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Abstract This paper presents a parameter formula connecting the well-known proportional-integral-
derivative (PID) control and the active disturbance rejection control (ADRC). On the one hand, this formula
gives a quantitative lower bound to the bandwidth of the extended state observer (ESO) used in ADRC,
implying that the ESO is not necessarily of high gain. On the other hand, enlightened by the design of
ADRC, a new PID tuning rule is provided, which can guarantee both strong robustness and nice tracking
performance of the closed-loop systems under the PID control. Moreover, it is proved that the ESO can be
rewritten as a suitable linear combination of the three terms in PID, which can give a better estimate for the
system uncertainty than the single integral term in the PID controller. Theoretical results are verified also

by simulations in the paper.

Keywords Nonlinear Uncertain Systems, Proportional-Integral-Derivative (PID), Active Disturbance Re-
jection Control (ADRC), Extended State Observer (ESO)

Citation Sheng Zhong, Yi Huang, Lei Guo. A Parameter Formula Connecting PID and ADRC. Sci China Inf
Sci, for review

1 Introduction

Despite of the remarkable progress of modern control theory over the past sixty years, it is widely
recognized that the classical proportional-integral-derivative (PID) control is by far the most widely and
successfully used controller in engineering systems [1]. However, it has also been pointed out that most of
the practical PID loops are poorly tuned, and there is strong evidence that PID controllers remain poorly
understood [2]. Therefore, as mentioned in [3], better understanding of the PID control may considerably
improve its widespread practice, and so contribute to better product quality. Recently, some theoretical
investigations on the global convergence of the PID controller for a basic class of nonlinear uncertain
systems are given [4] [5], where some necessary and sufficient conditions for the selection of the PID
parameters are provided. These results have rigorously demonstrated in theory that the PID controller
does have large-scale robustness with respect to both the uncertain nonlinear structure of the plant and
the selection of the controller parameters.

On the other hand, the active disturbance rejection control(ADRC), which was originally proposed by
Han in 1998 [6], has attracted more and more attention in both theory and applications [7] - [11].This is
largely because of its unique ideas and superior performance, which were readily translated into something
valuable in engineering practice: the ability in dealing with a vast range of uncertainties and great
transient response [12]. Thus, the high level of robustness and the superior transient performance turn
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out to be the most valuable characteristics of ADRC to make it an appealing solution in dealing with
real world control problems. However, the research on the theoretical analysis for ADRC was progressing
haltingly, especially, on how to tune the ADRC parameters to achieve satisfactory performance of the
closed-loop system under practical restrictions.

In this paper, we will provide a new parameter formula for the design of PID controller, which is
derived from the inherent but rarely noticed relationship between PID and ADRC. This formula is found
to be beneficial for the design of both PID and ADRC. On the one hand, this formula gives a quantitative
lower bound for the bandwidth of the extended state observer (ESO) used in ADRC, implying that the
ESO is not necessarily of high gain, thanks to the parameter manifold provided recently in [4] [5] for
the selection of PID parameters for nonlinear uncertain systems. On the other hand, enlightened by the
structure of the reduced-order ESO in ADRC, a new and concrete tuning rule for PID parameters is found
from the unbounded parameter manifold given in [4] [5], which can guarantee global convergence, strong
robustness and nice tracking performances, both for the transient phase and the steady state. Moreover,
we will show that the ESO actually corresponds to a suitable linear combination of the proportional-
integral-derivative terms in PID, and will also demonstrate that the ESO can give better estimates for
the system uncertainty than the single integral term of PID controller. Our theoretical results are also
verified by some numerical simulations.

The rest of the paper is organized as follows. The detailed problem description is presented in Section
2. Section 3 introduces the main results of this paper. Some simulation verifications of the theoretical
analysis are given in Section 4. Finally, the conclusion is presented in Section 5.

2 Problem Description

Consider the following second-order nonlinear uncertain system

X xa, 1
{@—f(xl,ﬂ?z,t)—l-u(t), (1)

where (21, 72) € R? is the system state vector and can be measured, u(t) is the control input, f(x1,x2,t) €
R is an unknown nonlinear function of the state (x1,z2) and time ¢.

