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Abstract

Various Nash equilibrium results for a broad class of aggregative games are presented.
The main ones concern equilibrium uniqueness. The setting presupposes that each
player has R as strategy set, makes smoothness assumptions but allows for a dis-
continuity of stand-alone payoff functions at 0; this possibility is especially important
for various contest and oligopolistic games. Conditions are completely in terms of
marginal reductions which may be considered as primitives of the game. For many
games in the literature they can easily be checked. They automatically imply that con-
ditional payoff functions are strictly quasi-concave. The results are proved by means
of the Szidarovszky variant of the Selten—Szidarovszky technique. Their power is
illustrated by reproducing quickly and improving upon various results for economic
games.

Keywords Aggregative game - Contest game - Equilibrium (semi-)uniqueness -
Nikaido—Isoda theorem - Pseudo-concavity - Selten—Szidarovszky technique

1 Introduction

The present article deals with equilibrium uniqueness for games in strategic form
with an aggregative structure. Equilibrium uniqueness comes down to equilibrium
existence together with equilibrium semi-uniqueness, i.e. that there exists at most
one equilibrium. Although equilibrium existence has been extensively studied in the
literature, practical strong equilibrium (semi-)uniqueness results are lacking.
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A milestone is (the following variant of) a result in [24] of Nikaido and Isoda (e.g.
see Theorem 1 in [10]) for games in strategic form stating that for the existence of a
Nash equilibrium, it is sufficient that strategy sets are convex compact subsets of an
Euclidean vector space, payoff functions are continuous and conditional payoff func-
tions are quasiconcave. We further refer to this result as the Nikaido—Isoda theorem.'
The Nikaido-Isoda theorem applies to many classes of economic games, especially
to games with an aggregative structure like oligopolistic, public good, cost-sharing,
common resource and contest games (e.g. see [6,17]). However, it does not address
equilibrium semi-uniqueness and does not apply to games with a discontinuity at
the origin, which especially occurs in contest games and oligopolistic games (see, e.g.
[16,34,41,47]).2 In addition, for various concrete games it may not be so clear whether
its quasi-concavity assumption holds. So it would be useful to have a result that, for
a setting similar to that for the Nikaido—Isoda theorem, also addresses equilibrium
semi-uniqueness, allows for a discontinuity at the origin and is subject to conditions,
in particular one concerning quasi-concavity, that for concrete games are easy to check
in terms of the primitives of the game.>

The goal of the paper [6] of Cornes and Hartley was to present such a follow-up
to the Nikaido—Isoda theorem for aggregative games. However, their paper was not
able to be finished due to the death of Richard Cornes. The present study, finally,
provides the intended follow-up; the games we deal with are referred to as ‘smooth
aggregative games’. As primitives, we use what we call ‘marginal reductions’. These
very useful objects were first introduced in [3] by Corchén. Our main results are
summarized in four theorems, i.e. Theorems 1—4 in Sect. 3. These theorems are stated
completely in terms of four assumptions; certainly the most interesting (and powerful)
is Assumption A2 (see Sect. 3). The proofs of these theorems are by means of the
Szidarovszky variant of the Selten—Szidarovszky technique using backward response
and share functions. Theorem 1 presents results on whether equilibria are active or
inactive, Theorem 2 deals with equilibrium semi-uniqueness, and Theorems 3 and 4
with equilibrium uniqueness.

The origin of the Selten—Szidarovszky technique can be found in the article [31]
of Selten dealing with aggregative games and in the articles [33,35] of Szidarovszky
dealing with homogeneous Cournot oligopolies. With it one can study the Nash equi-
librium set for a broad class of games in strategic form with an aggregative structure; it
also is very handy for performing comparative statics ([1]). The power of the technique
lies in the fact that it transforms the fixed point problem for the joint best response
correspondence into a lower dimensional, usually 1-dimensional, fixed point problem
for the aggregate backward response correspondence, which is much easier to handle

1" [24] deals with concave conditional payoff functions. Also variants of the Nikaido—Isoda theorem with

the compactness of strategy sets replaced by some ‘effective compactness’ condition should be mentioned
here as they allow for situations with unbounded strategy sets.

2 Interestingly enough, as far as we know, equilibrium existence in the case of this discontinuity does not
follow from the arsenal of well-known existence results for games with discontinuous payoff functions (e.g.
[22,37]).

