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Abstract In this paper, the authors first show that if R0 ≤ 1, the infection free steady state is globally

attractive by using approaches different from those given by Min, et al.(2008). Then the authors prove

that if R0 > 1, the endemic steady state is also globally attractive. Finally, based on a patient’s clinical

HBV DNA data of anti-HBV infection with drug lamivudine, the authors establish an ABVIM. The

numerical simulations of the ABVIM are good in agreement with the clinical data.

Key words Basic infection reproduction number, clinical data simulation, equilibrium point, global

stability, HBV infection.

1 Introduction

The basic virus infection model (BVIM) is widely used in the studies of hepatitis B virus
(HBV) infection dynamics. The basic infection reproductive number of the BVIM is propor-
tional to the number of all cells of host’s organ prior to the infection. This suggests that the
BVIM may not be a reasonable model for describing HBV virus infection since it implies that
an individual with smaller liver maybe more resistent to virus infection than an individual with
a larger one. Min, et al.[1] formulated a standard incidence based model that amended the
BVIM (named ABVIM) which corrected this mass action induced model artifact. We have
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proved that if its basic infection reproductive number R0 < 1, then the infection free steady
state is globally attractive.

More than 400 million people worldwide have chronic hepatitis B virus (HBV) infection. Ef-
fective treatment of chronic HBV infection patients can prevent progression of chronic hepatitis
B (CHB) to cirrhosis, hepatocellular carcinoma, and death. In view of the need for long-term
treatment, the choices of durations and endpoints of therapy are important and difficult issues.

The study of anti-HBV infection treatment may benefit from the use of mathematical mod-
eling. Several models have been introduced for understand the HBV dynamics[2−5]. However,
the complex characteristics of human HBV make theoretical researchers difficult to determine
the specific kinetic parameters of HBV infection, immune responses, and development of liver
disease[6].

Nowak and May[2], and Zeuzem, et al.[5] proposed a mathematical model named BVIM to
describe the hepatitis virus infection. The BVIM with three variables takes the form of

⎧
⎨

⎩

ẋ = λ − dx − βvx,
ẏ = βvx − ay,
v̇ = ky − uv,

(1)

where x, y and v are numbers of uninfected (susceptible) cells, infected cells, and free virus,
respectively. Uninfected cells are assumed to be produced at the constant rate λ, die at the rate
of dx, and become infected at the rate of βvx. β is a (questionable) rate constant describing
the infection process. Infected cells are thus produced at the rate of βvx and are assumed to
die at the rate ay. Free virions are assumed to be produced from infected cells at the rate of ky
and are removed at the rate of uv. This model is used for studying the dynamic of infectious
agents such as hepatitis B, C and HIV virus[2−3,5−6]. BVIM has a basic infection reproductive
number of R∗

0 = λβk
adμ . If R∗

0 > 1, then the BVIM has two steady states, the infection free steady
state Ef and the endemic steady state E∗:

Ef =
(λ

d
, 0, 0

)
,

E∗ =
( au

βk
,
λ

a

(
1 − 1

R∗
0

)
,
d

β
(R∗

0 − 1)
)
.

It is well-known that if a basic reproductive number R∗
0 < 1, Ef is locally asymptotically stable

and E∗ does not exist. Leenheer and Smith[7] studied the global attractive properties of these
steady states.

Observe that the basic infection reproductive number R∗
0 is proportional to λ/d which

stands for the number of total cells of the liver. It suggests that a person with a smaller liver
maybe more resistent to virus infection than a person with a larger one. Consequently, the
practical meaning of R∗

0 is biologically questionable, the BVIM may not be a reasonable model
for interpreting HBV virus infection.

In [1], we proposed an amended basic HBV virus model (ABVIM):
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ẋ = λ − dx − βvx

x + y
,

ẏ =
βvx

x + y
− ay,

v̇ = ky − uv,

(2)

where the meanings of the variables x, y, v and the parameters λ, d, a, k, u are the same as those
of the BVIM. However, here β has a clear biological meaning which is the maximum infection
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rate of a virus. Its basic reproductive number R0 = βk/au, which is not dependent on the total
number of cells of the individual’s liver. Theoretically, the ABVIM seems to be more reasonable.
As an application of the ABVIM, it can interpret the viral dynamics of the anti-HBV infection
48-week lamivudine therapy and 24-week treatment-free follow up (see [8]). Our previous paper
proved that if its basic infection reproductive number R0 < 1, then every positive solution will
converge to the infection free steady state. An extension of this model with a time delay in
infection was presented and studied in [9].

