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Abstract

Negabent functions as a class of generalized bent functions have attracted a lot of attention
recently due to their applications in cryptography and coding theory. In this paper, we consider
the constructions of negabent functions over finite fields. First, by using the compositional inverses
of certain binomial and trinomial permutations, we present several classes of negabent functions of
the form f(z) = Tr} ()\xzkﬂ) + Tr} (ux) Trf (va), where A € Fan, 2 < k <n—1, (u,v) € F5n x F3n,
and Tr{(+) is the trace function from Fan to Fo. Second, by using Kloosterman sum, we prove that
the condition for the cubic monomials given by Zhou and Qu (Cryptogr. Commun., to appear,
DOI 10.1007/s12095-015-0167-0.) to be negabent is also necessary. In addition, a conjecture on
negabent monomials whose exponents are of Niho type is given.

Index Terms Finite field, Negabent function, Nega-Hadamard transform, Kloosterman sum,

Niho exponent.

1 Introduction

Bent functions are an important class of Boolean functions which were introduced by Rothaus [11]. A
Boolean function is called bent if and only if it has a flat spectrum with respect to the Walsh-Hadamard
transform. Bent functions have attracted a lot of attention due to their applications in coding theory
and cryptography. As a logical extension of bent functions, Kumar, Scholtz, and Welch [5] gave the
definition of p-ary bent functions from Zj to Z,, where p is an integer. Schmidt [I2] introduced the
generalized Boolean bent functions from Z3' to Z, from the viewpoint of cyclic codes over Galois ring.

Motivated by a choice of local unitary transforms that are central to the structural analysis of pure
n-qubit stabilizer quantum states, Riera and Parker [10] introduced some generalized bent criteria for

Boolean functions. They considered Boolean functions that have a flat spectrum with respect to one or
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more matrix transforms from the {I, H, N}" set of matrices or subsets thereof, where 1 = ( (1) 2 >,

H=1 < 1 _1 ), and N = % ( 1 _\/\/::1 > A 2™ x 2™ transform matrix, U, is in the set {I, H, N}"
if it can be written as U = Uy @ U1 ® ... @ U,,_1 = ®;l;01 Uj, where U; € {I,H,N} and ® is the
tensor product. Thus {I, H, N}" is a set of 3" transform matrices. A negabent function is a Boolean
function which has flat spectrum with respect to the negaHadamard, N®", transform. Bent-negabent
functions are Boolean functions that are both bent and negabent. In 2007, Parker and Pott [§] gave
an important connection between bent and negabent functions, and showed that if n is even, then
one can obtain negabent functions from any bent ones. By using this connection, Stanica [14] gave
a class of n-variable bent-negabent functions with algebraic degree % + 1. Su, Pott, and Tang [I7]
considered the negaHadamard spectra of negabent functions, and constructed a class of bent-negabent
functions with optimal algebraic degree by using complete permutation polynomials. Recently, Zhang,
Wei, and Pasalic [I8] used the indirect sum construction proposed by Carlet [2] to construct the first
class of bent-negabent functions which are not in the completed Maiorana-McFarland class. On the
other hand, it is also important to construct negabent functions over finite fields. Sarkar [15] considered
negabent functions over finite fields, and characterized all the quadratic negabent monomials over finite
fields. Recently, Zhou and Qu [19] gave a class of cubic monomial negabent functions and a class of
cubic negabent polynomials over finite fields.

In this paper, we first give the necessary and sufficient conditions for the functions Trlf (/\IQkH) +
Try (uz)Tr] (vz) to be negabent, where n = 2k, A € Fax, and (u,v) € Fi. x F5.. Then by using
some permutation trinomials over Fon, we present some classes of negabent functions of the form
e (A2 1) + Te} (ua) Tr? (va), where 0 < k < n. Third, we show that the condition for the cubic
monomials given by Zhou and Qu [19] to be negabent is also necessary. Kloosterman sum plays an im-
portant role in the proof. In addition, we present a conjecture on negabent monomials whose exponents
are of Niho type.

The remainder of this paper is organized as follows. In Section @] some preliminaries including
Kloosterman sum and permutation polynomials over finite fields are introduced. In Section[3] by using
the compositional inverses of some binomial and trinomial permutations, several classes of negabent
functions of the form Tr7(Az2" 1) + Tr} (uz)Tr? (va) are given. A class of negabent monomials over

finite fields is considered in Section [} and some concluding remarks are given in Section [Bl



2 Preliminaries

A Boolean function f(z) is a mapping from F% to Fy. The Walsh-Hadamard transform of a function
f(z) at a € F% is defined by
Wyi(a) =Y (-1)/Fee,
z€Fy
where a - z is the standard inner product. If for any a € F%, [W(a)| = 2%, then f(x) is called a bent
function. It is known that an n-variable Boolean function f(x) is bent if and only if f(z) + f(z + a) is
balanced for all nonzero a € F3. In [10], Riera and Parker introduced the notion of negabent function.

The negaHadamard transform of f(x) at a € FY is defined by

z)+a-x wi(x)
Ni(a) =Y (~p)f@reey/—17,

T€FY

where wt(x) is the weight of the vector © = (zg, 1, ,Tn_1), L., wt(x) = #{i | x; = 1,i € Zp}. A
function f(z) is called a negabent function if [Ny (a)| = 2% for all a € F}. Similarly, a function f(z) is
negabent if and only if f(z) + f(z + a) + a - = is balanced for all nonzero a € F%.

