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Abstract This is the second in a two-part series of papers on information-
theoretic capacity scaling laws for an underwater acoustic network. Part II
focuses on a dense network scenario, where nodes are deployed in a unit area.
By deriving a cut-set upper bound on the capacity scaling, we first show that
there exists either a bandwidth or power limitation, or both, according to
the operating regimes (i.e., path-loss attenuation regimes), thus yielding the
upper bound that follows three fundamentally different information transfer
arguments. In addition, an achievability result based on the multi-hop (MH)
transmission is presented for dense networks. MH is shown to guarantee the
order optimality under certain operating regimes. More specifically, it turns
out that scaling the carrier frequency faster than or as n'/* is instrumental
towards achieving the order optimality of the MH protocol.
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1 Introduction

In Part I [1] of this two-part series, we studied a large-scale underwater acoustic
network of unit node density (i.e., an extended network [2-6]), in which both
bandwidth and received signal power can be limited significantly, and analyzed
its total capacity scaling, first introduced by Gupta and Kumar [7] in wireless
radio networks. More specifically, we characterized the connection between
the number of nodes, n, the carrier frequency, and the sum throughput while
allowing the frequency scaling with n. Both an information-theoretic upper
bound and an achievable rate scaling were derived in extended regular net-
works, and then using the nearest-neighbor multi-hop (MH) routing strategy
was shown to be order-optimal for all the operating regimes (i.e., path-loss
attenuation regimes) that are characterized by choosing the frequency based
on n.

This work constitutes the second of the two-part series. The focus shifts
towards an underwater network of unit area, i.e., a dense network [4,7,8]. In
particular, we show that different operating regimes are possible by allowing
the carrier frequency of narrow-band transmissions to scale as a function of
n. Both upper and lower bounds on the capacity scaling are derived for the
different operating regimes.

We explicitly characterize an attenuation parameter depending on the fre-
quency scaling as well as the transmission distance, and then identify funda-
mental path-loss attenuation regimes according to the parameter. For dense
networks with n regularly distributed nodes on a square, we derive an upper
bound on the total throughput scaling using the cut-set bound. Our upper
bound basically follows the arguments, similarly as in [9]: there exists either a
bandwidth or power limitation, or both, according to the operating regimes.
Our results hence indicate that the upper bound for dense networks follows
three fundamentally different information transfer arguments according to the
attenuation parameter. Specifically, the network is bandwidth-limited as the
path-loss attenuation is small. This is because network performance on the
total throughput is roughly linear in the bandwidth. However, at the medium
attenuation regime, the network is both bandwidth- and power-limited since
the amount of available bandwidth and received signal power affects the per-
formance. Finally, the network becomes power-limited as the attenuation pa-
rameter increases exponentially with respect to more than /n, i.e., as the
frequency scales faster than or as n'/4, which corresponds to the high at-
tenuation regime. In addition, we present a constructive achievability result
based on the nearest-neighbor MH transmission, which is suitable in practice
for underwater networks due to the very long propagation delay of acoustic
signal in water [17], for dense regular networks. By showing frequency scaling
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conditions, we identify the operating regimes such that the optimal capacity
scaling is guaranteed. More importantly, our results demonstrate that the MH
protocol is not able to achieve a total network throughput scaling of v/n (i.e.,
the scaling obtained by MH in wireless radio networks) without scaling the
carrier frequency with respect to the number of nodes, n. In fact, we point out
the correct scaling of the carrier frequency to achieve y/n scaling.

The rest of this paper is organized as follows. Section 2 describes our system
and channel models. In Section 3, the cut-set upper bound on the throughput
is derived. In Section 4, the achievable throughput scaling is analyzed. Finally,
Section 5 summarizes the paper with some concluding remarks.

Throughout this paper, []x; denotes the (k,i)-th element of a matrix. I,
is the identity matrix of size n x n, det(-) is the determinant, and |X| is the
cardinality of the set X'. C is the field of complex numbers and E[-] is the
expectation. Unless otherwise stated, all logarithms are assumed to be to the
base 2.

2 System and Channel Models

In order to set up the discussions in this paper, we reiterate the system and
channel models described in Part I. Our model used in this paper follows
exactly the same line [1] as the extended network case except for per-node
distance.

We consider a two-dimensional underwater network that consists of n nodes
on a square such that two neighboring nodes are 1/+/n unit of distance apart
from each other, i.e., a regular network [5,6]. We randomly pick a matching of
S-D pairs. Each node has an average transmit power constraint P (constant),
and we assume that the channel state information (CSI) is available at all
receivers, but not at the transmitters. It is assumed that each node transmits
at a rate T'(n)/n, where T'(n) denotes the total throughput of the network.

