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Primal-Dual Incremental Gradient Method for Nonsmooth and
Convex Optimization Problems

Afrooz Jalilzadeh*

Abstract

In this paper, we consider a nonsmooth convex finite-sum problem with a conic constraint. To
overcome the challenge of projecting onto the constraint set and computing the full (sub)gradient,
we introduce a primal-dual incremental gradient scheme where only a component function and
two constraints are used to update each primal-dual sub-iteration in a cyclic order. We demon-
strate an asymptotic sublinear rate of convergence in terms of suboptimality and infeasibility
which is an improvement over the state-of-the-art incremental gradient schemes in this setting.
Numerical results suggest that the proposed scheme compares well with competitive methods.
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1 Introduction

Convex constrained optimization has a broad range of applications in many areas, such as machine
learning (ML). As data gets more complex and the application of ML algorithms becomes more
diversified, the goal of recent ML research is to improve the efficiency and scalability of algorithms.
In this paper, we consider the following nonsmooth and convex constrained problem,

min f(z) st. Az —be -k, (1)
where f(z) = Y7, fi(z), A = [AT ... AT]" b= [F ... bL]", K = I K. For each

i € {1,...,m}, the function f; : R® — R is convex (possibly nonsmooth), 4; € R%*" b, ¢ R%
and K; C R% is a closed convex cone, and X C R" is a compact and convex set. We assume
that the projection onto IC; can be computed efficiently while the projection onto the preimage set
{z | Aixz — b; € —K;} is assumed to be impractical for any i € {1,...,m}.

Letting d £ Yot di, we introduce a dual multiplier y = [y;]7, € R? for the constraint in
and y* denotes a dual optimal solution. Suppose a constant B > 0 exists such that ||y*|| < B.
Such a bound B can be computed efficiently if a slater point of is available, see Lemma [2| Let
Y =1M,Y;, Yi = {y; € R% | /m||yi|| < B+ 1} which implies that ||y|| < B+1, for all y € Y, then
problem can be equivalently written as the following saddle point (SP) problem:

. N . T(Ax—b.
gg(ly:[yi]?:l?gymﬁ(x,y) = ;fz(ﬂf) +y; (Aiz —b), (2)

where K* denotes the dual cone of K, i.e., K* £ {u € R?: (u,v) >0, Yo € K}.
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Motivation. Problem has a broad range of applications in ML, wireless sensor networks,
signal processing, etc. Next, we illustrate examples written in the form of problem in which
projecting on the constraint is challenging.

Example 1. (Basis Pursuit Denoising (BPD) problem) Let z* be a solution of a linear system
of equations Ax = b, where A and b represent a transformation matrix and the observation vector,
respectively. This problem arises in signal processing, image compression and compressed sensing
[7] to recover a sparse solution x given A and b. In particular, one needs to solve min,{||z||; | A;x =
bi, Vi € {1,...,m}}. In real-world applications, the observations b might be noisy [9]. Therefore,
the problem can be formulated as follows:

min x|y, s.t. [[Aiz —bi|| < 6/vm, Vi€ {1,...,m}.

BDP problem is a special case of (|l)) and the constraint can be written as (b; — A;z, —0/y/m) € —K;
where IC; = {(y,t) € R% x R | ||y|| <t} is a second-order cone. Projection onto the second-order
cone can be computed as:

.0 iyl <t
Ik (y,t) = { (0,0) if ly|l < —t;

lyll+t (L 1) otherwise

2 [yl ’

where ITi(y) denotes the projection of y onto K [2]; however, projection onto the preimage set
{z | A;x — b; € —K;} can be impractical.

Example 2. (Constrained Lasso problem) Let y € R, B € R%*" and x € R™ denote the response
vector, the design matrix of predictors, and the vector of unknown regression coefficients. Then
the general Lasso problem can be written as follows [10]:

n
m{}n%”y — Bz|* 4+ M||z|[1 + Ao Z |zj — 1], s.t. Az =0, and Cz < d,
j=2

where A1, Ao > 0 are the tuning parameters. The constrained Lasso problem above is a special
case of problem by defining fi(z) = o= |Biz — ]2 + 2|z + %Z?:Q |z; — xj—1|, where

B=[BT,...,BE]T and y = [yf,...,yL]T. The constraint can be written as [éﬂ x — [ZZ] € —K,
(2 (2
where A; € RPIX" C; € RE*™ p; + ¢; = d, K = {0,,} x RY and {0,,} € RP:.

