(x1, x2, . . . , xm),

where μi ∈ (Lp)
k and Ni = 1 or Ni is a formal expression of the form

(x1)
α1,1 � T (x1)

α1,2 � . . .� T k−1(x1)
α1,k�

�(x2)
α2,1 � T (x2)

α2,2 � . . .� T k−1(x2)
α2,k � . . .

. . . � (xm)αm,1 � T (xm)αm,2 � . . .� T k−1(xm)αm,k ,

where αi,j ∈ {0, 1, 2, . . . , p− 1}.

Lemma 3.4. Every function f : [(Lp)
k]m → (Lp)

k can be uniquely rep-
resented as a polynomial of the form �i μi � Ni(x1, x2, . . . , xm) where
μi ∈ (Lp)

k and Ni = 1 or Ni has the form

(x1)
α1,1 � T (x1)

α1,2 � . . .� T k−1(x1)
α1,k�

�(x2)
α2,1 � T (x2)

α2,2 � . . .� T k−1(x2)
α2,k � . . .

. . . � (xm)αm,1 � T (xm)αm,2 � . . .� T k−1(xm)αm,k ,

where αi,j ∈ {0, 1, 2, . . . , p− 1}.
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In the proof of the above Lemma we have the following formula [1]

f(x1, . . . , xm) = �(α1,...,αm)∈Am f(α1, . . . , αm)�Lα1
(x1)�· · ·�Lαm(xm). (II)

Thus we can obtain the field operations + and · in terms of ∧, ∨ and Ci.

We introduce now the definitions of interpretation and equivalence.

Definition 3.5. [15, 17] A variety V is interpretable in a variety W if for
each V−operation Ft(x1, . . . , xn) there is aW−term ft(x1, . . . , xn) such that
if 〈A;Gt〉 is in W, then 〈A; ft〉 is in V.

The constants in the language of V must be interpreted as constants in
the language of W. Intuitively, this means that each algebra in W can be
turned into an algebra in V by defining the V−operations applying a uniform
procedure.

If 〈A;Gt〉 is any algebra and for each V−operation Ft(x1, . . . , xn) there is
a term ft(x1, . . . , xn) in the language of 〈A;Gt〉 such that 〈A; ft〉 is in V, the
terms ft(x1, . . . , xn) define an interpretation of V in V(〈A;Gt〉), the variety
generated by the algebra 〈A;Gt〉. We have to observe that the evaluation of
any term in an algebra B in V(〈A;Gt〉), is determined by its evaluation in
A and that both 〈A;Gt〉 and 〈B;Gt〉 satisfy the same equations. We have

V(〈A;Gt〉)
Φ
→ V, and we say that Φ(〈A;Gt〉) is an interpretation of V in

V(〈A;Gt〉).

Definition 3.6. [17] An equivalence of the varieties V and W is a pair of
interpretations Φ1 of V in W and Φ2 of W in V such that Φ2Φ1 = IdV and
Φ1Φ2 = IdW .

We can see that two varieties are equivalent if and only if they are term
equivalent.

In the following theorem [1] we obtain a structure of k-cyclic Post algebra
of order p isomorphic to Lp,k from the field F (pk), and conversely.

Theorem 3.7. Given a finite field F (pk) with pk elements, there exists a
structure of simple k-cyclic Post algebra of order p defined on F (pk)
isomorphic to

Lp,k = 〈(Lp)
k;∧,∨,0,1,∼, {Ci}

p−1
i=0 , {ei}

p−2
i=1 , T 〉, such that

1. The constants ei are the elements of the prime field F (p).

2. The operations ∧ and ∨ are polynomials in F (p)[x1, x2] of the form∑p2k

i=1 λi · x
ri1

1 · x
ri2

2 , λi ∈ F (p), and the operations ∼, Ci and T are

polynomials in F (p)[x] of the form
∑pk

i=1 λi · x
ri, λi ∈ F (p), uniquely

determined under the conditions rij < pk and ri < pk.
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3. The operations + and · are uniquely determined polynomials in Lp[x1, x2]
of the form �i μi �Ni(x1, x2) where μi ∈ {e0, . . . , ep−1} and Ni = 1 or
Ni is a product (with � as product) of elements of the set
{x1, T (x1), . . . , T

k−1(x1), x2, T (x2), . . . , T
k−1(x2)}.