In this paper, we focus on negabent functions over finite fields. It is well known that the vector
space FJ is homomorphic to the finite field Fan. Let & be an integer such that k|n. The trace function

from Fon onto Fyr is defined by

n/k—=1
Tri(x) = Z 22" 1 € Fon.
=0
If k = 1, we call Tr (z) the absolute trace function from Fan to Fa. Let {aq, g, -+, ay} be a self dual

ol

n n
basis of Fan over Fo. Let x = > a;a; and a = > a;«;, then TrY (ax) =

=1 =1 7

a;r; = a - x. Thus we have
1

the following equivalent definition of negabent functions over finite fields, which was first introduced by

Sarkar in [15].
Theorem 1 [15] Let f(x) be a Boolean function from Fan to Fo. Then f(x) is negabent if and only if

Z (_1).f(m)+f(;ﬂ+a)+Trf(aw) -0

z€Fon
for all nonzero a in Fon.

In what follows we present some results on certain exponential sums and permutation polynomials

over finite fields, which will play an important role in our proofs.



Let a,b € Fan, the Kloosterman sum over Fan is defined by

Kn(a,b) = Y (~1)ilertte,

z€Fi,
Lemma 1 [6] Theorem 5.45] If a,b € Fan are not both zero, then the Kloosterman sum satisfies
| K, (a,b)] < 2v2m.

Lemma 2 Let k be a positive integer and ¢ = 2F. For any b € Fy and ¢ € Fy, define A = #{x €
Fi | Ty (bz) = 0, Tef (ca™) = 1}. Then A> 0 if k > 2.

Proof: Let B = #{x € I} | Trk (b)) = 1, Tk (cz™) = 0}, C = #{z € Fy | Teh (bz) = 0, Tek (ca™!) =
0}, and D = #{z € F} | Teh (b)) = 1, Tef(ca=t) = 1}. Then it is readily to verify that A + C' =
2k=1 -1, B+ D =2F"1 and A+ D = 2"~'. This together with Lemmal[l] i.e., |[A+ B —C — D| < 2,/g,
leads to |44 — 2% 4+ 1] < 2,/q, which implies that A > 0 if £ > 2. This completes the proof. O

A polynomial f € F,[z] is called a permutation polynomial if the associated polynomial mapping

f e f(e) from Fy to itself is a permutation of F, [6].

Lemma 3 [6, p.118] Let q be a prime power and f(x) = Z:T;_Ol a;zd € F,lz]. Then f(z) is a per-
mutation polynomial over Fym if and only if gcd(zyigl a;x',x™ — 1) = 1. Moreover, if g(x) is the

compositional inverse of f(z), i.e., f(g(x)) = mod (29" — ), then g(x) is a g-polynomial over F,,.

Lemma 4 Let k be a positive integer and f(x) = z+22" —|—:1c22k, then f(x) is a permutation polynomial
over Faon if and only if ged(n,3k) = ged(n, k). Further, let g(x) be the compositional inverse of f(x).
Then g(z) is a 2-polynomial over Fy and Try (g(x)) = Tr} (x).

" —1 n
107

Proof: According to Lemmal], f(x) is a permutation polynomial over Fax if and only if ged( ;:_

1) = 1. Note that gcd(mg:__ll,xk —1) = ged(3,2% — 1) = 1. This implies that ged(z3* — 1,2" — 1) =

x

zgcd(n,Sk) 1
pecd(n,k) 1

gcd(””Sk L zn — 1) ged(z® — 1,2™ — 1) which leads to gcd(& " —1) =

T e . Thus, f(z) is
a permutation polynomial over Fa. if and only if ged(n, 3k) = ged(n, k).

If g(z) is the compositional inverse of f(z), then we have g(z) is a 2-polynomial over Fy due to
Lemma Bl Moreover, we have g(1) = 1 since f(1) = 1, i.e., g(z) has odd number of terms. This leads

to Try (g(z)) = Tr{(x) since g(z) is a 2-polynomial over Fy. This completes the proof. O

Lemma 5 Letn=rk and f(z) = Az + 22"+ )\x22k, where 1,k are posilive integers and A € F5,. Then
f(x) is a permutation polynomial over Fon if and only if gcd(A\+ 2 + A\x?, 2" — 1) = 1. Further, let g(x)
be the compositional inverse of f(x). Then g(z) is a 2F-polynomial over For and Tr} (g(x)) = Tr} ().



