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1 Introduction

For a set V and a positive integer r, let V(") be the family of all r-subsets of V. An r-uniform
graph or r-graph G consists of a set V(G) of vertices and a set E(G) C V(G)™) of edges. An edge
e ={ay,as,...,a,} will be simply denoted by ajas...a,. An r-graph H is a subgraph of an r-graph
G, denoted by H C Gif V(H) C V(G) and E(H) C E(G). Let Ktr) denote the complete r-graph
on t vertices, that is the r-graph on t vertices containing all possible edges. A complete r-graph on
t vertices is also called a clique with order t. A clique is said to be maximal if there is no other
clique containing it, while it is called maximum if it has maximum cardinality. The clique number
of a r-graph G, denoted as w(G), is defined as the cadinality of the maximum clique. Let N be the
set of all positive integers. For an integer n € N, let [n] denote the set {1,2,3,...,n}. Let [n](")
represent the complete r-graph on the vertex set [n]. When r = 2, an r-graph is a simple graph.
When r > 3, an r-graph is often called a hypergraph.

For an r-graph G := (V, E), denote the (r — 1)-neighborhood of a vertex i € V by E; := {A €
V=1 AU {i} € E}. Similarly, denote the (r — 2)-neighborhood of a pair of vertices i,j € V by
E;j :={B V(=2 :BuU{i,j} € E}. Denote the complement of E; by Ef := {A € V"= . AU{i} €
V(\ E}. Also, denote the complement of E;; by Ef ={B¢€ V(=2 Bu{i,j} € V0\E}. Denote
Ep; = E; N ES. An r-graph G = ([n], E) is left-compressed if j1j2 - - j. € E implies i1ig---i, € E
provided i, < j, for every p,1 < p < r. Equivalently, an r-graph G = ([n], F) is left-compressed if
Ej; =0 forany 1 <i<j<n.

Definition 1 For an r-uniform graph G with the vertex set [n], edge set E(G), and a vector
x = (z1,...,2,) € R", we associate a homogeneous polynomial in n variables, denoted by A(G, x)

as follows:
)\(G, X) = Z Lijy Lig « o - L, e
iliz"'iTEE(G)

Let S = {x = (z1,22,...,%,) : Do qx; = L,o; > 0fori =1,2,...,n}. Let \(G) represent the
maximum of the above homogeneous multilinear polynomial of degree r over the standard simplex

S. Precisely
AMG) = max{\(G,x) : x € S}.

The value z; is called the weight of the vertex i. A vector x := (x1,x2,...,2,) € R™ is called a

feasible weighting for G iff x € S. A vector y € S is called an optimal weighting for G iff \(G,y) =

A(G). We call A(G) the Graph-Lagrangian of hypergraph G, for abbreviation, the Lagrangian of G.
The following fact is easily implied by Definition [

Fact 1 Let Gy, Ga be r-uniform graphs and G1 C Ga. Then A\(G1) < A(G2).

The maximum clique problem is a classical problem in combinatorial optimization which has impor-
tant applications in various domains. In [6], Motzkin and Straus established a remarkable connection
between the clique number and the Lagrangian of a graph.

Theorem 1 ([4]) If G is a 2-graph with clique number t then AM(G) = )\(Kt(2)) =1a1-1).

The obvious generalization of Motzkin and Straus’ result to hypergraphs is false because there
are many examples of hypergraphs that do not achieve their Lagrangian on any proper subhy-
pergraph. Lagrangians of hypergraphs has been proved to be a useful tool, for example, it is
useful to hypergraph extremal problems. Applications of Lagrangian method can be found in
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[2-5, [10]. In most applications, an upper bound is needed. Frankl and Fiiredi [2] asked the fol-
lowing question. Given r > 3 and m € N how large can the Lagrangian of an r-graph with
m edges be? For distinct A, B € N(") we say that A is less than B in the colex ordering if
maxz(AAB) € B, where AAB = (A\ B)U (B \ A). For example we have 246 < 156 in N since
maz({2,4,6}A{1,5,6}) € {1,5,6}. In colex ordering, 123 < 124 < 134 < 234 < 125 < 135 < 235 <
145 < 245 < 345 < 126 < 136 < 236 < 146 < 246 < 346 < 156 < 256 < 356 < 456 < 127 < ---.
Note that the first (:) r-tuples in the colex ordering of N(") are the edges of [t]("). The following
conjecture of Frankl and Fiiredi (if it is true) proposes a solution to the question mentioned above.
Conjecture 1 ([2]) The r-graph with m edges formed by taking the first m sets in the colex ordering
of N(") has the largest Lagrangian of all r-graphs with m edges. In particular, the r-graph with (:)