The following corollaries are consequence of Theorem 3.7 (see [17],
Th. 4.140).

Corollary 3.8. The varieties V(Lp,k) and V(F (pk)) are equivalent, that
is, there exists an interpretation Φ1 of V(Lp,k) in V(F (pk)) and an in-
terpretation Φ2 of V(F (pk)) in V(Lp,k) such that Φ2Φ1(B) = B for every
B ∈ V(Lp,k) and Φ1Φ2(R) = R for every R ∈ V(F (pk)).

Corollary 3.9. Every function f : [Lp,k]
n → Lp,k commuting with T can be

represented by a term in the language of V(Lp,k). Similarly, every function
f : [F (pk)]n → F (pk) commuting with σ can be represented as a polynomial
with coefficients in F (p).

In the proof of the previous theorem [1] we give a general procedure,
using Lagrange polynomials, to obtain explicitly the cyclic Post operations
as terms in the language of fields, and conversely. In particular, the algebras
Lp,k and F (pk) with constants F (p) are term equivalent.

4. Systems of Algebraic Equations in n Unknowns

We introduce first the definition of postian polynomial in n variables and
some useful results proved in [11, 22, 23].

Definition 4.1. A postian polynomial in n variables over a Post algebra P
of order r is an element f of the postian subalgebra generated in P (P n) by
the family of projections (p1, . . . pn), where pi(x1, . . . , xn) = xi.

The reduction of a postian polynomial to a given form will be a powerful
tool in the resolution of algebraic systems of equations.

Theorem 4.2. (Epstein) If f is a Post polynomial in n variables x1, . . . , xn

then

f(x1, . . . , xn) =
∨

0≤ij≤r−1

f(ei1, . . . ein) ∧Ci1(x1) ∧ . . . ∧Cin(xn).

The theorem mentioned above shows how the postian polynomial satisfies
the normal disjunctive form theorem. Serfati proved in [22] that conversely,
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every postian polynomial satisfying the normal disjunctive form belongs to
the subalgebra generated by the family of the projections.

The set of all postian polynomial in n variables over a Post algebra P
of order r is itself an r-Post algebra, denoted by Ωn(P ). If f is a postian
polynomial, then f(x) = 0 is a postian algebraic equation.

The following theorem gives solutions of a postian polynomial f in one
variable.

Theorem 4.3. (Serfati) A necessary and sufficient condition for the equa-
tion

f(x) =
r−1∨
i=0

Ci(x) ∧ f(ei) = 0 (III)

to be consistent is
r−1∧
i=0

f(ei) = 0. (C1)

A solution of (III) is then

x̂ =
r−1∨
i=0

C0(f(ei)) ∧ ei.

We call x̂ a fundamental solution.

Corollary 4.4. The postian components of the fundamental solution are:

Cr−1(x̂) = C0(f(er−1)), C0(x̂) =
∧

1≤s≤r−1

∼ (C0(f(es))

and, for 1 ≤ j ≤ r − 2,

Cj(x̂) = C0(f(ej)) ∧
∧

j+1≤s≤r−1

∼ (C0(f(es)).

We will now be interested in the k-cyclic Post algebra of order p, Lp,k,
with p prime. It is clear that applying Serfati’s theorems we are able to find
the solutions of a postian polynomial f ∈ Lp,k[x] when the condition (C1)
is satisfied. If the polynomial f doesn’t verify (C1) we could find the zeros
of f in an extension Lp,t where the consistency condition is satisfied. We
illustrate the process in the following example.

Let us consider the polynomial

f(x) = C0(x) ∨ (C1(x) ∧ e1) ∨ (C2(x) ∧ e1) ∈ L3,1.
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As e2 ∧ e1 ∧ e1 �= 0 the polynomial f does not satisfy the condition (C1).
Using the interpretation described in section 3 we can see it in F (3).