Now let us turn to channel modeling. We assume frequency-flat channel
of bandwidth W Hz around carrier frequency f, which satisfies f > W,
i.e., narrow-band model. We simply focus on a line-of-sight channel between
each pair of nodes. An underwater acoustic channel is characterized by an
attenuation that depends on both the distance rp; between nodes ¢ and k
(i,k € {1,--- ,n}) and the signal frequency f, and is given by

A(ryi, ) = corga(f)™ (1)

for some constant ¢y > 0 independent of n, where 1 < o < 2 is the spreading
factor and a(f) > 1 is the absorption coefficient [11]. As in Part I, we consider
the case where the frequency scales at arbitrarily increasing rates relative to n.
From a common empirical model of the absorption coefficient a(f) for f [11,12],
it follows that

a(f) =0 () (2)
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for some constant ¢; > 0 independent of n.! The noise n; at nodei € {1,--- ,n}
is assumed to be circularly symmetric complex additive colored Gaussian with
zero mean and power spectral density (PSD) N(f), and thus to be frequency-
dependent. Since the PSD N(f) decays linearly on the logarithmic scale in the
operating frequency region [11,13], its approximation is given by
1

N =6(7:) 3)

in terms of f increasing with n, where ag > 0 is some constant independent

of n. From (2) and (3), we may then have the following relationship between
the absorption a(f) and the noise PSD N(f):

N =0 (gt W

From the narrow-band assumption, the received signal y; at node k € {1,--- ;n}
at a given time instance is given by

Uk = > hridi + i,

el
where _
L eI0ki ( )
ki = ———— 5
A(’I"k;i7 f)
represents the complex channel between nodes ¢ and k, x; € C is the signal
transmitted by node 4, and I C {1,---,n} is the set of simultaneously trans-

mitting nodes. The random phases 0; are uniformly distributed over [0, 27)
and independent for different ¢, k, and time. We thus assume a narrow-band
time-varying channel.

Based on the above channel characteristics, operating regimes of the net-
work are identified according to the following physical parameters: the ab-
sorption a(f) and the noise PSD N(f) which are exploited here by choosing
the frequency f based on the number of nodes, n. In other words, if the rela-
tionship between f and n is specified, then a(f) and N(f) can be given by a
certain scaling function of n from (2) and (3), respectively.

Further details on the system and channel models can be found in Section
2 of Part 1.

3 Cut-set Upper Bound

To access the fundamental limits of a dense underwater network, a new cut-set
upper bound on the total throughput scaling is analyzed from an information-
theoretic perspective [14]. Consider a given cut L dividing the network area

1 We use the following notation: i) f(z) = O(g(z)) means that there exist constants C
and ¢ such that f(z) < Cg(z) for all z > c. ii) f(x) = o(g(x)) means that lim % = 0. iii)
z—

oo 9(x)
f(@) = Q(g(2)) if g(z) = O(f(2)). iv) f(z) = w(g(x)) if g(z) = o(f(z)). v) f(z) = O(9(z))
if f(z) = O(g(x)) and g(z) = O(f(x)) [10].
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Fig. 1 The cut L in a two-dimensional dense regular network. Sy, and Dj, represent the

sets of source and destination nodes, respectively, where Dy is partitioned into two groups
DL,l and DL,2~

into two equal halves, as in [1,4,9] (see Fig. 1). Under the cut L, source nodes
are on the left, while all nodes on the right are destinations. In this case,
assuming an O(n) x ©(n) multiple-input multiple-output (MIMO) channel
between the two sets of nodes separated by the cut leads to the best we can
hope for, i.e., a fundamental upper bound on the throughput performance.?

Unlike the extended network case (refer to Section 3 of Part I), it is nec-
essary to narrow down the class of S-D pairs according to their Euclidean
distance to obtain a tight upper bound in a dense network. In this section, we
derive a new upper bound based on hybrid approaches that consider either
the sum of the capacities of the multiple-input single-output (MISO) channel
between transmitters and each receiver or the amount of power transferred
across the network according to operating regimes, similarly as in [9].

