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Abstract In this paper, symbol-error-rate (SER) performance analysis and optimum power1

allocation are provided for uncoded cooperative communications in wireless networks with2

either decode-and-forward (DF) or amplify-and-forward (AF) cooperation protocol, in which3

source and relay send information to destination through orthogonal channels. In case of the4

DF cooperation systems, closed-form SER formulation is provided for uncoded coopera-5

tion systems with PSK and QAM signals. Moreover, an SER upper bound as well as an6

approximation are established to show the asymptotic performance of the DF cooperation7

systems, where the SER approximation is asymptotically tight at high signal-to-noise ratio8

(SNR). Based on the asymptotically tight SER approximation, an optimum power allocation9

is determined for the DF cooperation systems. In case of the AF cooperation systems, we10

obtain at first a simple closed-form moment generating function (MGF) expression for the11

harmonic mean to avoid the hypergeometric functions as commonly used in the literature. By12

taking advantage of the simple MGF expression, we obtain a closed-form SER performance13

analysis for the AF cooperation systems with PSK and QAM signals. Moreover, an SER14

approximation is also established which is asymptotically tight at high SNR. Based on the15

asymptotically tight SER approximation, an optimum power allocation is determined for the16

AF cooperation systems. In both the DF and AF cooperation systems, it turns out that an17

equal power strategy is good, but in general not optimum in cooperative communications.18

The optimum power allocation depends on the channel link quality. An interesting result19

is that in case that all channel links are available, the optimum power allocation does not20
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depend on the direct link between source and destination, it depends only on the channel21

links related to the relay. Finally, we compare the performance of the cooperation systems22

with either DF or AF protocol. It is shown that the performance of a systems with the DF23

cooperation protocol is better than that with the AF protocol. However, the performance gain24

varies with different modulation types and channel conditions, and the gain is limited. For25

example, in case of BPSK modulation, the performance gain cannot be larger than 2.4 dB;26

and for QPSK modulation, it cannot be larger than 1.2 dB. Extensive simulation results are27

provided to validate the theoretical analysis.28

Keywords Cooperative communications · Amplify-and-forward protocol · Decode-and-29

forward protocol · Symbol error rate · Performance analysis · Optimum power allocation ·30

Wireless networks31

1 Introduction32

In conventional point-to-point wireless communications, channel links can be highly uncer-33

tain due to multipath fading and therefore continuous communications between each pair34

of transmitter and receiver is not guaranteed [1]. Recently, the concept of cooperative com-35

munications, a new communication paradigm, was proposed for wireless networks such as36

cellular networks and wireless ad hoc networks [2–6]. The basic idea of the cooperative37

communications is that all mobile users or nodes in a wireless network can help each other to38

send signals to the destination cooperatively. Each user’s data information is sent out not only39

by the user, but also by other users. Thus, it is inherently more reliable for the destination40

to detect the transmitted information since from a statistical point of view, the chance that41

all the channel links to the destination go down is rare. Multiple copies of the transmitted42

signals due to the cooperation among users result in a new kind of diversity, i.e., cooperative43

diversity, that can significantly improve the system performance and robustness. The discus-44

sion of cooperative communications can be traced back in 1970s [7, 8], in which a basic45

three-terminal communication model was first introduced and studied by van der Meulen in46

the context of mutual information. A more thorough capacity analysis of the relay channel47

was provided later in [9] by Cover and El Gamal, and there are more recent work that fur-48

ther addressed the information-theoretic aspect of the relay channel, for example [10, 11]49

on achievable capacity and coding strategies for wireless relay channels, [12] on capacity50

region of a degraded Gaussian relay channel with multiple relay stages, [13] on capacity of51

relay channels with orthogonal channels, and so on.52

Recently, many efforts have also been focused on design of cooperative diversity protocols53

in order to combat the effects of severe fading in wireless channels. Specifically, in [2, 3],54

various cooperation protocols were proposed for wireless networks, in which when a user55

helps other users to forward information, it serves as a relay. The relay may first decode56

the received information and then forward the decoded symbol to the destination, which is57

termed as a decode-and-forward (DF) cooperation protocol, or the relay may simply amplify58

the received signal and forward it, which results in an amplify-and-forward (AF) cooperation59

protocol. In both DF and AF cooperation protocols, source and relay send information to60

destination through orthogonal channels. Extensive outage probability performance analysis61

has been provided in [3] for such cooperation systems. The concept of user cooperation62

diversity was also proposed in [4, 5], where a two-user cooperation scheme was investigated63

for CDMA systems and substantial performance gain was demonstrated with comparison to64

the non-cooperative approach.65
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Cooperative Communication Protocols in Wireless Networks

In this paper, we analyze the symbol-error-rate (SER) performance of uncoded cooperation66

systems with either DF or AF cooperation protocol. For the DF cooperation systems, we67

derive closed-form SER formulation explicitly for the systems with PSK and QAM signals.68

Since the closed-form SER formulation is complicated, we establish an upper bound as well69

as an approximation to show the asymptotic performance of the DF cooperation systems, in70

which the approximation is asymptotically tight at high signal-to-noise ratio (SNR). Based71

on the SER performance analysis, we are able to determine an asymptotic optimum power72

allocation for the DF cooperation systems. It turns out that an equal power strategy [3] is in73

general not optimum and the optimum power allocation depends on the channel link quality.74

In case that all channel links are available, an interesting observation is that the optimum75

power allocation does not depend on the direct link between source and destination and it76

depends only on the channel links related to the relay.77

For the AF cooperation systems, in order to analyze the SER performance, we have to78

find the statistics of the harmonic mean of two random variables, which are related to the79

instantaneous SNR at the destination [14]. The moment generating function (MGF) of the80

harmonic mean of two exponential random variables was derived in [14] by applying the81

Laplace transform and the hypergeometric functions [15]. However, the result involves an82

integration of the hypergeometric functions and it is hard to use for analyzing the AF coop-83

eration systems. In the second part of this paper, we first obtain a simple MGF expression for84

the harmonic mean which avoids the hypergeometric functions. Then, by taking advantage of85

the simple MGF expression, we are able to obtain a closed-form SER performance analysis86

for the AF cooperation systems with PSK and QAM signals. Moreover, an asymptotically87

tight SER approximation is established to reveal the performance of the AF cooperation sys-88

tems. Based on the asymptotically tight SER approximation, we then determine an optimum89

power allocation for the AF cooperation systems. Note that the optimum power allocation90

for the AF cooperation systems is not modulation-dependent, which is different from that91

for the DF cooperation systems in which the optimum power allocation depends on specific92

M-PSK or M-QAM modulation. This is due to the fact that in the AF cooperation systems,93

the relay amplifies the received signal and forwards it to the destination regardless what kind94

of the received signal is.95

Finally, we compare the performance of the cooperation systems with either DF or AF96

cooperation protocol. It turns out that the performance of the cooperation systems with the97

DF cooperation protocol is better than that with the AF protocol. However, the performance98

gain varies with different modulation types and channel conditions, and the gain is limited.99

For example, in case of BPSK modulation, the performance gain cannot be larger than 2.4 dB;100

and for QPSK modulation, it cannot be larger than 1.2 dB. There are tradeoff between these101

two cooperation protocols. Extensive simulation results are also provided to validate the102

theoretical analysis.103

The rest of the paper is organized as follows. In Sect. 2, we describe the cooperation104

systems with either DF or AF cooperation protocol. In Sect. 3, we analyze the SER per-105

formance and determine an asymptotic optimum power allocation for the DF cooperation106

systems. We investigate the SER performance for the AF cooperation systems in Sect. 4.107

First, we derive a simple closed-form MGF expression for the harmonic mean of two ran-108

dom variables. Then, based on the simple MGF expression, closed-form SER formulations109

are given for the AF cooperation systems. We also provide a tight SER approximation to110

show the asymptotic performance determine an optimum power allocation. In Sect. 5, we111

provide performance comparison between the cooperation systems with the DF and AF pro-112

tocols. The simulation results are presented in Sect. 6, and some conclusions are drawn in113

Sect. 7.114
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Fig. 1 A simplified cooperation

model
Relay

h h
s,r

r,d

P2

DestinationSource

hs,d
P1

2 System Model115

We consider a cooperation strategy with two phases in wireless networks which can be mobile116

ad hoc networks or cellular networks [2–5]. In Phase 1, each mobile user (or node) in a wire-117

less network sends information to its destination, and the information is also received by118

other users at the same time. In Phase 2, each user helps others by forwarding the informa-119

tion that it receives in Phase 1. Each user may decode the received information and forward120

it (corresponding to the DF protocol), or simply amplify and forward it (corresponding to121

the AF protocol). In both phases, all users transmit signals through orthogonal channels by122

using TDMA, FDMA or CDMA scheme [3, 5]. For better understanding the cooperation123

concept, we focus on a two-user cooperation scheme. Specifically, user 1 sends information124

to its destination in Phase 1, and user 2 also receives the information. User 2 helps user 1125

to forward the information in Phase 2. Similarly, when user 2 sends its information to its126

destination in Phase 1, user 1 receives the information and forwards it to user 2s destination127

in Phase 2. Due to the symmetry of the two users, we will analyze only user 1s performance.128

Without loss of generality, we consider a concise model as shown in Fig. 1, in which source129

denotes user 1 and relay represents user 2.130

In Phase 1, the source broadcasts its information to both the destination and the relay. The131

received signals ys,d and ys,r at the destination and the relay respectively can be written as132

ys,d =
√

P1 hs,d x + ηs,d , (1)133

134

ys,r =
√

P1 hs,r x + ηs,r , (2)135

in which P1 is the transmitted power at the source, x is the transmitted information symbol, and136

ηs,d and ηs,r are additive noise. In (1) and (2), hs,d and hs,r are the channel coefficients from137

the source to the destination and the relay respectively. They are modeled as zero-mean, com-138

plex Gaussian random variables with variances δ2
s,d and δ2

s,r respectively. The noise terms ηs,d139

and ηs,r are modeled as zero-mean complex Gaussian random variables with variance N 0.140

In Phase 2, for a DF cooperation protocol, if the relay is able to decode the transmitted141

symbol correctly, then the relay forwards the decoded symbol with power P2 to the destina-142

tion, otherwise the relay does not send or remains idle. The received signal at the destination143

in Phase 2 in this case can be modeled as144

yr,d =
√

P̃2 hr,d x + ηr,d , (3)145

where P̃2 = P2 if the relay decodes the transmitted symbol correctly, otherwise P̃2 = 0.146