edges and the largest Lagrangian is [t](").

This conjecture is true when r = 2 by Theorem [l For the case r = 3, Talbot in [12] proved the
following.
Theorem 2 ([12]) Let m and t be integers satisfying (tgl) <m< (tgl) + (3% — (t = 1). Then
Conjecture[dl is true for r = 3 and this value of m. Conjecture[dl is also true forr = 3 and m = (;) -1
t
orm = (3) - 2.

Further evidence that supports Conjecture [l can be found in [13, [14]. In particular, Conjecture [II
is true for r = 3 and (;) —6<m< (;) (see |13, [14]).

Although the obvious generalization of Motzkin and Straus’ result to hypergraphs is false, we
attempt to explore the relationship between the Lagrangian of a hypergraph and its cliques number
for hypergraphs when the number of edges is in certain ranges. In [7], it is conjectured that the
following Motzkin and Straus type results are true for hypergraphs.

Conjecture 2 Let t, m, and r > 3 be positive integers satisfying (tzl) <m < (t;l) + (i:zl) Let G
be an r-graph with m edges and G contain a clique of order ¢ — 1. Then A\(G) = A([t — 1](").

The upper bound (t;l) + (£:21) in this conjecture is the best possible. When m = (tzl) + (;:?) +1,
let C,.,, be the r-graph with the vertex set [t] and the edge set [t — 1] U {iy - ip_1t 141 ip_1 €
[t—2]=DYU{l---(r—2)(t—1)t}. Take a legal weighting x := (1, ..., ), where #1 = x5 = - - - =
Ti_o = ﬁ and 241 = x4 = ﬁ Then A(Crm) = MCyrm,x) > N[t — 1™,

Conjecture 3 Let G be an r-graph with m edges without containing a clique of size t — 1, where
(51 =m < (7)) + (59 Then M@) < A(lt = 1]0).

Let Cy ,, denote the r-graph with m edges formed by taking the first m sets in the colex ordering
of N("). The following result was given in [12].

Lemma 1 [12] For any integers m,t, and r satisfying (t;l) <m < (til) + (i:?), we have
MCrm) = M(Jt — 1]™).

Remark 1 Conjectures 2l and Blrefine Conjecture [Il when (tzl) <m
and [ are true, then Conjecture [l is true for this range of m.

IN

(t—l) + (;:21) If Conjectures

T

In [7], we showed that Conjecture 2 holds when r = 3 as in the following Theorem.
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Theorem 3 ([1]) Let m and t be positive integers satisfying (tgl) <m< (tgl) + (tj). Let G be
a 3-graph with m edges and contain a clique of order t — 1. Then M\(G) = ([t — 1]®)).

In this paper, we will show the following.

Theorem 4 Let m and t be integers satisfying (tgl) <m< (tgl) + (t;2) — %(t —1). Let G be a
3-graph with m edges without containing a clique order of t — 1, then \(G) < A([t — 1]®).

Combing Theorems Bl and [, we have the follow result on Conjecture [Il
Corollary 1 Let m and t be integers satisfying (tgl) < m < (tgl) + (tj) — %(t —1). Then
Conjecture [ is true for r = 3 and this value of m.

Note that Theorem @ supports Conjecture 3] and Corollary [[] improves Thoerem

The rest of the paper is organized as follows. In section [3] we prove Theorem [l In section Ml
we explore the connection between the clique number and the Lagrangians of some left-compressed
3-graphs. As an application, we obtain two weaker versions of Tuan type result. First we give some
useful results.