The rest of this paper is organized as follows. Section 2 states the global stability analysis
of equilibrium points. An application to HBV infection dynamics is given in Section 3. Finally,
concluding remarks are addressed in Section 4.

2 Global Stability of Equilibrium Points

If R0 ≥ 1, the ABVIM also has two steady states:

Ef =
(λ

d
, 0, 0

)
,

E∗ =
(

λ

d + a(R0 − 1)
,

λ(R0 − 1)
d + a(R0 − 1)

,
λk(R0 − 1)

u[d + a(R0 − 1)]

)

,

representing the disease free steady state and the endemic steady state, respectively. Observe
that a biologically meaningful E∗ (meaning its component must be nonnegative) does not exist
if R0 < 1 and it becomes Ef when R0 = 1.

It is easy to show that the solution with initial condition x(0) > 0, y(0) > 0, v(0) > 0 will
have all its component positive for t > 0. First, using a different approach from that in [1], we
show the globally stable property of the disease free steady state Ef .

Theorem 1 There is an M > 0 such that, for any positive solution (x(t), y(t), v(t)) of
Equation (2), we have

x(t) < M, y(t) < M, v(t) < M, for large enough t.

Proof Let
V1(t) = x(t) + y(t).

Calculating the derivative along the solutions of Equation (2) gives

V̇1(t) = λ − dx − ay ≤ λ − min(a, d)V1(t).

Denote m = min(a, d), it follows that

V̇1(t) + mV1(t) ≤ λ.

Further,

V1(t) ≤ λ

m
+

(
V1(0) − λ

m

)
e−mt.

Hence, there exists t1 > 0 and M1 > 0 such that V1(t) < M1 for t > t1. So x(t) and y(t) are
bounded. On the other hand, from the third equation of system (2), we obtain

v̇(t) = ky − uv ≤ kM1 − uv.
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Similar to the argument on V1(t), we can conclude that v(t) is also ultimately bounded.
Theorem 2 If R0 < 1, then Ef is globally asymptotically stable.
Proof From the last two equations of system (2), for t > t1, we have

⎧
⎨

⎩

ẏ =
βvx

x + y
− ay ≤ βv − ay,

v̇ = ky − uv.

Consider the comparison equations:
{

ż1 = βz2 − az1,
ż2 = kz1 − uz2.

(3)

Since R0 < 1, βk < au. It is easy to show system (3) has two negative eigenvalues. For any
solution of system (3) with nonnegative values, we have

lim
t→+∞ zi(t) = 0, i = 1, 2.

Let 0 < y(0) < z1(0), 0 < v(0) < z2(0), by the comparison theorem, it follows that y(t) <
z1(t), v(t) < z2(t) for all t > t1. Therefore,

lim
t→+∞ y(t) = 0, lim

t→+∞ v(t) = 0.

From the first equation of system (2), we can get

λ − dx − βv ≤ ẋ(t) ≤ λ − dx.

This shows that there exists t2 > 0, such that t > t2,

lim
t→+∞x(t) =

λ

d
.

Let t0 = max(t1, t2), for all t > t0,

lim
t→+∞ x(t) =

λ

d
, lim

t→+∞ y(t) = 0, lim
t→+∞ v(t) = 0.

This completes the proof.
Theorem 3 If R0 = 1, then Ef is globally asymptotically stable.
Proof The solution to the third equation of system (2) has the form

v(t) = v(0)e−ut +

∫ t

0
ky(s)eusds

eut
,

thus,

∣
∣
∣v(t) − ky(t)

u

∣
∣
∣ → 0, t → +∞. (4)

Hence, for any ε > 0 small enough, there exists t3 > 0, for all t > t3 such that

dy

dt
=

βvx

x + y
− ay < βε +

(β k
u − a)xy

x + y
− ay2

x + y
.
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Since ε > 0 is small enough and R0 = βk
au = 1, the above inequality can be written as

ẏ

y2
≤ − a

M1
,

which implies

lim
t→+∞ y(t) = 0. (5)

(4) and (5) gives

lim
t→+∞ v(t) = 0. (6)

From the first equation of system (2), we obtain

λ − dx − βv ≤ ẋ(t) ≤ λ − dx. (7)

From (5)–(7), we have

lim
t→+∞x(t) =

λ

d
.