In (3), hr,d is the channel coefficient from the relay to the destination, and it is modeled as147

a zero-mean, complex Gaussian random variable with variance δ2
r,d . The noise term ηr,d is148

also modeled as a zero-mean complex Gaussian random variable with variance N0. Note149

that for analytical tractability, we assume in this paper an ideal DF cooperation protocol that150

the relay is able to detect whether the transmitted symbol is decoded correctly or not, which151

123

Journal: 11277 MS: WIRE509 CMS: 11277_2007_9359_Article TYPESET � DISK LE � CP Disp.:2007/8/10 Pages: 36

A
u

th
o

r 
P

ro
o

f



u
n
co

rr
ec

te
d
 p

ro
o
f

Cooperative Communication Protocols in Wireless Networks

is also referred as a selective-relaying protocol in literature. In practice, we may apply an152

SNR threshold at the relay. If the received SNR at the relay is higher than the threshold, then153

the symbol has a high probability to be decoded correctly. More discussions on threshold154

optimization at the relay can be found in [16].155

For an AF cooperation protocol, in Phase 2 the relay amplifies the received signal and for-156

wards it to the destination with transmitted power P2. The received signal at the destination157

in Phase 2 is specified as [3]158

yr,d =
√

P2
√

P1|hs,r |2 + N0

hr,d ys,r + ηr,d , (4)159

where hr,d is the channel coefficient from the relay to the destination and ηr,d is an additive160

noise, with the same statistics models as in (3), respectively. Specifically, the received signal161

yr,d in this case is162

yr,d =
√

P1 P2
√

P1|hs,r |2 + N0

hr,d hs,r x + η′
r,d , (5)163

where η′
r,d =

√
P2√

P1|hs,r |2+N0

hr,d ηs,r + ηr,d . Assume that ηs,r and ηr,d are independent, then164

the equivalent noise η′
r,d is a zero-mean complex Gaussian random variable with variance165

(

P2|hr,d |2
P1|hs,r |2+N0

+ 1
)

N0.166

In both the DF and AF cooperation protocols, the channel coefficients hs,d , hs,r and hr,d167

are assumed to be independent to each other and the mobility and positioning of the nodes168

is incorporated into the channel statistic model. The channel coefficients are assumed to be169

known at the receiver, but not at the transmitter. The destination jointly combines the received170

signal from the source in Phase 1 and that from the relay in Phase 2, and detects the trans-171

mitted symbols by using the maximum-ratio combining (MRC) [17]. In both protocols, we172

assume the total transmitted power P1 + P2 = P .173

3 SER Analysis for DF Cooperative Communications174

In this section, we analyze the SER performance for the DF cooperative communication175

systems. First, we derive closed-form SER formulations explicitly for the systems with176

M-PSK and M-QAM1 modulations. Then, we provide an SER upper bound as well as177

an approximation to reveal the asymptotic performance of the systems, in which the approx-178

imation is asymptotically tight at high SNR. Finally, based on the tight SER approximation,179

we are able to determine an asymptotic optimum power allocation for the DF cooperation180

systems.181

3.1 Closed-Form SER Analysis182

With knowledge of the channel coefficients hs,d and hr,d , the destination detects the trans-183

mitted symbols by jointly combining the received signal ys,d (1) from the source and yr,d (3)184

from the relay. The combined signal at the MRC detector can be written as [17]185

y = a1 ys,d + a2 yr,d , (6)186

1 Throughout the paper, QAM stands for a square QAM constellation whose size is given by M = 2k with k

even.
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in which the factors a1 and a2 are determined such that the SNR of the MRC output is187

maximized, and they can be specified as a1 =
√

P1h∗
s,d/N0 and a2 =

√

P̃2h∗
r,d/N0. Assume188

that the transmitted symbol x in (1) and (3) has average energy 1, then the SNR of the MRC189

output is [17]190

γ =
P1|hs,d |2 + P̃2|hr,d |2

N0
. (7)191

If M-PSK modulation is used in the system, with the instantaneous SNR γ in (7), the192

conditional SER of the system with the channel coefficients hs,d , hs,r and hr,d can be written193

as [18]194

P
hs,d ,hs,r ,hr,d

PSK = �PSK(γ )
△=

1

π

∫ (M−1)π/M

0

exp

(

−
bPSKγ

sin2 θ

)

dθ, (8)195

where bPSK = sin2(π/M). If M-QAM (M = 2k with k even) signals are used in the system,196

the conditional SER of the system can also be expressed as [18]197

P
hs,d ,hs,r ,hr,d

QAM = �QAM(γ ), (9)198

where199

�QAM(γ )
△= 4K Q(

√

bQAMγ ) − 4K 2 Q2(
√

bQAMγ ), (10)200

in which K = 1 − 1√
M

, bQAM = 3/(M − 1), and Q(u) = 1√
2π

∫∞
u

exp
(

− t2

2

)

dt is the201

Gaussian Q-function [19]. It is easy to see that in case of QPSK or 4-QAM modulation, the202

conditional SER in (8) and (9) are the same.203

Note that in Phase 2, we assume that if the relay decodes the transmitted symbol x from the204

source correctly, then the relay forwards the decoded symbol with power P2 to the destination,205

i.e., P̃2 = P2; otherwise the relay does not send, i.e., P̃2 = 0. If an M-PSK symbol is sent206

from the source, then at the relay, the chance of incorrect decoding is �PSK(P1|hs,r |2/N0),207

and the chance of correct decoding is 1 − �PSK(P1|hs,r |2/N0). Similarly, if an M-QAM208

symbol is sent out at the source, then the chance of incorrect decoding at the relay is209

�QAM(P1|hs,r |2/N0), and the chance of correct decoding is 1 − �QAM(P1|hs,r |2/N0).210

Let us first focus on the SER analysis in case of M-PSK modulation. Taking into account211

the two scenarios of P̃2 = P2 and P̃2 = 0, we can calculate the conditional SER in (8) as212

P
hs,d ,hs,r ,hr,d

PSK = �PSK (γ ) |
P̃2=0�PSK

(

P1|hs,r |2

N0

)

213

+�PSK (γ ) |
P̃2=P2

[

1 − �PSK

(

P1|hs,r |2

N0

)]

214

=
1

π2

∫ (M−1)π/M

0

exp

(

−
bPSK P1|hs,d |2

N0 sin2 θ

)

dθ215

×
∫ (M−1)π/M

0

exp

(

−
bPSK P1|hs,r |2

N0 sin2 θ

)

dθ216

+
1

π

∫ (M−1)π/M

0

exp

(

−
bPSK

(

P1|hs,d |2 + P2|hr,d |2
)

N0 sin2 θ

)

dθ217

×
[

1 −
1

π

∫ (M−1)π/M

0

exp

(

−
bPSK P1|hs,r |2

N0 sin2 θ

)

dθ

]

. (11)218
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Averaging the conditional SER (11) over the Rayleigh fading channels hs,d , hs,r and hr,d ,219

we obtain the SER of the DF cooperation system with M-PSK modulation as follows:220

PPSK = F1

(

1 +
bPSK P1δ

2
s,d

N0 sin2 θ

)

F1

(

1 +
bPSK P1δ

2
s,r

N0 sin2 θ

)

221

+ F1

((

1 +
bPSK P1δ

2
s,d

N0 sin2 θ

)(

1 +
bPSK P2δ

2
r,d

N0 sin2 θ

))[

1 − F1

(

1 +
bPSK P1δ

2
s,r

N0 sin2 θ

)]

,222

(12)223

where F1(x(θ)) = 1
π

∫ (M−1)π/M

0
1

x(θ)
dθ, in which x(θ) denotes a function with variable θ .224

For DF cooperation systems with M-QAM modulation, the conditional SER in (9) with225

the channel coefficients hs,d , hs,r and hr,d can be similarly determined as226

P
hs,d ,hs,r ,hr,d

QAM = �QAM(γ )|
P̃2=0�QAM

(

P1|hs,r |2

N0

)

227

+�QAM(γ )|
P̃2=P2

[

1 − �QAM

(

P1|hs,r |2

N0

)]

. (13)228

By substituting (10) into (13) and averaging it over the fading channels hs,d , hs,r and hr,d ,229

the SER of the DF cooperation system with M-QAM modulation can be given by230

PQAM = F2

(

1 +
bQAM P1δ

2
s,d

2N0 sin2 θ

)

F2

(

1 +
bQAM P1δ

2
s,r

2N0 sin2 θ

)

231

+ F2

((

1 +
bQAM P1δ

2
s,d

2N0 sin2 θ

)(

1 +
bQAM P2δ

2
r,d

2N0 sin2 θ

))

232

×
[

1 − F2

(

1 +
bQAM P1δ

2
s,r

2N0 sin2 θ

)]

, (14)233

where234

F2(x(θ)) =
4K

π

∫ π/2

0

1

x(θ)
dθ −

4K 2

π

∫ π/4

0

1

x(θ)
dθ, (15)235

in which x(θ) denotes a function with variable θ . In order to get the SER formulation236

in (14), we used two special properties of the Gaussian Q-function as follows: Q(u) =237

1
π

∫ π/2
0 exp

(

− u2

2 sin2 θ

)

dθ and Q2(u) = 1
π

∫ π/4
0 exp

(

− u2

2 sin2 θ

)

dθ for any u ≥ 0 [18, 20].238

Note that for 4-QAM modulation,239

F2(x(sin2(θ))) =
2

π

∫ π/2

0

1

x(sin2(θ))
dθ −

1

π

∫ π/4

0

1

x(sin2(θ))
dθ240

=
1

π

∫ π/2

0

1

x(sin2(θ))
dθ +

1

π

∫ π/2

π/4

1

x(sin2(θ))
dθ241

=
1

π

∫ 3π/4

0

1

x(sin2(θ))
dθ,242

which shows that the SER formulation in (14) for 4-QAM modulation is consistent with that243

in (12) for QPSK modulation.244
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3.2 SER Upper Bound and Asymptotically Tight Approximation245

Even though the closed-form SER formulations in (12) and (14) can be efficiently calculated246

numerically, they are very complex and it is hard to get insight into the system performance247

from these. In the following theorem, we provide an upper bound as well as an approxima-248

tion which are useful in demonstrating the asymptotic performance of the DF cooperation249

scheme. The SER approximation is asymptotically tight at high SNR.250

Theorem 1 The SER of the DF cooperation systems with M-PSK or M-QAM modulation251

can be upper-bounded as252

Ps ≤
(M − 1)N 2

0

M2
·

MbP1δ
2
s,r + (M − 1)bP2δ

2
r,d + (2M − 1)N0

(N0 + bP1δ
2
s,d)(N0 + bP1δ2

s,r )(N0 + bP2δ
2
r,d)