Proof: Note that f(z) is a 2¥-polynomial over Fyx. Thus the first assert follows directly from Lemma
Further, by Lemma [B] we have that g(x) is also a 2F-polynomial over Fyx if g(x) is the compositional

r—1

inverse of f(x). Suppose that g(z) = > .-, c;a?”", where ¢; € For. Then, we have Tr}(g(z)) =
T (T (9(2))) = T (T (15 ean®)) = TS et (@) = Tri(g(1)T (@) Then the
result follows from the fact that g(1) = 1 since f(1) = 1. This completes the proof. O

3 Some classes of negabent polynomials

In this section, by using some permutation polynomials over Fon, we present several classes of negabent
functions of the form Tr?(Az2 +1) 4+ Tr? (uz)Tr? (vx) over Fon, where 2 < k < n — 1, A € Fan, and

u,v) € F5, x F3,..
2 2

Theorem 2 Let n = 2k, A € For and (u,v) € Fiu x Fj. Then f(z) = Tr¥(Aa2" 1) + Te} (uz) Te} (va)

is megabent on Fon if and only if one of the following conditions is satisfied:

uzk u)v n v
LA, (Trp (1), Trp (B4522), Trp (+25) € {(0,0,0), (0,0,1), (1,0,0), (1,1,1)};
2. 0A=1k=2 u,v,u+ v ¢&Fqx;

3 A=1k=1,u+#uv.

Proof: According to Theorem [Il to complete this proof, it is sufficient to prove that f(z) + f(z +a) +
Tr} (azx) is balanced for all nonzero a € Fan if and only if A, u,v satisfy one of the conditions given in
Theorem 2l A direct calculation gives
S) + fo+a)+ T (o) = TG @ +ar®) + T (ua) T (v) + T (va) T () + TS (az)

+Trk ()\a2k+1) + Tr} (ua)Try (va)

= Tr’f((/\a2k + a)z) + Trf (vTr] (va)x) + Ty (uTr] (va)x)

+Tr} ()\anH) + Tr (ua) Ty (va).
This implies that f(z)+ f(z+a)+Tr}(az) is balanced if and only if Aa®" +a+vTr} (ua) +uTr} (va) # 0.
Notice that Aa2* + a is a 2%-polynomial and ged(Aa® + 1,a2% + 1) = ged(Aak + 1, (a* + 1)2) = ged(A +
1,a¥41) = 1 only if A # 1. This together with Lemma B shows that X +ais permutation polynomial

if A # 1. Moreover, for any A # 1 and b € Fon, if A\a2* + a = b, then one gets Aa + a2 = b2" since
n = 2k and A € For. These two identities lead to

b
A4l



which is the unique solution to a2 +a=b.

For simplicity, define h(a) = Aa®" + a + vTr}(ua) + uTr} (va). Then by (@), for A # 1 we have

1) (Tr} (ua), Try (va)) = (0,0): For this case, h(a) = 0 has the only solution a = 0.

k
2) (Tr}(ua), Tr}(va)) = (0,1): By @), a = “;’\fi is the unique solution to Aa®" + a + u = 0.

k
Note that Tr}(ua) = Tr (u - Mfi;g“) = Tr} (’\;ﬁdg )+ Trl(HAg) Try (1) since n = 2k and

u+>\u2k
A2+1

)\uzk+1

47 € For. Thus, in this case h(a) = 0 has the only solution a =

if and only if

ok
Tri (135) = 0 and Tt} (va) = Tr (v - ’\11‘+)\"2'“) =1.

3) (Tr}(ua), Tr}(va)) = (1,0): Similar as above, for this case h(a) = 0 has the only solution a =

k
v;\i-;i)i if and only if Tr} (1) = 0 and Tr} (ua) = Tr} (u - /\11)1;1}) —1

k
4) (Tr} (ua), TrY (va)) = (1,1): In this case, a = % is the unique solution to Aa2" +a-+u-+

v =0 due to (). By the same techniques used in Cases 2) and 3) one can conclude that h(a) =0

k k
has the only solution if and only if Try (135 + (’\U;%)u) =1 and Tr{ (135 + (’\uli%)v) =1

Notice that Tef (BS2E08) = T (AU ) 4 ayg (1) = T (32250 4 T (2%) = Tof (e
due to n = 2k and A € Fqr. Therefore, if A # 1, by combining Cases 1)-4), one has that h(a) =
X2 +a+ vTr} (ua) + uTr} (va) # 0 for any nonzero a € Fan if and only if the first condition in
Theorem [ is satisfied.

Now we consider the case of A = 1. First we discuss the number of solutions of h(a) = a2 +a+
vTr} (ua)+uTr} (va) under the condition (Try (ua), Tr} (va)) = (0,0). In this case, h(a) = 0 is equivalent
to a € For. Let N(u,v) denote the number of nonzero a € Fyr such that (Tr} (ua), Tr} (va)) = (0,0),
where (u,v) € F5, xF5,.. Then, according to the balanced property of the trace function and the fact that
(Tr} (ua), Te'! (va)) = (Trk (a(u+u?")), Trlf(a(v+v2k))), it can be readily verified that N (u,v) = 2k —1 if
u,v € For, N(u,v) = 2F~1 — 1 if exactly one of u, v belongs to For, N(u,v) = 2¥"1 — 1 if u,v & For with
u+v € For and N(u,v) = 2872 — 1 if u,v,u + v € Fox respectively. This implies that h(a) = 0 under
the condition (Tr}(ua), Tr}(va)) = (0,0) has at least one nonzero solution for any given w,v € Fon if
k> 2, ie., f(x) cannot be negabent if A =1 and k > 2. The conditions on u,v € Fan such that f(z) is

negabent for k = 1,2 can be easily verified based on a simple discussion. This completes the proof. [J

Remark 1 Let w = v in Theorem [3, then f(x) is negabent on Fon if and only if X # 1, which is
Proposition 5 in [16].