2 Useful Results

We will impose one additional condition on any optimal weighting x = (z1,22,...,2,) for an
r-graph G:
[{i : x; > 0}| is minimal, i.e. if y is a legal weighting for G satisfying
[{i:y; >0} < |{i:x; >0}, then \(G,y) < A(G). (1)
When the theory of Lagrange multipliers is applied to find the optimum of A(G, x), subject to

>, x; = 1, notice that A(E;,x) corresponds to the partial derivative of A\(G,x) with respect to
x;. The following lemma gives some necessary conditions of an optimal weighting for G.

Lemma 2 ([3]) Let G := (V, E) be an r-graph on the vertex set [n] and x = (x1,22,...,Zn) be
an optimal weighting for G with k (< n) non-zero weights x1, xa, -+, xx satisfying condition ().
Then for every {i,j} € [K]®, (a) M(E;,x) = M(E;,x) = r\(G), (b) there is an edge in E containing
both i and j.

Remark 2 (a) In Lemma [2] part(a) implies that
{Ej)\(Eij, X) —|— )\(Ez\_]a X) = .IZ)\(EZJ, X) —|— A(Ej\i, X).
In particular, if G is left-compressed, then
(i = ;) AM(Eij, x) = A(Eij, %)

for any 4, j satisfying 1 <i < j < k since Ej; = 0.

(b) If G is left-compressed, then for any i, j satisfying 1 <i < j <k,
)\(EZJ 5 X)
holds. If G is left-compressed and E;\; = 0 for 4, j satisfying 1 < i < j < k, then z; = z;.

(¢) By @), if G is left-compressed, then an optimal legal weighting x = (x1,x2,...,x,) for G
must satisfy

Ti — X5 =

T1 2> T2 >

..>x, > 0. (3)
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The following lemma implies that we only need to consider left-compressed r-graphs when Conjec-
ture [Il is explored.

t
T

Lemma 3 ([12]) Let m,t be positive integers satisfying m < ( ) — 1, then there exists a left-

compressed r-graph G with m edges such that A\(G) = A ..

3 Proof of Theorem [

The following lemma showed in |9] implies that we only need to consider left-compressed 3-graphs
G on t vertices to verify Conjecture [3] for » = 3. Denote
Aty 7= max{A(G) : G is an r - graph with m edges and does not contain a clique of size ¢} .

Lemma 4 [9] Let m and t be positive integers satisfying (tgl) <m< (tgl) + (t;2). Then there
exists a left-compressed 3-graph G on the vertex set [t] with m edges and not containing a clique of

order t — 1 such that \(G) = \>~

(m,t—1)"

Proof of Theorem [{]. Let (tgl) <m< (tgl) + (t;2) — %(t —1). Let G be a 3-graph with m edges

without containing [t — 1]®) such that A(G) = /\?;Lt_l). To prove Theorem [, we only need to prove
N1y = AG) < Al = 1]).

By Lemma [ we can assume that G is left-compressed. Let x = (21,2, ..., 2,) be an optimal
weighting for G. By Remark 2a), 1 > 20 > ... > o > 41 = ... =2, = 0. If k < ¢t — 1,

MG) < A([t — 1]®)) since G does not contain a clique order of [t — 1]. So we assume k > t. First we
show that k = t. Wee need the following lemma.

Lemma 5 [12] Let G := (V, E) be a left-compressed 3-graph with m edges such that \(G) = \3,.
Let b := |Eg_1),|. Let x := (21,%2,...,2%) be an optimal weighting for G satisfying x1 > x9 >
2T > Ty = ... =2, =0. Then

k—(b+2)

[l = 1ONE] < [b(1 + ——

Ik

Since G is left-compressed and 1(k — 1)k € E, then |[k — 2]® N Ey| > 1. If k > ¢ + 1, then
applying Lemma 5], we have |[k — 1]®)\E| < k — 2. Hence

m=|E| = [En[k—1|+[k—2]% N Ep| + Bl
t
> —(t—1)+2

t—1 t—2
> 1 4
= ()57 (@)
which contradicts to the assumption that m < (tgl) + (t;2). Recall that k& > ¢, so we have

k=t.