3 We will not try to define precisely what we mean by ‘primitives’. Just this: for homogeneous Cournot
oligopolies, for example, the primitives are the price and cost functions. Objects like best response corre-
spondences should not be considered as primitives.
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and does not require deep theorems like Brouwer’s fixed point theorem. As a bonus,
this approach provides an algorithm for the determination of the Nash equilibrium set.
Section 4 also contains a short discussion of the Selten—Szidarovszky technique.*

Although the idea of how the Selten—Szidarovszky method works is simple and
elegant, its implementation may be, as in the present article, subtle and technical. The
technicalities are mainly due to the possible discontinuity at the origin, to the non-
excluding of inactive players and to the proper handling of boundary issues. These
technicalities are handled by further developing ideas in [6] (dealing with aggrega-
tive games and share functions), [46] (dealing with aggregative games and backward
response functions) and [45] (dealing with Cournot oligopolies and share functions).

The further structure of the article is as follows. Section 2 presents the overall
setting and defines the notion of ‘smooth aggregative game’. Proofs are in Sect. 4. The
power of Theorems 1 — 4 is illustrated with two examples in Sect. 5 by reproducing
quickly and improving upon various results for economic games. The first example
deals with a homogeneous Cournot oligopoly with an industry revenue function that
is possibly discontinuous at 0 and the second example with a class of games appearing
in the managerial theory of the firm.

2 Setting

In this section we fix the setting for the games, referred to as almost smooth aggregative
games, dealt with in the present article.

First of all we deal with a game in strategic form. We denote its player set by
N = {1, ..., n}, the strategy set of player i by X; and his payoff function by f;.
We denote X := X1 X --- X X;, X; 1= X1 X -+ X Xj—1 X Xjq1 X -+ X X,
identify X with X; x Xj;, and accordingly write x € X as x = (x;; X;). Fori € N
and z € X;, the conditional payoff function fl.(z) is the function X; — R defined by

2 (i) = fi(xis 2). Let
A= {(x,y) GR?,_ | x < y}and AT = A\ {(0,0)}. )

Definition 1 An almost smooth aggregative game is a game in strategic form with
n >2and X; = R4 (i € N), and that satisfies the following assumptions.

a. Foreveryi € N:

— each function fl.(z) with z # 0 is twice differentiable; the function fi(o) is twice
differentiable on R and its derivative at O exists in R U {+o00};
— there exists a functiont; : A — RU{+o00} suchthatforallz € X; andx; € X;

DfP (xi) =1 (x,-, X+ Y Zz) : @)
l

4 For necessary uniqueness conditions see [11,12,19,28] for Cournot oligopoly games and [46] for the
more general class of aggregative games.
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b. Foreveryi e N

— t; is on AT continuous and
limz (0, y) = #:(0, 0); (3)
40

— t; is on AT partially differentiable and ¢; is differentiable on the interior of its
domain.

c. Foreveryi € N and for every x; € X; and z € X; with® x; + Y,u#0

szi(Z)(xi) = (D1 + Do)t (xi, xi + ZZZ). o 4)
1

Assumption a features the aggregative structure.® We refer to the conditional payoff
function fl.(o) as the stand-alone payoff function of player i. Note that at 0 discontinu-
ous stand-alone payoff functions are allowed (which explains the ‘almost’ in ‘almost
smooth’). Also note that we only suppose that #; is differentiable (instead of, as usual,
twice continuous differentiability) on the interior of its domain. The function ¢; is
uniquely determined and is referred to as marginal reduction for player i.” The next
assumption concerns additional smoothness.

As has become clear from articles like [28,36,39], smoothness assumptions play
a very important role when one is looking for sufficient conditions for equilibrium
semi-uniqueness. Assumptions b and ¢ concern our further smoothness assumptions.
The smoothness assumptions used are not independent. However, the way in which
we state them is convenient for the presentation.® Note that 7; may take the value 400
only at (0, 0) and that

1i(0,0) # +00 & fi(o) is differentiable = fl.(o) is continuous. (&)
But if fi(m is continuous at 0, then #; (0, 0) = 400 may hold. Also note that®

fl.(o) is lower semi-continuous. (6)

Many economic games in strategic form that the literature deals with are almost
smooth aggregative games.

5 Using Euler’s notation D for derivatives and D; for partial derivatives with respect to the i-th variable.
6 So we let the aggregative structure come in by referring to D, fi(z) instead of referring to f;. Of course, if
the payoff function f; of player i only depends on his own strategy and the sum of all strategies, then (2)
holds under a suitable smoothness assumption.

7 We note that, contrary to the definition of #; in [3] of Corchén and in various other articles like [4,17,46],
t; (x;, ¥) is not defined (as it is superfluous and very much hinders obtaining stronger results) for y > x;.

8 Note that (4) does not follow from (2) as the set A is not open.
9 1f ;(0, 0) # oo, this holds by (5) and if 7; 0, 0) = +o0, it holds as £* is continuous on R4 and
Df(0) = +o0.
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3 Main results

Our main results, i.e. Theorems 1-4 below, can be stated completely in terms of some
of the following additional assumptions Al, A2, A2’ and B for an almost smooth
aggregative game. These assumptions are in terms of the marginal reductions #; :
{(xi, y) € R%_ | xi <y} — RU {400} and use

N :={i e N|(0,y) > 0 forsome y > 0}.