This completes the proof of Theorem 3.
In order to show the globally stable property of the endemic steady state E∗, we need first

to show the following theorem.
Theorem 4 If R0 > 1, the system (2) is uniformly persistent.
Proof By the Lemma 3.5 given in [7], we only need to show that Ef is a weak repeller for

X1 = int(R3
+), that is, for every solution starting in X0 ∈ X1, we have

lim
t→+∞ sup d(X(t, X0), Ef ) > 0 (8)

where d(X , A) denotes the distance between the vector X = (x(t), y(t), v(t)) to the set A ⊂ R
3.

In fact, if Ef is not a weak repeller for X1 = int(R3
+), then (8) does not hold. It follows

that there is a positive orbit (x(t), y(t), v(t)) of system (2) such that

lim
t→+∞x(t) =

λ

d
, lim

t→+∞ y(t) = 0, lim
t→+∞ v(t) = 0. (9)

Since R0 > 1, we can choose ε > 0 small enough such that

βk

au

λ
d − ε

λ
d + 2ε

> 1.

For this ε and (9), we can select t0 > 0 large enough such that if t > t0 then

λ

d
− ε < x(t) <

λ

d
+ ε, y(t) < ε, v(t) < ε.

From the last two equations of system (2), for t > t0, we obtain
⎧
⎨

⎩

ẏ =
βvx

x + y
− ay ≥

λ
d − ε

λ
d + 2ε

βv − ay,

v̇ = ky − uv.



1226 YU ZHENG, et al.

Consider the comparison equations:
⎧
⎨

⎩

ż1 =
λ
d − ε

λ
d + 2ε

βz2 − az1,

ż2 = kz1 − uz2,

(10)

the matrix defined by

J =

⎛

⎝−a
λ
d − ε

λ
d + 2ε

β

k −u

⎞

⎠ .

Since J is a matrix with positive off-diagonal element, the Perron-Frobenius theorem implies
that there is positive eigenvector v = (v1, v2) for the maximum eigenvalue of J . Moreover,
βk
au

λ
d −ε

λ
d +2ε

> 1, it is easy to prove the maximum eigenvalue is positive. Let z(t) = (z1(t), z2(t)) be a
solution of system (10) through (lv1(t0), lv2(t0)), where l > 0 satisfies lv1(t0) < y(t0), lv2(t0) <
v(t0). It follows that

lim
t→+∞ zi(t) = +∞, i = 1, 2.

By the comparison theorem,

lim
t→+∞ y(t) = +∞, lim

t→+∞ v(t) = +∞,

contradicting the boundedness of the positive solution of system (2). Thus, no positive orbit
of system (2) tends to (λ

d , 0, 0) as t tends to infinity. This shows that system (2) is uniformly
persistent.

Now, let us define

D =
{

(x, y, v) : 0 ≤ x(t) ≤ λ

d
, 0 ≤ y(t) < M, 0 ≤ v(t) < M

}
.

We can get that the system (2) is competitive in D, with respect to the partial order defined
by the orthant

K = {(x, y, v) ∈ R3 : x(t) ≥ 0, y(t) ≥ 0, v(t) ≥ 0}.
By means of the following theorem, we show that the globally stable property of E∗ when

R0 > 1.
Theorem 5[10] Assume that D is convex and bounded. Suppose that system

Ẋ = F (X), X ∈ D

is competitive and permanent, and has the property of stability of periodic orbit. If X0 is the
only equilibrium point in int(D), and if it is locally asymptotically stable, then it is globally
asymptotically stable in int(D).

Theorem 6 Suppose that R0 > 1 , then E∗ is globally asymptotically stable with respect to
initial conditions which are not located on the x axis.