Hence we can assume G is on vertex set [t].
Next we prove an inequality.
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Lemma 6 Let G be a 3-graph on the vertex set [t]. Let x := (21,2, ...,2+) be an optimal weighting
for G satisfying x1 > x2 > ... > x; > 0. Then

(t—3)

1
_ _ <—-—"
1 < Ty—3 + Ty 2OIA(G)_6(t—2)(t—1)

< A[t— 1](3)).
Proof If ©1 > x4—3 + x¢_2, then

3ry+ @+ -+ Ty >+ T2+ T g+ T3+ T2+ T 3 = 1L

Recall that x1 > o > ... > xy_4, we have x1 > % Using Lemma 2] we have

3\ 2 t—1
1 @-37 1(t-3)(t-2)
T6(t—-2)(t—1) <5 (t—1)2 = A\([t = 1]®).

The first inequality follows from Theorem [ Hence A\(G) < A([t — 1]®), which contradicts to
MG) > A([t — 1]®)). This completes the proof. O
The following lemma is proved in [15].

Lemma 7 ([14], Lemma5.3) Let G be a left-compressed 3-graph on the vertex set [t]. Let x :=
(z1,22,...,2¢) be an optimal weighting for G. Then |[t — 1]CN\E| <t —3, or \(G) < \([t — 1]®)).
Remark 8 We can prove that |[t — 1]3\E| <t — 3, or A(G) < A([t — 1]®)) under the condition of
Lemma [7] through the method in [15].

Now we continue the proof of Theorem @l Let D = [t — 1]\ E. Let b = |E(t—1)¢|. By Lemma
B we have |D| < 2b. So L‘—?‘J < b and the triples 1(¢t — 1)¢, - - L‘—?‘J(t — 1)t are in G. Let G' =

GUD\{1(t - 1)t,--- L‘—I;‘J(t — Dt} I AMG) < ([t — 1]®), we are done. Otherwise by Remark [3]
we have |D| <t —3. So

D t—1 t—2\ 1 t—3
| = p— 1P < — (-1 +t-3-——"+1
&I = G| + D] L2J_(3>+(2) St—1)+t-3- "4

(-1 (-2
-\ 3 2 )
Note that G’ contains [t — 1]©). By Theorem Bl we have \(G’,x) <
Next we show that A(G,x) < A(G',x). By Remark 2b), 21 = =

1\ 11—
3@ = g < g ()

MG = ([t = 1))

2 --ZxL\_I;\J.Hence

MG, x) — MG, x) = \(D,x) — L|—l2)|Jx1xt,1xt

> |D|xi—3xi—ow—1 — L%J‘letqﬂ?t

> |D|xi—3xi—oms—1 — LTJ(UCt—s + X)L 124
In the last step, we used Lemma @l Recall that 1 > xo > ... > 24 > 0, we have
D
|D|zs—3xt—oxi—1 — |_7|J($t—3 +xp0)xi— 124 > |D|ai_gxi_oxs—1 — |D|wi_3xs_12¢ > 0.

Hence A(G,x) < MG, x) < A([t — 1]®)) = A(C3.,,). This completes the proof of Theorem @l O



Connection between the clique number and the Lagrangian of 3-uniform hypergraphs 7

4 Connection between the clique number and the Lagrangians of some
left-compressed 3-graphs

In this section, we will confirm Conjecture [Il and Conjecture Bl for some left-compressed 3-graphs
with specified structures. As an application, we also obtain two weaker versions of Turdn type result
for left-compressed 3-graphs.

Theorem 5 Let G := (V, E) be a left-compressed 3-graph on vertex set [t] and G does not contain
a clique order of |52 |. Then

(t—3)°

1
NG = 6(t—2)(t—1)

< A([t - 1](3)).

