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Abstract This paper studies the mean and mean square
convergence behaviors of the normalized least mean square
(NLMS) algorithm with Gaussian inputs and additive white
Gaussian noise. Using the Price’s theorem and the
framework proposed by Bershad in IEEE Transactions on
Acoustics, Speech, and Signal Processing (1986, 1987),
new expressions for the excess mean square error, stability
bound and decoupled difference equations describing the
mean and mean square convergence behaviors of the
NLMS algorithm using the generalized Abelian integral
functions are derived. These new expressions which closely
resemble those of the LMS algorithm allow us to interpret
the convergence performance of the NLMS algorithm in
Gaussian environment. The theoretical analysis is in good
agreement with the computer simulation results and it also
gives new insight into step size selection.
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1 Introduction

Adaptive filters are frequently employed to handle
filtering problems in which the statistics of the under-
lying signals are either unknown a priori, or in some
cases slowly-varying. Many adaptive filtering algorithms
have been proposed and they are usually variants of the
well known least mean square (LMS) [1] and the recursive
least squares (RLS) [2] algorithms. An important variant
of LMS algorithm is the normalized least mean square
(NLMS) algorithm [3, 4], where the step size is
normalized with respect to the energy of the input
vector. Due to the numerical stability and computational
simplicity of the LMS and the NLMS algorithms, they
have been widely used in various applications [5]. Their
convergence performance analyses are also long standing
research problems. The convergence behavior of the
LMS algorithm for Gaussian input was thoroughly
studied in the classical work of Widrow et al. [1], in
which the concept of independence assumption was
introduced. Other related studies of the LMS algorithm
with independent Gaussian inputs include [6—8]. On the
other hand, the NLMS algorithm generally possesses an
improved convergence speed over the LMS algorithm, but
its analysis is more complicated due to the step size
normalization. In [9] and [10], the mean and mean square
behaviors of the NLMS algorithm for Gaussian inputs
were studied. Analysis for independent Gaussian inputs
in [11] also revealed the advantage of the NLMS
algorithm over the LMS algorithm. Due to the difficulties
in evaluating the expectations involved in the difference
equations for the mean weight-error vector and its
covariance matrix, general closed-form expressions for

@ Springer



256

J Sign Process Syst (2010) 59:255-265

these equations and the excess mean square error (EMSE)
are in general unavailable. Consequently, the works in [9,
10] only concentrated on certain special cases of
eigenvalue distribution of the input autocorrelation
matrix. In [12, 13], particular or simplified input data
model was introduced to facilitate the performance
analysis so that useful analytical expressions can still be
derived. In [14], the averaging principle was invoked to
simplify the expectations involved in the difference
equations. Basically, the normalization term is assumed
to vary slowly with respect to the input correlation term
and the power of the input vector is assumed to have a
chi-square distribution with L degrees of freedom. In
[15], the difference equation was converted to a stochas-
tic differential equation to simplify the analysis assuming
a small step size. In [16], the normalization term
mentioned above was recognized as an Abelian integral
[17], which was explicitly integrated using a transfor-
mation approach into elementary functions.' Recently,
Sayed et al. [18] proposed a unified framework for
analyzing the convergence of adaptive filtering algo-
rithms. It has been applied to different adaptive filtering
algorithms with satisfactory results [19].

In this paper, the convergence behaviors of the NLMS
algorithm with Gaussian input and additive noise are
studied. Using the Price’s theorem [20] and the frame-
work in [9, 10], new decoupled difference equations
describing the mean and mean square convergence
behaviors of the NLMS algorithm using the generalized
Abelian integral functions are derived. The final results
closely resemble the classical results for LMS in [1].
Moreover, it is found that the normalization process will
always increase the maximum convergence rate of the
NLMS algorithms over their LMS counterparts if the
eigenvalues of the input autocorrelation matrix are
unequal. Using the new solution for the EMSE, the step
size parameters are optimized for white inputs which
agrees with the approach previously proposed in [21]
using calculus of variations. The theoretical analysis and
some new bounds for step size selection are validated
using Monte Carlo simulations.

The rest of this paper is organized as follows: In
Section 2, the NLMS algorithm is briefly reviewed. In
Section 3, the proposed convergence performance analysis
is presented. Simulation results are given in Section 4 and
conclusions are drawn in Section 5.

"' To our best knowledge, the Abelian integrals which are also related
to the exponential and elliptical integrals generally cannot be
expressed in terms of a finite number of elementary functions. The
approach in [16] seems to be an approximation.
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Figure 1 Adaptive system identification.