The control objective is to make the controlled variable 1 track a given bounded reference signal y*(t),
which satisfies

. N P
Jm () =y, lim g7(t) = 0, lim §7(¢) = 0,
where §*(t), §*(¢) are the first and second derivatives of y*(t), respectively, and y** is a constant.

To have a nice transient control performance, we introduce the following desired transient process to

be tracked by x1(t), which is shaped from y*(¢) by a stable linear filter:
it = =2c,7 = (r —y*(1)),7(0) = 21(0),7(0) = x2(0), (2)

where ¢, is a parameter for tuning the speed of the transient process.
In this paper, the classical PID controller for the system (1) is described as follows:

Upia = —kp(x1 — 1) — ka(ze —7) — ki/o (x1(7) = r(7))dr + 7, (3)

where ky,, k4, k; are the controller parameters to be discussed in the paper.

On the other hand, according to the idea of ADRC, f can be viewed as the total disturbance of the
system and treated as an extended state of the system to be estimated by an extended state observer
(ESO) so that it can be compensated for in time.

Since the state x5 is measurable, the following reduced-order ESO can be designed [12]:

é = —wof — wima — wott,  §(0) = —wor2(0),
f = 5 + w0x27
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where f is the estimation of the total disturbance f(z1,x2,t), f(0) = 0, and w, is the parameter of ESO
to be tuned.
Then, the corresponding ADRC law for tracking the transient process r(t) can be designed as [12]

U= —kap(x1 — 1) = kaa(xa —7) = f + 7, Kap > 0, kaq > 0, (5)

where kg, kqq are two controller parameters to be tuned. In the ADRC law (5), the term —f, which is
an estimate of f, tries to compensate for the total disturbance, and # is a feedforward term. Thus, the
ADRC (5) can be regarded as an adaptive pole-placement control with given closed-loop poles determined
by kqp and Eqq.

Substituting the equation (5) into (4) gives

[ =wokad(x1 — 1) + wolae —7) + wokap/o (x1(1) — r(7))dT. (6)

Therefore, the ADRC law (5) can be rewritten as

t
= —(kap + wokad) (21 — 1) — (ka + w0) (T2 — ) — wokap / (21(7) — r(r))dr + 7. (7)
0
Comparing (7) with (3) shows that if set
kp = kap + wokad, ki = kaa +wo, ki = Wokapv (8)

then the PID (3) is the same as the ADRC law (5).

The above simple parameter formula (8), which connects PID and ADRC, is quite meaningful. It
suggests that

1. The main results provided in [4] and [5] on the selection of PID parameters for guaranteeing the
global asymptotic stability of the closed-loop system, may be used to find quantitative lower bounds for
the parameters (kqp, kqd,wo) of ADRC (4) and (5). In the next section, this quantitative lower bound
for ADRC will be firstly given. This result will show that the parameters of ADRC are not necessary
of high gain. Moreover, theoretical analysis will demonstrate that the performance of the closed-loop
system may be improved by tuning the parameter w,.

2. The formula (8) provides a new and concrete tuning rule for PID parameters rather than taken
arbitrarily from a given unbounded parameter manifold as in [4] [5]. Furthermore, when the parameters
(kp, ka, k;) of PID are tuned by the formula (8), the suitable linear combination of the P part wokqq(x1—17),
the D part wo(z2 — 7) and the I part wokey fot(:vl (1) — r(7))dr has a good function of estimating the
unknown f. In the classical PID controller, the integral part has certain capability to estimate f at least
in the steady state. In the next section, it will be proved that the output f of ESO (4), which is the
combination of the three terms of P-I-D (6), has a better capability for estimating the dynamic process
of an unknown function f.