Related work. One of the main approaches to solve problem , when the projection is cheap, is
using the Projected Incremental Gradient (PIG) scheme [16] where the (sub)gradient of the function
is approximated in a deterministic manner and cyclic order. Let C £ {x € X | Az — b € —K}
denote the constraint set in , then each iteration of PIG has the following main steps:
fori=1,....m

1. Set xj 1 = x}, and pick stepsize y;
2. 2 ir1 = o (Tri — Ye9r,i):
3. Set Th+1 = Thkym+1,

end



where gi,; € 0fi(zk,), and Jf;(x) denotes subdifferential of function f;(z), for all¢ € {1,...,m}.
When the problem is nonsmooth and convex, the convergence rate of ©@(1/v/k) has been shown
for PIG. The accelerated variant of Incremental Gradient (IG) scheme is studied in [5, [8 [IT], [15].
These methods require storing a variable of size O(mn) at each iteration, hence, are impractical
for large-scale problems and/or when the projection is hard to compute. One avenue to handle
the constraints is by leveraging iterative regularization schemes [I], 19]. Recently in [14], authors
introduced averaged iteratively regularized IG method that does not involve any hard-to-project
computation to solve and require storing a variable of size O(n). However, their suboptimality
and infeasibility rates are O(1/k%%~?) and O(1/k?), respectively, for some b € (0,0.5). In contrast
to the existing methods, in this paper, we address the challenge of projection by introducing a
primal-dual scheme requiring memory of O(n + d/m). Moreover, our new primal-dual IG scheme
improves the rate results to O(1/v/k) in terms of suboptimality and infeasibility.

Convex constrained optimization problems can be viewed as a special case of saddle point
problems using Lagrangian duality. Different primal-dual methods have been introduced to solve
such problems. Consider a saddle point problem of the form min,c x maxycy f(z)+¢(z,y) — g:(vi),
where ¢(z,y) = > " (Aix — b;,y;). When the objective function is strongly-convex strongly-
concave and smooth, a linear convergence rate has been shown in [20, 2], 22] using stochastic
methods by randomly selecting the dual and/or primal coordinates. Assuming a merely convex-
concave setting, the convergence rate of O(1/k) has been shown in [6, I7]. Moreover, Xu [I§]
considered problem with nonlinear constraint h; < 0 where h; is convex, and bounded function
and 0h; is bounded. They proposed a stochastic augmented Lagrangian scheme with convergence
rate of O(1/Vk). In this paper, we aim to recover the rate of O(1/vk) by approximating the
subgradient in a deterministic manner and considering weaker assumptions. Finally, in our recent
work [13], we considered min, max, Y ;- fi(;vl-)—l—zg’:l oj(x,y)—>_y_1 he(ye) where f;, hy are convex
and nonsmooth with efficiently computable proximal map and ¢(z,y) is a smooth convex-concave
function. The convergence rate of O(log(k)/k) is obtained for merely convex setting by sampling
the component functions using an increasing sample size. However, in this paper, we introduce a
deterministic method to solve a nonsmooth optimization problem with a conic constraint.

Contribution. In this paper, we consider a nonsmooth minimization with a conic constraint.
Considering the equivalent saddle point formulation, we propose a novel primal-dual incremental
gradient (PDIG) scheme. In particular, the proposed method comprises a deterministic cycle
in which only two constraints, and one objective function component, f;, are utilized to update
the iterates. This new approach significantly improves the previous state-of-the-art incremental
gradient method for constrained minimization problems [I4] from O(1/ k%) to O(1/Vk) in terms
of suboptimality/infeasibility. Moreover, the proposed scheme guarantees a convergence rate in a
deterministic manner, in contrast to randomized methods [I8] where the convergence rate is in the
expectation sense.

In Section [2| we provide the main assumptions and definitions, required for the convergence
analysis. Next, in Section we introduce PDIG method and show the convergence rate of O(1/v/k)
for both suboptimality and infeasibility. Finally, in Section [4] we implemented the proposed algo-
rithm to solve the constrained Lasso problem and compare it with other competitive methods.



