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Optimization of 4D flow MRI velocity field in the aorta
with divergence-free smoothing
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Abstract
Divergence-free smoothing with wall treatment (DFSwt) method is proposed for processing with four-dimensional (4D) flow
magnetic resonance imaging (MRI) data of blood flows to enhance the quality of flow field with physical constraints. The new
method satisfies the no-slip wall boundary condition and applies wall function of velocity profile for better estimating the velocity
gradient in the near-wall region, and consequently improved wall shear stress (WSS) calculation against the issue of coarse
resolution of 4D flow MRI. In the first testing case, blood flow field obtained from 4D flow MRI is well smoothed by DFSwt
method. A great consistency is observed between the post-processed 4D flow MRI data and the computational fluid dynamics
(CFD) data in the interested velocity field. WSS has an apparent improvement due to the proposed near-wall treatment with
special wall function comparing to the result from original 4D flow MRI data or the DFS-processed data with no wall function.
The other five cases also show the same performance that smoothed velocity field and improvedWSS estimation are achieved on
4D flowMRI data optimized by DFSwt. The improvements will benefit the study of hemodynamics regarding the determination
of location or the potential possibility of lesions.
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1 Introduction

In recent years, four-dimensional (4D) flow magnetic reso-
nance imaging (MRI) has become popular in vivo research
and clinical medicine as a new potential diagnostic tool [1],
referring to time-resolved three-dimensional (3D) phase-
contrast (PC) MRI with 3D flow encoding [2]. In addition to
providing morphological information, it also permits the

acquisition of functional information and further obtains the
hemodynamic index [3, 4] within a vascular region of interest.

Increasingly, 4D flow MRI is applied to investigate the
mechanism of aortic blood flow and to explore the pathogen-
esis of aortic diseases [5, 6], such as aortic aneurysm and
aortic dissection [7]. The formation of these diseases may be
related to the blood flow pattern inside the aorta, and the
occurrence of pathology will further change the pattern of
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blood flow, thereby aggravating the lesion or triggering new
ones [8, 9]. In the past few years, wall shear stress (WSS)
calculated from the velocity field of 4D flowMRI has become
a new potential diagnostic indicator for diseases [10–13].
However, the velocity field measured from 4D flow MRI
contains experimental errors or noises, which will significant-
ly affect the visualization of flow field and computing accu-
racy of hemodynamic parameters.

4D flow MRI data can be well processed by mathematical
methods [14, 15]. However, the post-processed results nor-
mally do not satisfy the physical constraints (or governing
laws), such as Naiver-Stokes equations (NS equations). The
simplest physical constraint for hemodynamics is the mass
conservation, namely divergence-free condition, which can
be used to improve the 4D flow MRI data. For instance,
Song et al. [16] projected the MRI velocity field into a
divergence-free space by finite difference method to achieve
the goal of improving signal-to-noise (S/N). Busch et al. [17]
and Ong et al. [18] implemented fast and efficient divergence-
free correction of MRI velocity field by divergence-free radial
basis functions and diverging-free wavelets, respectively. The
divergence-free smoothing (DFS) method [19] can minimize
the deviation between the revised flow field and the measured
flow field, and further smooth flow field simultaneously,
which was proposed for optimizing the volumetric particle
image velocimetry (PIV) data in experimental fluid mechan-
ics.Manymethods have been used for post-processing of flow
field, but they did not pay much attention to the property of
divergence in flow field. When DFS was proposed in refer-
ence [19], the authors well demonstrated the divergence-free
performance among various post-processing methods. Based
on their investigation, it can be easily expected that DFS
would be the best approach for data processing on 4D flow
MRI if divergence-free behavior is considered. Due to the
similarity of data structures of volumetric PIV data and 4D
flow MRI data, velocity field of 4D flow MRI can be well
processed by the DFS method as well. However, the original
DFS method in the article was applied for external velocity
field, and it did not provide a near-wall treatment to satisfy no-
slip boundary condition (zero velocity) at the wall in an inter-
nal flow. Thus, available divergence-free post-processing
techniques typically do not meet boundary conditions.

As a very important hemodynamic indicator, WSS can be
estimated using the spatial derivative of near-wall tangential
velocity calculated by numerical differentiation [20] and a
linear least squares method [10]. The accuracy of WSS will
be influenced by many facts, such as low resolution or poor
signal-to-noise ratio measurement of velocity gradient.
Therefore, relying on the vascular model and velocity distri-
bution, Potters et al. [21] acquired the velocity distribution
near the vessel wall using a cubic spline curve of natural
adjacent point interpolation, while Riminarsih et al. [22] fitted
the near-wall velocity profile to the paraboloid utilizing

velocity within the 80 to 95% radius of the aorta. Both of these
methods built relatively accurate velocity profiles to compute
theWSS. However, general fitting methods are normally from
mathematical tools with less physical meaning associatedwith
fluid viscosity near the wall.