For the cut L, the total throughput T'(n) for sources on the left half is
bounded by the capacity of the MIMO channel between Sy and Dy, corre-

sponding to the sets of sources and destinations, respectively, and thus is given
by

N(f)

where Hy, is the matrix with entries [Hp]y; = hg; fori € Sp,k € Dy, and Qp, €
CPM)xO(n) i5 the positive semi-definite input signal covariance matrix whose
k-th diagonal element satisfies [Q]xx < P for k € Sr. In the extended network

T < FE |1 I
(n) < Siaﬁ% {ogdet ( n/2

H,Q H} )] , (6)

2 Note that such an upper-bounding technique has been commonly used when we would
like to characterize a cut-set upper bound in large-scale ad hoc networks [4, 16].
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framework [1], upper bounding the capacity by the total received signal-to-
noise ratio (SNR) yields a tight bound due to poor power connections for all
the operating regimes. In a dense network, however, we may have arbitrarily
high received SNR for nodes in the set Dy that are located close to the cut,
or even for all the nodes, depending on the path-loss attenuation regimes,
and thus need the separation between destination nodes that are well- and ill-
connected to the left-half network in terms of power. More precisely, the set Dy,
of destinations is partitioned into two groups Dy, ; and Dy o according to their
location, as illustrated in Fig. 1. Then, by applying generalized Hadamard’s
inequality [15], we then have

T(n) <FE [log det (In/g + PHLHgﬂ

N(f)
<FE [log det (IDL,1| + ]\]fﬂHL,ngl>:|
+FE {logdet (IIDL,2 + ‘fo)HL,QHg2>:| ) (7)

where Hp ; is the matrix with entries [Hy ;s = hi; for i € S, k € Dy, and
I = 1,2. Here, the first inequality comes from the fact that Lemmas 1 and 2 of
Part I also hold for a dense network, i.e., the covariance matrix Q; maximizing
the upper bound (6) is given by the diagonal Qy with entries [Qp]xx = P for
k € Sr (see [1] for more description). Note that the first and second terms
in the right-hand side (RHS) of (7) represent the information transfer from
St to Dr, 1 and from Sp to Dy 2, respectively. Here, Dy ; denotes the set of
destinations located on the rectangular slab of width xr/4/n immediately to
the right of the centerline (cut), where z;, € {0,1,---,v/n/2}. The set Dy, o
is given by Dy \ Dp . It then follows that |Dp .| = zry/n and |Dpo| =
(V)2 = z1) /.

Let T;(n) denote the I-th term in the RHS of (7) for | € {1,2}. It is then
reasonable to bound T (n) by the cardinality of the set Dy ;1 rather than the
total received SNR. In contrast, using the power transfer argument for the term
T5(n), as in the extended network case, will lead to a tight upper bound. It is
thus important to set the parameter x, according to the attenuation parameter
a(f), based on the selection rule for xz, [9], so that only Dy ; contains the
destination nodes with high received SNR. To be specific, we need to decide
whether the SNR received by a destination k € Dy, from the set Sy, of sources,
denoted by Pék) /N(f), is larger than one, because degrees of freedom (also

known as capacity pre-log factor) of the MISO channel are limited to one. If

destination node k has the total received SNR greater than one, i.e., Pék) =
w(N(f)), then it belongs to Dy, 1. Otherwise, it follows that k € Dy, o.

For analytical tractability, suppose that
e
a(f) = 0 ((1+e0)"") for 5 € [0,0), (8)

where ¢y > 0 is an arbitrarily small constant, independent of n, which repre-
sents all the operating regimes with varying (. As in the extended network



Title Suppressed Due to Excessive Length 7

case, we define the following parameter

k P —Q —Tki
P = =% rla(f) (9)
OiESL

for some constant ¢y > 0 independent of n, which corresponds to the total
power received from the signal sent by all the sources ¢ € St at node k on the
right (see (1) and (5)). Let us index the node positions such that the source

Vvno/n vn
respectively, for iy, k, =1,---,/n/2 and iy, ky, = 1,--- ,y/n. We then obtain
)

and destination nodes are located at positions (_“’"’1 l—y) and (k“ ,%),

the following scaling results for Pék as shown below.

Lemma 1 In a dense regular network, the term Pjgk) in (9) is upper- and
lower-bounded by

O(n) ifl<a<?2
and ky = o0 (n1/2’ﬁ+6)
ng) _ ) O(nlogn) if a =2

and kg = o (n1/2_5+6)

(# —1/2 IIlaX{l,nl/Q }) tf kx =1 (n1/2 5+€)
€p )z
(10)

and
£ e ) 1/2—B+e
(F> if ky =0 (n )
nl/2-#8 . _ .
W max {17 W}) if by = 2 (n1/2 B+ ),
(11)

respectively, for arbitrarily small positive constants € and €y, where ky/\/n is
the horizontal coordinate of node k € Dy, 5.