2 Assumptions and definitions

In this section, we outline some important notations, definitions and the required assumptions that
we consider for the analysis of the method.

Notation. Throughout the paper, |.|| denotes the Euclidean norm and relint(X) denotes the
relative interior of the set X. We define distic(u) = || (u) — u| = |||[TI_xx (u)||. Also, I denotes
d x d identity matrix.

Definition 1. Define U; € R¥*% fori € {1,...,m} such that Iy = [Uy, ..., Uyl
We impose the following requirements on problem .

Assumption 1. For alli € {1,...,m}, the following hold:

(a) A primal-dual solution, (z*,y*), of problem exists.

(b) Function f; is convex and nonsmooth.

(¢) fi is Lipschitz continuous with constant L.

(d) X is a compact and convex set, i.e., 3D >0 s.t. ||z|]| < D, Vo € X.
(e) There exists a constant B > 0 such that ||y*|| < B.

Assumption (c) is a common assumption for nonsmooth problems and it implies that f at
every point x admits a subgradient g(x) such that ||g(x)| < L. We assume that this small norm
subgradient g(x) is exactly the one reported by the first-order oracle as called with input x and
this is not a severe restriction, since at least in the interior of the domain all subgradients of f are
“small” in the outlined sense (see section 5.3 in [3] for more details). The following lemma states
an important relation required for our convergence results.

Lemma 1. Suppose a convex function f: R™ — R is Lipschitz continuous with constant L. Then
fx) < fy)+g9(y)T (x —y)+2L||x —1y|| holds for any =,y € R™, where g is a subgradient of function
f-
Proof. Using convexity of function f, Cauchy-Schwarz inequality, and boundedness of the subgra-
dient, we can show the desired result as follows:
(9y),y —2) = (9(y) —9(z),y — z) + (9(),y — )
<llg(y) —g@)llllx = yll + f(y) — (@) < 2Lllx =yl + f(y) — f(@).
O

In addition, note that the dual bound B in Assumption (e) can be computed efficiently if a
slater point of is available using the following lemma.

Lemma 2. [12] Let & be a slater point of (1), i.e. & € relint(dom(f)) such that Ax—b € int(—K),
and h : R* — RU {—oc} denote the dual function, i.e.,

h(y) = {infx f(z)+ (Ax —b,y), yeK*

—00, 0.w.

For any § € dom(h), let Q3 = {y € dom(h) : h(y) > h(y)} C K* denotes the corresponding
superlevel set. Then for all j € dom(h), Qg can be bounded as ||y|| < M, Yy € Q4 where
0 <7r* = min,{— (A% —y,u) : |jul| =1, u € K*}.



3 Convergence analysis

In this section, we propose the Primal-Dual Incremental Gradient (PDIG) method, displayed in
Algorithm [1| to solve problem .

Algorithm 1 Primal-Dual Incremental Gradient (PDIG) method
input: z; € R", y; € R?, positive sequences {7} and {n}, and let T1,0 < T1
fork=1...K do
(1, Uk,1) < (2, i)
fori=1,...,mdo
Ay +— A, and Uy <+ Uy
Uk,it1 < My (e + meUs(Aizrs — b)) + meUs1Ai 1 (ki — Thji-1));
Tt < Hx (2rs — W(9i(wni) + AT Ul yriv1)), where gi(z) € 0f;i(x);
end for

Tk+1,0 < Thym, (Tht1, Yng1) (xk,erlayk,erl);
end for

In the following theorem, we state our main result which is the convergence rate of PDIG in
terms of suboptimality and infeasibility.

Theorem 1. Suppose Assumptz’on holds. Let {xy,yr}r>1 be the iterates generated by Algorithm
1}, with the step-sizes chosen as M, = - 1\/E and v, = ailﬂ/g for all k > 1, where amax =

maxi<ij<m{||Ail|}. Then the following result holds
max {| f(Zx) — f(a*)], dist_x(AZx —b)} < $(2K,7) - D", jx) < O(1/VE),

where § £ (||| + DI+ (AZx — )| Tx- (Az = b)| ™ and (2, 9x) = e Y4 (2h: yi)-

Before proving Theorem [1, we state a technical lemma for projection mappings and then provide
a one-step analysis of the algorithm in Lemma

Lemma 3. [J] Let X C R"™ be a nonempty closed and convex set. Then the following hold: (a)
ITLx [u] — Ox[v]]| < |Ju—v| for all u,v € R?; (b) (Ix[u] —u)T (x — x[u]) > 0 for all u € R™ and
zeX.