3 Main Results

Before presenting the main results, we introduce a definition for a class of unknown nonlinear functions
f. Define the following function space:

%’ oh

F={7 € O' (R x BY)|fla, w0, 1) = h(ar,22) +wlt), | 5| < Lo, |

| < Loy ()] < Ls,
9)

}w(t)} < Lg,tlirgo w(t) exists,Var,z2 € R,V € R*},

where L1, Lo, L3 are positive constants, and C*(R? x R*) denotes the space of all functions from R? x RT
to R which are continuous in (z1, 22) and ¢, with continuous partial derivatives with respect to (a1, z2).
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3.1 A lower bound to the gain of the ESO with guaranteed performance

As suggested by the formula (8) and the manifold provided in [4] [5] for the selection of PID parameters,
a quantitative lower bound to the parameter w, of the ESO (4) may be obtained. To this end, we denote

Q = {w € R|now* + mw® + now® + ngw + ny = 0},
where ng = k2, and

n1 = 2kad[kad(kaa — L2) — L1],
ng = 2kad(kap - Ll)(kad - LQ) + [kad(kad - LQ) - L1]2 - L%kap;

(10)
n3 = 2[kad(kad - L2) - Ll](kap - Ll)(kad - L2) - Lgkap(kad - L2)7
ng = (kap - L1)2(kad - L2)2-
We can now obtain a lower bound w} to the ESO parameter w, as follows.
_ 0, Q=02 or max{Q} <0,
B max{Q}, max{Q} >0, (11)

* Li—k _
We = max {07 Tdap; L2 - kad;wo} )

where @ represents the empty set.

Remark 1. From (11), it can be seen that w} only depends on the constants L1, Lo, kqp, kea and is
irrelevant to the disturbance w(t), initial values and the reference signal y*(¢).

The following theorem shows that w} can indeed serve as a lower bound to the ESO parameter w,.

Theorem 1. (Tracking Performance). Consider the ADRC controlled nonlinear uncertain system
(1),(4) and (5), where the nonlinear unknown function f € F. Then, for any given L1, Lo, kqp, ke, the
closed-loop tracking error will satisfy

t1i>r£o nlt) =y 7t1i>r£o z2(t) =0,

for any initial value (21(0),22(0)) € R? and any y**, as long as the ESO parameter w, > w;.

The proof of Theorem 1 is given in Appendix A.

Theorem 1 gives a tuning method of ADRC which makes the closed-loop system achieve global asymp-
totic stability ultimately. It can be seen from Theorem 1 that the lower bound to the parameter of the
ESO (4), i.e., w’, can be calculated through (11). This result indicates that the parameter of ESO is not
necessarily of high gain.

The next Theorem will further show that the tracking performance may be improved by tuning the
parameter w, > wj.

Denote the tracking error as e(t) = r(t) — x; (¢) and the estimation error as e; = f — f(x1,x2,1).
Theorem 2. (Pole-placement Performance). Consider the ADRC controlled nonlinear uncertain
system (1),(4) and (5), where the nonlinear unknown function f € F. Then, there exist positives constants
71,12, which depend on (ef(0), kap, kad, L1, L2, L3, 7, #*), such that for all w, > w, the closed-loop equation
of the pole-placement ADRC has the following property:

|€(t) + kaaé(t) + kape(t)| = les(t)] < me™" + Z—2 t=0. (12)

o

The proof of Theorem 2 is given in Appendix A.

Note that é(t) + kqaé(t) + kape(t) = 0 is the ideal performance for the tracking error of pole-placement
control. Therefore, Theorem 2 describes the distance between the real closed-loop performance and the
ideal one. From (12), the dynamic response can be divided into two parts. The first part n;e~*°t, which
is related to the initial value of the estimation error ey, can be rapidly tuned to zero by the parameter
wy. The second part Z—i decreases with w,. Thus, by increasing the parameter w,, the dynamic response
of the closed-loop system can be made close to the ideal trajectory.
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3.2 A new tuning rule for PID

In this section, a new tuning rule for PID controller is proposed, which can guarantee the robustness as
well as nice tracking performance of the closed-loop system.

According to the parameter formula (8) and Theorem 2, a new tuning rule for the PID law (3) is given
as follows.

kp = kap + Wokada kq = kaqa + Wo, ki = Wokapa (13)
kap >0, kaa >0, wo>w,.

Under the tuning rule (13), the PID controller (3) is equivalent to the ADRC (4), (5). That is to say,
the properties of the closed-loop system (1), (3) are the same as those of the closed-loop system (1),(4)
and (5). Thus, according to the advantages of ADRC, the PID controller defined by (3) and (13) also
has the ability to timely estimate and compensate for the disturbances and uncertainties, so that the
closed-loop system has guaranteed strong robustness and superior tracking performance.