In the current work, a DFS with wall treatment (DFSwt)
method is introduced for processing 4D flow MRI data of
blood flows in aortas to improve the quality of flow field with
physical constraints. The method we developed satisfies the
no-slip boundary condition for the wall-bounded flow and
minimizes the deviation between the revised flow field and
the measured flow field. Meanwhile, considering the profiles
of blood velocity in the log-linear region, velocity profile was
fitted by binomial using Musker wall function [23] for better
calculating the WSS. Then, velocity field and WSS coming
from 4D flow MRI of the first testing case are discussed in
comparison with that computed from CFD to clarify the fea-
sibility of DFSwt method. At last, the other five cases are used
to validate the applicability and the robustness of DFSwt meth-
od for processing 4D flow MRI data.

2 Methods

2.1 Patients and MRI data acquisition

Six patients with ascending aortic aneurysm complicated with
aortic regurgitation were selected for this study. MRI was
performed on the patient using a 3.0 Tesla MR scanner
(Discovery MR750, GE Healthcare, Waukesha, WI, USA),
and 4D flow MRI sequences were used to obtain the blood
flow data on three mutually perpendicular dimensions simul-
taneously. The scan parameters have been described in detail
in our previous studies [24].

2.2 Morphologic reconstruction

4D flow MRI velocity field consists of a total number of 80
magnitude images and 80×3 velocity images, with which the
3D velocity field and aorta are reconstructed. Two neighbor-
hood methods, named neighborhood variance method [25]
and neighborhood sign determination method, are respective-
ly used to determine crude outline of the aorta. To be specific,
the raw image signal of velocity in the inner region of the aorta
is relatively consistent, while the signal in other regions shows
extremely high level of noise that cannot be considered veloc-
ity. The signal intensity gradient between the neighboring
points in those regions is much larger than that in the aortic
area, normally more than 10 times. Therefore, the larger noise
area in 4D flow MRI data can be suppressed by the neighbor-
hood variance method, and then distinguish the aortic area.
However, neighborhood variance method cannot perfectly
mark the aortic region. Therefore, we proposed neighborhood
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sign determination method at each pixel to calculate the num-
ber of same velocity sign in its neighborhood. The neighbor-
hood sign determination method has a higher response to the
area where the velocity direction is more consistent.
According to this feature, it can distinguish the aortic region
from other areas. The combination of neighborhood variance
method and neighborhood sign determination method can ef-
fectively amplify the region feature of interest and reveal the
outline of the aorta. Specifically, the procedures for determin-
ing the aortic area are as follows:

Step 1: The variance of each velocity component is com-
puted by neighborhood variance method firstly.

Step 2: The maximum variance is subtracted from the ve-
locity variance data. And then, new velocity variance data is
obtained by taking the absolute value of the variance for each
velocity component.

Step 3: Subsequently, the amount of the same velocity sign
of each velocity component is computed by neighborhood
sign determination method.

Step 4: A dot product between the variance and the number
of the same local velocity sign is applied to each velocity
component.

Step 5: At last, the crude outline of the aorta can be deter-
mined by the summation of the dot products of all velocity
components.

The formulas of neighborhood variancemethod (Eq. 1) and
neighborhood sign determination method (Eq. 2) are given as
follows:

IS i; jð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

mn
∑

x;yð Þ⊂S
f S x; yð Þ− f S

� �2
s

ð1Þ

and

PNS i; jð Þ ¼ lengthS Pð Þ−lengthS Nð Þj j2 ð2Þ

where S is the region of the neighborhood, m and n are
dimensions of S, (x, y) is the local coordinates of S, fS(x, y)
is the intensity of point (x, y), f S is the average intensity in S,
IS(i, j) is the variance in S centered at point (i, j), (i, j) is the
global coordinates of the raw image, lengthS(P) is the number
of pixels with positive intensity in S, and lengthS(N) is the
number of pixels with negative intensity in S.

All residual noise is eliminated using the median filter
method [26] to the images processed by two neighborhood
methods. Then, automatic threshold segmentation of images
is proceeded using Otsu’s method to produce final images
which can be used to extract the aorta model [27]. To be
specific, a segmentation threshold is obtained from gray-
level histograms using the Otsu method for the filtered image.
Then, it can be used to mark the target area. More details have
been given in reference [27]. A 3D model with the form of
points cloud is preliminarily generated by merging all of the

denoised images with the pattern of original slices of 4D flow
MRI. Finally, a 3D aortic morphological model is obtained by
using the Poisson surface reconstruction that transforms the
points cloud into surface [28]. The 4D flowMRI data process-
ing strategy and the model of the first testing case is shown in
Fig. 1.

2.3 New model of near-wall velocity for WSS
calculation

Under the hypothesis that blood vessel is inelastic, the velocity
of 4D flowMRI at the vessel wall is zero according to the no-
slip boundary condition. However, the original DFS method
does not provide a near-wall treatment satisfying boundary
conditions [19], and the greatest difficulty in applying DFS
to 4D flow MRI is how to deal with no-slip wall condition.
This section will detail the process of establishing DFSwt
equations through a blood vessel model.