Al. Forallie Nandy > 0: [0 <x; <y A tij(x;,¥y) =0] = Dit;(xj, y) <O.
A2. Foralli € N andy > 0:[0 < x; <y A ti(xj;,y) =0 = D+
yD)ti(xi, y) <0;
A2’. Foralli e Nand0 <y < y:14(0,y) <0 = £(0,y) <0;
B. Foralli € N , there exists x; > 0 such that #; (x;, y) < 0 for every x;, y with
X <x; <y.

The next section contains additional results, which also may be interesting in them-
selves, where the following additional assumption is also used:

C. Foralli € Nandx; > 0: ;i (xi, x;) =0 = (D; + D)t; (x;, xi).

Below we also consider situations where such an assumption just holds for a specific
player i; then we add [i] to the assumption; for example, A1[i], in Lemma 1. Of course,
Assumption C[i] holds if Assumption A2[i] holds.

Assumptions Al and A2 are sophisticated variants of what are called (generalised)
Fisher-Hahn conditions in [27].10 Assumption A2, as it is a new one, certainly is the
most interesting. Strategy sets are not compact; Assumption B deals with ‘essential
compactness’ in the sense that it provides the appropriate compactness for our results
dealing with equilibrium existence.

The simple Assumption A2’ in fact represents what we want to have in A2 by
allowing there x; = 0. The reason for splitting up these assumptions is that it is from
a theoretical point interesting to see what implies what.

In the theorems below also the set

N. :={i e N|1(0,0) > 0}
appears. Note that (3) implies
N. C N.

The sets N and N~ play an important role for a proper handling of boundary issues.

10 The generalized Fisher-Hahn conditions are the global conditions D1#; < 0 and D»t; < 0 of Corchén
in [4]. Note that in A1 and A2 there is a ‘#; (x;, y) = 0’ which makes these conditions local. (In [17]
Assumption Al is called ‘the uniform local solvability condition’.) The first equilibrium (semi-)uniqueness
result dealing with Fisher-Hahn conditions is in the context of Cournot oligopolies in [26]. The proof in
[26] is not elementary as it relies on the Gale-Nikaido theorem. Later, in [4], a short simple elementary
beautiful proof was provided by using marginal reductions ¢;.
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2038 J. ltaya, P. von Mouche

Remarks 1. Sufficient for Assumption A2’[i] to hold is that the function #; (0, -) is
decreasing.

2. If Assumption A2’[i] holds (so i € N ), then i € N.. So if Assumption A2’
holds, then N = N.

3. Proposition 1(3) below shows that Assumptions Al, A2 and A2’ guarantee that
each conditional payoff function is strictly quasi-concave and therefore that each Nash
equilibrium is then strict.

The following theorems present our main results for the Nash equilibrium set E.
Proofs are in Sect. 4.!!

Our first theorem presents some results concerning active/inactive'? and strict equi-
libria.

Theorem 1 Consider an almost smooth aggregative game.

1. If No. # 0, then each Nash equilibrium is active.
2. (a) Suppose Assumption Al holds. In any equilibrium, each player from N \ N is
inactive.
(b) Suppose Assumption Al holds. If N = §, then E = {0}.
3. If Assumptions Al and A2’ hold, then0) ¢ E = E = {0}. ¢

Remark 4. Theorem 1 implies: if Assumptions Al and A2’ hold, then #E > 2 =
0¢E.
The next theorem deals with equilibrium semi-uniqueness.

Theorem 2 Consider an almost smooth aggregative game. If Assumptions Al, A2 and
A2’ hold, then #E < 1. ¢

Remark 3 implies that in Theorem 2 conditional payoff functions are strictly quasi-
concave. As in this theorem stand-alone payoff functions may be discontinuous at
0, adding some effective compactness condition, like Assumption B, does not lead
to equilibrium existence by means of a Nikaido—Isoda like theorem. However, by
also adding some information about the type of discontinuity, as Theorem 3 shows,
equilibrium existence follows.

Many types of discontinuities at O for stand-alone payoff functions fi(o) are possible.
Concerning this, define for i € N the function 7; : Ry — R by

7i(x) = 6i0xi, ) = DEV (). )

and call'3 player i € N

— of class I if 7; (x;) > 0 for x; > 0 small enough;
— of class I if ; (x;) < O for x; > 0 small enough.

11 The proof of Theorem 1(1) is very simple and will already be given here: fix i € N-. As Dfi(o) 0) =
t;(0,0) > 0, it follows that fl.(o) does not have 0 as maximiser.