Corollary 1 Let f(x) with u # v be given as in Theorem[d and Ny denote the number of ordered pairs
(u,v) such that f(x) is negabent. Then Ny = (2"~ —2)(2" — 1) for any fized A # 1 and Ny = 6,96 for
k = 1,2 respectively.

Proof: We only give the proof for \ # 1 since the proof for A = 1 is trivial due to Theorem[2l For A # 1,

k
we first determine the number of ordered pairs (u, v) such that (Try (335), Try (%%)U), Tri (1)) €

{(0,0,0),(0,0,1)}. Note that (Tr} (%), Tf"(%%”) T} (1)) € {(0,0,0),(0,0,1)} is equivalent

k
o (Tr} (%) Tr"((’\u;r%)v)) = (0,0). Clearly, the number of u € F3. satisfying Tr}(17%) = 0 is

k
27=1 — 1, and for each such u, there are 2"~! — 2 v’s in F3, \ {u} such that Tr’f((’\iir%)”) = 0. Thus,

in this case we get (2"~ — 1)(2"~! — 2) ordered pairs (u,v) such that f(z) is negabent.

k
Next we count the number of the pairs (u,v) such that (Try (), Tr’f(%%)v) T (155)) €

{(1,0,0), (1,1,1)}, which is equivalent to counting the number of the pairs (u, v) satisfying Tr}'(135) = 1

) = Trp (Lt

2k
and T (24 59%) 4+ Tof (2 ol

172 ) = 0. Similar as above, for this case the number

of u € F3. satisfying Tr{' () = 1 is 2", and for each such u, there are 2"~' — 2 v’s in F5,. \ {u}

such that Tr?(wi;prm) =0, i.e., we have 2"71(2"~! — 2) ordered pairs (u,v) such that f(z) is
negabent. This completes the proof. 0
The function f(x) in Theorem 2l has been investigated recently by Mesnager [7] in order to construct

new classes of bent functions.

Theorem 3 [7] Let n = 2k, X € F}, and (u,v) € F5, xF5., then f(x) = Tek Az 1)+ Te} (uz) T (va)
is bent if and only if TrP(A~u2"v) = 0.

Combining Theorem 2] and Theorem Bl we have the following corollary.

Corollary 2 Let n =2k, A € I}, and (u,v) € F5. xF5,.. Then f(x) = Tek (Az2" 1) + To? (ua) Te} (v

is bent-negabent on Fon if and only if one of the following conditions is satisfied:

n;, u n Auzk w)v n/\— k n, w n Auzk m Ao
LA£L (T (), Trp QU522 Tep (A1 ) = (0,0,0) or (T} (1), Trf (Lehubtl),

T (A~ w2 v)) = (1,0,0);

2.2 =1, k=2 u,v,u+v ¢ Fyr and Tr?(u2kv) =0.

As a special case of Theorem [2 if A\ = 0, then it gives the necessary and sufficient conditions for
Tr} (uz)Tr} (vz) to be negabent on Fan for even n. In the following we consider the negabent property

of Tr} (uz)Tr} (va) for both even and odd n.



Theorem 4 Let f(x) = Tr] (ux)Tr} (vz), where (u,v) € Fyn x Fs.. Then f(x) is negabent on Fan if

and only if one of the following conditions is satisfied:

1. Tr} (u) = 0 and Tr} (uv) = 0;

2. Tri(u) =1 and TrY ((u + 1)v) = 0.

Proof: According to Theorem [I] it is sufficient to prove that

f@) + f(x + a) + Tr}(azx) = TrY ((Tr?(va)u + Trf (ua)v + a)x) + Tr} (ua)Try (va)

is balanced for all nonzero a € Fan, which is equivalent to show that Tr (va)u + Tr (ua)v 4+ a # 0 for
all nonzero a. Let h(a) = Tr] (va)u + Tr} (ua)v + a, we have

1) (Tr} (ua), Try (va)) = (0,0): For this case, h(a) = 0 has the only solution a = 0.

2) (Tr}(ua), Tr}(va)) = (0,1): In this case, h(a) = 0 has the only solution a = w if and only if
Tr}(u) = 0 and Tr} (uv) = 1.

3) (Tr}(ua), Tr}(va)) = (1,0): Similar as above, for this case h(a) = 0 has the only solution a = v
if and only if Tr} (uv) =1 and Tr}(v) = 0.

4) (Tr} (ua), Trf (va)) = (1,1): In this case, a = u+wv is the only solution to Tr} (va)u+Tr} (va)v+a =
0 if and only if Tr}' (u(u + v)) =1 and Tr (v(u +v)) = 1.

Based on Cases 1)-4), it can be seen that Tr] (va)u + Tr] (ua)v + a # 0 for all nonzero a if and only if

one of the two conditions in Theorem [l is satisfied. O

Remark 2 Theorem [§] shows that Try (x)Tr} (vx) is negabent for any nonzero v € Fon when n is odd
and uw = 1, which was given in Theorem 8 in [19]. Note that the negabent property is not preserved
by linear transform, i.e., f(x) is negabent on Fan does not imply that f(ax) is negabent on Fan for all

a € F5, [13]. Thus, Theorem[)is not a special case of Theorem 8 in [19)].