, (16)253

where b = bPSK for M-PSK signals and b = bQAM/2 for M-QAM signals. Furthermore, if254

all of the channel links hs,d , hs,r and hr,d are available, i.e., δ2
s,d �= 0, δ2

s,r �= 0 and δ2
r,d �= 0,255

then for sufficiently high SNR, the SER of the systems with M-PSK or M-QAM modulation256

can be tightly approximated as257

Ps ≈
N 2

0

b2
·

1

P1δ
2
s,d

(

A2

P1δ2
s,r

+
B

P2δ
2
r,d

)

, (17)258

where in case of M-PSK signals, b = bPSK and259

A =
M − 1

2M
+

sin 2π
M

4π
, B =

3(M − 1)

8M
+

sin 2π
M

4π
−

sin 4π
M

32π
; (18)260

while in case of M-QAM signals, b = bQAM/2 and261

A =
M − 1

2M
+

K 2

π
, B =

3(M − 1)

8M
+

K 2

π
. (19)262

Proof First, let us show the upper bound in (16). In case of M-PSK modulation, the closed-263

form SER expression was given in (12). By removing the negative term in (12), we have264

PPSK ≤ F1

(

1 +
bPSK P1δ

2
s,d

N0 sin2 θ

)

F1

(

1 +
bPSK P1δ

2
s,r

N0 sin2 θ

)

265

+F1

((

1 +
bPSK P1δ

2
s,d

N0 sin2 θ

)(

1 +
bPSK P2δ

2
r,d

N0 sin2 θ

))

. (20)266

We observe that in the right hand side of the above inequality, all integrands have their267

maximum value when sin2 θ = 1. Therefore, by substituting sin2 θ = 1 into (20), we have268

PPSK ≤
(M − 1)2

M2
·

N 2
0

(N0 + bPSK P1δ
2
s,d)(N0 + bPSK P1δ2

s,r )
269

+
M − 1

M
·

N 2
0

(N0 + bPSK P1δ
2
s,d)(N0 + bPSK P2δ

2
r,d)

270

=
(M − 1)N 2

0

M2
·

MbPSK P1δ
2
s,r + (M − 1)bPSK P2δ

2
r,d + (2M − 1)N0

(N0 + bPSK P1δ
2
s,d)(N0 + bPSK P1δ2

s,r )(N0 + bPSK P2δ
2
r,d)

,271
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which validates the upper bound in (16) for M-PSK modulation. Similarly, in case of M-QAM272

modulation, the SER in (14) can be upper bounded as273

PQAM ≤ F2

(

1 +
bQAM P1δ

2
s,d

2N0 sin2 θ

)

F2

(

1 +
bQAM P1δ

2
s,r

2N0 sin2 θ

)

274

+F2

((

1 +
bQAM P1δ

2
s,d

2N0 sin2 θ

)(

1 +
bQAM P2δ

2
r,d

2N0 sin2 θ

))

. (21)275

Note that, the function F2(x(θ)) defined in (15) can be rewritten as276

F2(x(θ)) =
4K

π
√

M

∫ π/2

0

1

x(θ)
dθ +

4K 2

π

∫ π/2

π/4

1

x(θ)
dθ, (22)277

which does not contain negative term. Moreover, the integrands in (21) have their maximum278

value when sin2 θ = 1. Thus, by substituting (22) and sin2 θ = 1 into (21), we have279

PQAM ≤
(

2K
√

M
+ K 2

)2
N 2

0

(N0 + bQAM

2
P1δ

2
s,d)(N0 + bQAM

2
P1δ2

s,r )
280

+
(

2K
√

M
+ K 2

)

N 2
0

(N0 + bQAM

2
P1δ

2
s,d)(N0 + bQAM

2
P2δ

2
r,d)

281

=
(M − 1)N 2

0

M2
·

M
bQAM

2
P1δ

2
s,r + (M − 1)

bQAM

2
P2δ

2
r,d + (2M − 1)N0

(N0 + bQAM

2
P1δ

2
s,d)(N0 + bQAM

2
P1δ2

s,r )(N0 + bQAM

2
P2δ

2
r,d)

,282

in which K = 1− 1√
M

. Therefore, the upper bound in (16) also holds for M-QAM modulation.283

In the following, we show the asymptotically tight approximation (17) with the assumption284

that all of the channel links hs,d , hs,r and hr,d are available, i.e., δ2
s,d �= 0, δ2

s,r �= 0 and δ2
r,d �=285

0. First, let us consider the M-PSK modulation. In the SER formulation (12), we observe that286

for sufficiently large power P1 and P2, 1+ bPSK P1δ
2
s,d

N0 sin2 θ
≈ bPSK P1δ

2
s,d

N0 sin2 θ
, 1+ bPSK P1δ

2
s,r

N0 sin2 θ
≈ bPSK P1δ

2
s,r

N0 sin2 θ
287

and 1 + bPSK P2δ2
r,d

N0 sin2 θ
≈ bPSK P2δ2

r,d

N0 sin2 θ
, i.e., the 1s are negligible with sufficiently large power. Thus,288

for sufficiently high SNR, the SER in (12) can be tightly approximated as289

PPSK ≈ F1

(

bPSK P1δ
2
s,d

N0 sin2 θ

)

F1

(

bPSK P1δ
2
s,r

N0 sin2 θ

)

290

+F1

(

b2
PSK P1 P2δ

2
s,dδ2

s,r

N 2
0 sin4 θ

)[

1 − F1

(

bPSK P1δ
2
s,r

N0 sin2 θ

)]

291

≈ F1

(

bPSK P1δ
2
s,d

N0 sin2 θ

)

F1

(

bPSK P1δ
2
s,r

N0 sin2 θ

)

+ F1

(

b2
PSK P1 P2δ

2
s,dδ2

s,r

N 2
0 sin4 θ

)

,292

=
A2N 2

0

b2
PSK P2

1 δ2
s,dδ2

s,r

+
BN 2

0

b2
PSK P1 P2δ

2
s,dδ2

r,d

, (23)293
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in which A = 1
π

∫ (M−1)π/M

0 sin2 θdθ = M−1
2M

+ sin 2π
M

4π
, and B = 1

π

∫ (M−1)π/M

0 sin4 θdθ =294

3(M−1)
8M

+ sin 2π
M

4π
− sin 4π

M

32π
. Note that the second approximation is due to the fact that295

1 − F1

(

bPSK P1δ
2
s,r

N0 sin2 θ

)

= 1 −
N0

πbPSK P1δ2
s,r

∫ (M−1)π/M

0

sin2 θdθ ≈ 1296

for sufficiently large P1. Therefore, the asymptotically tight approximation in (17) holds for297

the M-PSK modulation. In case of M-QAM signals, similarly the SER formulation in (14)298

can be tightly approximated at high SNR as follows299

PQAM ≈ F2

(

bQAM P1δ
2
s,d

2N0 sin2 θ

)

F2

(

bQAM P1δ
2
s,r

2N0 sin2 θ

)

+ F2

(

b2
QAM P1 P2δ

2
s,dδ2

r,d

4N 2
0 sin4 θ

)

300

=
4A2N 2

0

b2
QAM P2

1 δ2
s,dδ2

s,r

+
4BN 2

0

b2
QAM P1 P2δ

2
s,dδ2

r,d

, (24)301

where302

A =
4K

π
√

M

∫ π/2

0

sin2 θdθ +
4K 2

π

∫ π/2

π/4

sin2 θdθ =
M − 1

2M
+

K 2

π
,303

304

B =
4K

π
√

M

∫ π/2

0

sin4 θdθ +
4K 2

π

∫ π/2

π/4

sin4 θdθ =
3(M − 1)

8M
+

K 2

π
.305

Thus, the asymptotically tight approximation in (17) also holds for the M-QAM signals. �306

In Fig. 2, we compare the asymptotically tight approximation (17) and the SER upper307

bound (16) with the exact SER formulations (12) and (14) in case of QPSK (or 4-QAM)308

modulation. In this case, the parameters b, A and B in the upper bound (16) and the approx-309

imation (17) are specified as b = 1, A = 3
8

+ 1
4π

and B = 9
32

+ 1
4π

. We can see that the310

upper bound (16) (dashed line with ‘·’) is asymptotically parallel with the exact SER curve311

(solid line with ‘⋄’), which means that they have the same diversity order. The approximation312

(17) (dashed line with ‘◦’) is loose at low SNR, but it is tight at reasonable high SNR. It313

merges with the exact SER curve at an SER of 10−3. Both the SER upper bound and the314

approximation show the asymptotic performance of the DF cooperation systems. Specifi-315

cally, from the asymptotically tight approximation (17), we observe that the link between316

source and destination contributes diversity order one in the system performance. The term317

A2

P1δ
2
s,r

+ B

P2δ2
r,d

also contributes diversity order one in the performance, but it depends on the318

balance of the two channel links from source to relay and from relay to destination. Therefore,319

the DF cooperation systems show an overall performance of diversity order two.320

3.3 Optimum Power Allocation321

Note that the SER approximation (17) is asymptotically tight at high SNR. In this subsec-322

tion, we determine an asymptotic optimum power allocation for the DF cooperation protocol323

based on the asymptotically tight SER approximation.324

Specifically, we try to determine an optimum transmitted power P1 that should be used at325

the source and P2 at the relay for a fixed total transmission power P1 + P2 = P . According326
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Fig. 2 Comparison of the exact SER formulation, the upper bound and the asymptotically tight approximation

for the DF cooperation system with QPSK or 4-QAM signals. We assumed that δ2
s,d

= δ2
s,r = δ2

r,d
= 1, N0 =

1, and P1 = P2 = P/2

to the asymptotically tight SER approximation (17), it is sufficient to minimize327

G(P1, P2) =
1

P1δ
2
s,d

(

A2

P1δ2
s,r

+
B

P2δ
2
r,d

)

.328

By taking derivative in terms of P1, we have329

∂G(P1, P2)

∂ P1
=

1

P1δ
2
s,d

(

−
A2

P2
1 δ2

s,r

+
B

P2
2 δ2

r,d

)

−
1

P2
1 δ2

s,d

(

A2

P1δ2
s,r

+
B

P2δ
2
r,d

)