\

2 NLMS Algorithm

Consider the adaptive system identification problem in
Fig. 1 where an adaptive filter with coefficient or weight
vector of order L, W(n) = [wi(n),ws(n),...,wr(n)]", is
used to model an unknown system with impulse response
W* = [wy,ws,---,wz]". Here, ()" denotes the transpose of
a vector or a matrix. The unknown system and the adaptive
filter are simultaneously excited by the same input x(n). The
output of the unknown system dy(n) is assumed to be
corrupted by a measurement noise 7(n) to form the desired
signal d(n) for the adaptive filter. The estimation error is
given by e(n)=d(n)—y(n). The NLMS algorithm under
consideration assumes the following form:

Win+1) = Wn) + 0o — +“;;12§1()2(n) , (1)

where X(n) = [x(n),x(n —1),---,x(n —L+1)]" is the
input vector at time instant n, p is a positive step size
constant to ensure convergence of the algorithm, and ¢ and
« are positive constants. In the e -NLMS algorithm [10], €
is a small positive value used to avoid division by zero
and a=1. In the conventional LMS algorithm, e=1 and
a=0. The above model can also be used to model the
effect of prior knowledge of noise power by choosing ¢ to
be (1 —a)o?, where 6> is some prior estimate of
E[X"(n)X(n)] and « becomes a positive forgetting factor
smaller than one.

3 Mean and Mean Square Convergence Analysis

To simplify the analysis, we assume that Al) the input
signal x(n) is a stationary ergodic process which is Gaussian
distributed with zero mean and autocorrelation matrix
Ryy = E[X(n)X"(n)], A2) n(n) is white Gaussian distrib-
uted with zero mean and variance 0'2, and A3) the well-
known independent assumption [1] where W(n), x(n) and
n(n) are considered statistically independent. Moreover, we
denote W* = R)_O}de as the optimal Wiener solution,
where Pyy = E[d(n)X(n)] is the ensemble-averaged cross-
correlation vector between X(#) and d(n).



J Sign Process Syst (2010) 59:255-265

257

3.1 Mean Behavior

From (1), the update equation for the weight-error vector v
(n)=W"—=W(n) is given by:
e(m)X(n)

Taking expectation on both sides of (2), we get
Ev(n+1)] = E[v(n)] — uHy, (3)

where H; = E[e(n)X(n)/(e + aX' (n)X(n))] and E[‘]
denotes the expectation over {v(n),X(n), n(n)} and is
written more clearly as Ey, x ,[-]. Since X(n) and n(n) are
stationary, we can drop the time index 7 in the expectation
toget H =F [eX/ (5 +aX! X)] Using the independence
assumption A3, we further have H; = Ey,)[H], where
H = Ey [eX/ (e + oX" X)|v].

In the conventional NLMS algorithm studied in [9] and
[10] with a=1, similar difference equation for the mean
weight-error vector (c.f. [10, Eq. 11])* was obtained:

ENv(n+1)] = (1 - uF.)EV(n)], (4)

where F. = E[X(n)X" (n)/ (e + X" (n)X(n))] and I is the
identity matrix. Moreover, Fﬂ was further dlagonalized into
H. whose i-th element is [H.] = IS \13};311&\”2 o 4B
(c. £.[10, Eq. 14]), where A; is the i-th eigenvalue of Ryy. It
was evaluated analytically in [9] for three important cases
with different eigenvalue distributions (in [10], only the first

case was elaborated): (1) white input signal with A,=...=\;
(2) two signal subspaces with equal powers A;=...=Ax=0a
and Ag.; =...=A;, =b; (3) distinct pairs, 4; =1,

Ay =A4y ..., A1 = Az (Assume L even). Besides these
three special cases, no general solution to H, was provided.
Therefore, general closed-form formulas for modeling the
mean and mean square behaviors of the NLMS algorithm
were unavailable in [9] and [10].

Here, we pursue another direction by treating some of
these integrals as special functions and carry them
throughout the analysis. The final formulas containing
these special integral functions still allow us to clearly
interpret the convergence behavior of the NLMS algorithm
and determine appropriate step size parameters. More
precisely, using Price’s theorem [20] and the approach in
[9, 10], it is shown in Appendix A that:

= UADUTE[v(n)] (5)

where Ryy = UAUT is the eigenvalue decomposition of
Ryy and A = diag(4y,4,,---,A) contains the corresponding

2 For convenience, the variables are renamed according to the notation
in this paper.

eigenvalues. D, is a diagonal matrix with the i-th diagonal
entry given by (A-6): ,
DAl = 1) = [ exp(~92) T (2t + 1)) 2, + 1),
=1

which is a generalized Abelian integral function where the
conventional Abelian integral has the form I,(x) =
Io [q(ﬂ)]fl/zdﬁ with ¢(3) being a polynomial in (3. It is
also similar to [H.];, in [10].

