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Abstract
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1 Introduction

Forward-backward-forward splitting algorithm was firstly proposed in [24] for solving the problem
of finding a zero point of the sum of a maximally monotone operator A: H — 27 and a mono-
tone Lipschitzian operator C': H — H, where H is a real Hilbert space. This splitting algorithm
plays a role in solving a large class of composite monotone inclusions [3] and monotone inclusions
involving the parallel sums [2], 11} [10] [15] as well as applications to conposite convex optimization
problem involving the infimal-convolutions [3| 2, [1T], 15, 4]. However, these works are limitted to
deterministic setting.

Very recently, we have found out in the literature that there appears the study of some splitting
algorithms for solving monotone inclusions in the stochastic setting as in [12| 20} 18], and primal-
dual splitting algorithm for composite monotone inclusions in [12] [I8]. Some iterations in [12}
20), [18] are designed for monotone inclusions involving cocoercive operators. For solving monotone
inclusions involving Lipschitzian monotone operators, one can often use the iterations which has the
structure of the forward-backward-forward splitting methods as cited above, but the convergence
of their proposed methods is no longer available, in the literature, in the stochastic setting.
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The objective of this note is to study the convergence of the forward-backward-forward splitting
in the stochastic setting for monotone inclusions involving Lipschitzian monotone operators as well
as for composite monotone inclusions involving parallel sums.

In Section 2, we recall some notations, background and preliminary results. We prove the almost
sure convergence of the stochastic forward-backward-forward splitting algorithm in Section Bl In
the last section, we provide applications to composite monotone inclusions involving the parallel
sums as well as minimization problems involving infimal convolutions.

2 Notation—background and premilary results

Throughout, H, G, and (G;)1<i<m are real separable Hilbert spaces. Their scalar products and
associated norms are respectively denoted by (- | -) and || - ||. We denote by B (H,G) the space of
bounded linear operators from H to G. The adjoint of L € B (H,G) is denoted by L*. We set
B(H) = B(H,H). 1d denotes the identity operator. The symbols — and — denote weak and
strong convergence, respectively. We denote by ¢1 (N) the set of summable sequences in [0, +00[.
The class of all proper lower semicontinuous convex functions from H to |—oo,+0o0] is denoted
by To(H). Let My and M; be self-adjoint operators in B (H), we write M; = My if and only if
(Ve e H) (Mix | x) > (Maz | z) . Let « € |0, +00[. We set

Pa(H)y={M eBH)|M" =M and M > ald}. (2.1)

Let A: H — 2™ be a set-valued operator. The domain of A is dom A = {:U EH| Az # @},
and the graph of A is graA = {(z,u) € H x H | u € Az}. The set of zeros of A is zer A =
{z € H|0€ Az}, and the range of Aisran A= {u € H | (3o € H) u € Az}. The inverse of A is
AV H = 2% ws {o € H | u € Az}, and the resolvent of A is

Ja=(Id+A)"1. (2.2)
Moreover, A is monotone if
(V(z,y) € H x H)(V(u,v) € Az x Ay) (r—y|u—v) >0, (2.3)

and maximally monotone if it is monotone and there exists no monotone operator B: H — 2" such
that gra A C gra B and A # B. We say that A is uniformly monotone at x € dom A if there exists
an increasing function ¢4: [0, +oo[ — [0, +00] vanishing only at 0 such that

(Vu € Az) (Y(y.v) € grad) (z—y|u—v) > pallz —y|). (2.4)

Given a probability space (€2, F,P), we denote by o(x) the o-field generated by a random
vector x: @ — H, where H is endowed with the Borel o-algebra. The expectation of a random
variable z is denoted by E[z]. The conditional expectation of x given a sub-sigma algebra F C F
is denoted by E[z|F]. The conditional expectation of = given y is denoted by E[z|y].



Lemma 2.1 [23] Theorem 1] Let (F,)nen be an increasing sequence of sub-sigma algebras of F.
For every n € N, let z,, &,, ¢ and t, be non-negative, F,-measurable random variable such that
(Cn)nen and (tp)nen are summable and

(VneN) Elzp41|Fnl < A +tn)zn+ G — & P-as. (2.5)
Then (zp)nen converges and (§n)nen is summable P-a.s.

Lemma 2.2 [I2] Proposition 2.3] Let H be a real separable Hilbert space, let C' be a non-empty
closed subset of H, let ¢: [0,00[ — [0,00[, let (zn)nen be a sequence of random vectors in H.
Suppose that, for every x € C, there exist non-negative summable sequences of random variables
(Cn(z))nen and (tn(z))nen such that, for every n € N, (,(x) and t,(x) are Fp = o(xo,...,Tp)-
measurable, and

(Vn e N)  E[p(lzni1 —z)Fn] < (1 +ta(2))d(l2n — z[) + Cu(2)  P-a.s. (2.6)

Suppose that ¢ is strictly increasing and limg_,o ¢(§) = +00. Then the following hold.

(1) ([[zn — z||)nen is bounded and converges P-a.s.

(ii) There exists a subset Q* with P(2*) = 1 such that for every x € C and every w € QF,
(lea(w) — |wers converges

(i) (xp)nen converges weakly P-a.s. to a C-valued random vector if and only if every its weak
cluster point is in C P-a.s.

Remark 2.3 A sequence (x,)nen satisfying (2.6]) is called a stochastic ¢-quasi-Fejér monotone
with respect to the target set C'. The connections of Lemma to existing work can be found in
[12, Remark 2.4].

In view of the work in [I3], Theorem 3.3], we also have a variable metric extension of Lemma
2.2

Proposition 2.4 Let ‘H be a real separable Hilbert space, let C be a non-empty closed subset of
H, let ¢: [0,00] — [0,00[, let @ € ]0,00], let W € Po(H) and (Wy)nen be a sequence in Py (H)
such that W, — W pointwise, let (x,)nen be a sequence of random vectors in H. Suppose that,
for every x € C, there exist non-negative summable sequences of random variables (¢, (x))nen and
(tn(z))nen such that, for everyn € N, (,(x) and t,(x) are Fp, = o(xo,...,T,)-measurable, and

(vn e N)  Elp([[en1 — zllw, )| Fn] < (1 +tn(2)o(|2n — 2llw,) + Culz)  P-a.s. (2.7)

Suppose that ¢ is strictly increasing and limg_,o ¢(§) = +00. Then the following hold.