Lemma 4. Suppose Assumption (1| holds. Let {x,yr}r>1 be the iterates generated by Algorithm
1}, with the step-sizes chosen as M, = - 1\/@ and v, = ailﬂ/g for all k > 1, where amax =

maxi<i<m{||Aill}. Then the following holds for anyy € Y NK*.

Gmax Amax

O y) — (") < (g +2VE) (Co+ O + 4 (G + 2E) &

2mL2 2(B+1)2amax\/? 2D2 (amax‘f'\/?)

L ap? (% _ g) < O(1/VK),

for some constants Cy,Cy, C3 > 0 where (T, i) = + Zé{:l(azk,yk).



Proof. For any k > 1, we have the following for any y € R,

kst — YI? = lukier — veill® + ki — YI* + 2(U,ie1 — Ynis Yki — ¥ & Yrit1)
= lyksisr — veall® + ki — vl = 2llykivr — yall?
+ 2(Ykit1 — Ykis Ykyit1 — )
= Hyk,i - y||2 - Hykz,i—i-l - yk,i||2 + 2<ykz,i+1 — Yk,is Yk,i+1 — Y)

Term (a)

From the definition of yj, ;41 and Lemma (b) the following holds:

0 < (yit1 — (Wi + meUi(Aimg; — b)) + meUi—1 Aim1 (@ — T,i-1))" (Y — Yrit1)

= kit — ki) (U = yrirr) + eUi(Aizgs — bi) + U1 Ai 1 (@ — 25i-1))" (Ukivs — ).
(3)

Therefore, term (a) can be written as
20Uk it1 — Y Uit — Y) < 2003 (Aiwg i — bi) + meUim1 A1 (2 — Tkim1)) . (Ykir1 — 9)-
Hence, we have the following:

yr,i+1 — I
<Mlwki = YI* = kit — Yk,

2+ 2(muUi (A, — by)
+mUi—14i-1(Tks — Tpi—1) £ UkUz‘Az'fﬂk,z‘H))T(yk,iH -y)
= i — Yl = i1 — Yeall® + 20 Wisir — ¥) Ui(Aizg a1 — bi)
+ 20 (Ykis1 — Y £ Yri) U1 (Aio1 (2h — Tri1))
— 201 (yniv1 — ¥) T Us(Ai(Thisr — 7))
= i — Yl = i1 — Yeall® + 20 Wisier — ¥) Ui(Aizg a1 — bi)
+ 20 (i — y) Uica (Ai1 (Thi — Ti—1))
+ 200 (Y1 — Yni) Uie1 (Aic1(Thi — Thio1))
— 201 (yniv1 — Y) Ui(Ai(Thisn — o)),
Now using Young’s inequality, i.e., a’b < ﬁ”a”2 + 2 b)12, for any a,b € R? and oy, > 0, we
conclude that

lykier =yl < gk — yl® + (2 = Dllyrier — yra

+ 20 (Wit — ¥) Ui (Aizgien — by)
+ 20 (yri — ) U1 (Aim1 (pi — Trio1))
+ ol |Ui—1Ai1(ri — oim1)1* — 206 (Wris1 — ¥) T Ui(Ai(@kie1 — k).

? (4)

Similar to , from the update of ;41 and Lemma (b) the following holds:

* T *
(Thit1 — i) (@pipr — %) < ((gi(n) + AT U yriv1)) (2% — zpi11)-



Therefore, one can conclude that

[Zkir1 — 212 = [|2ni1 — 2eal® + |Zei — 212 + 2(@h 41 — Thy Thi — T° £ Ty i)
2 £ 2(Thip1 — This Thig1 — )
T
2+ 2 (v(gi(hi) + ATU yrirn))” (2% — Thi41)
~— —_—

Term (b)

= ||k, — x*H2 — [|kip1 — Tr

<ok — 2% = |2k ie1 — Th

Indeed, adding and subtracting zj,; to term (b) leads to

|zhiv1 — 2N < [lang — 27 = |@n — i |]? = 29 (@his1 — 20) " (9i(2r) + AT U ypivn)
— 2 (@hi — %) (gi (@) + AT U Yriv)- (5)