.330

By setting the above derivation as 0, we come up with an equation as follows:331

Bδ2
s,r (P2

1 − P1 P2) − 2A2δ2
r,d P2

2 = 0.332

With the power constraint, we can solve the above equation and arrive at the following result.333

Theorem 2 In the DF cooperation systems with M-PSK or M-QAM modulation, if all of334

the channel links hs,d , hs,r and hr,d are available, i.e., δ2
s,d �= 0, δ2

s,r �= 0 and δ2
r,d �= 0, then335

for sufficiently high SNR, the optimum power allocation is336

P1 =
δs,r +

√

δ2
s,r + 8(A2/B)δ2

r,d

3δs,r +
√

δ2
s,r + 8(A2/B)δ2

r,d

P, (25)337

P2 =
2δs,r

3δs,r +
√

δ2
s,r + (8A2/B)δ2

r,d

P, (26)338

123

Journal: 11277 MS: WIRE509 CMS: 11277_2007_9359_Article TYPESET � DISK LE � CP Disp.:2007/8/10 Pages: 36

A
u

th
o

r 
P

ro
o

f



u
n
co

rr
ec

te
d
 p

ro
o
f

W. Su et al.

where A and B are specified in (18) and (19) for M-PSK and M-QAM signals respectively.339

The result in Theorem 2 is somewhat surprising since the asymptotic optimum power340

allocation does not depend on the channel link between source and destination, it depends341

only on the channel link between source and relay and the channel link between relay and342

destination. Moreover, we can see that the optimum ratio of the transmitted power P1 at the343

source over the total power P is less than 1 and larger than 1/2, while the optimum ratio of344

the power P2 used at the relay over the total power P is larger than 0 and less than 1/2, i.e.,345

1

2
<

P1

P
< 1 and 0 <

P2

P
<

1

2
.346

It means that we should always put more power at the source and less power at the relay. If the347

link quality between source and relay is much less than that between relay and destination,348

i.e., δ2
s,r << δ2

r,d , then from (25) and (26), P1 goes to P and P2 goes to 0. It implies that349

we should use almost all of the power P at the source, and use few power at the relay. On350

the other hand, if the link quality between source and relay is much larger than that between351

relay and destination, i.e., δ2
s,r >> δ2

r,d , then both P1 and P2 go to P/2. It means that we352

should put equal power at the source and the relay in this case.353

We interpret the result in Theorem 2 as follows. Since we assume that all of the channel354

links hs,d , hs,r and hr,d are available in the system, the cooperation strategy is expected to355

achieve a performance diversity of order two. The system is guaranteed to have a performance356

diversity of order one due to the channel link between source and destination. However, in357

order to achieve a diversity of order two, the channel link between source and relay and358

the channel link between relay and destination should be appropriately balanced. If the link359

quality between source and relay is bad, then it is difficult for the relay to correctly decode360

the transmitted symbol. Thus, the forwarding role of the relay is less important and it makes361

sense to put more power at the source. On the other hand, if the link quality between source362

and relay is very good, the relay can always decode the transmitted symbol correctly, so the363

decoded symbol at the relay is almost the same as that at the source. We may consider the364

relay as a copy of the source and put almost equal power on them. We want to emphasize that365

this interpretation is good only for sufficiently high SNR scenario and under the assumption366

that all of the channel links hs,d , hs,r and hr,d are available. Actually, this interpretation is367

not accurate in general. For example, in case that the link quality between source and relay368

is the same as that between relay and destination, i.e., δ2
s,r = δ2

r,d , the asymptotic optimum369

power allocation is given by370

P1 =
1 +

√

1 + 8A2/B

3 +
√

1 + 8A2/B
P, (27)371

P2 =
2

3 +
√

1 + 8A2/B
P, (28)372

where A and B depend on specific modulation signals. For example, if BPSK modulation373

is used, then P1 = 0.5931P and P2 = 0.4069P; while if QPSK modulation is used, then374

P1 = 0.6270P and P2 = 0.3730P . In case of 16-QAM, P1 = 0.6495P and P2 = 0.3505P .375

We can see that the larger the constellation size, the more power should be put at the source.376

It is worth pointing out that even though the asymptotic optimum power allocation in (25)377

and (26) are determined for high SNR, they also provide a good solution to a realistic moder-378

ate SNR scenario as in Fig. 3, in which we plotted exact SER as a function of the ratio P1/P379

for a DF cooperation system with QPSK modulation. We considered the DF cooperation380

system with δ2
s,r = δ2

r,d = 1 and three different qualities of the channel link between source381
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Fig. 3 SER of the DF cooperation systems with δ2
s,r = 1 and δ2

r,d
= 1: (a) δ2

s,d
= 0.1; (b) δ2

s,d
= 1; and (c)

δ2
s,d

= 10. The asymptotic optimum power allocation is P1/P = 0.6270 and P2/P = 0.3730.

and destination: (a) δ2
s,d = 0.1; (b) δ2

s,d = 1; and (c) δ2
s,d = 10. The asymptotic optimum382

power allocation in this case is P1/P = 0.6270 and P2/P = 0.3730. From the figures, we383

can see that the ratio P1/P = 0.6270 almost provides the best performance for different total384

transmit power P = 10, 20, 30 dB.385

3.4 Some Special Scenarios386

We have determined the optimum power allocation in (25) and (26) for the DF cooperation387

systems in case that all of the channel links hs,d , hs,r and hr,d are available. In the following,388

we consider some special cases that some of the channel links are not available.389

Case 1 If the channel link between relay and destination is not available, i.e., δ2
r,d = 0,390

according to (12), the SER of the DF system with M-PSK modulation can be given by391

PPSK = F1

(

1 +
bPSK P1δ

2
s,d

N0 sin2 θ

)

≤
AN0

bPSK P1δ
2
s,d

, (29)392

where A is specified in (18). Similarly, from (14), the SER of the system with M-QAM393

modulation is394

PQAM = F2

(

1 +
bQAM P1δ

2
s,d

2N0 sin2 θ

)

≤
2AN0

bQAM P1δ
2
s,d

, (30)395
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where A is specified in (19). From (29) and (30), we can see that for both M-PSK and396

M-QAM signals, the optimum power allocation is P1 = P and P2 = 0. It means that we397

should use the direct transmission from source to destination in this case.398

Case 2 If the channel link between source and relay is not available, i.e., δ2
s,r = 0, from399

(12) and (14), the SER of the DF system with M-PSK or M-QAM modulation can be upper400

bounded as Ps ≤ 2AN0

bP1δ
2
s,d

, where in case of M-PSK modulation, b = bPSK and A is specified401

in (18), while in case of M-QAM modulation, b = bQAM/2 and A is specified in (19).402

Therefore, the optimum power allocation in this case is P1 = P and P2 = 0.403

Case 3 If the channel link between source and destination is not available, i.e., δ2
s,d = 0,404

according to (12) and (14), the SER of the DF system with M-PSK or M-QAM modulation405

can be given by406

Ps = Fi

(

1 +
bP1δ

2
s,r

N0 sin2 θ

)

+ Fi

(

1 +
bP2δ

2
r,d

N0 sin2 θ

)[

1 − Fi

(

1 +
bP1δ

2
s,r

N0 sin2 θ

)]

, (31)407

in which i = 1 and b = bPSK for M-PSK modulation, and i = 2 and b = bQAM/2 for408

M-QAM modulation. If δ2
s,r �= 0 and δ2

r,d �= 0, then by the same procedure as we obtained409

the SER approximation in (17), the SER in (31) can be asymptotically approximated as410

Ps ≈
AN 2

0

b2

(

1

P1δ2
s,r

+
1

P2δ
2
r,d

)

, (32)411

where in case of M-PSK modulation, b = bPSK and A is specified in (18), while in case of412

M-PSK modulation, b = bQAM/2 and A is specified in (19). From (32), we can see that with413

the total power P1 + P2 = P , the optimum power allocation in this case is414

P1 =
δr,d

δs,r + δr,d

P (33)415

P2 =
δs,r

δs,r + δr,d

P (34)416

for both M-PSK and M-QAM modulations.417

Note that when the channel link between source and destination is not available418

(i.e., δ2
s,d = 0), the system reduces to a two-hop communication scenario [21]. It is worth not-419

ing that the optimum power allocation in (33) and (34), which is determined from minimizing420

the SER approximation (32), is consistent with the result in [21], in which the optimum power421

allocation was determined for multi-hop communication systems from a minimizing outage422

probability point of view.423

4 SER Analysis for AF Cooperative communications424

In this section, we investigate the SER performance for the AF cooperative communication425

systems. First, we derive a simple closed-form MGF expression for the harmonic mean of two426

independent exponential random variables. Second, based on the simple MGF expression,427

closed-form SER formulations are given for the AF cooperation systems with M-PSK and428

M-QAM modulations. Third, we provide an SER approximation, which is tight at high SNR,429

to show the asymptotic performance of the systems. Finally, based on the tight approximation,430

we are able to determine an optimum power allocation for the AF cooperation systems.431

123

Journal: 11277 MS: WIRE509 CMS: 11277_2007_9359_Article TYPESET � DISK LE � CP Disp.:2007/8/10 Pages: 36

A
u

th
o

r 
P

ro
o

f



u
n
co

rr
ec

te
d
 p

ro
o
f

Cooperative Communication Protocols in Wireless Networks

4.1 SER Analysis by MGF Approach432

In the AF cooperation systems, the relay amplifies not only the received signal, but also the433

noise as shown in (4) and (5). The equivalent noise η′
r,d at the destination in Phase 2 is a434

zero-mean complex Gaussian random variable with variance
(

P2|hr,d |2
P1|hs,r |2+N0

+ 1
)

N0. There-435

fore, with knowledge of the channel coefficients hs,d , hs,r and hr,d , the output of the MRC436

detector at the destination can be written as [17]437

y = a1 ys,d + a2 yr,d , (35)438

where a1 and a2 are specified as439

a1 =
√

P1h∗
s,d

N0
and a2 =

√

P1 P2

P1|hs,r |2+N0
h∗

s,r h∗
r,d

(

P2|hr,d |2
P1|hs,r |2+N0

+ 1
)