(i) ([[zn — z||lw,, Jnen is bounded and converges P-a.s.

(ii) There exists a subset Q* with P(2*) = 1 such that for every x € C and every w € QF,
([ (@) — Zllw, Jne converges



(i) (xp)nen converges weakly P-a.s. to a C-valued random vector if and only if every its weak
cluster point is in C P-a.s.

Proof. Set (Vn € N) &, = ||lxn, — 2z|lw,,- It follows from (27) and Lemma 2.1] that (¢(&,))nen
converges P-a.s., say ¢(&,) — A. In turn, since lim; o0 ¢(t) = +00, (§n)nen is bounded P-a.s.
Let w € € such that (&,(w))nen is bounded and, to show that it converges, it suffices to show
that it cannot have two distinct cluster points. Suppose to the contrary that we can extract two
subsequences (€, ())nen and (€, Jnen(w) such that €, (w) — 7(w) and &, (w) — () > n(w),
and fix € € |0, (¢ —n)/2[. Then, for n sufficiently large, &, (w) < n(w)+¢e < ((w) —e < &, (w) and,

since ¢ is strictly increasing, ¢(&g, (w)) < ¢p(n(w) +¢) < ¢(((w) — ) < (&, (w)). Taking the limit
as n — +o0 yields A(w) < ¢(n(w) +¢) < ¢(C(w) — ¢) < A(w), which is impossible.

Since H is separable, so is C' and hence there exists a countable subset X of C such that
X = C. In view of for each z € X, there exists a subset €2, with probability 1 such that
(lzn(w) — z|lw, Jnen converges for every w € €. Define Q* = [\ .y 2,. Since X is countable,
P(2*) = 1. Now, let zyp € C and wy € Q*. Then, there exists a sequence (cx)gen in X such that

Cr — ZQ. By we have
(VE € N)(3r: @ — [0, +00))(Vw € Q¢,)  |lzn(w) — cllw, — Te(w). (2.8)

Moreover, set p1 = sup,cy ||[Wnl||. Then p < 400 by Banach-Steinhaus Theorem. Then, for every
n € N and k € N, we have

—villek = zoll < —llek — 2ollw,, < llzn(wo) — zollw,, — lzn(wo) — ckllw, < llek — zollw,
< Valler = ol (2.9)

Therefore,
(VkeN) = Vlley — aoll < lim [en(wio) — ollw, — lim_[lzn(wo) — cxllw,

n—00 n—oo

= lim ||z, (wo) — zollw,, — T(wo)
n—oo

< lim |lzn(wo) — 2ollw, — T(wo)
n—oo

< Vller — @ol|- (2.10)

Now, let k — 0o, we get lim,, o0 ||Zn(wo) — xo|lw,, = limg_,o0 Tk (wp) which proves

Necessity is clear. To show sufficiency, let 2 be the set of all w such that every weak
sequential cluster point of (z,(w))nen is in C. Then € has probability 1, so is 2, = QN Q*. Let
w € O, and z(w) and y(w) be two weak cluster points of (z,(w))nen, say zk, (w) — z(w) and
1, (w) = y(w). Then it follows from [(ii)] that (||z, (w) — z(w)|lw, Jnen and (||lzn(w) — y(w)|lw, Jnen
converge. Moreover, ||z(w)[[f, = (Waz(w) | z(w)) = (Waz(w) | 2(w)) and, likewise, [|y(w)|l§, —
(Wy(w) | y(w)). Therefore, since

(VneN)  (Wpza(w) [ z(w) - y(w)) (@) = y(@)ly, = lza(w) — 2@,

+ @)y, = lly@liv,), (2.11)
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the sequence ((Wyzy,(w) | z(w) — y(w)))nen converges, say (Wypzp(w) | z(w) — y(w)) = A(w) € R,

which implies that
(zn (W) | Wh(z(w) —y(w))) = Aw) € (2.12)

However, since z, (w) — x(w) and Wy, (z(w) — y(w)) = W(z(w) — y(w)), it follows from (2.12)
and [0, Lemma 2.41(iii)] that (z(w) | W (z(w) — y(w))) = A(w). Likewise, passing to the limit along
the subsequence (27, (w))nen in (ZI2) yields (y(w) | W(z(w) — y(w))) = A. Thus,

0= (z(w) | W(z(w) —yW))) = (yw) [ W(z(w) —yw)) = (@w) —y(w) | W(z(w) - y(w)))
> afla(w) - y(@)|*. (2.13)

This shows that z(w) = y(w). Upon invoking and [5, Lemma 2.38], we conclude that x,(w) —
z(w) and hence we obtain the conclusion. O

3 A stochastic forward-backward-forward splitting algorithm

The forward-backward-forward splitting algorithm was firstly proposed in [24] to solve inclusion
involving the sum of a maximally monotone operator and a Lipschitzian monotone operator. In
[3], it was revisited to include computational errors. Below, we extend it to a stochastic setting.
The following theorem is a stochastic version of [25, Theorem 3.1].

Theorem 3.1 Let IC be a real separable Hilbert space with the scalar product ((- | -)) and the
associated norm ||| - |||. Let o and B be in )0, 400, let (nn)nen be a sequence in (1 (N), and let
(Un)nen be a sequence in B (KC) such that

p=sup |Un| <+oo and (Y& € K) (L +mn){(x | Upniz)) 2 (& | Unz)) 2 ofllz||*.  (3.1)

neN

Let A: K — 2% be mazimally monotone, let B: K — IC be a monotone and - Lipschitzian operator
on KC such that zer(A + B) # &. Let (ap)nen, (bn)nen, and (¢p)nen be sequences of square
integrable K-valued random vectors. Let xg be a square integrable IC-valued random wvector, let
e€0,1/(Bu+1)[, let (Yn)nen be a sequence in [e,(1 —e)/(Bu)], and set

Yn = Tp — 'YnUn(BCCn + a'n)

(Vn € N) Pp = U, AYn + bn (3.2)
4, = Pp — rVnUn(Bpn + Cn)
T+l = Tn — Yp +qp,-

are summable

Suppose that (/E[[lan][*|Fnl),cr: (VEMBIIP[Fn]),,cr: and (VE[lllenll?[F.])

eN
P-a.s., the following hold for some zer(A + B)-valued random vector . !