Observe that the field F (3) ∼= Z3 = {0, 1, 2}. If we consider the order
0 < 2 < 1, and the following unary operations C0, C1, C2 we have the Post
structure L3 on the set {0, 1, 2}.

�

�

�

0

2

1 x C0(x) C1(x) C2(x)

0 1 0 0
2 0 1 0
1 0 0 1

Observe that the constants of the algebra are e0 = 0, e1 = 2 and e2 = 1.

The Lagrange polynomials in F (3) are

L0(x) = 2x2 + 1, L1(x) = 2x2 + 2x, and L2(x) = 2x2 + x.

Hence we can use the formula (I) in order to express the operations ∧,∨,∼
, C0, C1, C2 as terms in the language of fields, that is, in terms of the opera-
tions + and · and the elements of the prime field F (3).

The algorithms programmed in Maple have the following output:

x ∧ y = x2y2 + 2x2y + 2xy2 + 2xy,
x ∨ y = 2x2y2 + x2y + xy2 + xy + x + y,
∼ x = 2x + 1,
C0(x) = 2x2 + 1, C1(x) = 2x2 + x, C2(x) = 2x2 + 2x,
T (x) = x.

Conversely, the Lagrange polynomials for the Post algebra 0 < 2 < 1
are,

L0(x) = (2� x2)� 1,
L1(x) = (2� x2)� (2� x),
L2(x) = (2� x2)� x,

and by means of formula (II), the field operations + and · can be expressed
as

x + y = x � y
x · y = x� y.

(Recall that the operations � and � are given in terms of ∧, ∨ and the Ci).
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Using another algorithm we obtain the polynomial in F (3):

f(x) = x2 + 1.

As we know it has all its zeros in the extension F (32).

Now consider a field with 32 elements,

F (32) = F (3)[x]/(1 + x2) = {0, 1 + x, 2x, 1 + 2x, 2, 2 + 2x, x, 2 + x, 1}.

Since ε = 1 + x is a generator of the multiplicative group F (32) \ {0}, it
follows that

F (32) = {0, ε, ε2, ε3, ε4, ε5, ε6, ε7, ε8}.

Let σ be the Frobenius automorphism of F (32), σ(x) = x3.

By the Normal Basis Theorem, there exists w ∈ F (32) such that
{w, σ(w)} is a basis of F (32) as an F (3)-vector space. So, every x ∈ F (32)
can be written x = λ0(x)w + λ1(x)σ(w), with λ0(x), λ1(x) ∈ F (3). This
element w can be any element in F (32) that satisfies that (see [14])

∣∣∣∣ w ϕ(w)
ϕ(w) w

∣∣∣∣ �= 0.

Taking w = ε we have the following identification.

x ∈ F (32) 0 ε ε2 ε3 ε4 ε5 ε6 ε7 ε8

x =
〈λ0(x), λ1(x)〉 〈0, 0〉 〈1, 0〉 〈1, 2〉 〈0, 1〉 〈1, 1〉 〈2, 0〉 〈2, 1〉 〈0, 2〉 〈2, 2〉

We know that if we consider the ordering 0 < 2 < 1 on F (3) we obtain the
Post algebra L3. Now we state on F (32) a structure of Post algebra A, where
A = L2

3 and ∧,∨,∼, C0, C1, C2 are defined componentwise, and the constants
of A are 0 = e0 = 〈0, 0〉 = 0, e1 = 〈2, 2〉 = 1 and 1 = e2 = 〈1, 1〉 = 2 (the
constants are the elements of the prime field).

In addition, as σ|F (3) = id, if we define T = σ we obtain the following
2-cyclic Post algebra of order 3 〈A;T 〉 associated to the field F (32).
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A

0 = e0

ε5 ε7

ε e1 ε3

ε2 ε6

1 = ε4 = e2

x ∈ F (32) ∼ x T (x) C0(x) C1(x) C2(x)