Theorem 5 Letn be an even integer and k be a positive integer such that ged(n, 3k) = ged(n, k). Then
flz) = Te? (@2 +1) 4+ Tef (2)Te} (vz) is negabent on Fan if TrV (v) = 0.

Proof: According to Theorem [I we only need to show that f(z) 4+ f(z + a) + Tr} (ax) is balanced for

all nonzero a € Fan if Tr](v) = 0. A direct calculation gives
F@) + fx+a)+ Tl (az) = TP z+az?) + Tef(a)Te} (va) + Te} (va) Te} (z) + Tr' (az)
+T} (a2 +1) + Tef (a) T} (va)
= T2 +a2 " +a)z) + e} (VTP (a))z) + Trl (Tr} (va)z)

FTe (@Y + Te? (a) Tr? (va).



This shows that f(z)+ f(z+a)+Tr" (az) is balanced if and only if a2” +a2? " +a+vTr} (a)+Tr? (va) # 0,
ie., a+a® + a2 + 02" Te?(a) + Tr? (va) # 0. Notice that a + a2 + a® is a permutation of Fa. due
to Lemmall Let g(a) = a+a?" +a*" +v¥ Tr?(a) + Tr} (va) and h(a) be the compositional inverse of

k 2k
a+a®> +a? ", then we have

1) (Tr}(a), Tr} (va)) = (0,0): For this case, g(a) = 0 has the only solution a = 0.

2) (Tr}(a), Tr? (va)) = (0,1): In this case, g(a) = 0 means that a+ a2 +a?" =1,1ie.,a=h(1)=1.

However, Tr} (va) = Tr} (v) = 0, which shows that g(a) = 0 has no solution in this case.

22k

3) (T?(a), Tr?(va)) = (1,0): In this case, g(a) = 0 is reduced to a+a® +a*" = 02", ie., a = h(v?").

However, by Lemma[l Tr7(a) = Tt} (h(v2")) = Tr?(v?") = Tt? (v) = 0. This shows that g(a) =0

has no solution in this case.

4) (Tr?(a), Tr?(va)) = (1,1): Similar as above, g(a) = 0 implies that a + a?" + a2 =1+ 02", i,
a=h(l —|—v2k). Note that Tr{ (1) = 0 since n is even. From Lemmald Tr} (a) = Tr} (h(1 +v2k)) =

ey (1 + vzk) = Tr} (v) = 0, which shows that g(a) = 0 has no solution in this case.

From the above Cases 1)-4), we can see that a + a2 + a® + v2 Tr?(a) + Tt} (va) # 0 for all nonzero
a € Fgn if Tr]'(v) = 0. This completes the proof. O

By the same techniques used in the proof of Theorem Bl we can derive the following result.

Theorem 6 Let r and k be two integers such that vk is even. Let n =rk, A\ € F}, and ged(A + 2 +

Ax?, 2" — 1) = 1. Then f(z) = Tr’ll(/\kaJrl) + Trf (x) TeY (vz) is negabent on Fon if TrY(v) = 0.

Proof: According to Theorem [I] it is enough to prove that f(z) + f(z + a) + Tr{(az) is balanced for
all nonzero a € Fan for the v € Fan satisfying Try'(v) = 0. Note that

f(@)+ f(x + a) + TrY (ax) = Tr’f(/\(ayc:z: + a:c2k)) + Tr} (a) T} (ve) + TrY (va) TrY (x) + Trf (ax)
FTr7 (A ) + Te?(a)Tr (va)
= T (A + (Ma)? " +a)z) + TP (vTr}(a)z) + Te}(Th? (va)z)
FT (Aa® 1) + T} (a) Te} (va).

Thus, f(z)+ f(z + a) + Tr] (az) is balanced if and only if

A+ (M) + @+ vTr (a) + Trf (va) # 0. @)



Raising both sides of (@) to the 2F-th power, we get A"+ xa+a? + U2kTr7f(a) + Tr} (va) # 0 due to
A € For. Let g(a) = Aa+a® + A" + 02" Tr?(a) + Tr? (va). According to Lemmal] Aa + a2” + Aa2™"
is a permutation of Fan since ged(A + = + Az?,2" — 1) = 1. Let h(a) be the compositional inverse of

Aa + a2’ + X\a?”. Similar as in the proof of Theorem [] we have

1) (Tr}(a), Tr} (va)) = (0,0): For this case, g(a) = 0 has the only solution a = 0.

2) (Tr}(a), Tr? (va)) = (0,1): In this case, g(a) = 0 means that Aa+a® +Xa?”" =1,ie.,a=h(1)=1
since A 14+ 12" + 1. 12" = 1. However, Tr} (va) = Tr}(v) = 0, which shows that g(a) = 0 has no
solution in this case.

3) (Tt?(a), Tr(va)) = (1,0): In this case, g(a) = 0 means that Aa + a2 + Aa2”" = 0?", ie.,

a = h(v?"). From Lemma B] Tt} (a) = Tr?(h(v?")) = Te? (v2") = Tr}(v) = 0, which shows that

g(a) = 0 has no solution in this case.