(1) ZnenEllllzn = pollP|Fn] < +00 and 32,y EllllYy, — q,[[[*|Fn] < +00 P-a.s.

(ii) zp, =% and J,,u,a(xn — WUnBx,) = T P-a.s.

(iii) Suppose that one of the following is satisfied for some subset Q C Q with P(ﬁ) =1.



(a) A+ B is demiregular (see [1, Definition 2.3]) at T(w) for every w € €.

(b) A or B is uniformly monotone at T(w) for every w € Q.
Then x, — T and J,,u, A(Tn — WUpBx,) = T P-a.s.
Proof. 1t follows from [14, Lemma 3.7] that the sequences (&, )neN, (Y, )neN, (Pp)nen and (g, )neN

are well defined. Moreover, using [I3l Lemma 2.1(i)(ii)] and B.1I), for every sequence of random
vectors KC-valued (2, )nen, we have

Z VE[|||znll?|Fr] < 400 P-as. < Z \/E[]Hzn\]\?];l\]:n] < 400 P-as. (3.3)

neN neN

and

> VE[lzal|PIFn] < 400 P-as. o Y \/E[|||zn|||2 |Fa] < 400 P-as. (3.4)

neN neN

Let us set, for every n € N,
Y, = Tp — v UpBx ~ ~
Yn n T It n B uw, =, U, (x, —p,) + Bp, — Bz,
and €n =Tpi1 — Tyt (3.5)
dn ZQn_an+gn_yn‘

i)n = J’YnUnAyn
%nJrl =Tn — gn + an’
Then (B.5) yields
(Vn €N) wn =% Uy (o = Pa) + BB, € AP, + By, (36)
and (3.5]), Lemma [14] Lemma 3.7(ii)], and the Lipschitzianity of B on K yield
N9 = Uallluzr < (Bu)~llanlllo,

<
(v eN)  qlllp, = Pullly;r < lballly; + (Bu) e, (3.7)
llan = @nllly=r < 2(1ballly-r + Br) " Hllanlllu,) + (Bw) " Hllealllu, -

Since (VE[lllanll?[Fnl),cn: (VEUIIFn]) e and (VE[ll[enl[?[Fnl), oy are summable

P-a.s., using Jensen’s inequality, we derive from [B.3)), (34), (B.5), and (B17) that

2nen Ellllpn = Pylll|Fn] < +oo and 32y Ell[[p, = Pyllly;1|Fn] < +oo P-as.
2 nen Ellllgn = @ullllFn] < 400 and 30w Ellllg, — @ullly;11Fn] < +o0 P-as. (3.8)
2nen Elllldn||[|Fn] < 400 and - 32, N Elllldnllly-1|Fn] < +oo P-as.

Noting that
2E[|[ly, — Ynlllj-11Fn] < 2080) Ellllanllg, |1 Fn), (3.9)
and

2E(|lla, — @ulllf-2|F0] < 24(E[|[|balllf 21 Fn] + (B)*Ellllanll[Zr, + Nealllf, | Fa])  (3.10)



Therefore, upon setting ¢ = max{26(3u)~2,24}, and adding (3.9) and (3.I0), we get

2E(llly, = Gl -1 1Fn) + 2E[lllay, — @ulllg-11Fn] < c(BllllanllEr, 1] + Ell[[balllf -1 |1 F]
+ Elllenlll, |7a)). (3.11)

Now, using (B11)), 333), 334), 33), B4) and 35, we have

Y Ellldallf-11Fal <2 Elllyn = Gnlllp-1[Fal + 2> Elllla, — @ulllf-11Fs]

neN neN neN

< C< > Ellllanlllr, |Fa] + D Ellballlf -1 [ Fal + ) E[|||cn|||2Un|-7:n]>

neN neN neN
<en( X Elllanll, 170 + X ElTeaTE, . 7]

neN neN
+ 3 VElleall, 7.])
neN

< 400 P-as., (3.12)

where we define

o = sup {\ Bl 1700 B0 0 Bl 17,0 | < +00 Pas. (313

Now, let @ € zer(A + B). Then, for every n € N, (x,—y,U,Bz) € gra(y,U,A) and (3.0)
yields (p,,,y, — p,) € gra(ymU,A). Hence, by monotonicity of U, A with respect to the
scalar product ((- | -))¢y-1, we have ((p, — = | P, — Y, — WwUnBx))y-1 < 0. Moreover, by
monotonicity of U,B with respect to the scalar product (- | Ny-1, we also have (p, —x |
YU, Bx — ynUan)n»U# < 0. By adding the last two inequalities, We obtain

(vneN) (P, —z [Py —¥n —WUnBp,))y-1 <0. (3.14)
In turn, we derive from (B.5]) that

("neN) 2v{((p, —x |UnBzn, — UpBpy))y-1
=2(Py — @ | Py — Yp — WmUnBD,))y-1
+2((Pn — & [ MUnBTn + Y, — Pp))y-t
< 2((p, — | WUnBTyn + Y, — Pn))y1
=2((pp, —z | T — Py))u

= llzn = 2lllf-1 = Pn — @ll[5-1 = lllzn = Pulllf - (3.15)



Hence, using (3.5)), (3.15)), the 8-Lipschitz continuity of B, and [I13, Lemma 2.1(ii)], for every n € N,
we obtain