0 = 〈0, 0〉 〈1, 1〉 〈0, 0〉 〈1, 1〉 〈0, 0〉 〈0, 0〉

ε = 〈1, 0〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 0〉 〈1, 0〉

ε2 = 〈1, 2〉 〈0, 2〉 〈2, 1〉 〈0, 0〉 〈0, 1〉 〈1, 0〉

ε3 = 〈0, 1〉 〈1, 0〉 〈1, 0〉 〈1, 0〉 〈0, 0〉 〈0, 1〉

ε4 = 〈1, 1〉 〈0, 0〉 〈1, 1〉 〈0, 0〉 〈0, 0〉 〈1, 1〉

ε5 = 〈2, 0〉 〈2, 1〉 〈0, 2〉 〈0, 1〉 〈1, 0〉 〈0, 0〉

ε6 = 〈2, 1〉 〈2, 0〉 〈1, 2〉 〈0, 0〉 〈1, 0〉 〈0, 1〉

ε7 = 〈0, 2〉 〈1, 2〉 〈2, 0〉 〈1, 0〉 〈0, 1〉 〈0, 0〉

ε8 = 〈2, 2〉 〈2, 2〉 〈2, 2〉 〈0, 0〉 〈1, 1〉 〈0, 0〉

Now we will give the Post operations in terms of the operations of the
field F (32) and the elements of the prime field F (3).

The Lagrange polynomials for F (32) obtained with the corresponding
algorithm are

L0(x) = ε4x8 + 1,

Lε(x) = ε4x8 + ε5x7 + ε6x6 + ε7x5 + x4 + εx3 + ε2x2 + ε3x,

Lε2(x) = ε4x8 + ε6x7 + x6 + ε2x5 + ε4x4 + ε6x3 + x2 + ε2x,

Lε3(x) = ε4x8 + ε7x7 + ε2x6 + ε5x5 + x4 + ε3x3 + ε6x2 + εx,

Lε4(x) = ε4x8 + x7 + ε4x6 + x5 + ε4x4 + x3 + ε4x2 + x,

Lε5(x) = ε4x8 + εx7 + ε6x6 + ε3x5 + x4 + ε5x3 + ε2x2 + ε7x,

Lε6(x) = ε4x8 + ε2x7 + x6 + ε6x5 + ε4x4 + ε2x3 + x2 + ε6x,

Lε7(x) = ε4x8 + ε3x7 + ε2x6 + εx5 + x4 + ε7x3 + ε6x2 + ε5x,

Lε8(x) = ε4x8 + ε4x7 + ε4x6 + ε4x5 + ε4x4 + ε4x3 + ε4x2 + ε4x.
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Applying formula (I) and using the necessary algorithms programmed in
Maple we obtain:

x ∧ y = x6[y6 + 2y4 + 2y3 + 2y2] + x4[2y6 + 2y4 + y2 + 2y]

+ x3[2y6 + y3 + y2 + 2y] + x2[2y6 + y4 + y3 + y2]

+ x[2y4 + 2y3 + 2y],

x ∨ y = x6[2y6 + y4 + y3 + y2] + x4[y6 + y4 + 2y2 + y]

+ x3[y6 + 2y3 + 2y2 + y] + x2[y6 + 2y4 + 2y3 + 2y2]

+ x[y4 + y3 + y + 1] + y,

∼ x = 2x + 2,

C0(x) = x6 + x4 + 2x2 + 2,

C1(x) = x6 + x4 + 2x2 + x,

C2(x) = x6 + x4 + 2x2 + 2x,

T (x) = x3.

Similarly, the Lagrange polynomials for the 2−cyclic Post algebra A of
order 3 are (we adopt the convention that in absence of parenthesis, � is
performed first, followed by �)

L0(x) = x2 � (T (x))2 � e1 � x2 � e1 � (T (x))2 � 1,
Lε(x) = x2 � (T (x))2 � x� (T (x))2 � e1 � x2 � e1 � x,
Lε2(x) = x2� (T (x))2 � e1�x2�T (x) � x� (T (x))2 � e1�x�T (x),
Lε3(x) = x2 � (T (x))2 � x2 � T (x) � e1 � (T (x))2 � e1 � T (x),
Lε4(x) = x2 � (T (x))2 � x2 � T (x) � x� (T (x))2 � x� T (x),
Lε5(x) = x2 � (T (x))2 � e1 � x� (T (x))2 � e1 � x2 � x,
Lε6(x) = x2� (T (x))2 � x2�T (x) � e1�x� (T (x))2 � e1�x�T (x),
Lε7(x) = x2 � (T (x))2 � e1 � x2 � T (x) � e1 � (T (x))2 � T (x),
Lε8(x) = x2� (T (x))2 � e1�x2�T (x) � e1�x� (T (x))2 � x�T (x).