Proof The idea to prove Theorem [l is similar to that in the proof of Lemma[6l Let G := (V, E) be
a left-compressed 3-graph with m edges and w(G) < [%52]. Recall w(G) is the clique number of G.
If ¢ < 5, Theorem [ clearly holds. Next we assume t > 6. Let x = (21, 22,...,2:) be an optimal
weighting for G satisfying, 1 > x2 > ... > x;. The clique number of F;_3 must be smaller than

L2, otherwise w(G) > 152 ] since G is left-compressed. By Lemma [6 if A\(G) > %(tﬁt;)i?t)il), we
have xy_3 > % Using Lemma [2] and Theorem [Il we have
1 152N\ 1%
NG) = sA(B,z) < | - 2 2t)2
@ =3 <5(3 )=
1t—4(2t—1)2
< T\ 7]
T6t—2 442
L (-3
6(t—2)(t—1)
which is a contradiction. This completes the proof. a

Corollary 2 Let G := (V, E) be a left-compressed 3-graph with t vertices and m edges. If m >

6(?%))(?:31)7 then G contains a clique order of |'52].

Proof Let G := (V, E) be a 3-graph with ¢ vertices and m edges. Assume that m > G(t(f;i)i)il)t?

(t_3)2 t3i _
6(t—2)(t—1)" t3 —

Clearly, z; = 2o = --- = x; = + is a legal weighting for G. Hence \(G) >

t
(3" _ However by Th know that A(G) < s7tgal-
sG—2(—1)- However by Theorem [ we know tha (G) < -2 =D)

order of 152 ]. This completes the proof. O
For the case of forbiding a clique of order 4, we have the following result.

if G does not contain a clique

Proposition 1 Let G be a left-compressed 3-uniform graph on [t] with m edges. If G does not
contain a clique of order 4, then m < 2—27t3.

Proof Let x := (21,22, ...,2¢) be an optimal vector of G. We claim that all edges in G must contain

vertex 1. Otherwise, 234 is an edge of G and G contains the clique [4](3) since G is left-compressed.
So

4 1—171 1—{E1
ﬁ(ﬁﬂl—f— +

X P =
2 2 27

N =

1 1
MG) < a1 - 5(gcg tazt--Fap)t= 5;vl(l —21)? <
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Let y = (y1,92,...,y:) given by y; = 1 for each i,1 < i < t. Then 2—27 > AMG) > MNGy) = 5.
Therefore, m < 2—27t3. O
In [1}, Bul6 and Pelillo proved the following theorem.

Theorem 6 ([1]) An r-graph G = (V, E) with m edges and t vertices, which contains no p-clique
with p > r, then
t t t
< (") - —— Lty
"= (7“) GRSy |

Remark 4 (1) We note that Theorem B and Corollary [ establish a connection between Lagrangian
and clique number for 3-graphs. They also provide evidence for Conjecture

(2) For the caser = 3and p = L 2|, the upper bound in Theorem[Glis bigger than (¢ 4_11’53&?;2’5;_272”48)’5,
Since
(t* — 1143 + 3912 — 72t + 48)t . (t —3)%3
6(t —4)2 6(t—2)(t—1)

when ¢ > 38, the result in Corollary [ is better than the result in Theorem [0l under the left-
compressed condition.

(3) Again, for the case r = 3 and p = 4, the upper bound in Theorem [Blis bigger than the bound
in Propostion [[] under the left-compressed condition.

Next we give the following partial result to Conjecture [I1

Theorem 7 Let m, t, and a be positive integers satisfying m = ( 3 ) ( ) 4+ a where 1 < a <
t—2. Let G = (V, ) be a left-compressed 3-graph on the vertex set [t] wzth m edges satisfying
|E—1y] < 2t+§“_4 If G contains a clique of order t — 1, then A(G) < A(Cs ).

Proof Let G be a 3-graph with m edges and containing a clique of order ¢ — 1. Assume x :=
(z1,22,...,2¢) is an optimal weighting for G satisfying z1 > x9 > ... > x; > 0. We will prove that
AC3,.m,x) — A(G,x) > 0. Therefore A(Cs,,) > A(Cs m,%x) > MG, x) = A(G).