@1 — @1 = 1[G + @0 — o — ll3-
=B, — ) +7uUn(Bx, — Bp,)lllf-
= 1By — @ll[-1 + 270{(P, — = | Bz, — Bp,,))
+ 9 lUn(Bzn — Bpy)|lIf, -
< llwn = llZ -1 — llwa — allly
+ Y82l — Polll®
<llawn = 2lIf-1 = ™ Hl|@n — Dol
+ Bl — Bl (3.16)
Hence, it follows from (B1]) and [I3}, Lemma 2.1(i)] that
(v € N) ll@n1 =@l < (14 m)lllen =l
—p T 1 =Bl |@n — Bl (3.17)

Consequently,
(VneN) |[[Zni1 = 2lly-1 < (L +m)lllen —zllly - (3.18)

For every n € N, set
En = \//wfl<2(|||bn|||U;1 +(Bu) " llanlllw,) + (B) " Hllenlllo, + (ﬁu)ﬂlllanlllvn)- (3.19)

Then (E[e,|F,])nen is summable P-a.s. by (83]) and we derive from [13] Lemma 2.1(ii)(iii)], and
B8] that

(VneN) lleallly-1 = llZn+1 = anllly-1)
< Val|[znir — @nalll
< Vpa [ Znp1 — ppa|llyo

< Ve (17 = ynlllo-r + 1@, — gnllly-1)
. (3.20)

IN

In turn, we derive from (3.I8]) that
(e N) fl@ner —alllyr, < [Bnsr — @y, + 1w~ @il
< st - 2l + oo
< (1+77n)|||xn_$|||ugl + én. (3.21)

By assumption, since E[||x¢||?] is finite, by induction, for every n € N, E[||«,||?] is finite and hence
E[||z,[] and E[[|#y|[-1] are finite too. By taking the conditional expectation with respect to Fp
and note that |||z, — x||[;;-1 is Fp-measurable, we obtain

(VneN) Ellfjeni — [y [Fal < (1 +m)lll@n —zllly 1+ Elen| Fal. (3.22)
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This shows that (x,,)nen is |- [-quasi-Fejér monotone with respect to the target set zer( A+ B) rela-

tive to (U, ') nen. Moreover, (|||, —|||;y—1)nen is bounded. In turn, since B and (J,, 7, A)nen are
n

Lipschitzian, and (Vn € N) x = J,, u, a(x—7U,Bz), we deduce from (3.3)) that (y,,)nen, (D), )nen,
and (g,,)nen are bounded. Therefore,

T= Sug{lllwn ~ Y+ qn — |y llen —z[|ly-1} < +oo P-as. (3:23)
ne

Hence, using (B.5), Cauchy-Schwarz for the norms (||| - |||7-1)nen, and (BI6]), we get, for every
n €N,

lznss = @l = [l — o+ @, — 2l
= [1@n +@n — Yp — & + dalllf -
< @n + @0~ G = 2lllf—1 +2/l[@n + 20 — T — @y llldalll
il
< @n = all[-1 = u7 1 = 32870 Nlzn — Plll® + e, (3.24)
where (Vn € N) e1,, = 2[[[q,, + @n — Y, — @[|[y-1|l[dn]|[y-1 + |||d”|||2U;1 In turn, for every n € N,
by (BJ) and [13] Lemma 2.1(i)],
Nznr = 2lll-1 < 0+ n0)lll2ns — @[]l
< U+ m)lllen = allff-0 = p (1= 72870 Jn — Pollf?
+ (14 nn)e1n. (3.25)

Since, J5, 4 o (Id =7, B) is continuous, p,, is F,-measurable. In turn, for every n € N,

Eff|lzn 1 — $|II§];i1I-7"n] < (L4 ma)lllzn — /g = p7 (1 =267 |llzn — Byl

+ E[(1 + mn)e1,n|Fnl- (3.26)
Let us prove that

> Ele1nlFn] < 400 P-as. (3.27)

neN

Indeed, since Id —~,, B is continuous, y,, and gq,, are F,-measurable. Therefore, |||z, —y,, + q,, —
x|||y-1 is Fp-measurable and hence by (B.8)) and (3.23]), we obtain

Y Ellllzn = G +dn — @y dallly11Fal = D Ml = G + @ — 2l Ellldallly 1 Fn]

neN neN
<7 Elllldulllyr1|F]
neN
< 400 P-as., (3.28)

which and (3I2]) prove (3.27)). It follows from Lemma 2.1 that

> llen = Bulll* < 400 P-as. (3.29)
neN



(i): It follows from (B.29) and (3.8]) that

D Elllzn = pllPIFa <2 llzn — Bl +2 ) Ellllp, — BlllP|Fn] < +00 P-as. (3.30)
neN neN neN

Furthermore, we derive from B8], B3] and [BI2]) that

Y Ellllyn — anllP) = D Elllldn — gp + dull[*|F 2]

neN neN
= Z E[|[[p, — @n + 7Un(Bzn — Bp,) + du|||*| F)
neN
<3( 3 lllen = BulllP + BlllnUn(Ban — BB + 1|21 7))
neN
< 400 P-as. (3.31)

Let Qg be the set of all w € € such that (z,(w))nen is bounded and ([3.29)) is satisfied. We
have P(2y) = 1. Fix w € Q. Let x(w) be a weak cluster point of (x,(w))nen. Then there exists
a subsequence (x, (w))nen that converges weakly to x(w). Therefore p, (w) — x(w) by (B.29)
and by the definition of €. Furthermore, it follows from (B3] that uy, (w) — 0. Hence, since
(Vn € N) (p, (w), ug, (w)) € gra(A + B), we obtain, x(w) € zer(A + B) [5, Proposition 20.33(ii)].
Altogether, it follows Proposition 2.4 that «,, — T and hence that p,, — T.

Now, let €21 be the set of all w € Q such that z,(w) — Z(w) and p,(w) = ZF(w), and p, (w) —
Zp(w) — 0. Then P(Q2;) =1 and hence P(2; N Q) = 1.

(i) (a) Fix w € €, N Q. Then z,(w) — F(w) and P, (w) — T(w). Furthermore, it follows
from (3. that w,(w) — 0. Hence, since (Vn € N) (p,,(w), un(w)) € gra(A + B) and since A + B
is demiregular at (w) by our assumption, by [I, Definition 2.3], p,(w) — Z(w), and therefore
Tn(w) = T(w).