By formula (II), we have that

x + y = x � y,

and

x · y = T (x)� y � x� y � x� T (y) � e1 � T (x)� T (y).

Now, we are able to see the postian polynomial x2 + 1 in L3,2.
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The algorithm programmed in Maple gives us the polynomial

f(x) = (C0(x) ∧ C0(Tx) ∧ e1) ∨ (C0(x) ∧ C1(Tx)) ∨ (C0(x) ∧ C2(Tx))∨

∨(C1(x) ∧ C1(Tx)) ∨ (C2(x) ∧C2(Tx))

As f(x) satisfies the condition (C1) the algebraic equation is consistent
and vanishes in 〈1, 2〉 and 〈2, 1〉, which are the roots ε2 and ε6 of f(x) =
x2 + 1 ∈ F (32).

Let now turn our attention to algebraic systems of equations.

Serfati studies in [23] the algebraic equation in n unknowns of the form

f(x1, . . . , xn) = 0,

where f is a postian polynomial over a Post algebra of order r. He first gives
a consistency condition in the following theorem:

Theorem 4.5. A necessary and sufficient condition for the equation

f(x1, . . . , xn) =
∨

0≤ij≤r−1

f(ei1, . . . ein) ∧Ci1(x1) ∧ . . . ∧ Cin(xn) = 0

to be consistent is
∧

0≤ij≤r−1

f(ei1 , . . . , ein) = 0 (C2)

He proposes for the complete solution a procedure of succesive elimina-
tions.

Assuming (C2) is fullfilled he solves the algebraic equation in n unknowns

f(x1, . . . , xn) = 0

as follows.
Writing the postian polynomial as an equation relative to x1,∨

0≤i1≤r−1

Ci1(x1) ∧
∨

0≤ij≤r−1

(Ci2(x2) ∧ . . . ∧ Cin(xn) ∧ f(ei1 , . . . , ein)) = 0

and eliminating x1 leads to the algebraic equation in n− 1 unknowns

g1(x2, . . . , xn) = 0.
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Repeating the procedure, we get the algebraic equation in one unknown
gn−1(xn) = 0. Each solution of the last equation must be substituted into
gn−2(xn−1, xn). This is an effective method inspired from boolean methods.

The second method proposed by Serfati in [22] is inspired in Löwenhein
style for boolean polynomials. It provides a general reproductive solution
for a postian algebraic equation when some specified solution is known.

Theorem 4.6. Let f ∈ Ωn(P ),

f(x) = 0

be the algebraic equation in one unknown and u ∈ Pn a specified solution
of f . Then the general solution of f can be written in the following form

x =∼ (C0(f(p))) ∧ u ∨ C0(f(p)) ∧ p = ϕ(p) (IV),

where p is some parameter in Pn. Moreover, relation (IV) defines a repro-
ductive solution of f , that is for every x, ϕ(x) = x.

The following result due to Serfati [23] describes completely the form of
uniquely solvable postian equations:

Theorem 4.7. Let f ∈ Ωn(P ), 0 ≤ i ≤ r− 1 and x = (x1, . . . , xn). The fol-
lowing two conditions are equivalent:

(1) The equation f(x) = ei has a unique solution.
(2) Ci(f) has the form: Ci(f(x)) =

∧n
k=1

∨r−1
i=0 (Ci(ak)∧Ci(bk)), for some

a = (a1, . . . , an) in Pn.

We propose in this paper an interesting method to analyze how we could
attack the resolution of an algebraic system of equations in the variety of k-
cyclic Post algebras of order p, p prime, when the complexity of the problem
allows us to do it.