Substituting (5)' into (3), the following difference
equation for the mean weight-error vectors E[v(n+1)] and
E[v(n)] is obtained

Elv(n+1)] = (1 — pUAD,U")E[v(n)] (6)

(6) can also be written in the natural coordinate V(n) =
UTv(n) as

E[V(n+1)] = (I = uAD4)E[V (n)], (7)

which is equivalent to L scalar first order finite difference
equations as follows:

EV(n+1)]= (1 — whili(A))E[V (n)];, (8)

where E[V(n)]; is the i-th element of the vector E[V(n)] for
i=1,2,,L.

For conventional LMS and NLMS algorithms, the above
result agrees with the mean convergence result of the
conventional NLMS algorithm in [10, Eq. 13], except that
the effect of normalization is now more apparent. If all
I(A)’s are equal to one, the analysis reduces to its un-
normalized, conventional LMS counterpart. Therefore, the
mean weight vector of the NLMS algorithm will converge
if |1 — pdd;(A)| < 1, for all i, and the corresponding step
size satisfies u < 2/(4:5;(A)), for all i. To determine the
maximum possible step size fimax, We need to examine the
maximum of the product A;I;(A):

Aili(A) = 4 / " el ﬁe)[ (epi +1)” ”2} (2apr;+1)"'dp
0

:/xexp( ﬂs){ Qe+ 1) 1/2] [ap+ )" s
0

©)
Since the factor exp(— ,85){ (2ol +1) 1/2} is common

for all the products and it is positive, the maximum value in
(9) also occurs at the largest eigenvalue A, with the
corresponding value of [;(A) given by I; (A). Therefore,

— Amax

< 2/(/1maxll¥lmax (A)) = Hmax (10)
As a result, compared with the LMS algorithm, the
maximum step size of the NLMS algorithm is scaled by a
factor 1/I; ;. (A). The fastest convergence rate of the
algorithm occurs when g = pia and it is limited by the

mode corresponding to the smallest eigenvalue A, with
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the corresponding value of [}(A) given by I;_;, . (A), that is
1 — Amindi_2,,, (A)/ (Amaxi_2, (A)). The smaller this value,
the faster the convergence rate will be. From the definition of
I(A) , it can be shown that ; ;. (A)/L;_3,.(A) > 1. In other
words, the eigenvalue spread Amax/Ammn is reduced by a
factor I;_,, (A)/I;_4,.(A) after the normalization. There-
fore, under the stated assumptions, the maximum conver-
gence rate of the NLMS algorithm will always be faster than
the LMS algorithm if the eigenvalues are unequal.

3.2 Mean Square Behavior

Post-multiplying (2) by its transpose and taking expectation
gives

En+1)=5Z0n) (11)
where Z(n) = E[v(n)v! (n)],M; = gUAD,UT Z(n), M, =
yE(I’l)UDA/lUT, M; = (°E eZXXT/(E-i-aXTX 2] = E{v} [53],
where s3 = Ex [62XXT/(£ + oX"X) VJ. Here, we
have used the previous result in (5) to evaluate M; and
M,.Mj; is evaluated in Appendix B to be

—M; —M; + Mg,

A)]AIUT + 12 UD,UT

My = 22U A[(UZ(0)U) o (12)

+ o UAr (A)U”
where the diagonal matrix D, results from (B-7) and its i-th
element [D,], = E/lkl 1 (A)[UT = (n )U]kk, o denotes
element-wise product of two matrices (Hadamard product),
I(A) and I'(A) are defined in (B-5) and (B-8) and their

elements are also generalized Abelian integral functions.
Substituting (12) into (11) gives

E(n+1) = Z(n) — pgUAD,UT Z(n) — p=(n)UD,AUT
+242U{A[(UTZ(n)U) o [(A)] AJUT + 12UD,UT (13)
+u 0'2UAI’(/1)UT

(13) can be further simplified in the natural coordinate by
pre- and post-multiplying =(r) by U” and U to give:

P(n+1) = P(n) — uAD s d(n) — ud(n)DyA
+2P[A(®(n) 0 [(A)) A] + 17Dy + 102 AT (A)

(14)
where #(n) = U Z(n)U and H = D AAidia(A)[B ()],

From (14), we can get the i-th dlagonal value of ®@(n) as
follows

Pii(n+1) = &;;(n) — 2uli(A)A:2;:(n)
FUA (A Bii(n) + 4 F Al (A)Prs(n) - (15)
+u 0'211 (A) .