(i) (b}t Fix w € 2, N Q. If A or B is uniformly monotone at (w), then A + B is uniformly
monotone at (w). Therefore, the result follows from [I, Proposition 2.4(i)]. O

Corollary 3.2 Let IC be a real separable Hilbert space with the scalar product ((- | -)) and the
associated norm |||-|||. Let B be in]0, +ool, let A: K — 2 be mazimally monotone, let B: K — IC
be a monotone and [3-Lipschitzian operator on IC such that zer(A+ B) # @. Let (a@n)neN, (bn)nen,
and (¢, )nen be sequences of square integrable IC-valued random vectors. Let g be a square integrable
KC-valued random vector , let € € ]0,1/(8 + 1), let (vn)nen be a sequence in [e, (1 —€)/B], and set

Yp = Tn — 'Yn(an + an)

(WneN) | Pn=Jma¥ntbn (3.32)
4, = Pn, — m(Bp, + cn)
Tn+1 = Tnp — Y, + q,-

Suppose that the following conditions are satisfied with F, = o(xg,...,xy),

> VEllanllPIFa] < oo, Y VE[[bal[2Fa] < 00 (3.33)

neN neN
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and

> VE[lllenl[P|Fn] <00 P-as. (3.34)

neN

Then the following hold for some zer(A + B)-valued random vector .

(1) Cnen Ellllzn — polll?|Fn] < +oo and 3,y Elllly, — @,ll1?1Fn] < +00 P-a.s.
(ii) , == and J,, aA(Ty — VnBx,) =T P-a.s.
(iii) Suppose that one of the following is satisfied for some subset Q C Q with P(S~2) =1.

(a) A+ B is demiregular (see [1, Definition 2.3]) at T(w) for every w € €.

(b) A or B is uniformly monotone at E(w) for every w € €2.

Then x, — T and J,, aA(xn — ynBx,) = T P-a.s.

Remark 3.3 Here are some remarks. In the case when B is a general multi-valued maximally
monotone operator or a cocoercive operator, the almost sure convergence of the Douglas-Rachford
or forward-backward are proved in [12] under the same type of condition on the stochastic errors.
Furthermore, in the case when B is cocoercive and uniformly monotone, the almost sure conver-
gence of the forward-backward splitting is also proved in [20] under different conditions on stepsize
and stochastic errors. One of the early work concerns with Lipschitzian monotone operator was in
[17].

Example 3.4 Let f: K — [—00,+0o0] be a proper lower semicontinuous convex function, let
a € ]0,400[, let 8 € ]0,400], let B: KK — K be a monotone and (-Lipschitzian operator. Let
(@n)nen, (bn)nen, and (e,)nen be sequences of square integrable KC-valued random vectors such
that (3.33) and (3.34]) are satisfied. Furthermore, let &y be a square integrable K-valued random
vector, let ¢ € |0, min{1,1/(8 + 1)}[, let (71 )nen be a sequence in [e, (1 — £)//]. Suppose that the
variational inequality

find £e€ K suchthat (VyeK) (x—y|Bz)+ f(x) < f(y) (3.35)
admits at least one solution and set

D, = argarvréi’rcl(f(:c) + ﬁmw - ynH‘Q) + b

(Vn € N) (3.36)
9n = Pn — rVn(Bpn + Cn)
Tptl = Tp — Yy T G5
Then, for almost all w € Q, (x,(w))nen converges weakly to a solution T(w) to (B.35]).
Proof. Set A = 0f in Corollary B.2|(ii)} O
Remark 3.5 Since (7, )nen is bounded away from 0, we have
Z Y = +oo  and Z 72 = +oo. (3.37)

neN neN
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While, in the standard stochastic gradient method [19], we often require

Z Yo = +00  and Z 72 < +oo. (3.38)
neN neN

Under the condition (3.38]), the conditions on the stochastic errors in the stochastic gradient method
are weaker than (3.33))-(3.34]) (see also [26, Assumption 2 and Eq (4) ] for the case of the projected
stochastic gradient method).

We end this section by noting that, in the case when U,, = U, we obtain a preconditioned version
of (3:32)). Some other preconditioned algorithms can be found in [I8, 21].

4 Monotone inclusions involving Lipschitzian operators

The applications of the forward-backward-forward splitting algorithm considered in [3] 1], 24] can
be extended to a stochastic setting using Theorem [B.Il As an illustration, we present a stochastic
version of the algorithm proposed in [I1, Eq. (3.1)]. Recall that the parallel sum of A: H — 27
and B: H — 27 is [5]

AOB=(A"'+B™H)™L (4.1)

Problem 4.1 Let H be a real separable Hilbert space, let m be a strictly positive integer, let
z € H,let A: H — 2™ be maximally monotone operator, let C: H — #H be monotone and vy-
Lipschitzian for some vy € ]0,+oc[. For every i € {1,...,m}, let G; be a real separable Hilbert
space, let r; € G;, let B;: G; — 29 be maximally monotone operator, let D;: G, — 29 be monotone
and such that D~ Lis v;-Lipschitzian for some v; € |0,+o0[, and let L;: H — G; be a nonzero
bounded linear operator. Suppose that

z € ran (A + Emj L;((B; o Dy)(L; - —14)) + C). (4.2)

i=1

The problem is to solve the primal inclusion

z€ AT+ Y L((B;i 0 Dy)(LiT —1y)) + C7, (4.3)
=1
and the dual inclusion
(Vie{l,....,m}) re€—-Li(A+C)! <z = L;m) + B; %, + D; 'w;. (4.4)
i=1

We denote by P and D be the set of solutions to (£3)) and (44]), respectively.

As shown in [I1], Problem [£1] covers a wide class of problems in nonlinear analysis and convex
optimization problems. However, the algorithm in [IT, Theorem 3.1] is studied in the deterministic.
The following result extends this result to a stochastic setting.
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Let us define K = HP G & -+ ® G,,, the Hilbert direct sum of the Hilbert spaces H and
(Gi)1<i<m, the scalar product and the associated norm of IC respectively defined by

(10 (@,0), (yw)) = (|l y) + D (v [wi) and [[] - |I]: (z,0) = |22+ llvill?, (45)
i=1 i=1
where v = (v1,...,vy) and w = (wy,...,w,,) are generic elements in G; @ - -+ B Gp,.