Figure 2 shows the 2D diagram of the velocity grid and
vessel wall (solid black curve). The velocity of 4D flow MRI
locates at the inner grid. Take two points A and B in the figure
as an example to establish the difference equation in the near-
wall region. They are nearest points along normal directions of
the wall with spacing to the wall as dx(dx > 0) and dy(dy > 0),
respectively. Both of them are smaller than the grid spacing h,
which means the location of the wall has a sub-grid precision.
Taylor expansion of velocities at point A is

u0 ¼ u1−
∂u
∂x

� �
0

dxþ 1

2

∂2u
∂x2

� �
0

dx2 þ Ο dx3
� � ð3Þ

u2 ¼ u1 þ ∂u
∂x

� �
0

hþ 1

2

∂2u
∂x2

� �
0

h2 þ Ο h3
� � ð4Þ

Let θ = dx/h, the derivatives in Eqs. (3) and (4) become

∂u
∂x

� �
0

¼ 1

h
−

1

θ2 þ θ
u0 þ 1−θ

θ
u1 þ θ

1þ θ
u2

� �
ð5Þ

∂2u
∂x2

� �
0

¼ 2

h2
1

θ2 þ θ
u0−

1

θ
u1 þ 1

1þ θ
u2

� �
ð6Þ

Similar expansions of velocities at point B could be
achieved. For the grid points in the near-wall region, the dif-
ference equations need to be re-established according to Eqs.
(5) and (6), while the central difference scheme is applied at
the inner points far from the wall boundary.

In the DFSwt method, the divergence of the smoothed ve-
locity field needs to be zero. At the same time, the difference
from the initial velocity field should be as small as possible.
Consequently, the objective function of the optimization pro-
cess is [19, 29]:
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J Uð Þ ¼ U−Umð ÞT U−Umð Þ þ sR Uð Þ; subject to∇⋅U ¼ 0 ð7Þ
whereU is the column vector [u, v, w]T consisting of three

velocity components and represents the optimization velocity,
Um is the column vector [um, vm, wm]

T consisting of three
velocity components and represents the original measurement
velocity, (U − Um)

T(U − Um) represents residual sum-of-
square (RSS) between the optimization velocity and the orig-
inal measurement velocity, R(U) reflects the smoothness of
the velocity field, and smoothing parameter s is a positive
value. The larger s is chosen, the smoother velocity field will
be. In this work, the second derivative of velocity is used to
characterize the smoothness of the flow field, namely:

R Uð Þ ¼ DUk k2 ¼ UTDTDU ð8Þ

where D ¼ ∂2
∂x2 þ ∂2

∂y2 þ ∂2
∂z2 is discrete second-order deriva-

tive operator, and ∇ ⋅ U is the divergence of velocity, which
can be reformatted with discrete divergence operator AU.
Note that the operators A and D in the near-wall region need
to be discrete in terms of Eqs. (5) and (6), while the central
difference scheme will be used in the inner area.

According to the Lagrange multiplier method, the original
objective function J(U) can be transformed into a new format
L(U):

Fig. 1 The 4D flow MRI data processing stages from the raw medical
image to the morphological model of the aorta. The aortic region can be
seen clearly after denoising. Then, the aortic area can be detached by
segmentation and the point cloud of the aorta can be extracted
subsequently. Based on the Poisson surface reconstruction,

morphological model of the aorta is obtained. MRI: magnetic resonance
imaging; AAo: ascending aorta; BCA: brachiocephalic artery; LCCA:
left common carotid artery; LSA: left subclavian artery; DAo:
descending aorta

Fig. 2 2D schematic of velocity grid and vessel wall (solid black curve)
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L U;λð Þ ¼ U−Umð ÞT U−Umð Þ þ sR Uð Þ þ 2λT∇⋅U ð9Þ

where λ is the Lagrangian multiplier. The first derivative of
U and the first derivative of λ are set to be zero. Therefore, the
following linear equations can be obtained by minimizing the
objective function,

Iþ sDTD
� �

Uþ ATλ ¼ Um

AU ¼ 0

	
ð10Þ

where I is a unit matrix, and further arrangement to the
linear equations show as

Iþ sDTD AT

A 0


 �
U
λ


 �
¼ Um

0


 �
ð11Þ

When the smoothing parameter s is given, the optimized
velocity field U can be obtained by solving the linear equa-
tions using the minimum residual method which is a least
squares minimization procedure for residuals. Equation (11)
can be solved by the iterative method, in which the coefficient
matrix is sparse. The optimized velocity fieldU can be obtain-
ed when the residuals are less than 1e−3.