The following corollary can be directly obtained based on Theorem 2.

Corollary 1. Consider the PID controlled nonlinear uncertain system (1),(3) and (13), where the
nonlinear unknown function f € F. Then, there exist positives constants 71,72, which are the same as
in Theorem 2, such that for any given Ly, Lo, kap, kaq > 0, any initial value (z1(0),z2(0)) € R? and any
setpoint y**,the closed-loop system has the following properties whenever w, > w}:

(1) lim @1 (f) = y**, lim @2(t) = 0.
(2) [€(t) + kaae(t) + kape(t)] < me™w" + 22, > 0.

To further elaborate on the nice performance of the ESO, we note that the integral term fI =
ki fg (x1(7)—7r(7))dr of PID controller (3) is usually regarded to have the ability to eliminate the constant
disturbance, while in the ADRC frame, the ESO (4) is known to have the ability to timely estimate the
dynamic disturbance. The following theorem compares the estimation property of the integral term of
PID controller (3) with that of the ESO (4) in the frequency domain.

Define ey, (t) = fi — f(x1,22,t). Denote Es(s), Ey,(s), F1(s) and F(s) as the Laplace transforms of
ef(t),efj(t),f](t) and f(t), respectively. It can be obtained from Theorem 1 that the unknown f on
the system trajectories is bounded, thus the Laplace transform of f exists. Denote F(s) as the Laplace
transform of the unknown f, and let Ge,(s), Ge;, (s) be the transfer functions from F(s) to E¢(s) and
Ey, (s), respectively.

Theorem 3. Consider the system (1), (4) and (5) and the system (1), (3), which are connected by the
formula (13). For any f € F, the integral term of PID controller (3) and the ESO (4) have the following
properties when w, > wj:

|Gef (iw)] . er(t) k
—4 = < 1. Moreover, lim - = a
[Gey, )] < 2 M T Faptwokag

) I, )
(2) Fi(s) = soapassig ()

The proof of Theorem 3 is given in Appendix A.

(1) For any w,

From Theorem 3(1), it can be seen that the steady estimation error of the ESO (4) is smaller than
that of the integral term for the total disturbances f at any frequency. Moreover, it can be seen that the
ratio of the steady estimation error is kgpfﬁ, which decreases with the increase of either w, or kgq.
The result (2) of Theorem 3 shows that phase-lag of the response of the ESO (4) is smaller than that of
the integral term, particularly for rapidly varying disturbances.

Remark 2. From the formula (6), (13) and Theorem 3, it can be concluded that the P-term and the
D-term of PID controller also contribute to the estimation and compensation for the disturbances, rather
than the single I-term. This seems to be a somewhat striking property that has not been revealed in the
investigation of the classical PID before.



Sheng Zhong, et al, et al. Sci China Inf Sci 6

25 T T T T 4
derivative of r
35 X,-ADRC
, I~ —=—=X,-PID
3
25
~ 15} command || ~
o ’ o 2
k<t x,-ADRC T
1 12
— === X,-PID
2 p 2 15
[ =
1
o5l 05
0
0 -0.5
0 2 4 6 8 10 0 2 4 6 8 10
Time Time

Figure 1 (a) The response curves of the state z1; (b) The response curves of the state xs.
4 Simulations

In this section, some simulations are presented to verify the main results of the paper.
In the simulations, the unknown nonlinear f can be one of following cases:

C1: f(t) = 2z, + 6sinxy + 1, C2: f(t) = 5cosxy + 2w — 2,
C3: f(t) = 3wy + 2m2 — w1 (1), C4 : f(t) = 6coszysinwy — wa(t),

where

wl(t =

{sin(t), if t < 4s, {cos(t), if t < 4s,
’wg(t

sin(4), else, cos(4), else.

The initial values of the state are z1(0) = 0,22(0) = 0, and the reference signal is y*(¢) = 2. Then, the
desired transient process r(t) is designed as follows:

i = —2¢c7 — c2(r —2),¢, = 5,7(0) = 0,7(0) = 0. (14)

According to Theorem 1, it can be calculated that w} = 6. In the simulations, the parameters in the
formula (13) are chosen as kqp = 4, keq = 4, w, = 10.

The simulation results in the C'1 case are shown in Figures 1 and 2.