12 Given a strategy profile x, player i is called ‘active’ (in X) if x; # 0 and ‘inactive’ (in x) if x; = 0. And
x is called ‘active’ if at least one player is active in x; otherwise said if x # 0.

13 With this terminology we follow [6].
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Before continuing, it may be useful to illustrate these types of discontinuity by
means of a homogeneous Cournot oligopoly. So consider such an oligopoly with at
least two firms where each firm i has strategy set R and payoff function

i =p (sz) xi — ci(xi). ®)
!

Here ¢; is the cost function of firm i and p a price function with a positive proper
price function'* p(y). In order to guarantee that the game is a smooth aggregative
game, we further suppose that p is decreasing and twice differentiable and that every
¢; is twice differentiable. Let p(0) := limy o p(y) €]0, +00]. We have fi(z) (x;) =
px;i + Zl z1)x; — ¢i(x;) and see that the marginal reductions t; : A — R U {400}
are well-defined and given by

[ DR+ ) — Deia) i (i, y) # (0, 0),
W“”‘{ P(0) — Dei (0) if (x1, y) = (0, 0). ®

Thus the game is a smooth aggregative game. Note that the stand-alone payoff function
is discontinuous at 0 if and only if, denoting with r, := p - Id the industry revenue
function, r,, is discontinuous at 0. As p is decreasing, Assumption A2’ holds and
therefore, by Remark 2, N. = N.Also N. = {i € N | P(0) > Dc;(0)}. With
€j the price flexibility of p, i.e. with €;5(x;) := x; Dp(x;)/p(x;), we have ti(x) =
p(xi)(e5(x;) + 1) — Dc;(x;). For the case where p(y) = y~%, where o > 0, this
becomes7; (x;) = x; “(1—a)—Dc;(x;).Soifa > 1,theniisofclassIL,if0 < a < 1,
theniisof classIandif ¢ = 1 and Dc;(x;) > 0 (x; > 0), theni is of class II. Also r,
is discontinuous at 0 if and only if &« > 1. (We continue with this example in Sect. 5.)

Theorem 3 Consider an almost smooth aggregative game. Suppose Assumptions Al,
A2, A2” and B hold. If N contains at least one player of class I, then the game has a
unique equilibrium. This equilibrium is active. ¢

Note that both Theorem 2 and 3 deal with equilibrium semi-uniqueness while the
Nikaido—Isoda theorem only addresses equilibrium existence. Proposition 11 in Sect. 4
provides a Nikaido—Isoda like result for smooth aggregative games which is derived
by the Selten—Szidarovszky technique.

Theorem 4 deals with Theorem 3 in the case that N does not contain a player of class
I; Proposition 8(1) below shows that this is equivalent to that all players in N being
of class II. The equilibrium uniqueness result in part 3 of this theorem is less explicit
than that in Theorem 3. But the fundamental result in its part 2 about the existence of
limy o l;i (v)/y, makes that this limit in various cases (as illustrated in Examples 1 and
2 in the next section) can be calculated; its part 3 then gives a sufficient and necessary
condition for equilibrium uniqueness.

Theorem 4 Consider an almost smooth aggregative game. Suppose Assumptions Al
A2, A2’ and B hold and all players in N are of class I1.

14 The proper price function p is the restriction of p : R4 — R to Ry . It is important to note that f;
does not depend on the value p(0) of the price function p at 0, so neither does the equilibrium set.
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1. Foralli € N and y > 0 small enough, there exists a unique b; (y) €]0, y [ with

1i(bi(y), y) = 0. )
2. Foreveryi € N the limit §; i=1limy o @
3. Zie/\? si > 1 & [#E = 1 and the unique equilibrium is active]. ¢

exists and 5; €]0, 1].

Remark 5. b; in Theorem 4 is the virtual backward response function of player i
(see Definition 3 below).

Besides the above theorems, other interesting results can be observed. They can be
found in the next section and are presented as propositions. Among other things, there
is a result (i.e. Propositions 2 together with 4) that leads to the Selten—Szidarovszky
technique in fact providing an algorithm for determining the equilibrium set.

The assumptions made in the above theorems may look technical at first sight.
However, they can easily be checked for many games in the literature; we illustrate
this in Sect. 5.

4 The Selten-Szidarovzsky technique

In this section we shall prove the statements of the four theorems in Sect. 3 by means
of the Szidarovszky variant of the Selten—Szidarovzsky technique. Section 4.1 briefly
discusses these variants. Sects. 4.2 and 4.3 deal with the transformation of the n-
dimensional fixed point problem of the joint best response correspondence into a 1-
dimensional fixed point problem for the aggregate virtual backward response function.
In doing so, we have the opportunity to show, as this is theoretically interesting, how the
Nash equilibrium problem relates to a specific nonlinear complementarity problem.
Section 4.4 proves the four theorems by analysing the aggregate virtual backward
response.