Since the noise level of the flow field in 4D flow MRI
cannot be estimated in advance, the smoothing parameter s
in Eq. (11) needs to be automatically determined based on
the flow field data. The choice of s is optimized byminimizing
the generalized cross-validation (GCV) function following the
method by Garcia (2010) [29]. The GCV function is defined
as follows:

GCV sð Þ ¼ U−Umð ÞT U−Umð Þ=3n
1−Tr Iþ sDTD

� �−1h i
=3n

o2
	 ð12Þ

where n is the number of unknowns, Tr represents the trace
of the matrix. According to the character of the matrix, Tr[(I
+ sDTD)−1] can be simplified to the following form:

Tr Iþ sDTD
� �−1h i

¼ ∑3n
i¼1

1

1þ sλi
ð13Þ

where λi is the eigenvalue of the sparse matrixDTD. Due to
a large amount of data in a single velocity field of 4D flow MRI,
the efficiency of direct equation solving will be very low. In the
current work, an approximate solution method is adopted. Since
the eigenvalues of DTD obey the exponential decay law approxi-
mately, the eigenvalues are fitted by exponential functions for a
quick solution. Firstly, the first 200 maximum eigenvalues are
solved accurately. Secondly, the eigenvalue distribution is fitted
by the exponential function. Finally, each eigenvalue is calculated
approximately according to the fitting result. After finding the s
which makes the GCV(s) smallest, the velocity field that satisfies
both the divergence-free constraint and the smoothness can be
acquired by bringing s back to the formula (11).

2.4 WSS estimation

The vessel geometry model is discretized into triangular
meshes on the surface. The WSS can be evaluated from the
velocity field at each mesh gird. Before calculating WSS, we
construct a local coordinate system at each mesh grid, as
shown in Fig. 3. In the figure, X′ is the direction of flow
velocity; Y′ is the normal direction of the wall, and the origin
is located at the mesh grid. The procedure for building the
local coordinate system is as follows:

1) The spline interpolation is applied to the velocity field
along the normal direction. In this study, the interpolation
spacing between two adjacent points is equal to the ve-
locity field grid spacing. The first interpolation point is
located on the wall and its velocity is set to zero.

2) The Z′ direction of the local coordinate system is comput-
ed, which should be perpendicular to the wall-normal
direction and velocity vector.

3) The flow direction X′ is obtained by cross-multiplying the
Y′ direction and the Z′ direction.

4) The interpolated velocity is projected to the flow direction
X′ to get the velocity distribution of U′ in the local coor-
dinate system. Note that the velocity on the wall is zero.

5) At last, the profile of velocityU′ is fitted using theMusker
model [23], as shown in Eq. (14):

U
0 ¼ uτ ∫

Yþ

0

Yþð Þ2
k

þ 1

s

Yþð Þ3 þ Yþð Þ2
k

þ 1

s

dYþ; Yþ ¼ ρuτY
0
=μ ð14Þ

Fig. 3 The local coordinate system
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This formula is based on eddy viscosity model, in which
the parameters, uτ, ρ, and μ are the wall friction velocity, the
blood density, and the dynamic viscosity coefficient of the
blood, respectively. The constants k and s are 0.41 and
0.001093, respectively. The only unknown parameter in Eq.
(14) is the wall friction velocity uτ, and its optimal value is
obtained by curve fitting of local velocity profile. Then, uτ is
brought into formula (15) to calculate WSS, and the direction
of WSS is consistent with the direction of X′.

τ ¼ ρuτ 2 ð15Þ

2.5 CFD method

After the test of mesh-independency (Online Resource 1), 1.6
million cells mesh is chosen for the following calculation.
According to the 4D flow MRI flow field data at 30 moments
in one cardiac cycle, the velocity distribution optimized by
DFSwt method at the entrance of the aorta is extracted at the
systolic peak (the fifth timestep of the cardiac cycle).
Subsequently, this velocity profile is imposed on the entrance
of the computational model and interpolated to the mesh
points as the actual inlet velocity boundary condition. An ex-
tension with ten times length of the vessel diameter is added at
the aorta outlet boundary to minimize numerical problems of
convergence and reverse flow, which is typically caused from
flow separation and the loss of pressure of distal end.
Meanwhile, the resistance model is introduced to simulate
the aortic circulation [30, 31]. It is noticed that the aortic wall
is inelastic and blood flow cannot pass. The blood is assumed
to be Newtonian fluid, in which the density is ρ = 1060kg/m3,
and the viscosity is μ = 0.0035Pa · s. The blood flow is
numerically simulated by solving the continuity and the NS
equations in ANSYS Fluent (ANSYS Inc. Canonsburg, PA,
USA). The “SIMPLE” method is utilized as the coupling of
pressure and velocity method, and the second-order implicit
method is used to discretize the transient formulation. The k-
epsilon RNG model is applied as a turbulent model [32].