We must see first if each algebraic equation satisfies (C2) and then decide
which is the best way to find the solutions. If all of them satisfy it, using
the interpretation described in section 3 and the help of some algorithms
programmed in Maple, we could see all the algebraic equations in the field
F (pk). In section 2 we presented some useful tools of Conmutative Algebra
which let us deal with the problem of solving a system of polynomial in
several variables. Looking for a Gröbner basis of the ideal I generated by
all the equations of the system in a monomial order, we are able to know if
the set of solutions is not empty, and if the answer is yes, find them in the
easiest way. Finally the solutions could be seen in Lp,k.
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In the case where an equation doesn’t satisfy (C2) we have to see it in
F (pk) and find an extension F (pt) of F (pk) where it is solvable. After ana-
lyzing all of them we have the biggest extension F (pl) where every equation
has solution and we are able to study the solution of the system in the same
way as above.

Let us illustrate the procedure with some examples.

Example 1: We saw above that in the system of equations in L3,1[x, y]:

f(x) = C0(x) ∨ (C1(x) ∧ e1) ∨ (C2(x) ∧ e1)
g(x, y) = (C1(x) ∧ C2(y) ∧ e1) ∨ (C2(x) ∧ C1(y) ∧ e1) ∨ (C1(x) ∧ C1(y)) ∨
(C2(x) ∧ C2(y)),

the postian polynomial f does not satisfy the condition (C1), and found an
extension of it in L3,2 where we were able to find the zeros of f .

As the equation g(x, y) = 0 satisfies (C2) we could solve the problem

f(x) = 0
g(x, y) = 0 in F (32).

The equivalent system is

f(x) = x2 + 1
g(x, y) = x · y

The Gröbner basis of the ideal I = (x · y, x2 + 1), is

GB = {y, x2 + 1},

and so the original system is equivalent to

f(x) = x2 + 1
h(y) = y,

which has the same solution set in an extension F (32) of F (3),

{(ε2, 0), (ε6, 0)}.

The algorithm gives us the original polynomials in L3,2.

g(x, y) = {[(C2(x) ∧C2(Tx) ∧C2(y)) ∨ (C1(x) ∧ C1(Tx)) ∧ C1(y))∨

∨(C2(x) ∧ C1(Tx) ∧ C2(Ty)) ∨ (C1(x) ∧ C2T (x) ∧ C1(T (y))∨

∨(C0(x) ∧C2T (x) ∧C0(y) ∧C2(T (y)) ∨ (C0(x) ∧ C1T (x) ∧ C0(y)) ∧ C1(T (y))∨

∨(C1(x) ∧ C0T (x) ∧C0(y) ∧ C2(T (y)) ∨ (C2(x) ∧C0T (x) ∧C0(y) ∧C1(T (y))∨

∨(C0(x) ∧ C1T (x) ∧C2(y) ∧ C0(T (y)) ∨ (C1(x) ∧C0T (x) ∧C2(y) ∧C0(T (y))∨
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∨(C2(x) ∧ C0T (x) ∧C1(y) ∧ C0(T (y)) ∨ (C0(x) ∧C2T (x) ∧C1(y) ∧C0(T (y))∨