@ Springer

From numerical results, the term 1% X 440 (A) Py . (n) is
very small for small EMSE and (15) can be approximated as

Bii(n+1) & (1= 2ul(A)A; + 242 Li(A)A7) By 4(n) + o2l (A).

(16)

To study the step size for mean squares convergence of
the algorithm, we first assume that the algorithm converges
and then determine an upper bound of the EMSE at the
steady state. From this expression, we are able to find the
step size bound for a finite EMSE and hence mean square
convergence. As we shall see below, this step size bound
depends weakly on the signals. Alternatively, we can find
an approximate signal independent upper bound for small
EMSE by ignoring the term g X 4441 (A)Py i (n) since it
is very small for small EMSE. Ckonsequently, (16) suggests
that the algorithm will converge in the mean squares
sense when |1 — 2ul;(A)A; + 2121;(A)A?| < 1.This gives
u < L(A)/(Adz(A)) for all i. From the definitions of Z(A)
and i(A), we have £(A)/(la(4)) = 2/(1 - (A)/1(4)) > 2
Jo exn ( ﬁf)[ (2PN + 1) ‘“] (2p2;+1)72dp.
Therefore, a conservative signal independent stability bound
for small EMSE is p<2.

For a more precise upper bound, we first note that
the EMSE at time instant n is given by EMSE(n) =
Tr(Z(n)Ryy) = Tr(P(n)A). Assuming that algorithm con-
verges, it is shown in Appendix B that the last two terms
on the right hand side of (15) is upper bounded by
1202 (00) A0, (A) at the steady state. Hence, the steady state
EMSE of the NLMS algorithm is approximately given by

for a=1, where 1 (4) =

= Tr(¢(c0)A) ~ %#0(23(00)¢NLM57 (17)

Enims (00)

where #NLMS = Z I(Z Ml )" Using the fact that ¢%(c0) =

Enims (00) + O'g one gets

2
FHO ONLMS
Enims (00) ~ r £

1 — Sudnivs

(18)

It can be seen that &y vs(c0) is unbounded when either its

denominator becomes zero or when ¢nLms becomes
unbound when any of the denominators of its partial sum

becomes zero. This gives respectively the following two
conditions:

< 2/fnimss (19a)

0 < u < Li(A)/Aidu(A). (19b)
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For the LMS case, [;(A) =(A) =1(A) =1 and the
corresponding conditions are:

1< 2/, (20a)

0<u< /A (20b)
where ¢LMsf§j, 4. (20a) and (20b) are identical to the
necessary and sufficient conditions for the mean square
convergence of the LMS algorithm previously obtained in
[6]. Similar results are obtained in [7] by solving the
difference equation in @(n) and in [8] by a matrix analysis

technique.
In [7], a lower bound of the maximum step size is also

obtained. Using a similar approach, we now derive a step
size bound for the NLMS algorithm. First we rewrite (19a) as:

L HAic
L <2, (21)

where ¢; = I;(A) /I(A) and d; = I;(A) /I;(A). Let u=2 '

and rewrite (21) as
L

— Z/l,-cl-ll-(u) = H (u Z
i=1

i=1 i=0

L i i
’bL,,-ul = 07

(22)

L
where, £(u) = [] (u — 2A4:d;), 1;(u) = £(u)/(u — 2Ad;), and
7! are the rodts of (22). The largest root of (22) (smallest

1

root of (21)) is upper bounded (lower bounded) by [26]

Uy < % <s1 n \/(L — 1) (Lsy — s§)> (23)

Zu,—b] and s, = Eu = bj — 2b1. By com-

paring the coefﬁments on different s1des of (22), one also gets

L
bl = le(Zdl + C,‘)
i=1

and

L
by=4 Y Adidi+ > A <2

1<iA<L i=1

where S1

> z,-dj> . (24)

1<jAi<L

From (23), a more convenient lower bound of .« can be
obtained as follows

2L
bity/ (L—1)*82 2L(L—1)b

|+\/L 12
L , (25)

b T (A0 (A)+2diag(1(4)D,)

Himax >

where diag(I(A)) is a diagonal matrix with the i-th diagonal
value equal to [;(A).