3 Results

3.1 Post-processing of 4D flow MRI with DFSwt

In Fig. 4a, original 4D flow MRI velocity field demonstrates
the pattern of blood flow in the core region of the aorta.
However, the local suspected velocity vector can be seen on
the lateral sections. Figure 4b shows the 4D flowMRI velocity
field smoothed by DFS method, in which the noise is reduced
significantly. Unfortunately, the near-wall velocity is still un-
treated, and the lack of velocity vector in the core region of
descending aorta (DAo) is also notable. As can be seen from
Fig. 4c, 4D flow MRI velocity field smoothed by the DFSwt
method can not only correctly reserve the initial velocity in the
mainstream region, but also improve the velocity field near the
wall with better-resolved velocity gradient. Table 1 gives the
statistical results of mean value and standard deviation of the
divergence under three different circumstances. The DFSwt
method manifests the minimum divergence that can be
reached among three ways. The difference can also be seen
from the distribution of divergence in three vertical sections
from Fig. 5 that DFS cannot remarkably reduce the divergence
error, especially on the near-wall area.

3.2 Comparison of velocity with CFD simulation

Figure 6 shows the streamlines of blood flow, velocity vector
distribution, and velocity contour maps in three specific lateral
sections at peak systole from optimized 4D flowMRI velocity
field and CFD computing result. On the medial side of the
ascending aorta (AAo), both 4D flow MRI and CFD show
back flow and swirling flow. A high-speed flow region is
formed at the greater curvature side of AAo, where blood flow
reaches the maximum. There is spiral flow in CFD and subtle
flow separation in 4D flowMRI in the anterior segment of the
descending aorta (close to Plane 3). At the distal of DAo,
velocity magnitude in 4D flow MRI is slightly less than that
in CFD. Plane 1 and Plane 3 display a high consistency and
similarity in velocity magnitude and distribution of 4D flow
MRI and CFD. For plane 2, the velocity distribution in 4D

Fig. 4 The comparison of local
velocity profile on three
circumstances. Original 4D flow
MRI (a), 4D flowMRI optimized
by DFS method (b), and 4D flow
MRI optimized by DFSwt method
(c). DFS: divergence-free
smoothing; DFSwt: divergence-
free smoothing with wall
treatment
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flow MRI is bilaterally symmetric, which is quite different
from CFD, and velocity magnitude at LCCA is much smaller
in 4D flow MRI than that in CFD.

Table 2 shows the Pearson correlation coefficient and the
average differences of velocity in three specific planes extract-
ed from both 4D flow MRI and CFD. The correlation profile
between three different velocity components is shown in Fig.
7. Except for Plane 2, the correlations of velocity components
are sufficiently high in the other two planes. The Bland-
Altman analysis [33] of CFD and DFSwt results at 150 random
sampling points in the region of AAo is given as well (Online
Resource 2).

3.3 Comparison of WSS with CFD simulation

Five wall functions (polynomial model, logarithm model,
power model, exponent model, and Musker model) were used
to fit the near-wall velocity profile. Musker model showed the
best performance in the value and the distribution of WSS
(Online Resource 3). WSS obtained from the original 4D flow
MRI is discontinuous (see Fig. 8a). Figure 8b shows the WSS
computed by smoothed velocity field using DFS method. The
distribution of WSS gets smooth, but the magnitude of WSS
becomes small, since the smoothness normally reduces the
velocity gradient. The maximum WSS decreases from
9.8195 to 4.2326. On the basis of velocity field optimized
by DFSwt method, WSS has a significant improvement when
wall function is applied to ameliorate the velocity profile in the
near-wall region, as shown in Fig. 8c. The maximum magni-
tude of WSS reaches 18 Pa.

The WSS calculated by CFD is shown in Fig. 8d.
Generally, for WSS distribution, there is a good consistency
between 4D flowMRI improved by wall function and CFD in
most regions. WSS calculated from both of them reaches the
maximum at the lateral side of AAo, but the magnitude of
average WSS coming from CFD is around two times larger
of that coming from 4D flow MRI. There are evident differ-
ences in supra-aortic vessels (brachiocephalic artery, left com-
mon carotid artery, and left subclavian artery) and boundaries
where WSS derived from CFD is much higher than that from
4D flow MRI.

3.4 Multi-case visualization of velocity field and WSS

Figure 9a, b gives the comparison of the original 4D flowMRI
velocity field and velocity field optimized byDFSwt method at
peak systole from five cases. From the distribution of velocity
vectors, it can be found that the velocity field is remarkably
smoothed. The WSS at peak systole calculated from the orig-
inal 4D flowMRI velocity field with no wall function and the
velocity field smoothed by DFSwt method with wall function
can be seen in Fig. 10a, b. After the application of wall func-
tion, the WSS gets more continuous with a significant change
on value. Except for the velocity and WSS computed at the
systolic peak, a total of 13 moments, 8 in systolic phase and 5
in diastolic phase, in one cardiac cycle are adopted to investi-
gate the performance of optimized 4D flowMRI velocity field
and WSS for each case in the dilated region of the aorta (i.e.,
AAo). In Table 3, the value of divergence gets counted. It is
found that the overall average of divergence and the average
of standard deviation computed from the smoothed ve-
locity field by DFSwt method has obvious reductions.
Dynamics of WSS magnitude over the cardiac cycle is
depicted in Fig. 11 for the region of AAo. Optimized
WSS shows the same trend in value of five cases. The
optimized WSS is much higher than that computed from
the original 4D flow MRI in the major time of systole.
However, during the diastole and the beginning of sys-
tole, WSS calculated from the smoothed velocity field
by DFSwt method with wall function shows the opposite