P =

The proof of this lemma is presented in Appendix A.1. Although the up-
per and lower bounds for PL(k) are not identical to each other, showing these
scaling results is sufficient to make a decision on zj according to the oper-
ating regimes. It is seen from Lemma 1 that when k, = o (nl/%[’“), Pjgk)
does not depend on the parameter 3 (or a(f)), while for k, = 2 (n1/2=8+¢),
node k € Dy, o gets ill-connected to the left half in terms of power since Pék)
decreases exponentially with n. More specifically, when &k, = o (nl/ 2_5+€), it
follows that PI(Jk) = w(n®?) from (11), resulting in Pék) = w(N(f)) due to
N(f) = O(1). In contrast, under the condition k, = £2 (n'/?=9%¢) it is ob-
served from (10) that Pék) is exponentially decaying as a function of n, thus
leading to Pék) = o(N(f)). As a consequence, using the result of Lemma 1,
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three different regimes are identified and the selected x, is specified accord-
ingly:
vn/2 it B=0
zp = /2Pt if 0 < 3 < 1/2 (12)
0 it 6>1/2
for an arbitrarily small € > 0. It is now possible to show the proposed cut-set
upper bound in dense networks.

Theorem 1 Consider an underwater reqular network of unit area. Then, the
upper bound on the total throughput T'(n) is given by

O(nlogn) if3=0
T(n) = @) (711*'8*E logn) ifo<pB<1/2 (13)
(n<1+a+5ao>/2) Zfﬁ > 1/2}

(1+eo)n? =172
where € and €y are arbitrarily small positive constants, and ag and B are defined
in (3) and (8), respectively.

Proof We first compute the first term T3 (n) in (7), focusing on the case for
0 < 8 < 1/2 since otherwise T (n) = 0. Since the nodes in the set Dy, ; have
good power connections to the left-half network and the information transfer
to D is limited in bandwidth (but not power), the term T3(n) is upper-
bounded by the sum of the capacities of the MISO channels. More specifically,
by generalized Hadamard’s inequality [15], T7(n) can be easily bounded by

P 1
Tl(n) < Z log <1+ N(f)zezs:LA(Tk“f)>

keDr 1

Pna/2+1
< awv/nlog (1 " a(f)l/ﬁN(f))

Pna/2+1
< zpv/nlog (1 + )
" N(f)
< cozpy/nlogn (14)

for some constant co > 0 independent of n, where the last two steps are
obtained from the fact that 0 < a(f) <1 and N(f) tends to decrease polyno-
mially with n from the relation in (4). The upper bound for the second term
T5(n) in (7) is now derived under the condition 8 € (0, 00). From the fact that
log(1 + z) < z for any z, it follows that

P 1
Tyn) < 37 log (” eGP A(m,f))

keDy 2

P
< 2 2 A NG

k€D 2i€SL

__ 1 (k)
=W )kz P, (15)

€Dy 2
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which corresponds to the sum of the total received SNR from the left-half
network to the destination set Dy ». Hence, combining the two bounds (14)
and (15) along with the choices for x, specified in (12), we obtain the following
upper bound on the total throughput 7'(n):

conlogn if3=0
o) < con'~Ptelogn + ﬁke%ijg“) if0<p<1/2

%ﬂkezlj)LPﬁ’“) it 8> 1/2
conlogn if =0

_ J ean' P logm 4 gyt ST SUL ey 0 <5< 12

f) Zkf_/f ku_l(l_,'_eo):% itg>1/2

canlogn if =0

< cg(?:;ffjf 1(3/gin2 ifo<p<1/2 (16)
nN(f) k:L:/1Wifﬂ>1/2

for an arbitrarily small € > 0 and some constant c3 > 0 independent of n,
where the equality comes from (10). The second inequality holds due to the

fact that the term no/?

(1+eg)kanP=1/2
conditions 0 < 8 < 1/2 and x, < k, < +/n/2, and thus the total is dominated
by the information transfer 77 (n) in (14). Now let us focus on the last line of
(16), which corresponds to the total amount of SNR received by all nodes for
the condition 8 > 1/2. For 8 > 1/2, using the two relationships (4) and (8)
follows that

tends to decay exponentially with n under the

p(1+a)/2 /2 1 § p(1+a)/2 1
N(f) = (1 + EO)kInﬁ—l/z = N(f) (1 + 60)nﬂ—1/2 1
c4n(1+a+ﬂa0)/2

>~ (1+60)nﬁ—1/2

for some constant ¢4 > 0 independent of n, where the second inequality holds
due to (1 +eo)”ﬁ_1/2 = w(1) under the condition. This coincides with the result
shown in (13), which completes the proof.