N0

. (36)440

Note that to determine the factor a2 in (36), we considered the equivalent received signal441

model in (5). By assuming that the transmitted symbol x in (1) has average energy 1, we442

know that the instantaneous SNR of the MRC output is [17]443

γ = γ1 + γ2, (37)444

where γ1 = P1|hs,d |2/N0, and445

γ2 =
1

N0

P1 P2|hs,r |2|hr,d |2

P1|hs,r |2 + P2|hr,d |2 + N0
. (38)446

It has been shown in [14] that the instantaneous SNR γ2 in (38) can be tightly upper bounded447

as448

γ̃2 =
1

N0

P1 P2|hs,r |2|hr,d |2

P1|hs,r |2 + P2|hr,d |2
, (39)449

which is the harmonic mean of two exponential random variables P1|hs,r |2/N0 and450

P2|hr,d |2/N0. According to (8) and (9), the conditional SER of the AF cooperation sys-451

tems with M-PSK and M-QAM modulations can be given as follows:452

P
hs,d ,hs,r ,hr,d

PSK ≈
1

π

∫ (M−1)π/M

0

exp

(

−
bPSK(γ1 + γ̃2)

sin2 θ

)

dθ, (40)453

454

P
hs,d ,hs,r ,hr,d

QAM ≈ 4K Q

(

√

bQAM(γ1 + γ̃2)

)

− 4K 2 Q2

(

√

bQAM(γ1 + γ̃2)

)

, (41)455

where bPSK = sin2(π/M), bQAM = 3/(M − 1) and K = 1 − 1√
M

. Note that we used the456

SNR approximation γ ≈ γ1 + γ̃2 in the above derivation.457

Let us denote the MGF of a random variable Z as [18]458

MZ (s) =
∫ ∞

−∞
exp(−sz)pZ (z)dz, (42)459

for any real number s. By averaging over the Rayleigh fading channels hs,d , hs,r and hr,d in460

(40) and (41), we obtain the SER of the AF cooperation systems in terms of MGF Mγ1(s)461
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and Mγ̃2
(s) as follows:462

PPSK ≈
1

π

∫ (M−1)π/M

0

Mγ1

(

bPSK

sin2 θ

)

Mγ̃2

(

bPSK

sin2 θ

)

dθ, (43)463

464

PQAM ≈
[

4K

π

∫ π/2

0

−
4K 2

π

∫ π/4

0

]

Mγ1

(

bQAM

2 sin2 θ

)

Mγ̃2

(

bQAM

2 sin2 θ

)

dθ, (44)465

in which, for simplicity, we use the following notation466

[

4K

π

∫ π/2

0

−
4K 2

π

∫ π/4

0

]

x(θ)dθ
△=

4K

π

∫ π/2

0

x(θ)dθ −
4K 2

π

∫ π/4

0

x(θ)dθ,467

where x(θ) denotes a function with variable θ .468

From (43) and (44), we can see that the remaining problem is to obtain the MGF Mγ1(s)469

and Mγ̃2
(s). Since γ1 = P1|hs,d |2/N0 has an exponential distribution with parameter470

N0/(P1δ
2
s,d), the MGF of γ1 can be simply given by [18]471

Mγ1(s) =
1

1 + s P1δ
2
s,d

N0

. (45)472

However, it is not easy to get the MGF of γ̃2 which is the harmonic mean of two exponen-473

tial random variables P1|hs,r |2/N0 and P2|hr,d |2/N0. This has been investigated in [14] by474

applying Laplace transform and a solution was presented in terms of hypergeometric function475

as follows:476

Mγ̃2
(s) =

16β1β2

3(β1 + β2 + 2
√

β1β2 + s)2

[

4(β1 + β2)

β1 + β2 + 2
√

β1β2 + s
2477

+ F1

(

3,
3

2
;

5

2
;
β1 + β2 − 2

√
β1β2 + s

β1 + β2 + 2
√

β1β2 + s

)

2F1

(

2,
1

2
;

5

2
;
β1 + β2 − 2

√
β1β2 + s

β1 + β2 + 2
√

β1β2 + s

)]

,478

(46)479

in which β1 = N0/(P1δ
2
s,r ), β2 = N0/(P2δ

2
r,d), and 2F1(·, ·; ·; ·) is the hypergeometric480

function2 Because the hypergeometric function 2F1(·, ·; ·; ·) is defined as an integral, it is481

hard to use in an SER analysis aimed at revealing the asymptotic performance and optimizing482

the power allocation. Using an alternative approach, we found a simple closed-form solution483

for the MGF of γ̃2 as shown in the next subsection.484

4.2 Simple MGF Expression for the Harmonic Mean485

In this subsection, we obtain at first a general result on the probability density function (pdf)486

for the harmonic mean of two independent random variables. Then, we are able to determine a487

simple closed-form MGF expression for the harmonic mean of two independent exponential488

random variables. The results presented are useful beyond this paper.489

2 A hypergeometric function with variables α, β, γ and z is defined as [15]

2F1(α, β; γ ; z) =
Ŵ(γ )

Ŵ(β)Ŵ(γ − β)

∫ 1

0
tβ−1(1 − t)γ−β−1(1 − t z)−αdt,

where Ŵ(·) is the Gamma function.
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Theorem 3 Suppose that X1 and X2 are two independent random variables with pdf pX1(x)490

and pX2(x) defined for all x ≥ 0, and pX1(x) = 0 and pX2(x) = 0 for x < 0. Then the pdf491

of Z = X1 X2
X1+X2

, the harmonic mean of X1 and X2, is492

pZ (z) = z

∫ 1

0

1

t2(1 − t)2
pX1

(

z

1 − t

)

pX2

( z

t

)

dt · U (z) , (47)493

in which U (z) = 1 for z ≥ 0 and U (z) = 0 for z < 0.494

Note that we do not specify the distributions of the two independent random variables in495

Theorem 3. The proof of this theorem can be found in Appendix. Suppose that X1 and X2496

are two independent exponential random variables with parameters β1 and β2 respectively,497

i.e., pX1(x) = β1 e−β1x · U (x) and pX2(x) = β2 e−β2x · U (x). Then, according to Theorem498

3, the pdf of the harmonic mean Z = X1 X2
X1+X2

can be simply given as499

pZ (z) = z

∫ 1

0

β1β2

t2(1 − t)2
e−(

β1
1−t

+ β2
t

)zdt · U (z). (48)500

The pdf of the harmonic mean Z has been presented in [14] in term of the zero-order and501

first-order modified Bessel functions [15]. The pdf expression in (48) is critical for us to502

obtain a simple closed-form MGF result for the harmonic mean Z .503

Let us start calculating the MGF of the harmonic mean of two independent exponential504

random variables by substituting the pdf of Z (48) into the definition (42) as follows:505

MZ (s) =
∫ ∞

0

e−szz

∫ 1

0

β1β2

t2(1 − t)2
e−(

β1
1−t

+ β2
t

)zdtdz506

=
∫ 1

0

β1β2

t2(1 − t)2

(∫ ∞

0

z e−(
β1
1−t

+ β2
t

+s)zdz

)

dt, (49)507

in which we switch the integration order. Since508

∫ ∞

0

z e−(
β1
1−t

+ β2
t

+s)zdz =
(

β1

1 − t
+

β2

t
+ s

)−2

,509

the MGF in (49) can be determined as510

MZ (s) =
∫ 1

0

β1β2
[

β2 + (β1 − β2 + s)t − st2
]2

dt, (50)511

which is an integration of a quadratic trinomial and has a closed-form solution [15]. For512

notation simplicity, denote α = (β1 − β2 + s)/2. According to the results on the integration513

over quadratic trinomial ([15], Eqs. 2.103.3 and 2.103.4), for any s > 0, we have514

∫ 1

0

1

(β2 + 2αt − st2)2
dt =

st − α

2(β2s + α2)(β2 + 2αt − st2)

∣

∣

∣

∣

1

0

515

+
s

4(β2s + α2)
3
2

ln

∣

∣

∣

∣

∣

−st + α −
√

β2s + α2

−st + α +
√

β2s + α2

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1

0

516

=
β2s + α(β1 − β2)

2β1β2(β2s + α2)
+

s

4(β2s + α2)
3
2

517

× ln

(

β2 + α +
√

β2s + α2
)2

β1β2
. (51)518
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By substituting α = (β1 − β2 + s)/2 into (51) and denoting � = 2
√

β2s + α2, we obtain a519

simple closed-form MGF for the harmonic mean Z as follows:520

MZ (s) =
(β1 − β2)

2 + (β1 + β2)s

�2
+

2β1β2s

�3
ln

(β1 + β2 + s + �)2

4β1β2
, s > 0, (52)521

where � =
√

(β1 − β2)2 + 2(β1 + β2)s + s2. We can see that if β1 and β2 go to zero, then522

� can be approximated as s. In this case, the MGF in (52) can be simplified as523

MZ (s) ≈
β1 + β2

s
+

2β1β2

s2
ln

s2

β1β2
. (53)524

Note that in (53), the second term goes to zero faster than the first term. As a result, the MGF525

in (53) can be further simplified as526

MZ (s) ≈
β1 + β2

s
. (54)527

We summarize the above discussion in the following theorem.528

Theorem 4 Let X1 and X2 be two independent exponential random variables with param-529

eters β1 and β2 respectively. Then, the MGF of Z = X1 X2
X1+X2

is530

MZ (s) =
(β1 − β2)

2 + (β1 + β2)s

�2
+

2β1β2s

�3
ln

(β1 + β2 + s + �)2

4β1β2
(55)531

for any s > 0, in which532

� =
√

(β1 − β2)2 + 2(β1 + β2)s + s2. (56)533

Furthermore, if β1 and β2 go to zero, then the MGF of Z can be approximated as534

MZ (s) ≈
β1 + β2

s
. (57)535

We can see that the closed-form solution in (55) does not involve any integration. If X1536

and X2 are i.i.d exponential random variables with parameter β, then according to the result537

in Theorem 4, the MGF of Z = X1 X2
X1+X2

can be simply given as538

MZ (s) =
2β

4β + s
+

4β2s

�3
0

ln
2β + s + �0

2β
, (58)539

where s > 0 and �0 =
√

4βs + s2. Note that we still do not see how the MGF expression in540

(46) in terms of hypergeometric function can be directly reduced to the simple closed-form541

solution (55) in Theorem 4. The approximation in (57) will provide a very simple solution542

for the SER calculations in (43) and (44) as shown in the next subsection.543

4.3 Closed-Form SER Expressions and Asymptotically Tight Approximation544

Now let us apply the result of Theorem 4 to the harmonic mean of two random variables545

X1 = P1|hs,r |2/N0 and X2 = P2|hr,d |2/N0 as we considered in Sect. 4.1. They are two546

independent exponential random variables with parameters β1 = N0/(P1δ
2
s,r ) and β2 =547