Fig. 5 The comparison of
divergence distribution on three
circumstances. Original 4D flow
MRI (a), 4D flowMRI optimized
by DFS method (b), and 4D flow
MRI optimized by DFSwt method
(c)

Table 1 Divergence of three various flow field

Original data DFS DFSwt

Average (1/s) 0.1164 0.0623 0.0074

Standard deviation (1/s) 0.2163 0.1813 0.0087

DFS, divergence-free smoothing;DFSwt, divergence-free smoothingwith
wall treatment
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distribution. At peak systole, case 2 reaches the maxi-
mum WSS with a value of 16.5804. The overall average
WSS of five subjects at AAo is 2.7590 ± 0.9961 Pa.

4 Discussion

For the first testing case, the original 4D flow MRI velocity
field contains plenty of noises, dead pixels, and experimental
errors. At the same time, the velocity at the wall can be ob-
served, which was mainly caused by the low spatial resolution
and partly by the dynamic motion of the aorta. Hence, an
optimization for 4D flow MRI velocity field is necessary.
4D flow MRI velocity field smoothed by DFS method shows
good smoothness on velocity field and reduction on diver-
gence. Nevertheless, velocity near the wall is still uncorrected
because it does not satisfy the wall boundary condition.
Meanwhile, the velocity magnitude in the core region of
DAo decreases in comparison with the original 4D flow
MRI velocity field. To a great extent, the reason is that DFS
method does not provide a near-wall treatment. 4D flow MRI
velocity field smoothed by the DFSwt method has a high

Fig. 6 Streamlines in the aorta
during peak systole. 4D flowMRI
processed by DFSwt method (a),
CFD method (b), and velocity
vectors and contours in three
planes for 4D flowMRI and CFD
(c). CFD: computational fluid
dynamics

Table 2 Velocity correlation coefficient and average differences in
three planes between 4D flow MRI and CFD

Velocity u Velocity v Velocity w

Plane 1 0.8649 0.6469 0.9327

Difference (m/s) 0.0192 0.0756 0.0278

Plane 2 0.5516 0.5690 0.4281

Difference (m/s) 0.1224 0.2461 0.2935

Plane 3 0.7432 0.4317 0.8389

Difference (m/s) 0.0957 0.0040 0.2185

MRI, magnetic resonance imaging; CFD, computational fluid dynamics
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coincidence with the original velocity in the mainstream re-
gion, and it also satisfies the no-slip wall condition. The grad-
ually reduced divergence value further illustrates the superi-
ority of DFSwt method to the 4D flowMRI velocity field. The
advantages of DFSwt method can also be found from the ve-
locity profiles and divergence values of the other five cases.

In the present study, there is a high-speed flow region with
maximum velocity at the lateral side of AAo and helical flow
at the inner curvature for both data of 4D flow MRI and CFD
during systole. The reason is that the formation of the low-
pressure zone and the emergence of flow separation at the
AAo near the inner side, which is mainly because the patient
suffered from aortic valve stenosis and/or regurgitation. The
high-speed flow region extends from the great curvature of the
AAo to the aortic arch, and the velocity gradually decreases
due to the shunt of the supra-aortic trunks. The great similarity
in velocity distribution derived from 4D flow MRI and CFD
indicates that 4D flowMRI velocity field optimized by DFSwt
method presents the intrinsic flow in AAo. Because the

compliance of the aorta in vivo leads to the dilation of the
vessel wall during the systolic period, the magnitude and the
distribution of velocity have a conspicuous discrepancy in the
aortic arch between 4D flow MRI and CFD. Therefore, the
flow pattern in the aortic arch region is caused partly by com-
pliance and partly by the tortuous morphological structure in
4D flow MRI [34]. Instead, the flow pattern from CFD in the
aortic arch is decided by the geometry when a fixed inlet
velocity profile is given [32]. Unsurprisingly, velocity magni-
tude was quite low, and there was local inverse flow in supra-
aortic arteries from 4D flow MRI in the first testing case be-
cause of the low resolution [35]. In other words, the velocity
field may be underestimated to some extent in 4D flowMRI in
supra-aortic vessels compared with CFD results [32]. The
flow pattern is comparatively monotonous in DAo, and the
velocity is approximately similar in both 4D flow MRI and
CFD overall.