From simulation results, we found that ¢npms 1S rather
close to one. Hence, 1<2 is a very useful rule of thumb
estimate of the step size bound, since it does not depend on
any prior knowledge of the Gaussian inputs.

Comparing (13) and the result in [10, Eq. 22], it can be
found that they are identical except that all the integrals in
[10] are coupled in their original forms. In contrast, the
decoupled forms in terms of the generalized Abelian
integral functions in (13)—(18) obtained with the proposed
approach are very similar to those of the LMS algorithm.
Moreover, we are also able to express the stability bound
and EMSE in terms of these special functions, which are
new to our best knowledge. When 7;(A), Il./ (A) and I;(A) are
equal to one, our analysis will reduce to the classical results
of the LMS algorithm. Next, we shall make use of these
analytical expressions for step size selection.

3.3 Step Size Selection

For white input, /(A) and 1’(A) will reduce respectively to
exp(e/24) exp(e/24)

e EL/2+1 (35) and 0% EL2(57) = Broi (332)]
where E,(x) = [~ (exp(—xt)/t")dt is the generalized ex-
ponential 1ntegral function (E_,, (x) is also known as the
Misra function). For small e, one gets E,(¢/21) =
1/(n—1) for n >1. In this case, the NLMS algorithm will
have the same convergence rate of the LMS algorithm if

— R/ e - R B ivalentl
Huvs = B0 5 Er i (557) ~ Harz ©F equivalently
U~ yLMSalL For the maximum possible adaptation speed
of the LMS algorithm, £ i o0 = m ~ 1 /(AL) for
large L. As a result, p~« and one gets the following update

e(n)X(n)
(e/a) + X" (n)X(n)’

W(n+1) = W(n) + (26)

which agrees with the optimum data nonlinearity for LMS
adaptation in white Gaussian input obtained in [21] using
calculus of variations. The MSE improvement of this
NLMS algorithm over the conventional LMS algorithm
was analyzed in detail in [21]. In general, one could set
a=1 and vary u between 0 and 1 with a small € to achieve
a given MSE or match a given convergence rate as above.
From simulation results, we found that the EMSE of
the NLMS algorithm varies slightly with the eigenvalues
for a given Tr(Ryy). For small p, (18) suggests that the
LMS algorithm is almost independent of the eigenvalue
spread for a given Tr(Ryy) (dpys ~ X7 4;). Therefore,
the relationship between p and py g for the white input
case, i.e. u~ U usTR(Ryy), can be used as a reason-
able approximation for the colored case and a = 1.
The corresponding EMSE is appr0x1mate1y zlJLMso' Tr
(Ryx) = ;uof,. From (17), $nims = LA (A )/1:(A

which can be shown to be independent of scaling of input
for small . From simulation, we also found that the EMSE
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of the NLMS will increase slightly with the eigenvalue
spread. Hence, %,uaé represents a useful lower bound for
estimating the EMSE of NLMS algorithm. It is very
attractive because it does not require the knowledge of the
eigenvalues or eigenvalue spread of Rxx- The corresponding
estimate of the misadjustment is then %,u. A similar upper
bound can be estimated empirically from simulation results
to be presented.

4 Simulation Results

In this section we shall conduct computer experiments
using both simulated and real world signals to verify the
analytical results obtained in Section 3.

(1) Simulated signals

These simulations are carried out using the system
identification model shown in Fig. 1. All the learning
curves are obtained by averaging the results of K=200
independent runs. The unknown system to be estimated is a
FIR filter with length L. Its weight vector W~ is randomly
generated and normalized to unit energy. The input signal
x(n)=ax(n—1)+v(n) is a first order AR process, where v(n)
is a white Gaussian noise sequence with zero mean and
variance 2. 0<o<l is the correlation coefficient. The
additive Gaussian noise 7(n) has zero mean and variance
o.

For the NLMS algorithm, we set a=1, e=10"* and vary
1. The values of the special integral functions, /;(A) in (A-
6), Ii(A) in (B-5), and I;(A) in (B-8) are evaluated
numerically using the method introduced in [22]. For the
mean convergence, the norm of the mean square weight-
error vector is used as the performance measure:

; 2
)], = \/Zh i) =101, )
= 17"'7Ka

where v? )(n) is the i-th component of v(n) at time n in the

j-th independent run. For the mean square convergence
results, EMSE(n) = Tr(®(n)A), or the misadjustment
M (n) = EMSE(n) 0'2, is used as the performance mea-
sure. The theoretical results are computed from (8) and
(16).