From Assumption b)7 one can easily show that —2v; (:cm—a;*)Tgi(xk,i) < =2 (xk.z—w*)T(fZ(xm)—
fi(z*)) and from Assumption (c) and Lemma [l we have that —27y(zki+1 — o1 ,)gi(zri) <

29, (fi(zr,i)— fi(Triv1))+4veL|| 2k i1 —2k || . Moreover, for some ), > 0 we know that 4+ L ||z ;41—

Tl < 275’“7]52 + 27 Bkl Tk iv1 — k4%, hence, can be written as follows.

|zkirs — 2P < loki — 2 = oki — 2ran|?
+ 29 (f (w00) — Fi(@ris1)) + 252 + 29 Bil|wkier — ws
= 2y(@hisr — )T AT U Yriir — 20 (fi(mn) — fila™))
= lzgs — 21 = 2Bk — Dllors — wriral” + 2v(fi(2*) = fi(zrit))

2
+ 2 — 2y — )T ATU i (6)
Multiplying by ﬁ, @ by ﬁ and summing up the result leads to

filzrivt) = Fi(@*) = (kie1 — 9) T Ui(Aizgivr — b)) — (2 — 2pi01) T AT UL i
< ﬁ”ykﬂ' —yl? - ﬁ”yk,iﬂ —yl?
= ) I = vl + gzl = oI = gl — 2|

+

+

/N N
[\]
Q‘H
ol

Br — ﬁ) 2,5 = Thitt |+ (ri = 9) T Uiet [Aica (2 — @i-1))]

2
+ Ui A (@r — 2 )P = (Wit — 9)" Uidi(@rin — 200 + 5
Next, by selecting n, and v such that i — ﬁ < 0 and %HUi_lAi_lHQ < =L — B, one can drop

= 27
<ﬁ — ﬁ) |Yk.i+1 — Yk.il|? in the above inequality to obtain the following result

filtrivt) — filx®) — (Yrivr — ) Ui(Aizpinn — bi) — (2% — 2pi01) ATU yr i
< ﬁ (i — ylI> = lyrisr — yll*) + ﬁ (lzki — 2*|1* = llzgivr — %))
+ (ki — 9)' Uim1Aim1 (hi — hi-1)] — Wit — ¥)7 [UiAi (@01 — 2840)]

2
+ <5k - ﬁ) (ki = i l® = loni = zral®) + 5



Summing the result over ¢ from 1 to m we conclude that

Z (fizrisr) = Fi(@) = (kier — ) Ui(Aiwgivr — b)) — (2 = 2p,00) T AT U Yo i
i1

< 5 (s = 12 = lgeamss = 9l) + i (s = @12 = llowmer — )
+ (1 — )" [UoAo(xr1 — 22.0)] = Wkmt1 — ¥)" [UmAm (@ mi1 — Trm)]
2
+ (B = 25) (I = @kt ? = o = weal?) + 22 (7)

Now we proceed by providing a lower bound for the left hand side of . In particular, using
Lemma [3(a) the following holds:

[zk2 — 2kl = |Hx (zk1 — (91 (@r1) + AT UL yi3)) — Hx (k) |
< (g1 (e ) + 1AL T vk sll) < (L + (B + 1)[|A1])).
= |lzks — 2kl = ITx (zk2 — Y6 (92(2k,2) + AT U ypa)) — Mx (x|

< llzrz — il +wlllg2(@r2) | + [ 421U yrall)
<2 + (B + D([|A1] + [[Az]))-

Therefore, continuing this procedure for any ¢ > 1, we conclude that
i
ks — zil < x <z’L +(B+1)> \|A4H> < i (L4 (B4 1)amax) » (8)
(=1

where amax = maxi<i<m{||4ill}. Let bmax = maxi<i<m{||bi]|}, then similar to one can also
obtain the following for the dual iterates

”yk,i - yk” < nki(gDamax + bmax)- (9)

Now, we can obtain a lower bound for the left hand side of .