N0/(P2δ
2
r,d), respectively.548
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With the closed-form MGF expression in Theorem 4, the SER formulations in (43) and549

(44) for AF systems with M-PSK and M-QAM modulations can be determined respectively550

as551

PPSK ≈
1

π

∫ (M−1)π/M

0

1

1 + bPSK

β0 sin2 θ

{

(β1 − β2)
2 + (β1 + β2)

bPSK

sin2 θ

�2
552

+
2β1β2bPSK

�3 sin2 θ
ln

(β1 + β2 + bPSK

sin2 θ
+ �)2

4β1β2

}

dθ, (59)553

554

PQAM ≈
[

4K

π

∫ π/2

0

−
4K 2

π

∫ π/4

0

]

1

1 + bQAM

2β0 sin2 θ

⎧

⎨

⎩

(β1 − β2)
2 + (β1 + β2)

bQAM

2 sin2 θ

�2
555

+
β1β2bQAM

�3 sin2 θ
ln

(β1 + β2 + bQAM

2 sin2 θ
+ �)2

4β1β2

⎫

⎬

⎭

dθ, (60)556

in which β0 = N0/(P1δ
2
s,d), β1 = N0/(P1δ

2
s,r ), β2 = N0/(P2δ

2
r,d), and �2 = (β1 −β2)

2 +557

2(β1 + β2)s +s2 with s = bPSK/ sin2 θ for M-PSK modulation and s = bQAM/(2 sin2 θ)558

for M-QAM modulation. We observe that it is hard to understand the AF system perfor-559

mance based on the SER formulations in (59) and (60), even though they can be numerically560

calculated. In the following, we try to simplify the SER formulations by taking advantage561

of the MGF approximation in Theorem 4 to reveal the asymptotic performance of the AF562

cooperation systems.563

We focus on the AF system with M-PSK modulation at first. Note that both β1 =564

N0/(P1δ
2
s,r ) and β2 = N0/(P2δ

2
r,d) go to zero when the SNR goes to infinity. According to the565

MGF approximation (57) in Theorem 4, the SER formulation in (59) can be approximated as566

PPSK ≈
1

π

∫ (M−1)π/M

0

1

1 + bPSK

β0 sin2 θ

·
β1 + β2

bPSK

sin2 θ

dθ567

=
1

π

∫ (M−1)π/M

0

(β1 + β2) sin4 θ

bPSK(sin2 θ + bPSK
β0

)
dθ (61)568

≈
B

b2
PSK

β0(β1 + β2), (62)569

where B = 1
π

∫ (M−1)π/M

0 sin4 θdθ = 3(M−1)
8M

+ sin 2π
M

4π
− sin 4π

M

32π
. To obtain the approximation in570

(62), we ignore the term sin2 θ in the denominator in (61), which is negligible for sufficiently571

high SNR. Similarly, for the AF system with M-QAM modulation, the SER formulation in572

(60) can be approximated as573

PQAM ≈
[

4K

π

∫ π/2

0

−
4K 2

π

∫ π/4

0

]

1

1 + bQAM

2β0 sin2 θ

·
β1 + β2

bQAM

2 sin2 θ

dθ574

=
[

4K

π

∫ π/2

0

−
4K 2

π

∫ π/4

0

]

4(β1 + β2) sin4 θ

bQAM(2 sin2 θ + bQAM

β0
)

dθ (63)575

≈
4B

b2
QAM

β0(β1 + β2), (64)576
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where B =
[

4K
π

∫ π/2
0 − 4K 2

π

∫ π/4
0

]

sin4 θ dθ = 3(M−1)
8M

+ K 2

π
. Since for sufficiently high577

SNR, the term 2 sin2 θ in the denominator in (63) is negligible, we ignore it to have the578

approximation in (64). We summarize the above discussion in the following theorem.579

Theorem 5 At sufficiently high SNR, the SER of the AF cooperation systems with M-PSK580

or M-QAM modulation can be approximated as581

Ps ≈
BN 2

0

b2
·

1

P1δ
2
s,d

(

1

P1δ2
s,r

+
1

P2δ
2
r,d

)

, (65)582

where in case of M-PSK signals, b = bPSK and583

B =
3(M − 1)

8M
+

sin 2π
M

4π
−

sin 4π
M

32π
; (66)584

while in case of M-QAM signals, b = bQAM/2 and585

B =
3(M − 1)

8M
+

K 2

π
. (67)586

We compare the SER approximations (59), (60) and (65) with SER simulation result in587

Fig. 4 in case of AF cooperation system with QPSK (or 4-QAM) modulation. It is easy to588

check that for both QPSK and 4-QAM modulations, the parameters B in (66) and (67) are589

the same, in which B = 9
32

+ 1
4π

. We can see that the theoretical calculation (59) or (60)590

matches with the simulation curve, except for a little bit difference between them at low591

SNR which is due to the approximation of the SNR γ̃2 in (39). Furthermore, the simple SER592

approximation in (65) is tight at high SNR, which is good enough to show the asymptotic593

performance of the AF cooperation system. From Theorem 5, we can conclude that the AF594

cooperation systems also provide an overall performance of diversity order two, which is595

similar to that of DF cooperation systems.596

It is interesting to note that the SER approximation in (65) is similar to a result in [22]597

where an SER approximation was obtained by investigating the behavior of the probabil-598

ity density function of γ around zero. Specifically, in case of BPSK modulation, the SER599

approximation in (65) with B/b2 = 3/16 coincides with the result in [22]. However, for other600

modulation, the SER approximation in (65) is slightly different from the result in [22] with a601

constant factor. For example, in case of QPSK modulation, the factor B/b2 in (65) is 1.4433602

while an equivalent factor in [22] is 1.5; in case of 16-QAM, the factor B/b2 in (65) is 53.06603

while an equivalent factor in [22] is 56.25. Moreover, the approximation in [22] was obtained604

only for some types of modulation that the conditional SER can be expressed as a Gaussian605

Q-function like Q(
√

kγ ) with a modulation dependent constant k and instantaneous SNR γ .606

4.4 Optimum Power Allocation607

We determine in this subsection an asymptotic optimum power allocation for the AF coop-608

eration systems based on the tight SER approximation in (65) for sufficiently high SNR.609

For a fixed total transmitted power P1 + P2 = P , we are going to optimize P1 and P2610

such that the asymptotically tight SER approximation in (65) is minimized. Equivalently, we611

try to minimize612

G(P1, P2) =
1

P1δ
2
s,d

(

1

P1δ2
s,r

+
1

P2δ
2
r,d

)

.613
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Fig. 4 Comparison of the SER approximations and the simulation result for the AF cooperation system

with QPSK or 4-QAM signals. We assumed that δ2
s,d

= δ2
s,r = δ2

r,d
= 1, N0 = 1, and P1/P = 2/3 and

P2/P = 1/3

By taking derivative in terms of P1, we have614

∂G(P1, P2)

∂ P1
=

1

P1δ
2
s,d

(

−
1

P2
1 δ2

s,r

+
1

P2
2 δ2

r,d

)

−
1

P2
1 δ2

s,d

(

1

P1δ2
s,r

+
1

P2δ
2
r,d

)

.615

By setting the above derivation as 0, we have δ2
s,r (P2

1 − P1 P2) − 2δ2
r,d P2

2 = 0. Together616

with the power constraint P1 + P2 = P , we can solve the above equation and arrive at the617

following result.618

Theorem 6 For sufficiently high SNR, the optimum power allocation for the AF cooperation619

systems with either M-PSK or M-QAM modulation is620

P1 =
δs,r +

√

δ2
s,r + 8δ2

r,d

3δs,r +
√

δ2
s,r + 8δ2

r,d

P, (68)621

P2 =
2δs,r

3δs,r +
√

δ2
s,r + 8δ2

r,d

P. (69)622

From Theorem 6, we observe that the optimum power allocation for the AF cooperation623

systems is not modulation-dependent, which is different from that for the DF cooperation624

systems in which the optimum power allocation depends on specific M-PSK or M-QAM625

modulation as stated in Theorem 2. This is due to the fact that in the AF cooperation systems,626

the relay amplifies the received signal and forwards it to the destination regardless what kind627

of received signal is. While in the DF cooperation systems, the relay forwards information to628
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the destination only if the relay correctly decodes the received signal, and the decoding at the629

relay requires specific modulation information, which results in the modulation-dependent630

optimum power allocation scheme.631

On the other hand, the asymptotic optimum power allocation scheme in Theorem 6 for the632

AF cooperation systems is similar to that in Theorem 2 for the DF cooperation systems, in633

the sense that both of them do not depend on the channel link between source and destination,634

and depend only on the channel link between source and relay and the channel link between635

relay and destination. Similarly, we can see from Theorem 6 that the optimum ratio of the636

transmitted power P1 at the source over the total power P is less than 1 and larger than 1/2,637

while the optimum ratio of the power P2 used at the relay over the total power P is larger638

than 0 and less than 1/2. In general, the equal power strategy is not optimum. For example,639

if δ2
s,r = δ2

r,d , then the optimum power allocation is P1 = 2
3

P and P2 = 1
3

P .640

5 Comparison of DF and AF Cooperation Gains641

Based on the asymptotically tight SER approximations and the optimum power allocation642

solutions we established in the previous two sections, we determine in this section the overall643

cooperation gain and diversity order for the DF and AF cooperation systems respectively.644

Then, we are able to compare the cooperation gain between the DF and AF cooperation645

protocols.646

Let us first focus on the DF cooperation protocol. According to the asymptotically tight647

SER approximation (17) in Theorem 1, we know that for sufficiently high SNR, the SER648

performance of the DF cooperation systems can be approximated as649

Ps ≈
N 2

0

b2
·

1

P1δ
2
s,d

(

A2

P1δ2
s,r

+
B

P2δ
2
r,d

)

, (70)650

where A and B are specified in (18) and (19) for M-PSK and M-QAM signals, respectively.651

By substituting the asymptotic optimum power allocation (25) and (26) into (70), we have652

Ps ≈ �−2
DF

(

P

N0

)−2

, (71)653

where654

�DF =
2
√

2 bδs,dδs,r δr,d√
B

(

δs,r +
√

δ2
s,r + 8(A2/B)δ2

r,d

)1/2

(

3δs,r +
√

δ2
s,r + 8(A2/B)δ2

r,d

)3/2
, (72)655

in which b = bPSK for M-PSK signals and b = bQAM/2 for M-QAM signals. From (71),656

we can see that the DF cooperation systems can guarantee a performance diversity of order657

two. Note that the term �DF in (72) depends only on the statistics of the channel links.658