Two experiments are conducted. In the first experiment,
we compare our analytical results with those in [14]
(Eq. 14) and [16] (Eq. 25) for mean square convergence.
Two filter lengths with L=8 and L=24 are evaluated for two
cases: (1) #=0.1, o, = 107>, and a less colored input with
a=0.5; (2) p=0.1, oﬁ, =10"*, and a more colored input
with ¢=0.9. From Fig. 2 (a) and (b), it can be seen that
when the input is less colored, all the approaches show
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Figure 2 Comparison of the proposed analytical results with those in
[14] and [16]. a L=8, b L=24.

good agreement with simulation results. When the input is
very colored, our approach gives more accurate results than
[14] and [16]. When L is small, there are considerable
discrepancies between the theoretical and simulation results
in [14] and [16]. The main reason is that both [14] and [16]
assume that the denominator in (2) is uncorrelated with the
numerator and an “average” but constant normalization for
all the eigen-modes results. When the input is very colored,
the scaling constants according to (8), I;(A), are consider-
ably different for different modes. Hence, the averaging
principle is less accurate in describing the convergence
behavior.

In experiment 2, we conduct extensive experiments to
further verify our analytical results. The parameters are
summarized in Table 1. The results concerning mean and
mean square convergence are plotted in Fig. 3 (a), (b) and
Fig. 3 (c)—(f) respectively. From these figures, it can be
seen that the theoretical analysis agrees closely with the
simulation results for all cases tested. The estimated lower
bound %,u for misadjustment M obtained in Section 3.3 is
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Table 1 List of parameters in ) ) .
experiment 2 (x: eigenvalue a(x) Oy Oy M CF Fig.
spread of Ryy, CF: correction
factor). 8 0(1), 0.3(3.2), 0.6(12.2), 0.9(113.4) 1077 1/[3(1-a%)] 0.3 2.7 3(c)
107° 1/(1-a)? 0.03 2.7 3(a), 3(d)
24 0(1), 0.3(3.4), 0.6(15.2), 0.9(232.7) 107 3/(1—a)? 0.2 1.7 3(b), 3(e)
10°° 1/(1-0?) 0.05 1.7 3(6)
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also plotted. It is accurate for moderate filter lengths and
serves as a useful bound for short filter lengths. As
mentioned earlier, the steady state misadjustment M
increases slightly with the eigenvalue spread of the input
signal. Therefore, by introducing a correction factor CF, we
can empirically estimate an upper bound of M as CF - %,u.
This also serves as a reference for the selection of u to
achieve at least a given misadjustment for moderate
eigenvalue spreads. This CF is found to decrease slightly
as L increases. Other simulation results (omitted here due to
page limitation) also give similar conclusion except when
is near to one, where slightly increased discrepancies
between theoretical and simulation results are observed
due to the limitation of the independent assumption A3. In
summary, the advantages of the NLMS algorithm over the
LMS algorithm are its good performance in colored inputs
and its ease in step size selection, which make it very
attractive in speech processing and other applications with
time-varying input signal level.

(2) Real speech signals

To illustrate further the properties of the LMS and
NLMS algorithms, real speech signals are employed to
evaluate their performances in an acoustic echo cancellation
application. The speech signals used for testing are obtained
with courtesy from the open source in [24]. Figure 4 (a)
represents the signal of a sentence articulated by a female
speaker “a little black plate on the floor” plus a white
Gaussian noise. The sampling rate is 8 kHz. The echo path
used has a length of 128 and is a real one given as m (k) in
the ITU-T recommendation G.168 [25]. The background
noise 7)(n) has a power of g; = 10~*. For simplicity, no
double talk is assumed in this experiment.

Two sets of step sizes for the LMS and NLMS
algorithms are employed: 1) p; ms=0.08, pnpms = 0.5, and
2) prms = 0.02 and pnpms = 0.1. These values are chosen
so that when the two algorithms are excited by the additive
noise (i.e. during nearly silent time period), both algorithms
will give a similar MSE. The residual errors after echo
cancellation are depicted in Fig. 4 (b) and (c), respectively.
From Fig. 4 (b), we can see that due to the nonstationary
nature of the speech signal and hence the unavailability a
priori knowledge of the input statistics, the LMS algorithm
with a fixed step size of 0.08 diverges and plots after time
index 10000 are omitted. In contrast, the performance of the
NLMS is rather satisfactory. At a smaller step size of 0.02,
it can be seen from Fig. 4 (c) that LMS algorithm converges
but its performance is severely degraded by the non-
stationarity of the speech signal, whereas the NLMS
algorithm again has a satisfactory performance. This is
due to the rapidly changing input level and the colored
nature of real speech signals.
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5 Conclusions

A new convergence analysis of the NLMS algorithm using
Price’s theorem and the framework proposed in [9, 10] in
Gaussian input and noise environment is presented. New
expressions are derived for stability bound, steady state
EMSE and decoupled difference equations describing the
mean and mean square convergence behaviors of the
NLMS algorithm using the generalized Abelian integral
functions. The theoretical models are in good agreement
with the simulation results and guidelines for step size
selection are discussed.