4.1 Two variants

As already mentioned in the introduction, the origin of the Selten—Szidarovszky tech-
nique can be found in the article [31] of Selten dealing with aggregative games and in
the articles [33,35] of Szidarovszky dealing with homogeneous Cournot oligopolies.
Although there are various implementations of this technique, one can distinguish
between two main variants: the ‘Selten variant’ and the ‘Szidarovszky variant’.

The ‘Selten variant’ is more general as it does neither require that strategy sets are
real intervals nor a certain degree of smoothness of payoff functions. The Szidarovszky
nicely exploits and handles the smoothness structure of the game. The main objects
in both variants are backward response correspondences. In the Selten variant these
correspondences are derived from the usual best response correspondences. In the
Szidarovszky variant, best response correspondences are only implicitly present. In
this variant, the (virtual) backward response correspondence for player i is derived
from his marginal reduction #;. In doing so, necessary (and perhaps sufficient) first
order conditions are handled in a clever way.

15 However, it may be good to mention here also [23].

@ Springer



Equilibrium uniqueness in aggregative games: very... 2041

Marginal reductions were first introduced in [3] by Corchén; in the present article a
more sophisticated variant is used (also see footnote 7). In [9], left and right marginal
reductions were introduced that can handle settings with weaker smoothness condi-
tions (i.e. semi-differentiability).16 And [8] shows that marginal reductions also may
make sense when one is dealing with higher dimensional strategy sets.

Both variants are very powerful and may be divided into a transformation part and
an analysis part. The transformation part transforms the n-dimensional fixed point
problem for the joint best response correspondence into a lower dimensional fixed
point problem for the aggregate backward response correspondence. The analysis part
analyses this fixed point problem. If the fixed point problem (as often is the case like
in the present article) is 1-dimensional, equilibrium existence is guaranteed by a 1-
dimensional fixed point theorem (may be the intermediate value theorem). As shown
in [40] for the Selten variant, the transformation part allows for a purely algebraic
setting, which is not necessarily a game theoretic one. Although there are various
articles dealing with a systematic treatment of the Selten variant (e.g. [1,21,44]), such
literature for the Szidarovszky variant is lacking; we are aware only of [46].

As we deal with smooth aggregative games, we shall use the Szidarovszky variant
for proving these results. In fact, the present article concerns a major improvement of
the implementation of this variant in [46].

4.2 The transformation part: nonlinear complementarity problem
In this subsection we always consider a smooth aggregative game.

Remember that each strategy set X; is equal to R, and therefore that X = R’}.
Denote for x € X, xy := ) ; x;. Suppose e € E, i.e. e is a Nash equilibrium. Then
Fermat’s theorem together with (2) imply for every i € N

ei >0=ti(ej,ey) =0ande; =0 = t;(e;,eny) <O0.
This leads us to consider the following problem: find x € X such that foreveryi € N
xi ti(xi, xn) =0 A 1 (xi, xn) < 0.
Denoting its set of solutions by T,, we thus have
ECT. (10)
A fundamental observation is that x € 7, if and only if, writing 7(x) :=
(11 (X1, XN),s -+ ta(Xn, XN)), X is a solution of the (well-defined'”) nonlinear com-

plementarity problem

x-7(x) =0 AT(x) <0.

16 Also see [36].
17 Defining as usual 0 - +00 = 0 and noting that operations like —co + oo will not occur.
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As far as we know, the literature on existence and uniqueness of solutions of nonlinear
complementarity problems—and more generally on variational inequality problems
(like the book [2] that, as a special case, considers equilibria of games in strategic
form)—does not contain results that guarantee the equilibrium semi-uniqueness result
of Theorem 2 and the equilibrium uniqueness results of Theorems 3 and 4.'8 The reason
is that this literature does not consider the effects of an aggregative structure. We shall
approach the nonlinear complementarity problem through the Szidarovszky variant of
the Selten—Szidarovszky technique, which takes this structure fully into account.

Proposition 2 shows a further relation between T, and the equilibrium set E. In
order to prove this proposition, we need some lemmas and introduce a general notion
which also will be very useful for the remainder.

Definition 2 Let / be a subset of R and g : I — R a function. We say that g has the
AMSCFA-property (‘At Most Single Crossing From Above’) if the following holds: if
misazeroof g,then g(x) >0 (x <m)and g(x) <0 (x > m). o

Remark 6. If either of the following conditions hold, then g : I — R hasthe AMSCFA-

property:

(a) g is strictly decreasing;

(b) I is a proper real interval, g is continuous and at every x € [ with g(x) = 0
differentiable with Dg(x) < 0;

(c) I is a proper real interval and g is the derivative of a strictly pseudo-concave
function.!”