Figure 1 is the response curves of the state (z1, 22) based on the ADRC (4) and (5) (the blue line), and
the PID controller (3) and (13) (the red dash line). It is shown that under the parameter formula (13),
the closed-loop system (1) and (3) and the closed-loop system (1),(4) and (5) have the same dynamic
responses.

Figure 2(a) are the estimations of the unknown f based respectively on the ESO (4), the I-term of PID
controller (3) and (13), and the combination of the three terms of P-I-D of PID controller (6). In Figure
2(a), the blue line represents f of the closed-loop system (1),(4) and (5), and the red dash line represents
f of the closed-loop system (1), (3) and (13). Figure 2(b) are the estimation errors of f based on the
ESO (4) (the blue line) and the I-term of PID controller (3) and (13) (the red dash line), respectively.

Figure 2(a) shows that compared to the I-term, the ESO (4) can track the unknown disturbance more
quickly. Moreover, it also verifies that the combination of the three terms of P-I-D (6) has the same
capability for estimating the unknown f as that of the ESO (4). From Figure 2(b), it can be seen that
the estimation error of the ESO (4) is smaller than that of the I-term, although both gradually tend to
Z€ro.

Figure 3 are the response curves of the state x; , based on the ADRC (4) and (5), and the PID controller
(3) and (13) under difference situations C'1 ~ C4, respectively. It can be seen that both the PID (3) and
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Figure 2 (a) The estimations of the disturbance f; (b) The estimation errors of the disturbance f.
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Figure 3 The response curves of the state 21 under C'1 ~ Figure 4 The curves of disturbances f and combination
C4. of the three terms of P-I-D, under C'1 ~ C4.

ADRC (4) and (5), which are connected by the formula (13), can deal with a vast range of uncertainties
in the sense that the closed-loop system has strong robustness and great tracking performance.

Figure 4 are the curves of the unknown f and the combination of the three terms of P-I-D (6) in the
cases C'1 ~ (4, respectively. It indicates that the combination of the three terms of P-I-D (6), which
is equal to the estimation given by the ESO (4), has the ability to timely estimate a large range of the
unknown dynamic function f. This is the reason why both the PID (3) and ADRC (4) - (5), tuned
according to the formula (13), have the capability to keep the tracking performance close to the ideal one
r(t).

To verify the results of Corollary 1, Figure 5 is the curves of é(t) + kqqé(t) + kape(t) based on the PID
controller (3), (13), when the parameter w, varies. It shows that the increase of the parameter w, will
lead to the decrease of |é(t) + kqqé(t) + kape(t)], i.e., the dynamic response of the tracking error e can be
tuned close to the ideal trajectory by only increasing w,.

5 Conclusion

In this paper, a new and simple parameter formula connecting PID and ADRC is discovered and is shown
to be able to improve the design of both controllers significantly. Firstly, a quantitative lower bound w}
to w,, the parameter of the ESO (4), is provided for guaranteeing the global asymptotic stabilizability of
the ADRC. This result shows that the design parameters of the ADRC are not necessary of high gain.
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Figure 5 (a) The curves of é(t) + kqqé(t) + kape(t) under C1; (b) The curves of é(t) + kqqé(t) + kape(t) under C2; (c)
The curves of é(t) + kqqé(t) + kape(t) under C3; (d) The curves of é(t) + kqqé(t) + kape(t) under C4.

It is further proved that the upper bound for the tracking performance of the closed-loop system can
be improved by increasing w, > w}. Then, a novel PID controller tuning rule, suggested by the design
of ADRC, is provided. Since the PID controller is equivalent to the ADRC by this tuning rule, the
robustness and excellent tracking performance of the closed-loop system can be guaranteed. Finally, it
is demonstrated that the steady estimation error of the ESO (4) is lesser and phase-lag of the response
of the ESO (4) is smaller than that of the single integral term of PID controller (3). We believe that the
tuning formula provided in this paper has wide applicability in practical control systems.
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Appendix A

Proof of Theorem 1
Substituting equation (5) into (4), by Laplace transform, we obtain
Wokap(Xl (S) - R(S))