Note that the upper bound [4] for wireless radio networks of unit area is
given by O(nlogn), which is the same as the case with 3 = 0 (or equivalently
a(f) = ©(1)) in the dense underwater network. Now let us discuss the fun-
damental limits of the network according to three different operating regimes
shown in (13).

Remark 1 The upper bound on the total capacity scaling is illustrated in Fig. 2
versus the parameter § (logarithmic terms are omitted for convenience). We
first address the regime 8 = 0 (i.e., low path-loss attenuation regime), in which
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min {n(*=V/2 \/n}

0 : B

Fig. 2 Upper (solid) and lower (dashed) bounds on the capacity scaling T'(n).

the upper bound on T'(n) is active with x;, = v/n/2, or equivalently Dy ; =
Dy, while To(n) = 0. In this case, the total throughput of the network is limited
by the degrees of freedom of the O(n) x ©(n) MIMO channel between S;, and
Dy, and is roughly linear in the bandwidth, thus resulting in a bandwidth-
limited network. In particular, our interest is in the operating regimes for
which the network becomes power-limited as # > 0. In the second regime
0 < 8 <1/2 (i.e., medium path-loss attenuation regime), as pointed out in the
proof of Theorem 1, the upper bound on 7'(n) is dominated by the information
transfer from Sy, to Dy, 1, that is, the term T3 (n) in (14) contributes more than
T>(n) in (15). The total throughput is thus limited by the degrees of freedom
of the MIMO channel between S; and Dy, 1, since more available bandwidth
leads to an increment in 77 (n). As a consequence, in this regime, the network
is both bandwidth- and power-limited. In the third regime 8 > 1/2 (i.e., high
path-loss attenuation regime), the upper bound (15) is active with x;, = 0, or
equivalently Dy, o = Dy, while T3(n) = 0. The information transfer to Dy, is
thus totally limited by the sum of the total received SNR from the left-half
network to the destination nodes in Dy,. In other words, in the third regime,
the network is limited in power, but not in bandwidth.

Note that the upper bound on T'(n) decays polynomially with increasing /3
in the regime 0 < 8 < 1/2, while it drops off exponentially when 5 > 1/2. In
addition, two other expressions on the total throughput T'(n) are summarized
as follows.

Remark 2 From (4) and (8), the upper bound and the corresponding operating
regimes can also be presented below in terms of the attenuation parameter
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a(f):
O(n l?ﬁn) if a(f) = O(1)
T(n) = 0] W) » if a(f) =w(1) and a(f) = O ((1 + eo)\/ﬁ)
nE o el ) i a(f) = w (14 €0) V7).

Note that as a(f) =w ((1 + eo)ﬁ), we also obtain

=0T )
T(n) = _ |,
a(f)YVrN(f)
which is expressed as a function of the spreading factor o as well as the ab-

sorption a(f) and the noise PSD N(f). Using (2) and (3) further yields the
following expression

O(nlogn) if f=06(1)

T(n) = O (“FE") if £ =w(1) and f = O (n'/?)

n(1+0¢)/2fa0 . o 1/4
O (M) i = w (/).

which represents the upper bound for the operating regimes identified by fre-
quency scaling.

4 Achievability Result

In this section, to show the order optimality of underwater networks, we an-
alyze the achievable throughput scaling for dense networks. We focus on the
achievability based on the nearest-neighbor MH routing. In a dense regular net-
work, we also identify the operating regimes for which the achievable through-
put matches the upper bound shown in Section 3.

As in the extended network case (refer to Section 4 of Part I), the nearest-
neighbor MH routing [7] is used with a slight modification. The basic procedure
of the MH protocol under our dense regular network is briefly described as
follows:

— Divide the network into n square routing cells, each of which has the same
area.

— Draw a line connecting an S-D pair.

— At each node, use the transmit power of

Pmm{Ldﬁ”W%mﬂ}.

ne/2
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The scheme operates with the full power when a(f) = 2 ("aﬁ/z

W) . On the
other hand, when a(f) = o <%) , the transmit power Pa(f)"/V*N(f)/n®/?,

which scales slower than ©(1), is sufficient so that the received SNR at each
node is bounded by 1 (note that having a higher power is unnecessary in terms
of throughput improvement).

The amount of interference is now quantified to show the achievable through-
put based on MH.