4) (Tr}(a), Tr}(va)) = (1,1): Similar as above, g(a) = 0 implies that Aa + a? + X" =1+ 0%,
ie, a = h(l+ ’U2k). Note that Tr{'(1) = 0 due to n is even. Again by Lemma B Tr}(a) =
Te (h(1 + v2")) = Te? (1 4 v2") = Tv}(v) = 0. This implies that g(a) = 0 has no solution in this

case.

From the above Cases 1)-4), we can see that if Tr7(v) = 0, then Aa+a> + a2 +v2" Tr} (a)+Tr} (va) # 0

for all nonzero a € Fyn. This completes the proof. O

Remark 3 Notice that if one takes n = rk in Theorem[d then Theorem[d is a special case of Theorem
due to the fact that ged(1 +x + 22, 2" — 1) = 1 if and only if ged(rk, 3k) = ged(rk, k). For the values
of n, k with ged(n, k) # k, the results in Theorem [d are not covered by Theorem [0

By Theorem [0l we can obtain the following results if we take r = 3,4, 5 respectively.

Corollary 3 Let k be an even integer and n = 3k. Let A € Foi \ {0,1}. Then f(z) = TP (Az2" 1) +
Try (z)Tr} (va) is negabent on Fon if TrY (v) = 0.

Proof: According to Theorem [l it is sufficient to show that ged(A + o + Az, 23 — 1) = 1if X # 1.
Then result follows from the fact that ged(A + x + A2, 2% — 1) = ged( A + 2 + A\2?, 22 + 2+ 1) =
gedA(z? +2+ 1)+ A+ Dz, 22 + 2+ 1) = ged(A + D)z, 22 + 2 + 1). O

If r = 4, then ged(A+ 2+ A2?, 2* — 1) = ged(A+ 2+ Az?, 2 — 1) = 1 for any A € F},. Thus, we have

Corollary 4 Let n = 4k and A € F},. Then f(x) = Te Az 1) 4+ Te} (2)Tef (vx) is negabent on Fyn
if Tr} (v) = 0.
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Corollary 5 Let k be an even integer and n = 5k. Let A € Far \ {0, w,w?}, where w is a primitive

element of Faz2. Then f(x) = Tr?()\kaJrl) + TrY (x)TeY (ve) is negabent on Fan if Try(v) = 0.

Proof: According to Theorem [G] we need to determine the condition on A such that ged(\ + = +
Az?, 2° —1) = 1. Notice that gcd(A+z+ 22, 2° —1) = ged(A+x+ 22, 2t + 23+ 22+ 2 +1). By a simple
calculation, we have '+ 23 + 22 +2+1 = (1+px+22)(p? +p+ (p+ 1)z +2%) + (u? +p+1) (uz+1), where
= A"1. This leads to ged(A+ 2+ Az?, 2 + 2® + 22 + o+ 1) = ged(1 + pr + 2%, 2t + 23 + 22 + 2 +1) =
ged(1 4+ px + 2%, (u? + p+ 1)(uxr + 1)) = 1 if and only of u? + p + 1 # 0. This completes the proof. [J

4 On a class of monomial negabent functions

In [T9], Zhou and Qu showed that Tr2*(\z?) is negabent on Fyor if X € Fy, where d = 2% 4+ 3 and k > 3

is odd. In this section, we will show that A € Fy is also necessary for Tr2*(Az?) to be negabent.

Theorem 7 Let n = 2k, ¢ = 2 and d = q+ 3, where k > 3 is odd. Then Tr}(\z?) is negabent on Fan
if and only if A € Fo.

Proof: Since k is odd, then f(x) = 2% + x + 1 is irreducible over Fox as it is irreducible over Fy. Let
w be a root of f(x). Then Fon = Fox[w], i.e., each x € Fan can be uniquely represented as zg + 1w,

where z; € For. Then

x? = (20 + 11w)? = 2§ + =} + 123 + zoxd + (222? + o + 2w (3)
and
(x + a)d = (zo+ao)* + (z1 +a))? + (x1 + a1)(xo + a0)® + (zo + ao)(z1 +a1)?
+((wo + a0)*(z1 + a1)® + (w0 + ao) (1 + 1) + (x1 + a1))w, (4)

where a = ag + ajw.
Note that Tr?*(1) = 0 and Tr?*(w) = w 4+ w?" = 1 since k is odd and w is a root of 22 + z + 1. Let

A = Xo + \w. Then from @), @) and Tri¥(azx) = agz1 + a0 + ayz;, we have

T2 Az + Nz + a)? + ax)
= Alxga% + )\Oscoaf + /\Oxga% + Alalxg + /\ansc? + a1xo + /\117150()&(2) + /\117117(2)% + Alalxoag
2 2 2 2 2 3 4
+)\1a1:voa0 +x1a1 + )\anl'lal + )\oxoxlal + )\oxo:vlal + )\anxlal + )\anal + )\Oal

—l—)\laé + Alxlag + Alalag + )\1@3,@% + Alaga% + )\oagx% + )\Oaga% + apr1 = G(zg, 21). (5)
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Suppose that A1 # 0. We will show that for each A = \g + Ajw with A; # 0, there exists at least one
nonzero a = ag 4 ajw € Fan such that Tr (Az? + Nz 4 a)? 4 ax) = Tr¥(G(zo, 1)) is not balanced. We
consider this in three cases.