We call it the cooperation gain of the DF cooperation systems, which indicates the best659

performance gain that we are able to achieve through the DF cooperation protocol with any660

kind of power allocation. If the link quality between source and relay is much less than that661

between relay and destination, i.e., δ2
s,r << δ2

r,d , then the cooperation gain is approximated as662

�DF = bδs,dδs,r

A
, in which A = M−1

2M
+ sin 2π

M

4π
→ 1

2
(M large) for M-PSK modulation, or A =663

M−1
2M

+ K 2

π
→ 1

2
+ 1

π
(M large) for M-QAM modulation. For example, in case of QPSK mod-664

ulation, A = 3
8
+ 1

4π
= 0.4546. On the other hand, if the link quality between source and relay665
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is much larger than that between relay and destination, i.e., δ2
s,r >> δ2

r,d , then the cooperation666

gain can be approximated as �DF = bδs,dδr,d

2
√

B
, in which B = 3(M−1)

8M
+ sin 2π

M

4π
− sin 4π

M

32π
→ 3

8
667

(M large) for M-PSK modulation, or B = 3(M−1)
8M

+ K 2

π
→ 3

8
+ 1

π
(M large) for M-QAM668

modulation. For example, in case of QPSK modulation, B = 9
32

+ 1
4π

= 0.3608.669

Similarly, for the AF cooperation protocol, from the asymptotically tight SER approxi-670

mation (65) in Theorem 5, we can see that for sufficiently high SNR, the SER performance671

of the AF cooperation systems can be approximated as672

Ps ≈
BN 2

0

b2
·

1

P1δ
2
s,d

(

1

P1δ2
s,r

+
1

P2δ
2
r,d

)

, (73)673

where b = bPSK for M-PSK signals and b = bQAM/2 for M-QAM signals, and B is specified674

in (66) and (67) for M-PSK and M-QAM signals respectively. By substituting the asymptotic675

optimum power allocation (68) and (69) into (73), we have676

Ps ≈ �AF−2

(

P

N0

)−2

, (74)677

678

�AF =
2
√

2 bδs,dδs,r δr,d√
B

(

δs,r +
√

δ2
s,r + 8δ2

r,d

)1/2

(

3δs,r +
√

δ2
s,r + 8δ2

r,d

)3/2
, (75)679

which is termed as the cooperation gain of the AF cooperation systems that indicates the680

best asymptotic performance gain of the AF cooperation protocol with the optimum power681

allocation scheme. From (74), we can see that the AF cooperation systems can also guarantee682

a performance diversity of order two, which is similar to that of the DF cooperation systems.683

Since both the AF and DF cooperation systems are able to achieve a performance diver-684

sity of order two, it is interesting to compare their cooperation gain. Let us define a ratio685

λ = �DF/�AF to indicate the performance gain of the DF cooperation protocol compared686

with the AF protocol. According to (72) and (75), we have687

λ =

⎛

⎝

δs,r +
√

δ2
s,r + 8(A2/B)δ2

r,d

δs,r +
√

δ2
s,r + 8δ2

r,d

⎞

⎠

1/2⎛

⎝

3δs,r +
√

δ2
s,r + 8δ2

r,d

δs,r +
√

3δ2
s,r + 8(A2/B)δ2

r,d

⎞

⎠

3/2

, (76)688

A and B are specified in (18) and (19) for M-PSK and M-QAM signals respectively. We689

further discuss the ratio λ for the following three cases.690

Case 1 If the channel link quality between source and relay is much less than that between691

relay and destination, i.e., δ2
s,r << δ2

r,d , then692

λ =
�DF

�AF
→

√
B

A
. (77)693

In case of BPSK modulation, A = 1
4

and B = 3
16

, so λ =
√

3 > 1. In case of QPSK694

modulation, A = 3
8

+ 1
4π

and B = 9
32

+ 1
4π

, so λ = 1.3214 > 1. In general, for M-PSK695

modulation (M large), A = M−1
2M

+ sin 2π
M

4π
→ 1

2
and B = 3(M−1)

8M
+ sin 2π

M

4π
− sin 4π

M

32π
→ 3

8
, so696

λ →
√

6

2
≈ 1.2247 > 1.697
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For M-QAM modulation (M large), A = M−1
2M

+ K 2

π
→ 1

2
+ 1

π
and B = 3(M−1)

8M
+ K 2

π
→698

3
8

+ 1
π

,699

λ →

√

3
8

+ 1
π

1
2

+ 1
π

≈ 1.0175 > 1.700

We can see that if δ2
s,r << δ2

r,d , the cooperation gain of the DF systems is always larger than701

that of the AF systems for both M-PSK and M-QAM modulations. The advantage of the DF702

cooperation systems is more significant if M-PSK modulation is used.703

Case 2 If the channel link quality between source and relay is much better than that between704

relay and destination, i.e., δ2
s,r >> δ2

r,d , from (76) we have λ = �DF

�AF
→ 1. This implies705

that if δ2
s,r >> δ2

r,d , the performance of the DF cooperation systems is almost the same as706

that of the AF cooperation systems for both M-PSK and M-QAM modulations. Since the707

DF cooperation protocol requires decoding process at the relay, we may suggest the use of708

the AF cooperation protocol in this case to reduce the system complexity.709

Case 3 If the channel link quality between source and relay is the same as that between relay710

and destination, i.e., δ2
s,r = δ2

r,d , we have711

λ =
(

1 +
√

1 + 8(A2/B)

4

)1/2 (

6

3 +
√

1 + 8(A2/B)

)3/2

.712

In case of BPSK modulation, A = 1
4

and B = 3
16

, so λ ≈ 1.1514 > 1. In case of QPSK713

modulation, A = 3
8

+ 1
4π

and B = 9
32

+ 1
4π

, so λ ≈ 1.0851 > 1. In general, for M-PSK714

modulation (M large), A = M−1
2M

+ sin 2π
M

4π
→ 1

2
and B = 3(M−1)

8M
+ sin 2π

M

4π
− sin 4π

M

32π
→ 3

8
, so715

λ →
(

1 +
√

1 + 16/3

4

)1/2 (
6

3 +
√

1 + 16/3

)3/2

≈ 1.0635 > 1.716

For M-QAM modulation (M large), A = M−1
2M

+ K 2

π
→ 1

2
+ 1

π
and B = 3(M−1)

8M
+ K 2

π
→717

3
8

+ 1
π

,718

λ →

⎛

⎝

1 +
√

1 + 8( 1
2

+ 1
π
)2/( 3

8
+ 1

π
)

4

⎞

⎠

1/2⎛

⎝

6

3 +
√

1 + 8( 1
2

+ 1
π
)2/( 3

8
+ 1

π
)

⎞

⎠

3/2

719

≈ 1.0058.720

We can see that if the modulation size is large, the performance advantage of the DF coopera-721

tion protocol is negligible compared with the AF cooperation protocol. Actually, with QPSK722

modulation, the ratio of the cooperation gain is λ ≈ 1.0851 which is already small.723

From the above discussion, we can see that the performance of the DF cooperation pro-724

tocol is always not less than that of the AF cooperation protocol. However, the performance725

advantage of the DF cooperation protocol is not significant unless (i) the channel link quality726

between the relay and the destination is much stronger than that between the source and the727

relay; and (ii) the constellation size of the signaling is small. There are tradeoff between728

these two cooperation protocols. The complexity of the AF cooperation protocol is less than729

that of the DF cooperation protocol in which decoding process at the relay is required. For730

high data-rate cooperative communications (with large modulation size), we may use the AF731

cooperation protocol to reduce the system complexity while the performance is comparable.732
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Fig. 5 Performance of the DF cooperation systems with BPSK signals: optimum power allocation versus

equal power scheme
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6 Simulation Results733

To illustrate the above theoretical analysis, we perform some computer simulations. In all734

simulations, we assume that the variance of the noise is 1 (i.e., N0 = 1), and the variance735

of the channel link between source and destination is normalized as 1 (i.e., δ2
s,d = 1). The736

performance of the DF and AF cooperation systems varies with different channel conditions.737

We simulate two kinds of channel conditions: (a) δ2
s,r = 1 and δ2

r,d = 1; and (b) δ2
s,r = 1 and738

δ2
r,d = 10. For fair comparison, we present average SER curves as functions of P/N0.739

6.1 Performance of the DF Cooperation Systems740

First, we simulate the DF cooperation systems with different modulation signals and different741

power allocation schemes. We compare the SER simulation curves with the asymptotically742

tight SER approximation in (17). We also compare the performance of the DF cooperation743

systems using the optimum power allocation scheme in Theorem 2 with that of the systems744

using the equal power scheme, in which the total transmitted power is equally allocated at745

the source and at the relay (P1/P = P2/P = 1/2).746

Figure 5 depicts the simulation results for the DF cooperation systems with BPSK modula-747

tion. We can see that the SER approximations from (17) are tight at high SNR in all scenarios.748

From the figure, we observe that in case of δ2
s,r = 1 and δ2

r,d = 1, the performance of the opti-749

mum power allocation is almost the same as that of the equal power scheme, as shown in Fig.750

5(a). In case of δ2
s,r = 1 and δ2

r,d = 10 in Fig. 5(b), the optimum power allocation scheme out-751

performs the equal power scheme with a performance improvement of about 1 dB. According752

to Theorem 2, the optimum power ratios are P1/P = 0.7579 and P2/P = 0.2421 in this case.753