F(s) = wokad(X1(s) — R(s)) + wos(X1(s) — R(s)) + S ; (A1)

where X1 (s), R(s) are the Laplace transforms of the state x1(t) and the transient process r(t), respectively. Take the inverse
Laplace transform for (A1), we have

t
[ =wokqq(x1 — 1) +wo(z2 —7) + wokap/ (z1 (1) — r(1))dT. (A2)
0
Hence, the control law (5) can be rewritten as
t
u = —kp(z1 —r)—kg(xa —7) — kl/ (z1 (1) — r(7))dT + 7, (A3)
0

where kp = kap + wokad, ki = kad + wo, ki = wokap.
Since tlim w(t) exists, which can be denoted by a constant c¢. Denote
— 00

t ok c
citt) = [ elrar+ MO

Based on the definition of F, it can be seen that g € F and g(0,0) = 0. Then the closed-loop system (1) and (A3) turns
into

, eq(t)=¢(t), gleeq) =—h(y"™ —e,—eq) + h(y™™,0).

€; = e,
é= €d, (A4)
tq = —kie; — kpe — kqeq + g(e, eq) + A1),
where A(t) = gle + y** —r,eq — 7) — g(e,eq) + ¢ — w(t). By the mean value theorem, it can be obtained that, for any
t € R, there is
. g Jdg .
e+ y** —r,eq—7)—gle,eq) = — ) — — 7, A5
gle+y a= %) —gle.eq) e (é,éd)(y ) Oeq l(e,eq) (48)
where e = e+ 0(y** —r),éq =eq — 07,0 € (0,1). Since f € F, it can be deduced that |A| < L1|y** — 7| + La|r| + c+ L3.
Moreover, (0,0,0) is an equilibrium of (A4), when ¢ approaches infinity.
Following the analysis in [4] and [5], we denote

g(e,0) 0 g(e,eq)—g(e,0) 0
b(e):{ e e #0, and a(e,ed)Z{ eq £, eq #0,

12} 1%}
972(070)7 e =0, Tegd(evo)v eq =0,

then g(e, eq) can be expressed as
gle,eq) =b(e)e + ale,eq)eq.
By the mean value theorem again and the definition of F, we have |b(e)| < L1, |a(e, eq)| < Lo for all e, eq.
Hence, the closed-loop system (A4) can be rewritten as

éi =€,
é= €d, (AG)
eq = —kie; — ¢(e)e — P(e,eq)eq + A(l),

where ¢(e) = kp —b(e), (e, eq) = kq—al(e, eq). By the fact that wo > Mk;?,wo > Lo —kqq, there exist ¢(e) > kp— L1 >0
and (e, eq) = kg — L2 > 0.
To construct a Lyapunov function, we consider the following matrix P:
p | i ° 2((kp — L1) (kg — L) + ki)
P==\|k k,—L k , — p — L1)\kag — 22 i
i Kp 1+ pkag p H Wy — L1) + L2
1) m 1

(A7)
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where § satisfies 0 < § < ——28%____ We will first show that the matrix P is positive definite.
(kp—L1)+pkq

Based on the definition of w} and the assumption w, > w}, it can be obtained that