Case (i) A # 0, A2 + AT + Ao +1#£0.

In this case, let a; = 0 and ag # 0. Then

Z (_1)Tf’f(G(m0,m1))

xo,21€F,

_ E (_1)Tr’f()qmlmgao—i-)\lmlwoag-i-)\la%w%-{-)\oaomf—i—)\oagmf-i-)qa3+)\111a8+a011)
20,21 €F,

_ E (_l)Tr’f()\1a%m?-}-)\oaom?—i—)\oagw?-i-)\laﬁ—i-)\lmlag-i-aowl) E (_l)Tr’f(()xlmlao-i-)\?mfa%)mg)
x1€R, ro€ly

_ 2k E (_l)Tr’f()\1a%mf+)\oaom§+)\ga§z?+)\1a3+)\111a8+a011)

x1=0 orzlz()\lag)*l

_ 2k((_1)Trlf()\1aé) + (_1)Tr’f()\1a?)t2+}\0a0t3+)\0a(2)t2+)\1a%-‘r}\ltag-‘raot))’ (6)

where t = (A a3)~t. By (@), if there exists ag € [ such that Trlf(A1a8t2—l—)\oaot3—l—)\oa%tz—i-)\ltag—i—aot) =

0, then Y (=)™ (@) = (—1)TT(aag) L 2k+1 £ 0 e, Tr¥(G(xo,21)) is not balanced

zo,z1€F,

for such ap € F;. Since t = (Mag)™", we have Trf (Ma3t? + Noaot® 4+ Xoadt? + \itad + aot) =

T‘r’f(%m (a§)~1+41), which implies that there exists ag # 0 such that 'I‘rf(%%“‘”)‘1 (a§)~H)+
1 =0if X € Fan satisfying A2 + A7 + A1 +1 % 0 and A # 0.
Case (i) A1 # 0, A3 + A + XA + 1 =0 and X\ # 0.

In this case, let ag = 0 and ay # 0. Then

Z (_1)1\1“’16(9(10,901))

z0,r1€F,

_ E (_1)Tr’f(>\0m0m§a1+(A0a§m0+a1)11-1-)\1a118-1-()\111?—1-)\0(1%)wg-i-()\oa:f—i-al)wo-l-)\oa‘ll)

z0,r1€F,

_ E (_1)T\r)1€()\1(11:Eg+()\1a§+>\0a?)ibg+()\oa§+a1)I0+>\0a411) E (_1)Tr)f(()\gxoalJr)\ga‘lenga?)mf)

ro€ly r1€F,

_ 2k E (_1)TI‘I1C()\1alIg+()\1a$+>\0a§)Ig+()\oa?+a1)xo+)\oa%)’ (7)

To=Y10r To=Y2

where y; and ys are the two roots of A\grgar + \2atzd +a? = 0 (2o as the indeterminate variable) under

the condition Trf(a;) = 0. Thus, y; 4+ y2 = Tlai‘ and y1y2 = ﬁ By (@), if there exists a; € Fy
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such that Trj(a1) = 0 and Tr} (Ma(yf + 43) + (\af + Aoaf) (1 + y2)* + (Aoa? + a1)(y1 + y2)) = 0,
then Zzo,mleﬂ?q(‘UTY}HG(IWM)) = 4281 £ 0, i.e., Tr} (G(x0,21)) is not balanced for such a; € Fy. By

v+ ys = (1 +y2) + ey +42) = A—lg(a—l? + 4 ), one obtains that

5
ay

Try (Mar(y5 +y3) + (\af + Xoad) (y1 + y2) + (Noai + a1)(y1 + y2))

A§+>\§+A§+>\O>\1+1 1

: 221
AS S aj

36 38
Ay ay

- TR( +1) = Trl(

According to Lemmal2 for odd k > 2, there exists a; € I}, such that Tr]f(i—% . al?—kl) = Tr]f((%)_s-a—ll)—k

1=0and Tr]f(al) = 0. Thus, for any A € Fan such that A2+ A2+ A1 +1 = 0 and M\g\; # 0, there exists
a; # 0 such that Tr¥(a;) = 0 and Tr¥ (A ay (3 +43) + (A1a2 + Moa?) (g1 +y2)2 + (Moad +a1) (y1 +y2)) = 0.
That is, Tr¥ (G(zo,21)) is not balanced for such a; € F3.

Case (iii) A1 # 0, A3 + A\ + AoA1 +1 =0 and Ao = 0.