∨(C1(x) ∧ C0T (x) ∧C1(y) ∧ C1(T (y)) ∨ (C2(x) ∧C0T (x) ∧C2(y) ∧C2(T (y))∨

∨(C0(x)∧C1T (x)∧C1(y)∧C2(T (y))∨ (C0(x)∧C2T (x)∧C2(y)∧C1(T (y))]∧ e1}∨

[(C2(x) ∧ C1(Tx) ∧ C1(Ty)) ∨ (C1(x) ∧ C2(Tx) ∧ C2(Ty))∨

(C2(x) ∧C2(Tx) ∧ C1(y)) ∨ (C1(x) ∧ C1(Tx) ∧ C2(y))∨

(C0(x) ∧ C2(Tx) ∧ C0(y)) ∧ C1(Ty)) ∨ (C0(x) ∧ C1(Tx) ∧ C0(y)) ∧ C2(Ty))∨

(C0(x) ∧ C1(Tx) ∧ C2(y)) ∧ C1(Ty)) ∨ (C0(x) ∧ C2(Tx) ∧ C1(y)) ∧ C2(Ty))∨

(C1(x) ∧ C0(Tx) ∧ C0(y)) ∧ C1(Ty)) ∨ (C2(x) ∧ C0(Tx) ∧ C0(y)) ∧ C2(Ty))∨

(C1(x) ∧ C0(Tx) ∧ C2(y)) ∧ C2(Ty)) ∨ (C2(x) ∧ C0(Tx) ∧ C1(y)) ∧ C1(Ty))∨

(C1(x) ∧ C0(Tx) ∧ C1(y)) ∧ C0(Ty)) ∨ (C2(x) ∧ C0(Tx) ∧ C2(y)) ∧ C0(Ty))∨

(C0(x) ∧ C1(Tx) ∧ C1(y)) ∧C0(Ty)) ∨ (C0(x) ∧ C2(Tx) ∧ C2(y)) ∧ C0(Ty))]

f(x) = (C0(x) ∧C0(Tx) ∧ e1) ∨ (C0(x) ∧ C1(Tx)) ∨ (C0(x) ∧ C2(Tx))∨

∨(C1(x) ∧ C1(Tx)) ∨ (C2(x) ∧ C2(Tx))

and the system has the same set of solutions in L3,2 as the following one

f(x) = (C0(x) ∧ C0(Tx) ∧ e1) ∨ (C0(x) ∧ C1(Tx)) ∨ (C0(x) ∧ C2(Tx)) ∨ (C1(x) ∧
C1(Tx))∨

∨(C2(x) ∧ C2(Tx)) = 0

h(y) = (C1(y) ∧ e1) ∨ C2(y) = 0

a much easier system to solve with solutions

x = (1, 2), y = (0, 0); x = (2, 1), y = (0, 0)

Example 2: This example is a system with an empty set of solutions.

Let f, g be polynomials in F (3)[x, y] where

f(x, y) = C0(x) ∨ C0(y) ∨ (C1(x) ∧C1(y) ∧ e1) ∨ (C2(x) ∧ C2(y) ∧ e1)
g(x, y) = (C1(x) ∧ C2(y) ∧ e1) ∨ (C2(x) ∧ C1(y) ∧ e1) ∨ (C1(x) ∧ C1(y)) ∨
(C2(x) ∧ C2(y))

Both equations satisfy (C1) and the equivalent system in F (3)[x, y] is

f(x, y) = x · y + 1 = 0
g(x, y) = x · y = 0
A Gröbner basis of the ideal I = (x · y, x · y + 1) is

GB = {1}
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By theorem 2.8 the system has an empty set of solutions in any exten-
sion L3,k.

Example 3: We may have a system of polynomials with complicated ex-
pressions as the following example.

f1(x) = (C1(x)∧C0(T (x))∧e1)∨(C1(x)∧C2(T (x))∧e1)∨(C0(x)∧e1)∨(C2(x)∧e1)∨

(C2(x) ∧C0(T (x))∨ (C2(x) ∧C1(T (x)))∨ (C0(x)∧C2(T (x)))∨ (C0(x)∧C1(T (x)))