(kp — L1)(kq — L2) — ki > La\/ki(kq — L2), (A8)
thus,
Ky — L1) (kg — Lo) — k; > 0,
(kp — L1)(ka — L2) — ki 0 (A9)
[(kp — L1)(ka — L2) — ki]” > Laki(ka — La2).
Since
—2(kp — L1) (kg — L2) + 2k; — L2(kq — L2)
—ky+ L= <0, A10
o= Rt Le A(kp — L) + L2 (A10)
and
A[[(kp — L1)(ka — L2) — ki]*> — Lki(kq — L2)]
A(—p + kg — Lo)(—ki kp — L1)) — p?L3 = P 2 >0, All
(=4 kq — La)(=ki + p(kp — L)) — p*L3 oy — 1) + 12 (A1)
we have
—ki + p(kp — L1) > 0. (A12)
Then, based on (A10)-(A12), the following three inequalities can be verified.
ki ki
ki > 0, = ki[p(kp — L1 + pkq) — ki) > 0, A13
phi> 0| B0 |2 Rl Lyt ko) — (A13)
and
wk; k; 4
ki kp— L1+ pka p| > ki(p(kp — L1) + p*kg — ki — p®) > 0. (A14)
é m 1
Thus, the matrix P is positive definite.
We are now in a position to consider the following Lyapunov function ( [4] [5]):
(=
Vieweed) = leise,calPleesea” + [ (Ly = b(s))sds (A15)
0
Since 0 < [ (L1 — b(s))sds < L1e?, from (A15), we have
[ei, e, eq) Plei,e,eq]” < V(ei,e,eq) < [ei, e, ealPoleis e, eq]”, (Al6)
where
) ki ki 1)
PO:i ki kp+ L1+ pkqg p
1 w 1
It can be deduced that
Amin (P) [les; €, ea]ll? < V < Amax (Po) l|[es e, eal | (A17)
where Apin(+) and Amax(-) are the minimum and maximum eigenvalues of the corresponding matrix, respectively.
The time derivative of V'(e;, e, e4) along the trajectories of (A6) is
Vies,e,eq) = —lei, e, eq)W (e, eq)lei, e, eq)T + [0, 1, 1[es, e, eq] T A, (A18)
where
(Sk)z 5¢2(€) 51/)(;»601)
‘/‘/(e7 ed) = 5¢2(e) _kz + M¢(€) _Ha(evgd)+5
61/)(;»601) _MG(S:;d)+5 —n+ w(a ed)
Denote

—ki + pgple) — Ma(;:ed)
_Ha(;yed) —M+¢(€,€d) .
From (A10)-(A12), it is easy to verify that Q(e, eq) is positive definite. Since ¢(e), (e, e4) are bounded, based on the same

analysis as in [5], there exists a constant §*, such that the matrix W (e, eq) is positive definite when 6 < §*. Thus § can be
defined by ¢ < min{kzﬂiki o*}.
P

Q(e7 ed) =

—Ly+upkg’
From (A18), we have

V< —Amin(W)||[e1, e,ed}H2 + col|[ess e, eq]|||A] < —a1V + czx/V|A\, (A19)
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— _ Amin(W) — g 3 3
where ¢op = max{d,u,1},c1 = ) 2 = \/ﬁ Because |A| is bounded, there exists a constant My, such that
Al < . Then, it can be obtained that
M, —cqt
VV < 0), €(0), €q(0)) + 2201 — 72 ) < My, (A20)
a1

where M is a constant. Since lim r(¢) = y**, lim 7(¢) =0 and lim w(t) = ¢, we know that lim A = 0. Thus, for any
t— o0 t— o0 t—o0 t— oo

e > 0, there exists T" > 0, such that for any ¢t > T, there is V<—c1V +e.
In conclusion, lim () = y**, lim z2(¢t) = 0. The proof of Theorem 1 is complete. |
t— o0 t— o0

Proof of Theorem 2
Since the dynamic equations of e and ey can be written as follows:

T (A21)
€4 = —kape — kgdeq +ef,
we get [E(t) + kqqé(t) + kape(t)| = |ey(t)|. Denote
Ttkap | kag 1
+ N
2k, 2kq 2kq,
Py = ‘) " Atkap
2Kap 2kaqkap
Consider the following Lyapunov function
e
Va(e eq) = [e ed] Py (A22)
€d
The time derivative of Va(e, e4) along the trajectories of (A21) is
1 1+kq
v 22 ﬁ < Va n max(m’ kadkal;)\/V2|ef| (A23)
b= —e—ej [eed] Woler<—
kliiikai ! )\max(PZ) \/ )\min(P2)
From (A23), it can be seen that
1+kg
max(ﬁ7 kadkapp )Amax (P2) sup |es|
VVa < )
vV >\Inin(P2)
ie.,
1+kq
ool < " g Bagiagman (P2) supley|
€, Eq S .
)‘mm(P2)
max(——, Ltkap )Amax (P2) sup |eg| .
Since when /Va > “Fap ' Fagkap 2 ! , we know that Vo < 0.
VAmin(P2)
From the equation (4), the estimation error ey satisfies the following equation
ép = —woes — f, (A24)
where of of of of . of . of . 0f
f= "k gy — ——)eqg — —— 4=
1= e et Gay Pt = 5% ™ 50V ae " T oy’ T o
Since f € F, we have
[fI < yilel +2leal + Laleg| + 7, (A25)
where 1 = Lgkap,’yg = |L2kad — L1|,’yg = Lir + Lo# + L3.
Consider the following Lyapunov function:
1
Vi(ey) = 56?, (A26)
the time derivative of V1 (es) along the trajectories of (A24) is
Vlz—woef—eff woef+|ef||f| (wo—Lg)efc—l—\ef\(’yl\e|+’yz|ed\+’y3). (A27)
Denote Lk
max(%, kadk:a ))\max(PZ) .
V4= vowor=La+yaln +2) + 1.
mln(PZ)
Next, it will be proved that when wo > w¥;, supley| < maz{es(0),v3}. From (A27), it can be seen that
Vi < —(ya(n +72) + DeF + legl(va(v1 + v2) supleg| + 73). (A28)