Z (fil@giv1) — fil@®) — (Yriv1 — Y Ui(Aizgion — b)) — (2 — zpi) T AL U ynin
i1
= flae) = F@) + ) (filwrirn) = filzr) = Wrirs — ©) Ui(Aig i — b))
i1
— (2% — zpi1) T AT UL yp i
> flxg) — f(2™) + Z Llxgiv1 — zx]| + Z (Y = Yris1) T Us( s ien — bi)
=1 i=1
— (@ = 2his) AT U Y] £ (v — ye) " (Azp — b) — yf A(z™ — zp)], (10)

where in the last inequality we used Assumption c). Also, using and @, we can obtain the
following bound for any y € Y N KC*,

‘ > W = trie) Ui(Aiwizr — b)) — (y — )" (Azy, — D)
i=1

8



+
s

s
I
—

Wi UiAi(ri — %)) — yi Al — x*)‘

I
Ms iES

[y Ui(Aszgitn — bi) + ylj;i-HUibi] —yT(Azy, — b) — yb

~

[ylerlUA x ] +yk1495

-
Il
—_

I
| —
rﬁsﬂﬁs
£
i
-

.
Il
—

[y Ui(Aizgipn — b)) — v (Azy, — b)

~

T(Ai* ~ b))+ (Az” ~ )|

IN

<
~
i

UiAi(xiv1 — ﬂck)) - ( (Yrit1 — yp) T Us(Aiz™ — bi)) ‘

=1

m m
<> B+ DAz — axl + D Ik — wlllUs(Aie® = bi)|
i=1 =1
m(m + 3
<3 (I - (B4 1) (1)
m(m + 3 B - ~
+ nk(2)(amax”$ ” + bmax)(SDamax + bmax) = ’chl + nk02u
where we used the fact that y € Y, i.e. |ly|| < B + 1, and we let C; £ m(#ﬁ)(B + Damax(L +

amax(B + 1)) and Cy 2 M(amaxHx*H + bmax) (3Damax + bmax). Using within one can
conclude the following for any y € Y N K*,

m

Z (filzrisr) = Fi(@) = (Wkie1 — ) Ui(Aizgivr — b)) — (2 — 2p00) T AT U Yo i
=1

> ¢, y) — d(@", yp) — " L(L + amax(B + 1)) — Cr — miCa.
Therefore, the inequality @ can be rewritten as follows for any y € Y N ¥,
O(zk,y) — O(z", yi)
< 05 +wC1 +mCa + gp (ks — yl” = k11 — %)
+ ol = 2P = llegrn = 1) + (1 = 9)" [UnAm(zra — 2x0)]
— (Wrt1,0 = )7 [UnmAm(@rt1,1 — Trt10)]
2
+ (B - 5) ( 2 ko — @nall?) + ™ (12)
where C5 £ ML(L-i-amax(B-i-l)) and we used Yk m+1 = Yk+1,1, Thym+1 = Tk+1,1, Thym = Th+1,05

Ag = Ay, and Uy = U,,. Before summing over k, we state some helpful inequalities on the
consecutive terms involved in .

K

E(ETS T il S )
k=1



N

= hllens = @12+ [ D (5 — DY - gllercinn — 2P
k=2
< g (4D? — |lzkcis — 2), (13)

where we used Assumption [Ifd) and {7} is a decreasing sequence. Similarly,

K
> = lyka = ylP = lyrsrn — ol*) < = (4B +1)* = llyx 111 — y[*). (14)
k=1

Summing both sides of over k from 1 to K and using and we conclude that for any
yEeYNKH,

¢(xk7 y) - (25(113*, yk)

M=

k=1
K
~ ~ ~ 2
<> (’Yk(C?, + C1) + meCa + %) + 5= (4B +1)% = [lyr1,1 — yl*)
k=1
+ ﬁ(‘lD —lzks11 = 2*1°) = Wrmtr — ) UnmAm(TKm1 — Trm))
+ (% - 5K) (4D* = |lok 11,0 — zr41,1]17)

K
<3 (w(Cs+C) + o+ ) + 5 (4B + 1) — [lyicins — )
k=1
+ 3 (4D? = |lzx1a — 2" IP) + gag lyxmsr —
+

GO A (a1 = 2aem) 2 + (55 = B ) (4D = exci10 = 2rcsnall?)