For this case, Ay =1 and A\g = 0. Let ag = a3 # 0. Then

Z (_1)Tr’f(G(zo,m1))

zo,x1€Fg

_ E: (_1)Tr’f(a§z$+(r§ao+zoa§+a8)zl+m3ao+(a3+ao)zo+a‘é)
zo,r1€F,;

_ E (_1)Tr’f(wgao-l-(ag-i-ao)wo—i-ag) E (_1)Tr’f((ao-i-mgao-i-woag-l-ag)wl)

ro€ly r1€l,

= 92k Z (_1)TY’f(ﬂﬁgao-i-(flfs)-i-tlo)ﬂﬁo-i-aé)7 (8)
To=Y1 0r To=Y2

where y1 and s are the two roots of ao—i—x%ao—i—xoa%—i—ag = 0 (2 as the indeterminate variable) under the
condition Tr’f(agl) = 1. Thus, y; + y2 = ag and y1y2 = 1 +a3. By @), if there exists ag € [y such that
Tek(ag?) = 1 and Tok (3 y3)ao-+ (ad-+a0) (y1-+12)) = 0, then 3, . o (—1)TH(Grm) — kit 2,
That is, Tr} (G(z0,21)) is not balanced for such ag € F%. Note that y§ +y3 = (y1+v2)° +y192(y1 +12) =
aj + (1 +ag)ag = ao, then T (47 + y3)ao + (af +ao) (y1 +y2)) = T (ag + (a§ + ao)ao) = Tr(ag) = 0.
Again by Lemma[2 for odd & > 2, there exists ag € [}, such that Tr¥(ap) = 0 and Try(ay ') = 1. Thus,
for A = Ao + \w = w, there exists ag # 0 such that Tr{(ag ') = 1 and Tr¥ (43 +y3)ao + (af + ao)(y1 +

y2)) = 0, which implies that Tr¥(G(zo,21)) is not balanced.
From the above Cases (i)-(iii), for each A = A\g + \jw with Ay # 0, there exists at least one nonzero

a = ag+ ajw € Fon such that Tr? (Az? + Az 4 a)? + az) = Tr¥ (G(z0, 1)) is not balanced.
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In the following we assume that A\; =0 and A = \g + \qw = \g # 0. Let a; = 0. Then

E (_1)Trlf(G(mo,m1)) _ E (_1)Tr’f()xoaow?-i-)\oagmf—i-aoml)
zo,7v1€F, zo,x1E€Fq
_ 219 E Tlr1 >\0a0$1+>\0a0$1+aow1)
Ile]Fq
k—1
gk Z Trl (Moaozi+(AF" " ao+ao)r1) (9)
Ile]Fq

Since k is odd, then ged(3,2F — 1) = 1. Let Ao = 7%, a9 = t3, then from (@), one gets

Z ( )Trl(G(acg ,x1) 72k Z ’I‘rk(acqL 3

zo,r1EF, z1EF,

ok—1

+1)’r‘71t2:61). (10)

Thus, if Ao = 73 # 1, then 32 # 0. We claim that for any r € F; and 7 # 1, there must exist

some ag € [ such that ) —1)Tr1(G(@o.1)) = 9k 3 (—l)Tr’f(w:f‘F(T“kﬂ+1)T’1t2w1) #£0, ie.,

xg,xlequ( x1€ly

Trh (G(z,21)) is not balanced. Otherwise, the Walsh-Hadamard transform of Tr¥(z?) at any point
t € Fy is zero, which contradicts with Parseval’s theore

Therefore, if Tr}(Az?) is negabent on Fan, then A has to be in Fa. Zhou and Qu [19, Theorem 6]
proved that if A € Fo, then Tr} (Az?) is indeed negabent on Fon. This completes the proof. O

To end this section, we present a conjecture on negabent monomials whose exponents are of Niho
type, namely the exponents of the form d = (2™ — 1) + 1, where m = n/2 and 1 < r < 2™. Notice
that dy = r1(2™ — 1)+ 1 and dy = (2™ — 1) + 1 lie in the same cyclotomic coset modulo 2™ — 1 if and
only if 1 =7y (mod 2™+ 1) or r1 + 79 = 1 (mod 2™ + 1).

Sarkar [T5] gave a class of negabent monomials whose exponents are of Niho type, as follows:

Theorem 8 [15] Let n =2m and d = (2™~ 1 +1)(2™ — 1) + 1. Then Tr}(ax?) is negabent if and only
if o+ 02" # 1.

Based on our computer experiments, we have the following conjecture:

Conjecture 1 Let n = 2m and d = (2™ — 1) + 1, where 2 < r < 2™~1 4 1. Then Tr}(az?) is a

negabent function if and only if one of the following two conditions holds:

1. mis odd, r = 2™ 2+ 1=3 (mod 2™ + 1) and o € F5. (Cubic functions, Theorem[7)

! Parseval’s theorem shows that for any Boolean function f(z) from F,) to Fa, its Walsh-Hadamard transform Wy (u)

satisfies 2, cp (W (u))? = 22k,
2
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2. r=2""141=37 (mod 2™ +1) and o + " #1. (Quadratic functions, Theorem [8)

This conjecture has been verified by Magma for n < 14.

5 Conclusion

Negabent functions as a generalization of bent functions are very useful in cryptography and cod-
ing theory. In this paper, several classes of negabent functions of the form f(x) = Tr?()\xzk“) +
Tr (uz) Tr} (vx) were given, where 0 < k < n and (u,v) € F3. x F3.. In particular, we gave the
necessary and sufficient conditions for Tr’f ()\x2k+l) + Tr%k(u:v)Trfk (vz) to be negabent on Fy2x, where

A € Far. We also showed that the condition A € [, for Trfk()\:vzk +3) to be negabent is necessary, where
k > 3 is odd. Finally, based on our Magma results, we presented a conjecture on monomial negabent

functions whose exponents are of Niho type.
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