Lemma 1 Suppose Assumption Al[i] holds. Let (x;,y) € A™T.

Lti(xi,y) =0 = [(x],y) >0 (0<x/ <x;) At;(x},y) <0 (x; <x; <yl
2. 6i(xi,y) <0 = fi(x/,y) <0 (x; <x/ <y).
3. 4i(xi,y) 20 = f;(x/,y) >0 (0<x] <x). 0

Proof 1. As Ass. Al[i] holds, the function f; (-, y) has the above property b. Thus this
function has the AMSCFA-property and the desired result follows.

2. By part 1 we may assume 7; (x;, y) < 0. By contradiction, suppose #; (x;, y) > 0for
somex; > x;.Ast;(-, y)is continuous, there exists x; €]x;, x/] withz; (x/, y) = 0.
By part 1, #;(x;, y) > 0, a contradiction.

3. Analogous to part 2. O O

Further on we shall use the following notation:

XP =X\ {0} =R .

18 However, [25], using the framework of non-linear complementarity problems, obtains a specific result
in the context of a Cournot oligopoly.

19 We recall the definition of pseudo-concavity for a differentiable real-valued function /# with domain a
proper real interval I. h is said to be (strictly) pseudo-concave if for all x, y € I with x # y: Dh(x)(y —
x) <0 = h(y) (<) < h(x). We note that for a strictly pseudo-concave #, its derivative Dh has the
AMSCFA-property (see Definition 2). Also important for us is Theorem 3.1 in [13]), which states for a
twice differentiable /: if for all x € I the implication Dh(x) =0 = Dzh(x) < 0 holds, then £ is strictly
pseudo-concave. (Note that here / may be closed and /2 may not be twice continuously differentiable.)
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Equilibrium uniqueness in aggregative games: very... 2043

Lemma 2 Suppose i € N\ N and Assumption Al[i] holds.

1. 1;(0,y) =0 (y = 0) and 1; (xi, y) <0 (0 < x; < y).

2. Ife e T, thene; = 0.

3. Each conditional payoff function fi(z) is differentiable and strictly decreasing. ¢

Proof 1. By definition of N, #;(0,y) < 0 (y > 0). Asi ¢ N-, we also have
£;(0,0) < 0. Lemma 1(2) implies #; (x;, y) <0 (0 < x; < y).

2. Suppose e € T,. This implies ¢;t;(¢;, ey) = 0 and t;(e;, ey) < 0. If ¢; 7#~ 0, then
ti(ei, en) = 0 and Ass. Al[i] implies #; (0, ey) > 0. As ey > 0, this contradicts
i ¢ N\N.Thus ¢; = 0.

3. Fix z € X;. By part 1, we have for every x; > 0 that Dfl.(l)(x,-) = tj(xj, x; +
>, z1) < 0 implying that fi(z) is strictly decreasing on X fB. Next note that fi(z) is
differentiable. Indeed: for z #~ 0 this is clear and if z = 0, then this follows from
i ¢ N- and (5). Now, the continuity of fi(z) implies its strict decreasingness. 0O

Lemma 3 Sufficient for E \ {0} = T, \ {0} to hold is that the following conditions
hold.

i. Foreveryi € N\ N Assumption Al[i] holds.

ii. Foreveryi € N Assumption A2’[i] holds.
iii. Foreveryi € N the conditional payoff functions fi(z) (z # 0) are pseudo-concave.
iv. Foreveryi € N the stand-alone payoff function fi(o) is pseudo-concave on Xi@. o
Proof By (10), it is sufficient to prove that 7, \ {0} € E. Suppose e € T, \ {0}. In
order to prove that e € E, we fix i € N and show that ¢; is a maximizer of f; (e,

First supposei € N\ N.Thene; =0 by Lemma 2(2). Now Lemma 2(3) guarantees
that e; is a maximiser of fl.(ei ) Next suppose i € N.We distinguish between four cases.

Casee; = 0and ey — ¢; # 0: as e; # 0, the function fi(ef) is pseudo-concave. As
Df(e;) = tiei, en) = 1;(0, en) < 0 and ¢ = 0, it follows that 0 is a maximiser
of fi(ei).

Case ¢; = 0 and ey — ¢; = 0O: this case cannot happen as e # 0.