When |es| > maz{es(0),7s}, there is V4 < 0, thus, |ef| < maz{es(0),v3}. Moreover, there exists a constant -5, which
does not depend on w,, such that, |f| < s
If W} g. wo < then by Theorem 1 and the equation (A19), we know that there exists a constant 7g, such that
Y6 = sup|f].
Wo

*
Wo1s
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Denote Mf- = maz{vs,v6}. Based on the above analysis, it can be deduced that

V2M ;
VVi et Vaer () + — (1 —emet), (A29)
o
thus
—wot Mf —wet —wet 72
leyl < e “o%ep(0)] + —=(1 —e™™°F) <me™ o8 + —, (A30)
Wo Wo

where 71 = |ef(0)], 72 = M ¢, which are irrelevant to wo. Thus, (12) is obtained and the proof of Theorem 2 is complete. B

Proof of Theorem 3

Based on the proofs of Theorems 1 and 2, when w, > w}, both f and f are bounded. Since the PID controller defined
by (3) and (13) is equivalent to the ADRC (4) and (5), the total disturbance f of the closed-loop system defined by (1), (3)
and (13) is the same as that of the closed-loop system (1), (4) and (5). Based on the equation (A21), we have

é+ kqaé + kape = ef. (A31)
Take the Laplace transform for the equation (A31), we get

E(s) = !

e E(s), A32
2 + kqas + kap 7(9) (A32)

where E(s) is the Laplace transform of e(t) and Ey(s) is the Laplace transform of ey (t). Based on the equation (A24), we
know that

€f = —kie+ é5 +woey. (A33)
Take the Laplace transform for the equation (A33), it can be obtained from (A32) that
2+ kgs+k
Ey, (s) = P Ey(s), (A34)

§2 + kaas + kap
where Ey, (s) is the Laplace transform of ey, (t). Take the Laplace transform for the equation (A24), it follows that

s
Ep(s) = Gey (s)F(s), Gey (s) = - oo (A35)
where F(s) is the Laplace transform of f. Thus,
3+ kygs? + kps
E =G F(s),G = P . A36
11(6) = Gegy (IF() Gy () = (52 b + ) (0
From the equation (A35) and (A36), we obtain
V(2
(Ge, Gl Wap =) kg (A37)
|Gy, (iw)]? (kp — w?)? + k3w?
. . ef(t) 1 sEf(s) ..
Since tl;ngo e ® = 31% 5By, () it is easy to see that
lim er® = Kap .
t—oo ep, () kap + wokqd
Therefore, Theorem 3 (1) is obtained.
Based on the equations (1) and (5), it can be obtained that
fr=—kafr = kpfr = kifr + ki f (A38)
Take the Laplace transform for the equation (A38), we have
. k
Fi(s) = e F(s), (439)

(8 +wo)(5% + kqas + Kap)

where F(s) is the Laplace transform of f;(t) and F(s) is the Laplace transform of f.
Based on the equation (4), the dynamical equation of f can be written as follows

f=—wolf = 1) (A40)
Take the Laplace transform for the equation (A40), we have
- Wo

F(s) = F(s), (A41)

S+ wo

where F'(s) is the Laplace transform of f(t). Thus,

R Eap R
Fr(s) = ——22 _F(s),
1) = g e P )

which is Theorem 3 (2). Hence, the proof of Theorem 3 is complete. ]
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