Lemma 2 Consider a dense regular network that uses the nearest-neighbor
MH protocol. Then, the total interference power Pr from other simultaneously

transmitting nodes, corresponding to the set I C {1,--- ,n}, is bounded by
max{n(1/2=A =) 156 n .
0 L nPa0/2 - }) if0<B<1/2
Pr=<0 (n—ﬁao/Q) if3=1/2 (17)
n(y/Q .
O <W) Zfﬁ > 1/2

for an arbitrarily small eg > 0, where ag and B are defined in (3) and (8),
respectively.

The proof of this lemma is presented in Appendix A.2. From (4) and
(8), we note that when 8 = 1/2, it follows that P = O(N(f)), i.e., Pr is
upper-bounded by the PSD N(f) of noise. Using Lemma 2, a lower bound on
the capacity scaling can be derived, and hence the following result shows the
achievable rates under the MH protocol in a dense network.

Theorem 2 In an underwater regular network of unit area,

v .
Q (max{n(l/Q—ﬁ)(Q—a),logn}) lfo S ﬁ < 1/2

T(n) =19 02(/n) ifB=1/2 (18)
(1 HetBag)/2 .

is achievable.

Proof Suppose that the nearest-neighbor MH protocol described above is used.
Then, from (1), the received signal power P, from the desired transmitter is
given by
/T
P min {1, AN TN a/2N(f) } no/2

Pr = - y
Coa(f)l/‘/ﬁ

which can be rewritten as

Pno/2 o )"
co(1 + eg)n”'/? R n(a+Bao)/2

= no/2 .

co(1+eo)

(19)
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with respect to the parameter 8 using (4) and (8). To obtain a lower bound
on the capacity scaling, the signal-to-interference-and-noise ratio (SINR) seen
by receiver i € {1,---,n} can be computed using (17) and (19). By assuming
the worst case noise, which lower-bounds the transmission rate, and full CSI

at the receiver, the achievable throughput per S—D pair is then lower-bounded
by

log(1 + SINR)

o (”mfim)

N (1og (1 + max{n(l/Q_ﬁl)(?_“),logn})) ifo<pB<1/2
=4 2(1) itp=1/2

nla+Bag)/2 .

>if0§6<1/2

if B=1/2
if 8> 1/2,

<max{n(1/2 B)(2=a) logn }
2(1)

nlat+Bag)/2 )
(1+e)? 172

where the second equality holds since N(f) = @(n~P%/2) and thus P; =
w(N(f)) for 0 < g < 1/2, P = O(P.) = O(N(f)) for 8 = 1/2, and P; =
o(N(f)) for 8 > 1/2. The last equality comes from the fact that log(1 + z) =
(loge)x + O(x?) for small = > 0. Since there are 2(y/n) S-D pairs that can
be active simultaneously in the network, the total throughput is finally given
by (18), which completes the proof.

Note that the achievable throughput [7] for wireless radio networks of unit
area using MH routing is given by 2(y/n), which is the same as the case for

which 8 = 1/2 (or equivalently a(f) = © ((1 + 60)\/5>) in a dense underwater

network. The lower bound on the total throughput 7'(n) is also shown in Fig. 2
according to the parameter . From this result, an interesting observation fol-
lows. To be specific, in the regime 0 < 8 < 1/2, the lower bound on T'(n)
grows linearly with increasing (3, because the total interference power P; in
(17) tends to decrease as (3 increases. In this regime, note that Pr = 02(P,).
Meanwhile, when 8 > 1/2, the lower bound reduces rapidly due to the expo-
nential path-loss attenuation in terms of increasing .

In addition, similarly as in Section 3, two other expressions on the achiev-
ability result are now summarized as in the following.

Remark 3 From (4) and (8), the lower bound on the throughput 7'(n) and the
corresponding operating regimes can also be presented below in terms of the
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attenuation parameter a(f):

2 (Irlax{a(f)(2ﬁ>/ﬁ710gn}> if a(f) = £2(1) and a(f) =0 ((1 + 60)\/%)
T(n) =1 2(yn) if a(f) = € ((1+e)¥")

(/2 (100 o( £1)20/2 ) -
L e (R

Furthermore, using (2) and (3) follows that

L (max{ecl(2;/)§2/ﬁ7logn}> if f = Q(l) and f =0 (77,1/4)

T(n) =4 2 (y/n) it £ — 0 (/1)
n(1+a)/2 a ]
2 (k) if £ = w (nl/4),

which represents the lower bound for the operating regimes obtained from the
relationship between the frequency f and the number n of nodes.

Now let us turn to examining how the upper bound shown in Section 3 is
close to the achievable throughput scaling.