Case ¢; # 0and ey — ¢; # 0: as e; # 0, the function f;ef) is pseudo-concave. As
D fi(ef )(e;) = t; (e;, en) = 0, it follows that 0 is a maximiser of fi(ef )

Case ¢; # 0 and ey — ¢; = 0: Df(e;) = tiei, en) = 0, ie. DfV(e) =
ti(ei,ej) = 0. As f; ® s pseudo-concave on X; ® ¢, is a maximizer of the function
f; o, p.¢ 9 _ R. By contradiction we now prove that ¢; also is a maximizer of
f; ® s suppose there exists a; € X; with f; © (@) > f; © (e;). It then follows that
a; = 0 and therefore that fl.(o) 0 > fi(o) (e;). Now 0 is a maximizer of fl.( ) This
implies 7;(0,0) = Df ' (0) < 0. Thus i ¢ N-.By Remark 2, we have i € N-. A
contradiction. O

Lemma 3 clearly shows the importance of pseudo-concavity of the conditional
payoff functions. Now we are going to study how this property relates to Assumptions
Al, A2, A2’ and C.
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For the proof of the next proposition it is crucial to realise that for all (x;, y) € A

xiD1+yD>
y

—

(D1 + Dyig(xi, ) = 1) CIC S MY

Proposition1 1. Supposei € N. If Assumptions Al[i], A2[i] and A2’[i] hold, then
the functions fi(l) with z # 0 are strictly pseudo-concave.

2. Suppose i € N. If Assumption C[i] holds, then fi(o) is on XfB strictly pseudo-
concave.

3. If Assumptions Al, A2 and A2’ hold, then each function fi(z) is strictly quasi-
concave. ¢

Proof 1. Suppose Assumptions Al[i] and A2[i] hold and fix z # 0. By the result in
footnote 19, the proof is complete if for every x; € X; the implication D fl.(l) (x;) =
0 = szi(z) (xi) < 0 holds. So suppose Dfl.(z) (xj) =0andlety =x; + ), z.
Now y > Oandf; (x;, y) = 0.By(4), we have to prove that (D1 + D»)t; (x;, y) < O.
Well, if x; > 0, then this follows from (11) and Ass. A1[i] and A2[i]. Now suppose
x; = 0. Assumption A2’[i] implies: ; (0, y) = 0 = D;1;(0, y) < 0. With Ass.
Al[i] the desired result follows.

2. Suppose Assumption C[i] holds. The proof is complete if for every x; € X fB the
implication D fl.(o) (x)=0 = D? fi(o) (xi) < 0 holds. So suppose D fi(o) (x) =
0. Now ¢ (x;, xj) = 0. By (4), we have to prove that (D1 + D»)t;(x;, x;) < O.
Well, this is guaranteed by Ass. C[i].

3. Suppose Assumptions A1, A2 and A2’ hold. Fixi and z.Ifi ¢ N, then Lemma 2(3)

implies that fi(z) is strictly quasi-concave. Now suppose i € N. By Part 1, we still
have to prove that fi(o) is strictly quasi-concave. Well fi(o) ison X l.@ differentiable,
and by part 2 there also strictly pseudo-concave. This implies that fi(o) ison X i@
strictly quasi-concave. As, by (6), fl.(o) is lower semi-continuous at 0, it follows

that fi(o) is strictly quasi-concave. O
Lemma 3 and Proposition 1(1,2) imply:
Proposition 2 [f Assumptions Al, A2 and A2’ hold, then E \ {0} = T, \ {0}. ¢

4.3 The transformation part: 1-dimensional fixed point problem

Also in this subsection we always consider a smooth aggregative game.

If Assumptions Al, A2 and A2’ hold, then Proposition 2 guarantees that E \ {0} =
T, \ {0}. The aim of this subsection is to show with Proposition 4 that T, equals the
set of fixed points of a specific 1-dimensional fixed point problem.

Definition 3 Consider a smooth aggregative game.

1. Fori € N, define the correspondences b; : ¥ —o Rands; : Y® — R by
bi(y) :=={xi € Xi | xi € [0, y] A xiti(x;, y) =0 A 1;(x;, ¥) <0}, si(y) :=bi(y)/y.
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The correspondence b; is called the virtual backward response correspondence of
player i and the correspondence s; the virtual share correspondence of player i.
2. Define the correspondences b : ¥ — Rand s : Y® —o R by?’

b(y) =Y bi(y), s() =) si(y) =b(»)/y.

ieN ieN

The correspondence b is called the aggregate virtual backward response corre-
spondence and the correspondence s the aggregate virtual share correspondence.
o

Virtual backward response correspondences provide global information on the
marginal reductions ¢;. In the definition we added ‘virtual’. Roughly stated, the reason
for adding ‘virtual’ is that b; (y) coincides with the notion of backward response as
defined in the Selten variant of the Selten—Szidarovszky technique in situations where
conditional payoff functions are pseudo-concave.