Proof Similar to the arguments stated in [11], we know that the only possible omega limit
sets of the solutions of system (2) are E∗ or nontrivial periodic orbits:

1) If an omega limit set does contain E∗. We establish the claim.
2) If system (2) possesses a nontrivial periodic solution. Similar to the arguments stated

in [12], we shall show this solution must be asymptotically orbitally stable. Assume that
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p(t) = (x(t), y(t), v(t)) is a periodic solution containing in int(D). By the criterion given in
[12], we only need to prove that the system

Ẇ (t) = (DF [2](p(t)))W (t) (11)

is asymptotically stable, where DF [2] is the second additive compound matrix of the Jacobian
J .

The Jacibian of system (2) and its second additive compound matrix have the forms

J =

⎛

⎜
⎜
⎜
⎜
⎝

−d − βvy

(x + y)2
βvx

(x + y)2
− βx

x + y

βvy

(x + y)2
− βvx

(x + y)2
− a

βx

x + y

0 k −u

⎞

⎟
⎟
⎟
⎟
⎠

,

DF [2] =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

−d − a − βv

x + y

βx

x + y

βx

x + y

k −d − u − βvy

(x + y)2
βvx

(x + y)2

0
βvy

(x + y)2
−a− u − βvx

(x + y)2

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

Substituting p(t) into (11) gives

Ẇ1 =
(
− d − a − βv

x + y

)
W1 +

βx

x + y
(W2 + W3),

Ẇ2 = kW1 +
(
− d − u − βvy

(x + y)2
)
W2 +

βvx

(x + y)2
W3,

Ẇ3 =
βvy

(x + y)2
W2 +

(
− a − u − βvx

(x + y)2
)
W3.

We will show that the function

V (W1, W2, W3) = sup
{
|W1|, y(t)

v(t)
(|W2| + |W3|)

}

is a Lyapunov function for system (11). We have

D+|W1| ≤
(
− d − a − βv

x + y

)
|W1| + βx

x + y
(|W2| + |W3|),

D+|W2| ≤ k|W1| +
(
− d − u − βvy

(x + y)2
)
|W2| + βvx

(x + y)2
|W3|,

D+|W3| ≤ βvy

(x + y)2
|W2| +

(
− a − u − βvx

(x + y)2
)
|W3|,

where D+V (t) is the right derivative of V , and

D+
y(t)
v(t)

(|W2| + |W3|) =
( ẏ(t)

y(t)
− v̇(t)

v(t)

)y(t)
v(t)

(|W2| + |W3|) +
y(t)
v(t)

D+(|W2| + |W3|)

≤ k
y(t)
v(t)

|W1| + y(t)
v(t)

( ẏ(t)
y(t)

− v̇(t)
v(t)

− u − min(a, d)
)
(|W2| + |W3|).
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Thus, we obtain that
D+V (t) ≤ sup{g1(t), g2(t)}V (t),

where

g1(t) = −d − a − βv

x + y
+

v

y

βx

x + y
= −d − βv

x + y
+

ẏ(t)
y(t)

g2(t) = k
v

y
+

ẏ(t)
y(t)

− v̇(t)
v(t)

− u − min(a, d) =
ẏ(t)
y(t)

− min(a, d).

Hence, g1(t) < g2(t). We have

V (t) ≤ V (0)y(t)e−min(a,d)t,

which implies that V (t) → 0 as t → +∞. It turns out that

(W1(t), W2(t), W3(t)) → 0

as t → +∞. This implies that the linear system Equation (11) is asymptotically stable and
therefore p(t) is asymptotically orbitally stable. This completes the proof.

3 An Application to HBV Infection Dynamics

In this section, we simulate the dynamics of the antiviral treatment of chronic HBV infection
with drug lamivadine reported by Nowak, et al.[13]. The study comprised 24-week treatment
and 24-week treatment-free follow-up.

We choose the patient 2’s plasma HBV DNA data shown in Figure 1 (B) given in [13].
The patient’s plasma HBV DNA levels decline rapidly, in response to drug treatment and virus
resurges as soon as the drug is withdrawn (see Table 1 and Figure 1). The patient’s ALT levels
are normal during the therapy[13]. This may implies that the patient’s immune system was not
activated.