WSS calculated from the original MRI velocity field in the
first testing case is discontinuous and patchy because of the

Fig. 7 The correlation distribution of velocity in three planes between 4D flow MRI and CFD. All p values of the results are less than 1e−6
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existing of outliers. The velocity is manually set to be zero at
the wall boundary during the calculation of WSS. The results
of WSS are ameliorated and get smooth when DFSwt method
is used to optimize the velocity field. This is because noise is
substantially reduced, and velocity field satisfies the
divergence-free condition at the same time. However, the val-
ue of WSS had a slight decrease because of the establishment
of new difference equations in the near-wall region to satisfy
the no-slip wall condition. It is well known that velocity ex-
tracted by 4D flow MRI suffers from the coarse spatial reso-
lution of imaging, and it would cause errors or underestimate
the WSS [36, 37]. Therefore, an implicit wall function based
on the eddy viscosity model is used to characterize the veloc-
ity profile in the near-wall region on the basis of DFSwt meth-
od optimized velocity field, and thenWSS is calculated. It can
be found that WSS increases since the near-wall velocity gra-
dient is better resolved. But WSS almost does not have a
change at supra-aortic trunks and exit of DAo. For WSS of
the other five cases computed from the DFSwt-processed ve-
locity field, it shows the similar results that WSS gets contin-
uous and the value of it reaches relatively high compared to
the WSS calculated from the original velocity field. The over-
all changes are because the 4D flow MRI velocity field is
smoothed by DFSwt method and the resolving of the near-
wall velocity gradient has been improved with the introduc-
tion of wall function.

At peak systole, the distribution of WSS shows high sim-
ilarity in the most area. WSS reaches the maximum at the
convex side of AAo in both 4D flow MRI and CFD because
maximum velocity gradient presents. The maximum WSS in
CFD is proximately two times higher than that in 4D flow
MRI. In general, WSS computed from the 4D flow MRI data
is prone to be underestimated, and many studies have shown
similar problems [36, 38, 39]. The reason is very complicated,
and that cannot be completely fixed at this moment. In the
current work, WSS calculated from DFSwt method with
Musker wall function does not bear comparison with CFD
result entirely, but both the value and the distribution of
WSS have a significant improvement compared to the other
works [40–43]. This improvement also proved the advantages
of the proposed method, whereas the problems are still not
completed solved. The WSS is much smaller at supra-aortic
arteries and boundary area in 4D flow MRI compared to that
in CFD. The reason may be as aforementioned that velocity
field is still limited by the insufficient resolution of 4D flow
MRI. Thus, the near-wall velocity gradient cannot be
completely characterized. In contrast, CFD presented a

�Fig. 8 WSS comparison in the anterior and posterior side of the aorta in
the oblique sagittal images. Original 4D flow MRI without wall function
(a), 4D flow MRI optimized by DFS method without wall function (b),
4D flow MRI optimized by DFSwt method with wall function (c), and
CFD method (d). WSS: wall shear stress
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relatively highWSS. But CFD calculation is highly relying on
the proper boundary condition. After all, a wall with biologi-
cal compliance is known to reduce WSS [30, 44, 45].
Therefore, WSS may be overestimated in CFD in this case.
Low WSS area at the proximal of descending aorta can be
found in 4D flow MRI because of the flow separation caused
by compliance. A similar pattern is also discovered in CFD
due to the presence of swirling flow resulted from inflexible
and slightly twisted morphology of the aorta.

In one full cardiac cycle, the distribution of WSS magni-
tude shows high consistency in the region of AAo in five
patients. The WSS calculated from the original velocity field
with no wall function keeps a relatively high level in both
systole and diastole. Even though the original 4D flow MRI
velocity field has plenty of noise, theWSS computed from it is
still lower in systole. It is because that there is no wall function
used to correct the near-wall flow. In diastole and in the be-
ginning of systole, the velocity in the aorta is relatively low,
which cannot lead to the high velocity gradient and further
induce the high WSS. In fact, the higher WSS is caused by
the high noise in velocity field. In systole, because of
the introduction of wall function, the WSS calculated
from the DFSwt optimized velocity field with wall func-
tion is larger than that computed from the original ve-
locity field with no wall function. On the contrary, the
optimized WSS is lower than that calculated from the
original data in diastole. This is because the heart valve

is closed. The flow is gradually reducing from the late
systole and almost stagnant during diastole in the aorta.
At the beginning of systole, the optimized WSS is nor-
mally small but larger than that in the diastole. Because
the heart valve is opening, the blood starts to flow out
from the left ventricle to the aorta through the heart
valve.