By Remark Z(b) and noting that G contains [t — 1]®), we have

MEr\(1-3),X) AMB_3,%) A )
T1 = Ty _— =y 3t =Ty 3+ —— 5
' 3 A B (¢—3),X) = A B (¢—3),X) e A E1(1—3),X) )
and
AME(—2)\(t-1)X) T A(E(—2)¢ ) EG_1ye x)

Ti—o = XTg—1 + =1 (6)

ME(t—2)(t-1),X) AME(—2)(t-1),X)

Let b := |E(,_1y|. Since G contains the clique [t — 1], we have |[t — 2]\ E;| = b—a. Note that
|EG—3y| < |E(i_g),| since G is left-compressed, we have |Ef, )| < b4+ 1(Note that t—1 € Ef_a)0)-
On the other hand, |E(;_oy| =t —2— |Ef,_,,[ =2t —2—(b—a)—1(Note that t —1 € E{;_,),) and
B2t N Ef 1yl > (t=2) = (b—a) =1 —b=1t—2b+a—1. Recalling that |E;_1),| < 2H32=2, we
have |E€t_3)t| < |Eg—2:N E(Ct_l)t|. Let i be the minimum integer in Ef, 5y, and j be the minimum
integer in Ey_g): () Egt_l)t. Because G is left-compressed, we have ¢ > j. Hence

MEG—3)1, %) < AE(— 2)tﬂE(t 1)t X)- (7)
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Since x1 > x5 > ... > x;. Next we prove that
AE1(t-3),%) = ME—2)(t-1),X) = Tr—2 + T4—1 + 24 — 71 — 143 > 0. (8)
To verify (&), by Remark 2(b), we have

A(E (¢-1)5X) (Zy + - + T_2)Ts
ABrgon. 0~ S Tp-1 + @y 9
/\(El(t—l)ax) =Tl To+ -+ Ty + T4 S T1 + T (9)

Ty =T¢—1 +

MEre-2),%)

)\(El(t72)7 X)

AMEG ) X)

= Ti—2 + S G M Tt

-2y -2 0
AE( gy %)

-2y 3—241—m4

T1 = T2+

< a9+

T, (10)

and
ME(t—3)\(t—1),X)
AME(—3)(t-1),X)

AE(i—3)1 mE(ct—l)t’x)x
l—z 3 —mp 1 —ar

Ti—3 = Te—1 +

= Tt-1

Adding ([I0) and (II), we obtain that

AMEG )0 %) + ME—3)0 VEG_1y %)

l—mp 3 —241— 14

1+ a3 ST+ X1+ Zy.

Clearly t — 3 ¢ E(;_3);. Since G is left-compressed and G # C3,,,, we have t — 2 ¢ E(;,_3y,. On the
other hand both ¢ — 3 and ¢ — 2 are in Ef,_,,. Hence |Ef,_, | + [Eq—3)¢ (VEf 1y, < |Ef o)) +
|EG—1);| —2- Recalling that |E°| < t =3, we have |E{,_,), |+ |E{,_;),| < |[E°| < t—2(Note that t—1 €
Ef, 5 andt—2 € Ef, ) and |E(Ct_2)t|+|E(t_3)t N E(Ct_l)t| < t—4. Clearly b > 2. Hence 2 is not in

(t—1)t
: A(E(Cpfz)px)‘i')‘(E(t—S)t ﬂE(thl)mx)
E(thl)t and E(thz)t. Recalling that x1 > 292 > ... > x4, we have e ———— <1.

So, @) is true. This implies that A(Ey_2)¢—1),X) < A(Ej;—3),%). Combining (E)[6) and (@), we
obtain that z1 — z4—3 < T4_o — T¢—1 and T_3xi—oTs — T1Ti—12: > 0. Hence

MCs.m,x) — MG, x) = M|t — 2] D\E,, x) — |[t — 2]P\Ey|z1 20124
> [t — 2]\ Et|(vi—32—0ms — 2104 174)

> 0. (12)

This completes the proof. a
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