Appendix
Appendix A: Evaluation of H;

As n(n) and x(n) are assumed to be statistically indepen-
dent, and X are jointly Gaussian with autocorrelation matrix
Ryy, one gets

H = Cy / / 6;}% exp (—%XTRI&X)/’ (n)dndX,
L+1fold
(A-1)
where Cr = (271')_L/2|RXX|71/2 and f (n) is the probability
density function (PDF) of the Gaussian noise 7. |-| denotes
the determinant of a matrix. Similar to [9] and [10], let us
consider the integral

" eXexp(—B(e + aX'X))
e+aX'X

F(B) = Cr
Ll/l'éﬂd
x f(n)dndX.

It can be seen that H=F(0). Differentiating (A-2) w.r.t. 5,

exp(f%XTR})l(X) (A - 2)

one gets
dF(p) Tp-l
——= = —exp(—fe)Cr [[ (eX)exp(—3X'B~!(n)X)
dﬂ 2
x [ (m)dndX,

(A—3)
where B(n) = (2081 + R;&)fl. For notation convenience,
we shall simply write B for B(n). To evaluate the integral, we
use the eigenvalue decomposition of Ryy = UAU, where
A is a diagonal matrix whose elements are the eigenvalues of
Ryy and U is a orthogonal matrix. The matrix B! can be
written as B~ = U(2aBI + A7")U” = UD~'U’, where D
is a diagonal matrix with the i-th diagonal entry given by
dii(n) = (20B +/1;1)_]. Noting that the geterminants of U
and D are respectively 1 and [D|” /%= H(2a,8+lf1)1/2,
one can rewrite (A-3) as dF(8)/dp :lzl—y(ﬁ)Ll, where

Cy = (2”)—L/2|B|—1/2’ L, = E{X,n}[eX\VHE[xxT]:B’ and

L
7(B) = exp(—pe) {Yl(2aﬂli + 1)71/2. Using e = X"v + 17, we
have ry. = E[xie|V]| pixxr1_g=E [x:(X'V +n) M’E[XXT]ZB:B,»V,
where B; is the i-th row of B. Finally, we have L;=Bv(n).

Substituting it into (A-3) and integrating w.r.t. 3 yields
(A—4)

where I(8) = — [#y(B)Bdp and the constant of integration
is equal to zero because of the boundary condition F(c0)=0.
To evaluate I(0) and hence H = F(0) = I(0)v(n), we note
that B = UD(n)U” and thus

1(0) = U(— / Oy(ﬂ)D(n)dﬂ) U’ =uaDp, U, (A-5)

where D4 = diag(/;(A), ..., 1(A)) and

I(A) = /Uoo exp(—pe) [fr aBAs + 1)*1/2} (2ap2; +1)"'dp, (

A —6)
i=1,2,--,L,
which can be numerically evaluated.

Finally, we have the desired result in (5)

H, = Ey[H] = Ey[F(0)] = UAD,UTElv(n)] (A7)

For the LMS algorithm, B will be equal to Ryy and
accordingly D, is equal to the identity matrix and
o.(v) = VI Rxyv + 0.

Appendix B: Evaluation of s3 and Mj

As in Appendix A, we write
3 = Ex [eZXXT/(s + OIXTX)2|V} as:

XX’ Iy TR-!
s3 = Cr —————ep(—X Ry X)/ (n)dndX.
(5 +oX X)
L+1fold
(B-1)
Let us define

— XX exp(—B(e +aX'X
i, f| XX erlAC LX)

e EHXX) (B-2)

-exp(—1X R4 X)f (n)dndX.