0 28 56 84 126 168 210 252 294 336 364
10
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6

10
8

10
10

 F
re

e 
vi

ru
s 

v 

 t/days

Figure 1 The dynamic simulation (solid lines) of the treatment model in which the
clinical data are marked by dots. When R0 = 0.162, virus declines in response
to drug treatment and the free equilibrium Ef is globally asymptotically stable.
When R0 = 9, virus resurges as soon as the drug is withdrawn, the endemic
equilibrium E∗ is globally asymptotically stable

Consequently, we can assume that during the lamivudine drug treatment, the dynamic
model of the patient’s anti-HBV infection therapy is described by the following ABVIM[1]
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dx

dt
= λ − dx − (1 − m)

βvx

x + y
,

dy

dt
= (1 − m)

βvx

x + y
− ay,

dv

dt
= (1 − n)ky − uv,

(12)

where m, n are the efficacy of the therapy. Before the drug therapy, assume that m = n = 0,
and the patient is in the stable state E∗. Therefore,

k =
uv(0)[d + a(R0 − 1)]

λ(R0 − 1)
, β =

auR0

k
. (13)

The followings are detailed steps involved in the estimations of model parameters.
1) A human liver contains about 2× 1011 hepatocytes[2]. A patient has about total 3000ml

plasma. Usually, tested virus qualities are in copies/ml. Consequently, we can assume that

λ

d
≈ 2 × 1011

3000
. (14)

2) Since the half-life of a hepatocyte is about half a year , we can assume that

d = − ln(0.5)
183

≈ 0.00379. (15)

3) We select that u = 0.67[2], which is equivalent to assume that the half life of a virus is
about one day.

4) Assume that before the lamivudine treatment, the patient is in the stable virus persist
infection state, that is,

(x, y, v) = E∗ =
(

λ

d + a(R0 − 1)
,

λ(R0 − 1)
d + a(R0 − 1)

,
λk(R0 − 1)

u[d + a(R0 − 1)]

)

.

5) Based on the clinical data and numerical simulation, we can select the parameters as
follows:

{d, a, u, R0, m, n} = {3.79× 10−3, 3.79 × 10−3, 0.67, 9, 0, 0.982}. (16)

The basic reproductive number R0 = 9 is the one before the therapy (i.e., m = n = 0).
R0 will be reduced to 0.162 during the treatment. After the lamivudine treatment stop, the
patient is assumed to return to the state before the therapy, that is, m = n = 0. Taken the
endemic steady state E∗ as the initial condition, the numerical simulation is shown in Figure 1.
The simulated data are given in Table 1. Observe from Figure 1 that after the onset of therapy
viral levels decline rapidly, but as soon as the drug is withdrawn, virus level returns rapidly.
Figure 1 indicates that the model simulation agrees well with the clinical data reported in [13].

Table 1 Rapid decline in plasma virus: mean HBV DNA levels (log10 copies/ml)
in response to the therapy, and the virus level returning rapidly after
the treatment was stopped

Week 0 2 4 6 8 12 16 20

Virus load 7.90 6.08 6.02 6.03 6.02 6.03 6 .02 6.03
Simulation 7.90 6.14 6. 11 6.10 6.07 6.03 5.99 5.94

Week 24 28 32 36 40 44 48 –

Virus load 6.02 7.90 7.90 7.90 7.90 7.90 7.85 –
Simulation 5.90 7.76 7.83 7.87 7.89 7.90 7.90 –
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4 Concluding Remarks

The widely used basic virus infection model[2] has been amended[1,9] because its reproductive
number R0 includes a questionable term λ/d representing the number of total cells of the organ
to be infected. The amended basic virus infection model (ABVIM) has a more reasonable
reproductive number R0 = βk/au. It has been shown that if R0 < 1 the virus free steady
state of the ABVIM is globally attractive[1]. This means that a person with R0 < 1 cannot be
infected by virus forever.

This paper first proves, using a different approach, that the free steady state Ef is globally
attractive if R0 ≤ 1. Then shows that if R0 > 1, the endemic steady state E∗ of ABVIM is
also globally attractive. This means that a person with R0 > 1 will be very difficult to prevent
to be infected. Consequently, HBV vaccines may be the first line choice for preventing HBV
infection.

Theorem 6 also implies that if a patient’s R0 > 1, and drug anti-virus therapy cannot activate
the patient’s immune response, then the anti-virus treatment cannot stop until all virus has
been cleared. A practical example illustrates that our theoretical and numerical results are able
to provide helps for understanding HBV infection and anti-HBV infection therapy.
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