Remark 4 Based on Theorems 1 and 2, it is seen that if § > 1/2, then the
achievable rate of the MH protocol is close to the upper bound up to n¢ for
an arbitrarily small € > 0 (note that the two bounds are of exactly the same
order especially for 8 > 1/2). The condition § > 1/2 corresponds to the

high path-loss attenuation regime, and is equivalent to a(f) = 2 ((1 + eo)\/ﬁ>

or f =12 (nl/ 4). Therefore, the MH is order-optimal in regular networks of
unit area under the aforementioned operating regimes, whereas in extended
networks, using MH routing results in the order optimality for all the operating
regimes.

Moreover, the derived achievable rate scaling is compared with the case of
wireless radio networks.

Remark 5 The total throughput scales as ©(y/n) when a MH routing is used
for nodes regularly distributed in a wireless radio network of unit area [7]. As
illustrated in Fig. 2, it is shown in dense underwater networks that the MH
protocol achieves a total network throughput scaling of 2(1/n), which is the
best result we can hope for with MH, only when 8 = 1/2 (or equivalently
f=6 (nl/ 4)). Our results thus indicate that without a judicious scaling of
the carrier frequency, the MH does not achieve the throughput scaling /n,
obtained by MH in dense wireless radio networks.
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5 Conclusion

In Part II of a two-part series, dense underwater acoustic networks were an-
alyzed in terms of capacity scaling. In dense networks, the upper bound was
derived characterizing three different operating regimes, in which there exists
either a bandwidth or power limitation, or both. The nearest-neighbor MH
protocol was introduced with a slight modification to show the achievabil-
ity result—the MH protocol was shown to be order-optimal in power-limited
regimes (i.e., the case where the frequency f scales faster than or as n'/4) of
dense networks. Our results indicated that without a judicious scaling of the
carrier frequency, the MH protocol does not achieve the throughput scaling
\/n, obtained by MH in dense wireless radio networks. We also identified the
appropriate carrier frequency scaling required to achieve a throughput scaling
of v/n with MH. Therefore, it turned out that there exists a right frequency
scaling that makes our scaling results for underwater acoustic networks to
break free from scaling limitations related to the channel characteristics that
were described in [18]. For all the operating regimes, the exact capacity scal-
ing of dense underwater networks remains still open, which offers an enormous
scope for further research in this area.
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A Appendix

A.1 Proof of Lemma 1

Upper and lower bounds on Pék) in a dense network are derived by basically following the
same node indexing and layering techniques as those in Part I. We refer to Appendix A.2
and Fig. 4 in [1] for the detailed description (note that the destination nodes are, however,
located at positions (k—“C k—y) in dense networks). Similarly to the extended network case,

V' /n
from (9), the term Pl(;k) is then given by

vn/2 n no/2

P
Pék):g > 2

GO (o ke = 12 + Gy — b))/ o)V (R m DT k)
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First, focus on how to obtain an upper bound for Pék). Assuming that all the nodes in
each layer are moved onto the innermost boundary of the corresponding ring, we then have

ke 2—1 .
P(k) < Pna/2 +vn/ C5(Z/+1)
LS Ta A iea()ive
< 205Pn°‘/2 v 1
= o—1 il
co o deta(f) vn
NG
1
= cgPn®/? (20)

i jra—1 (1+ 50)’./"571/2

for some positive constants cg, c5, and cg independent of n and an arbitrarily small g > 0,
where the equality comes from the relationship (8) between a(f) and 3. We first consider
the case where k;, = o (nl/Q_ﬁ"'e) for an arbitrarily small € > 0. Under this condition, from
the fact that the term #/*~1 in the RHS of (20) is dominant in terms of upper-bounding

Pék) for i’ = kg, ,+/n, (20) is further bounded by

Vo
Pl(,k) < (zganO‘/2 Z

i =kg

1
< cgPn®/? ( I
kg~

1

g/a—1

Ve
+/ Py de |,

ke
which yields Pék) = 0 (n®/2(y/n)?27%) = O(n) for 1 < a < 2 and Pék) = O (nlogn) for
a = 2. When k; = 2(n/2-F+¢), the upper bound (20) for Pék) is dominated by the term

1+ eo)i,”[f_l/2, and thus is given by
- 1
P(k) < CGP’I’LQ/Q :
L i/:Zkz (1+60)11nﬁ—1/2
1 v 1
< cg Pn®/? T + / ———s dx
(1+ eo)=" kz (14 €0)®"

1 Vn/kg k
_ a/2 x
=cePn (kznﬁl/z + / P v dx
(1 —+ 60) 1 (1 + 60)

1 nl/2—p
< a/2
= coln ((1 + eo)k””nﬁil/2 * (1 + eo)kwﬁilﬂ
Pne/2
< %max{l,nlﬂ*ﬁ} (21)
(1+e0)™"

for some constant c7 > 0 independent of n, which is the last result in (10).