Now using the fact that %X||U,, Apl? < W BK, Thm+1 = Tht1,1s Lhm = Tk+1,0 and choosing

Nk = a, one can simplify the above inequality as follows

K K
2 2
kzqﬁ(wk,y) — p(a*,yx) < kz (’Yk (Cs+ Ch) +mCy + 22 ) 4 2B | 3Dy 42 (27{ —5K) .
-1 1
Choosing ?7k = ap = ;k, Be = l\f T = - 1+\/E and using the fact that Zszl ﬁ <
1+ f dx <1+ VK and similarly Zk 1 1+\/E < am;{H + 2\/?, the desired result can be
obtalned e

O
Now we are ready to prove the main result of the paper.
Proof of Theorem Let (z*,y*) be an arbitrary saddle point of . Using the fact that for

any u € RY u =TIy (u) + My« (u) and (IT_x(u), Tk« (u)) = 0, one can show that (AZx — b,§) =
(ly*]| + 1)dist _x (Azx — b). Therefore, ¢(Zx,y) = f(Tx)+ (||y*]| + 1)dist_x (AZx — b). Moreover,

10



since (z*,y*) is a saddle point of one can conclude that f(z*) = ¢(z*,y*) > ¢(2*, yx) and by
Lemmafat y =3 € Y NK*,

F@r) — f@) + (v + Ddist_c(AZx — b) < ¢(Tx,§) — ¢(=", Gx) < O(1/VE). (15)

In addition, using the fact that for any y € R? (y*,y) < (y*, Mg« (y)) < [ly*|dist_x(y), the
following can be obtain:

0<o(Tr,y") —o(a",y") = f(Tx) — f(") + (AZk — b, y")
f(@r) = f(@") + [ly*lldist _x (AZx —b). (16)

Combining and gives the desired result.

IN

4 Numerical results

In this section, we compare the performance of PDIG with aIR-IG [14] and PDSG [18] to solve the
following constrained Lasso problem.

m m
i 3 Ciz — d||* + 2 t. Bx <0 17
rel10,10] 2 ; |Ciw = dill™+ ; llly, st Bz <0, (17)

where matrix C' = [C;]™, € RP™" d = [d;]™, € RP™, and B € R"1*" We set m = 1000,
n=40,p=n+5,and A = 0.1. is a special case of (), if we set f;(z) = 3[|Ciz —di||® + 2 ||z,
Aij=Bjfor1<i<nm—1land A;=0forn <i<m,b =0,and K; =Ry forallie {1,...,m}.
The problem data is generated as follows. First, we generate a vector z € R™ whose first 10 and
last 10 components are sampled from [—10,0] and [0, 10] uniformly at random in ascending order,
respectively, and the other 20 middle components are set to zero. Next, we set d = CZ + 1, where
n € RP™ is a random vector with i.i.d. components with Gaussian distribution with mean zero
and standard deviation 10~'. We choose the stepsizes of PDIG as suggested in Theorem For
aIR-IG, according to [14], the stepsize is set to 1/(1 +v/k) and the regularizer is 10/(1 + k)°2> and
for PDSG, as suggested in [18], the primal and dual step sizes are set to 1/(log(k + 1)vk + 1).

3 —PDIG ! —PDIG |

i —aRIG —alR-IG
—PDSG. " —PDSG |
‘? 10! g 1

= b
" g
10 £ .2
102 \

| 3 | |
0 500 1000 1500 2000 0 500 1000 1500 2000
Number of epochs (iterations/m) Number of epochs (iterations/m)

Figure 1: Comparing suboptimality (left) and infeasibility (right) of PDIG, alR-IG and PDSG.

In Figure |1} we compared the suboptimality and infeasibility of three methods. We observe
that PDIG outperforms alR-IG which matches with the faster convergence rate of PDIG. Also, the
rate of O(1/v/k) for our proposed method is deterministic and our step-sizes diminish periodically,
in contrast with PDSG where the step-sizes diminish with iteration counter.
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5

Concluding remarks

Motivated by the finite sum constrained problems arising in machine learning and wireless sensor
networks, we introduced a novel primal-dual incremental gradient scheme to solve nonsmooth and
convex problems with linear conic constraints. We improved the existing rate results of the incre-
mental gradient approach for this setting to O(1/v/k) in terms of suboptimality and infeasibility
in a deterministic manner.
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