The error or uncertainty of medical image processing will
definitely affect the DFSwt and CFD solutions. For example,
due to the insufficient resolution and data noise, the error
could be introduced during extracting aortic boundary. This
could lead to the inaccurate velocity profile near the boundary.
The error might be also accompanied by velocity data opti-
mized by DFSwt method. Both problems can further lead to
the new error during WSS estimation, which is underestima-
tion of WSS generally. For CFD simulation, it relies on the
aortic model and the optimized velocity profile at the entrance
of the aorta. Then, the entire velocity field and WSS are sim-
ulated based on CFD method. The overestimation of WSS
might occur if the simulation wall boundary condition is taken
like in this paper. In general, the error of medical image pro-
cessing is very complicated and different and is not easy to be
estimated. How it propagates during the flow simulation or
WSS calculation is unknown and hard to be evaluated. The
error between DFSwt and CFD is mainly caused by different
computing methods and by different boundary conditions,
such as elastic wall in vivo vs. inelastic boundary condition

Fig. 9 The comparison of local velocity profile at peak systole on five cases: original 4D flow MRI (a), 4D flow MRI optimized by DFSwt (b)
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in CFD. Therefore, for the error introduced by image process-
ing or different numerical methods, it will be further

eliminated with the improvement of 4D flow MR technology
in future study.

Fig. 10 WSS comparison in the anterior and posterior side of the aorta at peak systole from five cases: WSS calculated from the original 4D flowMRI
with no wall function (a), WSS calculated from the 4D flow MRI optimized by DFSwt with wall function (b)
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There are several limitations to the current work.
First, this study is carried out considering six image-
based diseased aortas. More healthy or diseased subjects
should be enrolled for illustrating the advantages of
DFSwt method and the reliability of wall function. But
for the optimization of velocity field and WSS using
DFSwt method and wall function in 4D flow MRI, the
strategy shows promising results compared with CFD
simulation. Second, this paper mainly focuses on the
optimization of 4D flow MRI velocity field and the
calculation of WSS. More clinical information on pa-
tients’ aorta should be introduced, and quantitative in-
vestigations should be conducted to explore and estab-
lish the potential correlation between symptoms and he-
modynamic parameters in future work. Third, blood
flow is simulated only at peak systole. The velocity
distributions could be extracted at the entrance of the
aorta from 4D flow MRI at multiple moments in one
cardiac cycle. Then, velocity values can be interpolated
in time and mapped onto the inlet of computing model.
At last, the errors would be introduced to the near-wall
velocity if a no-slip wall condition is used based on the
assumption of rigid arterial wall. It is beneficial to com-
pute the WSS if elastic arterial wall with moving
boundary can be estimated in the future study.

�Fig. 11 Temporal evolution of max and average WSS at 13 moments
over one cardiac cycle for both the original data and DFSwt method with
Musker model optimized data in the region of AAo from five cases.
DFSwt method with Musker model max: the max WSS computed from
the velocity field optimized by DFSwt method withMusker wall function;
DFSwt method withMusker model avg: the averageWSS computed from
the velocity field optimized by DFSwt method withMusker wall function;
original max: the max WSS computed from the original velocity field;
original avg: the average WSS computed from the original velocity field

Table 3 The overall average divergence and average of standard
deviation at 13 moments in one cardiac cycle in AAo

Case number # 1 # 2 # 3 # 4 # 5

Systolic pressure (mmHg) 133 112 121 125 120

Diastolic pressure (mmHg) 78 76 78 75 75

Original 4D flow MRI

Avg-divergence (1/s) 0.1542 0.1163 0.0928 0.0996 0.0708

Std-divergence (1/s) 0.2094 0.1769 0.1506 0.1599 0.1344

DFSwt optimized 4D flow MRI

Avg-divergence (1/s) 0.0043 0.0040 0.0040 0.0044 0.0038

Std-divergence (1/s) 0.0052 0.0047 0.0042 0.0053 0.0037

Avg-divergence, the overall average divergence at 13 moments; Std-
divergence, the average of standard deviation at 13 moments
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5 Conclusions

By the comparison of the optimized velocity field in 4D flow
MRI and CFD, a strong correlation is found to exist in most
regions. The distribution of WSS shows a relatively high sim-
ilarity with that computed by CFD even with different mag-
nitude of WSS. Inevitably, there are certain differences of
velocity and WSS between 4D flow MRI and CFD in aortic
boundaries and supra-aortic vessels. Overall, The DFSwt
method can significantly reduce the divergence of the entire
flow field and smooth the flow field, and satisfy the no-slip
condition on the wall at the same time. The introduced wall
function of velocity profile can better estimate the velocity
gradient in the near-wall region and consequently improve
the WSS calculation. At peak systole, the overall average
WSS of five cases at AAo reaches 2.7590 ± 0.9961 Pa. The
total process time of this method is around 3 to 5 min for 4D
flow MRI data optimization and hemodynamics evaluation.
This means the proposed technique can be performed as part
of 4D flow MRI protocol for pathological diagnosis and
screening of large cerebral or cardiothoracic vessels, and data
analysis can be integrated into a clinically feasible workflow.
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