Corollary 4.2 Let (a1n)neN, (b1.n)nen, and (c1n)nen be sequences of square integrable H-valued
random vectors, and for everyi € {1,...,m}, let (a2,in)nen, (b2,in)neN, and (c2,in)nen be sequences
of square integrable G;-valued random vectors. Furthermore, set

B = max{vy,v1,...,Um} +

> ILill?, (4.6)
i=1

let xo be a square integrable H-valued random vector, and, for every i € {1,...,m}, let v;o be
a square integrable G;-valued random vector, let ¢ € 10,1/(1 + 5)[, let (Yn)nen be a sequence in

[e,(1—¢)/B]. Set

Yin = Tn — Tn (an + Z:i1 Liv;p + al,n)
Pin = 'ynA(yl,n + 'Ynz) + bLn

for i=1,...,m
Y2,im = Vi + Yo (Litn — D; v + az,in)
(vn S N) P2in = JA/HB;I(yZi,n - Wnri) + b2,i,n (47)

@i = P2,in + Yo (Lip1n — D 'poin + 2,in)
Vin+l = Yin — Y2in + 42in
di;n = Pl,n — In (Cpl,n + z;n:l L;'ka,i,n + cl,n)
Tpt+l = Tn — Yin + q1n-

Suppose that the following conditions hold for F, = o((xk, (Vi k)1<i<m)o<k<n,

ZneN \/E[|||(a17n, (a2,i,n)1SiSm)|||2|-7:n] < F00
> onen VE(01ns (02,i0)1<i<m) || Fn] < 400 (4.8)
> nen VE(C1n, (c2,in)1<i<m) [P Fn] < +o0.

Then the following hold.
(i) XpenEllzn = prall®|Fal < 400 and (Vi € {1,...,m}) 3 enElllvin — p2,inll®|Fal < +o0
P-a.s.

(ii) There exist a P-valued random vector T and a D-valued random vector (U1,...,Tm) such that
the following hold.

(a) xp, =T and Jy, A(zy — 1 (Can + >0 Livipn) +mz) = T P-a.s.
(b) (Vie{l,...,m})vi, —0; and J%Bi_l(vi,n + Yn (Lixn — D;lvi,n) — Ynri) — U; P-a.s.
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(¢) Suppose that A or C is uniformly monotone at T(w) for everyw € £ C Q with P() = 1,
then x,, = T and Jy, a(xy — Y (Cxp + > ity Livig) + nz) = T P-a.s.

(d) Suppose that Bj_1 or Dj_1 is uniformly monotone at vj(w) for every w € Q C Q with
P(Q) = 1, for some j € {1,...,m}, then Vjn — T; and J%Bj_l(vjm + Y (Lj@n —

D;lvj,n) — Yrj) = Uj P-a.s.

Proof. Set

A IC— 2% (2,01, vm) = (=24 Az) X (r1 + By lvy) X X (7 + Bitog)

4.9
B: K= K: (z,v1,...,0n) — (Cm—i—Z?;lL;kvi,Dl_lvl — Liz,...,D; v, —me>. (4.9)

Since A is maximally monotone [5, Propositions 20.22 and 20.23], B is monotone and S-Lipschitzian
11l Eq. (3.10)] with dom B = IC, A+ B is maximally monotone [5, Corollary 24.24(i)]. In addition,
[5, Propositions 23.15(ii) and 23.16] yield (Vv € ]0,4+o00[)(¥n € N)(V(z, v1,...,vm) € K)

Jyal(z,vr,...,0m) = <J7A(x + vz), (Jyle(Ui — fyri))lﬁgm). (4.10)

It is shown in [I1, Eq. (3.12)] and [11, Eq. (3.13)] that under the condition ([@.2), zer(A + B) # .
Moreover, [11, Eq. (3.21)] and [11l Eq. (3.22)] yield

(ZT,V1,...,Um) € zer(A + B) = T solves (@3] and (v1,...,Ty,) solves (L4). (4.11)

Let us next set, for every n € N,

Iy = (xna Uimny .- avm,n)
. = (Yimy y ) an = (1,0,021m,---,02mn)
n — 1,n>,92,1n5---5Y2,m,n
and bn = (bl,na bZ,l,na ) b2,m,n) (412)
Dy = (pl,nap2,1,n7 cee 7p2,m,n)
Cn = (Cl,n, C21ny--- ,62,m,n)-
q, = (QLH, q2,1,ny-- - aq2,m,n)

Then our assumptions imply that

> VE[lanllPIF] < oo, Y VE[ballPIF] <o, and Y VE[[lenl[2|Fn] < cc.

neN neN neN
(4.13)

Furthermore, it follows from the definition of B, ([AI0), and (4I2]) that (A7) can be rewritten in

IC as
Y, = Tn — Vn(Bzy, + ay)

(VneN) | Pn=Jmayntbn (4.14)
4, = Pp — rVn(Bpn + Cn)

Tn+l = Tpn — Y, + q,,

which is (832]). Moreover, every specific conditions in Corollary are satisfied.

By Corollarym Y nen Ellllzn — |12 Fn] < oo.