Next, let us turn to deriving a lower bound for Pl(lk). Since each layer has at least
one node that is onto the innermost boundary of the corresponding ring, the lower bound

similarly follows

plk) 5 Pno/? kotyn/2=1
T e ia(f)UVn
i =kg
kat//2—1 )
= cgPn®/? —— 77 (22)
=k T (1+e) "
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For the condition k, = o(n!/2-8+¢€) (22) is represented as

ke+vm/2—1 1
Pék) > CGPnO‘/2 ——
iimhy V(1 4e)" "
2%k, —1 1
a/2
> cgPn - TnB—1/2
i =kg ’L,O‘ (1 + 60)
S cgPn®/? Zka 7l
- ne i
i =kg
cg Pne/?
T opeke!

for an arbitrarily small ¢ > 0 and some constant cg > 0 independent of n, where the third
B—1/2 ’

inequality holds due to (1 + eo)kzn Ve O(n® ). On the other hand, similarly as in the

steps of (21), the condition k; = 2(n!/2=8+¢) yields the following lower bound for P{*:

ka+y/mn/2—1 1
PF > P .
L = ” —
l/:Zkl (1+€0)1 nB—1/2

N P( 1 kz+vn/2—1 1 J )
(1+50)k1”ﬁ 1/2 kb1 (1+€0)$nﬁ 1/2

> coP ! + n/2h
= C9 (1+50)k1n3*1/2 (1+€0)(k1+1)nﬁ*1/2

> co P {1 nl/2-6 }
—————— max _
= B—1/2 ’ B—1/2
(14 eg)k=n”"" 1+ e)™"

some constant cg > 0 independent of n, which finally complete the proof of the lemma.

A.2 Proof of Lemma 2

The layering technique used in Part I is similarly applied (see Fig. 2 in [1]). From (1),
the total interference power P; at each node from simultaneously transmitting nodes is
upper-bounded by

Vi Pmin{l, a<f>17f£’1v<f>}
Pr = 8k
! ,§< NN

8Pn%/2 min {1, LIEYRALD 6] } Vn

/2

1
= Z ke—lg(f)k/vn’ (23)

<o k=1
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Using (4) and (8), the upper bound (23) on P; can be expressed as

B—1/2 Vvn
. L+e)” 1
< a/2 (
Py < c10Pn mm{l, (@t fag)/2 1;:1 ke 1(1 + eg)fn? 12

id vn 1 ;
RPa07Z 2okl a1 qeyen P T/7 1O S B <1/2
cioP Vn 1 . _
< nglff)o/z pOp (1teo)® it p=1/2
1 .
c1oPn/2 Y™, T 6>/
P vn 1 .
nzlaoo/? PP PPV TC ifo<B<1/2
cioP 1 . _
S\ wPe0’z ey 1 if 8=1/2
c10Pn‘1/2(1%0)71+1/2_1 ifg>1/2
P vn 1 .
n%h()O/Q Zkzl ka*1(1+e0)k"’871/2 ifo<pB< 1/2
P .
< | itp=1/2
P /2 .
e if 8> 1/2

for some positive constants cj9 and ci1 independent of n. Based on the argument in Ap-
pendix A.1, when 0 < 8 < 1/2, it follows that

N nl/2=8_1 NG

1 1 1
_ = — + -
kgl ka—l(l—i—eo)knﬁ 1/2 kgl ka71(1+€0)knﬁ 1/2 kzanme ka*1(1+eo)k"ﬂ 1/2
nl/2=6_1 =
1 1 1
< Z Tt - - Z T N pB-1/2
= ke 1 p/2=8)(a=1) T (1+ eg)kn?—1/2
nl/2=8

1
< <1+/ aldw)
1 T

1 1 /\/ﬁ 1 4
+n(1/2—5)(&—1) 1+ ¢ + nl/2-8 W v

Y d 2 e
=2/ 2o 1T e . (te)e x
< An(1/2=P)(2=a) if 1 < a < 2

~ |logn ifa=2,

which results in Py

o max{n<1/2_ﬁ>(2_a>,logn}
nBao/2

). This completes the proof of the

lemma.
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