f2(x, y) = {[(C2(x) ∧ C2(Tx) ∧ C2(y)) ∨ (C1(x) ∧C1(Tx)) ∧ C1(y))∨

∨(C2(x) ∧ C1(Tx) ∧ C2(Ty)) ∨ (C1(x) ∧ C2T (x) ∧ C1(T (y))∨

∨(C0(x) ∧C2T (x) ∧C0(y) ∧C2(T (y)) ∨ (C0(x) ∧ C1T (x) ∧ C0(y)) ∧ C1(T (y))∨

∨(C1(x) ∧ C0T (x) ∧C0(y) ∧ C2(T (y)) ∨ (C2(x) ∧C0T (x) ∧C0(y) ∧C1(T (y))∨

∨(C0(x) ∧ C1T (x) ∧C2(y) ∧ C0(T (y)) ∨ (C1(x) ∧C0T (x) ∧C2(y) ∧C0(T (y))∨

∨(C2(x) ∧ C0T (x) ∧C1(y) ∧ C0(T (y)) ∨ (C0(x) ∧C2T (x) ∧C1(y) ∧C0(T (y))∨

∨(C1(x) ∧ C0T (x) ∧C1(y) ∧ C1(T (y)) ∨ (C2(x) ∧C0T (x) ∧C2(y) ∧C2(T (y))∨

∨(C0(x)∧C1T (x)∧C1(y)∧C2(T (y))∨ (C0(x)∧C2T (x)∧C2(y)∧C1(T (y))]∧ e1}∨

∨[(C2(x) ∧C1(Tx) ∧C1(Ty)) ∨ (C1(x) ∧ C2(Tx) ∧ C2(Ty))∨

∨(C2(x) ∧ C2(Tx) ∧ C1(y)) ∨ (C1(x) ∧C1(Tx) ∧C2(y))∨

∨(C0(x) ∧ C2(Tx) ∧C0(y)) ∧ C1(Ty)) ∨ (C0(x) ∧C1(Tx) ∧C0(y)) ∧ C2(Ty))∨

∨(C0(x) ∧ C1(Tx) ∧C2(y)) ∧ C1(Ty)) ∨ (C0(x) ∧C2(Tx) ∧C1(y)) ∧ C2(Ty))∨

∨(C1(x) ∧ C0(Tx) ∧C0(y)) ∧ C1(Ty)) ∨ (C2(x) ∧C0(Tx) ∧C0(y)) ∧ C2(Ty))∨

∨(C1(x) ∧ C0(Tx) ∧C2(y)) ∧ C2(Ty)) ∨ (C2(x) ∧C0(Tx) ∧C1(y)) ∧ C1(Ty))∨

∨(C1(x) ∧ C0(Tx) ∧C1(y)) ∧ C0(Ty)) ∨ (C2(x) ∧C0(Tx) ∧C2(y)) ∧ C0(Ty))∨

∨(C0(x) ∧ C1(Tx) ∧ C1(y)) ∧ C0(Ty)) ∨ (C0(x) ∧ C2(Tx) ∧C2(y)) ∧ C0(Ty))]

f3(y) = {[(C0(y) ∧ C2(T (y)) ∨ (C0(y) ∧ C1(T (y)) ∨ (C2(y) ∧ C1(T (y))∨

∨(C2(y) ∧ C0(T (y))] ∧ e1} ∨ (C1(y) ∧ C1(T (y))

f4(y) = {[(C0(y) ∧ C2(T (y)) ∨ (C0(y) ∧ C1(T (y)) ∨ (C1(y) ∧ C1(T (y))∨

∨(C2(y) ∧ C2(T (y))] ∧ e1} ∨ (C1(y) ∧C2(T (y)) ∨ (C2(y) ∧ C1(T (y))∨

∨(C1(y) ∧ C0(T (y)) ∨ (C2(y) ∧C0(T (y))
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We look for the solution set of the system

f1(x) = 0

f2(x, y) = 0

f3(y) = 0

f4(y) = 0.

All equations satisfy conditions (C1) or (C2), and the equivalent system in
F (32)[x, y] is

f1(x) = x2 + x + 1

f2(x, y) = x · y

f3(y) = y2 + y

f4(y) = y2.

A Gröbner basis of the ideal I = (x2 + x + 1, x · y, y2 + y, y2) is

GB = {y, x2 + x + 1}

so the system has the same solutions as the following one

f(x) = x2 + x + 1

g(y) = y,

and we obtain applying Theorem 3.7 the equivalent one in L3,2

f(x) = (C1(x) ∧ C0(T (x)) ∧ e1) ∨ (C1(x) ∧ C2(T (x)) ∧ e1) ∨ (C0(x) ∧ e1) ∨
(C2(x) ∧ e1)∨

∨(C2(x)∧C0(T (x))∨ (C2(x)∧C1(T (x)))∨ (C0(x)∧C2(T (x)))∨ (C0(x)∧
C1(T (x)))

g(y) = (C1(x) ∧ e1) ∨ C2(y)

a very simple system with a double solution

x = (2, 2), y = (0, 0).

Acknowledgement. We would like to thank Walter Reartes for introduc-
ing us to Maple programming.
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