[(iD)}(a)&d(ii) (b)} It follows from Corollary that
z, =T and (Vie{l,...,m}) vi,—7v; P—a.s. (4.15)

)
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Corollary B.2(ii)| shows that (Z,71,...,0y) € zer(A + B). Hence, it follows from [11, Eq (3.19)]
that (Z,71,...,0y) satisfies the inclusions

— S L — CT € —2+ AT (416)
(Vi€ {1,...,m}) L;T — D;'v; € r; + B; 'v;. '
For every n € N and every i € {1,...,m}, set
Yl = Tn — Tn (Cmn + Zgl L;kvm) and Y2.in = Vin + Yn (Lz‘mn — Di—lvm) (4.17)
ﬁl,n = J’ynA(gl,n + 'Ynz) ﬁli,n = J,yntl(gQ,i,n - 'ani)'
We note that (@I3]) implies that
E(lllanl|?|F] = 0. E[llball*|Fa] =0 and  E[f[leq||[*|Fn] =0 P-as. (4.18)
Then, using [5, Corollary 23.10], we get
Pin — <|b -1
Hp},n Prall <] 1,n||~+ﬂ llaznll, By (4.19)
(Vie{L...om}) P2in = P2inll <b2inll + B lazinl,
which and (4.I8]) imply that
E[|P1n = prallP[Fn] < 2B[[[b1n]® + B2 [la1,nl?|Fn] — 0 P-as. (4.20)
(Vi € {1,....m}) E[[|p2,in — p2,inl?|Fn] < 2E[[[boinl® + 872 (laz,inll?|Fn] — 0 P-as.

Since (z,v1...,0m) = Jy,a(@ — 10 (Cx + 3 Liv;) + Y,2) is continuous from K& — H, Py is
Fp-measurable. By the same way, for every ¢ € {1,...,m}, p2;, is Fp-measurable. In turn, by

(i) (a)} and [(ii) (b)} we obtain

1P1,n — anQ = E[|p1n — xn‘my:n] < 2E[[[p1,n — anQ + 1P1n — pl,nHQU:n] — 0 P-as.
(Vi € {L,...,m}) [IP2,i;n — vinll® = E[[P2,n — vinll*| F]

< 2E[||P2in — p2,imll* + IP2im — vinl*|Fn] = 0 P-ass.
Pin— P-as. and (Vi€ {l,...,m}) p2in—70; P-as.

(4.21)
(i1)(c)t We derive from (@I7) that
(Vi S {17 s 7m}) 71;1(1)2}71 - ﬁQ,i,n) + Lizy — Di_lvi,n er; + B;1ﬁ2,i,n-

Let Q3 be the set of all w € Q such that (z,(w) — Z(w))nen, (P1n(w) — T(w))nen and (Vi €
{1,...,m}) (Uz;n(w)—@(w))neNa (ﬁlz‘,n(w)_ﬁi(w))n@l are bounded, and (Vi € {1,...,m}) P2,in(w)—
Tin(w) =0, Din(w) — xp(w) = 0. Set Q4 = Q3N Q. Then Q4 has probability 1. Now fix w € Q4.
Since A is uniformly monotone at Z(w), using (4.I6]) and (£.22]), there exists an increasing function
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oA [0,400] = [0, +00] vanishing only at 0 such that, for every n € N,

Pa(lpra(w) — (W) < <51,n(w) — (W) | 7 (@) = Praw)) = D (Livia(w) - L*ﬁz(w))>
=1

— Xn(w)
= (P1n(@) = T(W) [ 1 (@a(w) = PraW))) — xn(w)
_Z Pia(w) —T(w) | Livin(w) — Livi(w)) (4.23)

where we denote (VYn € N) xp(w) = Pin(w) — Z(w) | Cap(w) — CZ(w)). Since (B; ')i<i<m are
monotone, for every i € {1,...,m}, we obtain

(Vn €N) 0< (Prin(w) = Ti(w) | Lizn (@) + 75 (Vin(@) = Prin(w)) = LiF(w)) = Bin(w)
= <ﬁ2,z‘,n(w) = Ui(w) | Li(zn(w) — ZT(w)) +’Y;1(Uz n(w) — D2,in w))> Bi n( ), (4.24)

where (Vn € N) Bin(w) = (Poin(w) —i(w) | D; 'vin(w) — D; '0;(w)). Now, adding [@24) from
i =1 to i =m and (4.23]), we obtain, for every n € N,

Pa((lP1n(w) =TW)) < (Pra(w) —T(W) | 7 (@n(w) = Pra(w)))
+ <1'51,n(w) —Z(w) | > Li(Prin(w) - Ui,n(w))>

i=1
+ Z P,in(W) = Ti(w) | Li(zn(w) = Prn(@)) + 75 ' (vin (@) = P2in(@)))
— Xn(w Z Bin( (4.25)
For every n € N and every ¢ € {1,..., m}, we expand xp(w) and f; ,(w) as

Bin(w) = <vi7n(w) —7;(w) | Di_lvivn(w) — Di_lm(w)> (4.26)

{Xn(w) = (7p(w) = F(w) | Cop(w) — CF(W)) + P1n(w) — p(w) | Czp(w) — CT(w)) ,
+ <'p52,i,n(w) — Vin(w) | D;lvivn(w) — D;lﬂi(w)> .

By monotonicity of C' and (D;l)lgigm,

(2n(w) = T(w) | Cap(w) — CZT(w)) 20,
(Vie{1,...,m}) <vi,n (W) —7i(w) | D; vim(w) — D.’lﬂi(w» > 0.

7

(Vn € N) { (4.27)
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Therefore, for every n € N, we derive from (426) and ([@25) that
Pa([P1n(w) = T(W)]) < m(Hﬁl n(@) = ZW)[) + (2n(w) — T(w) | Cn(w) — CT(w))
+Z (Vi (@) = Ti(w) | D Yopn(w) — Dy 'Ti(w))
< <p1,n( ) = T(W) | 7 (@a(w) = Pra(w)))
+ <z’51,n(w) —T(w) | i Li (p2,in(w) — vi,n(w))>

i=1
m

+ ) {P2in(@) = Ti(w) | Li(2n(w) = Pra(w)) + 75 Win(@) = P2in(w)))
i=1
— (P1n(W) — Tp(w) | Can(w) — CT(w))

m

=Y (Prin(w) = vin(w) | Dy vin(w) — Dy () . (4.28)
=1

We set

((w) = max sup{|lz,(w) = T(W)|], [P1.n(w) =T(W)]], Jvin(w) = Vi) [[P2n (@) = Vi(W)]}. (4.29)

1<i<m peN

Then it follows from the definition of €4 that ((w) < oo, and from our assumption that (Vn €
N) v,! < e7!. Therefore, using the Cauchy-Schwarz inequality, and the Lipschitzianity of C' and
(D; ) 1<i<m, we derive from ([Z28) that