Figure 6 shows the simulation results for the DF cooperation systems with QPSK modu-754

lation. In case of δ2
s,r = 1 and δ2

r,d = 1 in Fig. 6(a), the optimum power ratios in this case are755

P1/P = 0.6270 and P2/P = 0.3730 by Theorem 2. From the figure, we observe that the756

performance of the optimum power allocation is a little bit better than that of the equal power757

case, and the two SER approximations are consistent with the simulation curves at high SNR758

respectively. In case of δ2
s,r = 1 and δ2

r,d = 10, the optimum power ratios are P1/P = 0.7968759

and P2/P = 0.2032 according to Theorem 2. From Fig. 6(b), we can see that the optimum760

power allocation scheme outperforms the equal power scheme with a performance improve-761

ment of about 1 dB. Note that if the ratio of the link quality δ2
r,d/δ2

s,r becomes larger, we will762

observe more performance improvement of the optimum power allocation over the equal763

power case. In all of the above simulations, we can see that the SER approximation in (17)764

is asymptotically tight at high SNR.765

6.2 Performance of the AF Cooperation Systems766

We also simulate the AF cooperation systems to compare the asymptotic tight SER approx-767

imation in (65) with the SER simulation curves. Moreover, we compare the performance of768

the AF cooperation systems using the optimum power allocation scheme in Theorem 6 with769

that of the systems using the equal power scheme.770

Figure 7 provides the simulation results for the AF cooperation systems with BPSK mod-771

ulation. In case of δ2
s,r = 1 and δ2

r,d = 1 in Fig. 7(a), we can see that the performance772

of the optimum power allocation is a little bit better than that of the equal power case, in773

which the optimum power ratios are P1/P = 2/3 and P2/P = 1/3 according to Theorem 6.774
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Fig. 6 Performance of the DF cooperation systems with QPSK signals: optimum power allocation versus

equal power scheme
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In case of δ2
s,r = 1 and δ2

r,d = 10, the optimum power ratios are P1/P = 0.8333 and775

P2/P = 0.1667 according to Theorem 6. We observe from Fig. 7(b) that the optimum power776

allocation scheme outperforms the equal power scheme with a performance improvement of777

more than 1.5 dB. Note that all SER approximations from (65) are respectively consistent778

with the simulation curves at reasonable high SNR.779

We show the simulation results of the AF cooperation systems with QPSK modulation in780

Fig. 8. In case of δ2
s,r = 1 and δ2

r,d = 1 in Fig. 8(a), the optimum power ratios in this case are781

P1/P = 2/3 and P2/P = 1/3 which are the same as those for the case of BPSK modulation.782

From the figure, we can see that the performance of the optimum power allocation is better783

than that of the equal power case, and the two SER approximations are consistent with the784

simulation curves at high SNR respectively. In case of δ2
s,r = 1 and δ2

r,d = 10, the optimum785

power ratios are P1/P = 0.8333 and P2/P = 0.1667 according to Theorem 6. From Fig.786

8(b), we observe that the optimum power allocation scheme outperforms the equal power787

scheme with a performance improvement of about 2 dB. If the ratio of the channel link quality788

δ2
r,d/δ2

s,r becomes larger, we expect to see more performance improvement of the optimum789

power allocation over the equal power case. Moreover, from the figures we can see that in790

all of the above simulations, the SER approximations from (65) are tight enough at high791

SNR.792

6.3 Performance Comparison between DF and AF Cooperation Protocols793

Finally, we compare the performance of the cooperation systems with either DF or AF794

cooperation protocol. We demonstrate the performance comparison of the two cooperation795

protocols with BPSK modulation in Fig. 9. In case of δ2
s,r = 1 and δ2

r,d = 1, the perfor-796

mance of the DF cooperation protocol is better than that of the AF protocol about 1 dB, as797

shown in Fig. 9(a). In this case, the optimum power ratios for the DF cooperation protocol798

are P1/P = 0.5931 and P2/P = 0.4069 according to Theorem 2, while the optimum ratios799

for the AF protocol are P1/P = 2/3 and P2/P = 1/3 according to Theorem 6. In case800

of δ2
s,r = 1 and δ2

r,d = 10, from Fig. 9(b) we can see that the DF cooperation protocol801

outperforms the AF protocol with a SER performance about 2 dB. In this case, the optimum802

power ratios for the DF cooperation protocol are P1/P = 0.7579 and P2/P = 0.2421,803

while the optimum ratios for the AF protocol are P1/P = 0.8333 and P2/P = 0.1667. It804

seems that the larger the ratio of the channel link quality δ2
r,d/δ2

s,r , the more performance805

gain of the DF cooperation protocol compared with the AF protocol. However, the perfor-806

mance gain cannot be larger than λ =
√

3 ≈ 2.4 dB as shown in (77) in case of BPSK807

modulation.808

Figure 10 shows the performance comparison of the two cooperation protocols with809

QPSK modulation. In case of δ2
s,r = 1 and δ2

r,d = 1, the performance of the DF coop-810

eration protocol is better than that of the AF protocol, but not significant as shown in811

Fig. 10(a). In this case, the optimum power ratios for the DF cooperation protocol are812

P1/P = 0.6270 and P2/P = 0.3730 according to Theorem 2, while the optimum ratios813

for the AF protocol are P1/P = 2/3 and P2/P = 1/3 which are independent to the mod-814

ulation types. In case of δ2
s,r = 1 and δ2

r,d = 10, from Fig. 10(b) we can see that the815

DF cooperation protocol outperforms the AF protocol with a SER performance about 1 dB,816

which is less than the performance gain of 2 dB in the case of BPSK modulation. The opti-817

mum power ratios for the DF cooperation protocol in this case are P1/P = 0.7968 and818

P2/P = 0.20321, while the optimum ratios for the AF protocol are P1/P = 0.8333 and819

P2/P = 0.1667. As shown in (77), in case of QPSK modulation, the performance gain of820
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Fig. 7 Performance of the AF cooperation systems with BPSK signals: optimum power allocation versus

equal power scheme
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Fig. 8 Performance of the AF cooperation systems with QPSK signals: optimum power allocation versus

equal power scheme
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Fig. 9 Performance comparison of the cooperation systems with either AF or DF cooperation protocol with

BPSK signals
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Fig. 10 Performance comparison of the cooperation systems with either AF or DF cooperation protocol with

QPSK signals
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the DF cooperation protocol compared with the AF protocol is bounded by λ = 1.3214 ≈821

1.2 dB.822

From the simulation results, we can see that the performance of the DF cooperation proto-823

col is better than that of the AF protocol, but the performance gain varies in different channel824

situations and different modulation types. The larger the signal constellation size, the less the825

performance gain. So the DF cooperation protocol shows the best performance gain in case826

of BPSK modulation. Moreover, the larger the ratio of the channel link quality δ2
r,d/δ2

s,r , the827

more performance gain of the DF cooperation protocol compared with the AF protocol. But828

the performance gain is bounded by 2.4 dB in case of BPSK modulation, and 1.2 dB in case829

of QPSK modulation.830

7 Conclusion831

We have analyzed the SER performances of the uncoded cooperation systems with DF832

and AF cooperation protocols, respectively, and also compare their performances. From833

the theoretical and simulation results, we can draw the following conclusions. First, the834

equal power strategy is good, but in general not optimum in the cooperation systems with835

either DF or AF protocol, and the optimum power allocation depends on the channel link836

quality. Second, in case that all channel links are available in the DF or AF cooperation837

systems, the optimum power allocation does not depend on the direct link between source838

and destination, it depends only on the channel link between source and relay and that839

between relay and destination. Specifically, if the link quality between source and relay is840

much less than that between relay and destination, i.e., δ2
s,r << δ2

r,d , then we should put841

the total power at the source and do not use the relay. On the other hand, if the link qual-842

ity between source and relay is much larger than that between relay and destination, i.e.,843

δ2
s,r >> δ2

r,d , then the equal power strategy at the source and the relay tends to be optimum.844

Third, we observe that the performance of the cooperation systems with the DF protocol is845

better than that with the AF protocol. However, the performance gain varies with different846

modulation types. The larger the signal constellation size, the less the performance gain.847

In case of BPSK modulation, the performance gain cannot be larger than 2.4 dB; and for848

QPSK modulation, it cannot be larger than 1.2 dB. Therefore, for high data-rate coopera-849

tive communications (with large signal constellation size), we may use the AF cooperation850

protocol to reduce system complexity while maintains a comparable performance. Finally,851

we want to emphasize that the discussion of the optimum power allocation and the per-852

formance comparison in the paper is based on the asymptotically tight SER approxima-853

tions that hold in sufficiently high SNR region, they may not be valid for low to moderate854

SNR regions. However, from the simulation results, we observe that the results from the855

high- SNR approximations also provide good match to the system performance in the856

moderate-SNR region.857
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Appendix: Proof of Theorem 3860

In the following, we list two Lemmas which will be used in the proof of Theorem 3.861
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Lemma 1 ([23]): Let X be a random variable with pdf pX (x) for all x ≥ 0 and pX (x) = 0862

for x < 0. Then, the pdf of Y = 1/X is863

pY (y) =
1

y2
pX

(

1

y

)

· U (y). (78)864

Lemma 2 ([23]): Let X1 and X2 be two independent random variables with pdf pX1(x) and865

pX2(x) defined for all x. Then, the pdf of the sum Y = X1 + X2 is866

pY (y) =
∫ ∞

−∞
pX1(y − x) pX2(x)dx, (79)867

which is the convolution of pX1(x) and pX2(x).868

Proof of Theorem 3 Since X1 and X2 are two random variables with pdf pX1(x) and869

pX2(x) defined for all x ≥ 0, and pX1(x) = 0 and pX2(x) = 0 for x < 0, according870

to Lemma 1, we know that the pdf of 1/X1 and 1/X2 are p 1
X1

(x) = 1
x2 pX1

(

1
x

)

· U (x), and871

p 1
X2

(x) = 1
x2 pX2

(

1
x

)

· U (x), respectively. Therefore, by Lemma 2, we know that the pdf872

of Y = 1
X1

+ 1
X2

can be given by873

pY (y) =
∫ ∞

−∞
p 1

X1

(y − x) p 1
X2

(x)dx874

=
∫ y

0

p 1
X1

(y − x) p 1
X2

(x)dx · U (y)875

=
∫ y

0

1

x2(y − x)2
pX1

(

1

y − x

)

pX2

(

1

x

)

dx · U (y).876

Note that Z = X1 X2
X1+X2

= 1
1

X1
+ 1

X2

. Thus, according to Lemma 1 again, the pdf of Z can be877

determined as follows:878

pZ (z) =
1

z2
p 1

X1
+ 1

X2

(

1

z

)

· U (z)879

=
1

z2

∫ 1
z

0

1

x2( 1
z

− x)2
pX1

(

1
1
z

− x

)

pX2

(

1

x

)

dx · U (z)880

=
1

z2

∫ 1

0

1

( t
z
)2( 1

z
− t

z
)2

pX1

(

1
1
z

− t
z

)

pX2

( z

t

)

d(
t

z
) · U (z)881

= z

∫ 1

0

1

t2(1 − t)2
pX1

(

z

1 − t

)

pX2

( z

t

)

dt · U (z),882

in which we change the variable x = t
z

in the second equation to get the third equation. So,883

we complete the proof of Theorem 3. �884
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