Comparing (B-2) with (B-1), it can be seen that s3 = F(0).
To evaluate F(B), we differentiate (B-2) twice w.r.t. 3 to
get d*F(B)/dB* = y(B)Ls, where L = Epx [e*XX"|v]
| £[XXT]=B> and ~(3), Cz, and B have been defined in
Appendix A. Consider the (i, j)-th element of Lsj:
Ls,;; = E{x [¢*xix;|v]|s. Using Price’s theorem, we have
OLs;;/Orex, = Eqx gy |€*|V]|s = 02, where o2 = v/ Bv+
o,. Integrating OLs;;/Or, WIt. ry. gives Ly =
021y, + ¢ij, where ¢;; = E[exx;] | is the integration

Tepr=0
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constant. Using Price’s theorem again, we have dc;;/0r.. =
E {de E [ddzezz] Iye = 2rye. Integrating once again, we
get ¢, =2r,.r,. Combining, we have Ls;; = 02t
2ryelve, and hence Lz = O'gB—FZBVVT B. Substituting it
into d*F(B)/dp* = y(B)Ls gives

|rx‘-x/:(l

d’F(B)/dp* = y(B)a.B + 2y()Bvv'B. (B-3)

Integrating (B-3) w.rt. § and using o7(v) = v'Bv + o,
yields

ss=I+1 +02I3,

where ;=2 [;° f Y(B,)BW! BdB,dp; L= [° f 7(B,)
(vI'Bv)Bdp,dp, and L= [ [, v(B,)BdB,dp, w1th the
boundary conditions: F(co )—0 and OF(ﬁ)/ﬁ:m_O.
The evaluation of the integrals I;, I,, and I5 is detailed
below. Note, Ep o ] E{v}[ v'Bv] + o, is upper bounded
by Eqy [V Rxxv] + 0 = o2 (n), Wthh is the MSE at time
instant n. To 51mphfy the derivation of the worse case
EMSE, the term Iz+0' I; can be approximated by

oz (00)Ls.

Evaluation of I;:

Using the eigenvalue decomposition of B, one gets

L= 2/0OO /l°° ¥(B,)UD(n)U"

wiUD(n)UTdB,dB, = UD,U”,

(B—-4)
where Dy =2 [¢¥ [ 7(8,)D(n)VV'D(n)dp,dp; and

v=U"v. The (i, j)-th element ofD1 is D], =2[VV'], 1 i s

where [;; = [* fﬁ djj(n )dﬁzdﬁl = LA I;(A),
and

Iy(A):/(;ooﬁexp( ﬁe){ (20BAx + 1) ‘/2} Qapri+1)""

X (2apA; + 1)7 dp

(B-5)

Hence I} = UDU”, where Dy =2A[(VVT)oI(4)]4,

[[(A)];;= 1;(A), and o denotes element-wise product of

two matrices. /;j(A) can be evaluated numerically.
Evaluation of I,:

L= /o / Y(ﬁz)Tr(VVrB>Bdﬂzdﬂ1
— U( / h By (B,)Tr(UTw" UD)Ddﬁ2>UT (B —6)
0

=U (/0 BZY(ﬁZ) Ll?dkk [UTVVTU:I k,deﬁz) UT
=UD,U”,
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where we have used B! = UD'U”and the property of
trace operation Tr(:). D, is a diagonal matrix and its i-th
diagonal element is given by:

D,]; = /0 /327(/32)%1 diedlii [UTVVTU]k,kd'BZ

- {( / ﬁzy(ﬁgdkkdﬁdﬂz) VWi B0
= 2 Mdilia(A) A
where I;;(A) has already been defined in (B-5).
Evaluation of I5:
Since 15 = [¢° [~ 7(B,)UD(n)U" dp,dp; = UDs(n)U",

it suffices to evaluate the integral of the diagonal elements
of Ds(n) as follows:

Dy ()], = / / ¥(B2)du(n)dBsd,
/ / ¥ (Bs)du(n)dBrdBs

—/1/ Bexp( ,Bs){ (api; + 1) ‘/2}(2043/1,-“)*‘(1/3.

Hence, D3(n) = AI'(A), where T'(A) is a diagonal matrix
with its i-th diagonal element (also can be numerically
evaluated) given by

= Amﬂexp(—ﬁa) L]iYI(Z(Z,Bftk + 1)*‘/2} 2apri +1)"'dp.
(B—8)
Finally, we have
s3 = UD,U" + UD,U" + o, UD;U"

=2U{A[(VV') o I(4)]A}UT + UD,U" + o, UAT (A)U"

and

M; = Eyy[s3] = 20°U{A[(U"=Z(n)U) o I(A)
+2UD,U" + 1o, UAN (A)UT

Jajur

(B-9)
From numerical results, I, is close to zero if the EMSE is
small, and s;3 = I, +0§I3. For the LMS algorithm, the
normalization term in (B-2) is missing and L3 can be
obtained by replacing B above by Ryy.
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