(2

0710~ < ) = ]+ X (L o) Pl
e Uoin — Framll) + (@ <Z\|L*||\|p2,z,n -

T v[Fin (@) — 2nw ||+Zuzupz,z,n - >||)

0. (4.30)
We deduce from (30) and 2] that ¢4(||p1n(w) — ZT(w)]]) — 0, which implies that p; p(w) —

ZT(w). In turn, z,(w) — T(w). Likewise, if C is uniformly monotone at ZT(w), there exists an
increasing function ¢¢: [0, +o0o[ — [0, +00] that vanishes only at 0 such that

dc(lan(w) = ZF@)]) < e ¢llwn(w) = Pra@)ll + ¢ (1Ll [@n(w) = Pra(w)]
1=1
+ e H[vin (W) = Pain(@)I) + C<Z ILi 1p2,in(w) = vin(w)]

ol (w) — (e !+ZV:HP2,W vz-,n<w>u)

-0, (4.31)
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in turn, x,(w) = T(w).

(i1)(d); Proceeding as in the proof of |(ii)(c)|, we obtain the conclusions. O

We provide an application to minimization problems in [I1, Section 4] which cover a wide class
of convex optimization problems in the literature. We recall that the infimal convolution of the
two functions f and g from H to |—oo, +0o0] is

fOg:z— ;g;(f(y) +g(z —y)). (4.32)

The proximity operator of f € I'g(#H), denoted by prox;, which maps each point x € H to the
unique minimizer of the function f + %z — -||%.

Example 4.3 Let m be a strictly positive integer. Let H be a real separable Hilbert space, let
z€H,let feTo(H),let h: H — R be convex differentiable function with vy-Lipschitz continuous
gradient, for some vy € |0,4o00|. For every k € {1,...,m}, let (Gx, (- | -)) be a real separable Hilbert
space, let ri € Gy, let gx € T'0(Gk), let £ € T'g(Gk) be 1/vg-strongly convex, for some vy € ]0, +00].
For every k € {1,...,m}, let Ly: H — Gi be a bounded linear operator. The primal problems is
to

xe

m

mini%ize(f(x) (x| 2))+ Z (0k O i) (Lkaz - ’I“k> + h(z), (4.33)
k=1

and the dual problem is to

minimize  (f* 0 h*) <z > L;‘vi> + ) (gr (i) + €6 (vi) + (v | 1) ). (4.34)
i=1 =1

V1E€G1,...;UmEGm
We denote by P; and D; be the set of solutions to ([A.33]) and ([£34]), respectively.

Corollary 4.4 In Example [{.3, suppose that

z € ran <(9f + iLf ((0g; D OG)(Ls - —15)) + Vh). (4.35)

i=1

Let (a1,n)neN, (b1,n)neN, and (c1n)nen be sequences of square integrable H-valued random vectors,
and for every i € {1,...,m}, let (a2;n)neN, (b2;in)nen, and (c2in)nen be sequences of square
integrable G;-valued random vectors. Furthermore, set

m
B =max{vo,v1,...,vm}+ | Y L%, (4.36)
i=1
let xo be a square integrable H-valued random vector, and, for every i € {1,...,m}, let v;o be

a square integrable G;-valued random vector, let ¢ € 10,1/(1 + 5)[, let (Yn)nen be a sequence in
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[e,(1—¢)/B]. Set

Yijn = Tn — Tn (Vh(xn) + 20 Livin + al,")
P = Prox,, ¢(Y1,n +mz) +bin

for i=1,....,m
Y2,in = Vin + Tn (len - vg;k (vi,n) + a2,i,n)
(Vn e N) P2,im = ProXy, g« (Y2,in = nTi) + b2in (4.37)

@2,in = P2,in + M (Lib1n — VE (P2,in) + C2in)
Vin+l = Vin — Y2in + q2in
di;n = Pl,n — In (Vh(pl,n) + 27;1 prZ,i,n + cl,n)
| Tn+1 = Tn — Yin + q1n-

Suppose that the following conditions hold for F, = o((k, (Vi k)1<i<m)o<k<n,

ZneN \/E[|||(a17n, (a2,i,n)1SiSm)|||2|-7:n] < F00
>onen VE (01,0, (02,i,0)1<i<m) || Fn] < 400 (4.38)
> nen VE(C1n, (c2,in)1<i<m)[[P|Fn] < +o0.

Then the following hold.

(1) XnenEllzn — pral?1Fnl < +oo and (Vi € {1,...,m}) 3, en Elllvin — pinll?|Fa] < +o0.

(ii) There exist a Pi-valued random vector T and a Di-valued random vector (vy,...,Um) such
that the following hold.
(a) @, =T and prox,, ¢(zn — W (Vh(zn) + 3700 Livin) + mz) =T P-a.s.
(b) (Vie{l,...,m})vi, —0; and PrOX, - (Vi + n (Lixn — VUl (vip) — Yari) = 0; P-a.s.
(¢) Suppose that f or Vh is uniformly convexr at T(w) for every w € Q C Q with P((NZ) =1,
then x, — T and prox., r(xn — Y (Vh(zy) + 2700 Livig) +mz) = T P-a.s.
(d) Suppose that g; or £; is uniformly conver at Uj(w) for every w € Q C Q with P((NZ) =1,
forsomej e {1,...,m}, thenv;, — 7 and PIOX,, g« (Vjn+Tn (ijn—Vf;f (Vjn)—TnTj) =
vj P-a.s.

Proof. Using the same argument as in the proof [11, Theorem 4.2], the conclusions follows from
Corollary ad

Remark 4.5 Here are some comments.
(i) By using Remark B.J] an extension of Corollary to the variable metric setting is straight-
forward.

(ii) Almost sure convergence for some primal-dual splitting methods solving composite monotone
inclusions and composite minimization problems are also presented in [12] [I§].

(iii) In the deterministic setting and in the case when each ¢ is the indicator function of {0},
and (Vk € {1,...,m})rry = 0, and z = 0, a preconditioned algorithm for solving (£.33]) can
be found in [22].
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