Further denote fori € N, by V; the essential domain of the correspondence b;, i.e.
the set {y € Y | b;(y) # ¥}. Now, the essential domain of s; is V;* := V; \ {0}, that of
bisV := NjenVi, thatof s is V* := V \ {0}. Let 131- = b; [Vi, i.e. the restriction of
the correspondence b; to V;; so l;,- : V; —o R. Finally, let 5; := s; h/i*, b= bly and
S:=sly*

Here is a further important consequence of Assumption Al:

Proposition 3 If Assumption Al[i] holds, then for every y € Y the set b;(y) contains
at most one element. ¢

Proof By contradiction, suppose x;, x; € X; with 0 < x; < x/ belong to this set.
Note that it follows that y # 0. Also 7;(x/, y) = 0. If x; = 0, then (0, y) < 0 and
Lemma 1(2) gives the contradiction #; (x,f, y) < 0.If x; > 0, then 7 (x;, y) = 0 and
Lemma 1(1) gives the contradiction t; (xlf, y) < 0. O

In the following we shall always assume that Assumption A1[i] holds when we deal
with b; or s; and that Assumption Al holds when we deal with b or s. Therefore,
Proposition 3 implies that the correspondences b, §i,b and § are singleton-valued.
We shall interpret (and refer to) these correspondences as functions. So l;,- Vi > R,
5i V- R,b:V — Rand§ : V* — R. (Of course, we cannot exclude that

Vi = .) Denote by ﬁx(l;) the set of fixed points of b.

Proposition 4 Suppose Assumption Al holds.

L Ty ={((b1(y), ..., ba(») | y € fix(h)).
2. TA0} = {y$1(3), ..., Su() | y € V¥ with $(y) = 1}. ¢

Proof 1. ‘C’: Suppose x € T,. With y = xy, we have for every i € N that
Xxiti(xi, y) = 0 and #i(x;, y) < 0. For every i € N it follows that y € V; and

20 The sums here are Minkowski sums.
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bi(y) = xi;thus y € V. As y = YoienXi = Yien bi(y) = b(y), y € fix(b)
holds.
‘2’ suppose y € fix(b). Then y € V, b(y) y and for every i we have
bi()ti(bi (). y) = 0 and ;(b;(y). y) < 0. It follows that (b1(y). ... bu(y)) €
T..

2. By part 1. O

Remember that the Nash equilibrium set is the same as the set of fixed points
of the joint best response correspondence. Proposition 4 together with Proposition 2
show how the n-dimensional fixed point problem for this correspondence is related
to a 1-dimensional fixed point problem for the aggregate virtual best response corre-
spondence b. In particular: if Assumption Al holds, then (10) and Proposition 4(1)
imply:

ec E = [ey € fix(h) and bi(ey) = ¢; (i € N)]. (12)

This result may shortly be paraphrased as ‘Nash sums are fixed points of the aggregate
virtual backward response function’. Note that this result does not presuppose that
conditional payoff functions are pseudo-concave.

4.4 The analysis part

Also in this subsection we always consider a smooth aggregative game.

Lemma 4 Supposei € N\ N and Assumption Al[i] holds. Then V; = Y and b; y) =
O(yeY).o

Proof By Lemma 2(1), #;(0, y) <0 (y € Y). This implies the desired results. m]

Proof of Theorem 1 (2a, 2b, 3) 2a. Suppose i ¢ N and e € E. By contradiction we
prove that ¢; = 0. So suppose ¢; > 0. By Lemma 2(1), #;(¢;, Y ; ¢;) < 0. Therefore
(10) implies e¢; = 0, a contradiction.
2b. Suppose N = 1. Theorem 1(2a) implies that we still have to prove that 0 € E.
Fix i € N. We have to prove that 0 is a maximiser of fi(o). Well, apply Lemma 2(3).
3. Suppose Assumptions Al and A2’ hold and 0 € E. By Theorem 1(1), N~ = @.
By Remark 2, N = 0. By Theorem 1(2b), E = {0}. O

Lemma5 1. Sufficient for player i € N 10 be of class I or class Il is that t; has the
AMSCFA-property.
2. Suppose i € N is of class Il and t; has the AMSCFA-property. Thent; < 0. ¢

Proof 1. Suppose 7; has the AMSCFA-property. In the case where 7; has a zero, say
m, we have, 7; (x;) > 0 for x; €]0, m [ and thus that i is of class I. Now suppose
that 7; does not have a zero. As 7; is continuous, we have f; > 0 and then i is of
classTorf; < 0 and then i is of class II.

2. We prove this by contradiction. So suppose 7;(a;) > 0 for some a; > 0. As i is
of class I, 7; (x;) < O for x; > 0 small enough. The continuity of 7; implies that
there exists [; €]0, a;] with 7;(I;) = 0. As 7; has the AMSCFA-property, we have
7;(x;) > 0 for 0 < x; < [;, a contradiction with player i being of class II. O
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Define the function o : 7, — R by

o(x) = Zx,'.

ieN

Because, by (10), E C T, holds, one may refer to o | g as the equilibrium aggregator.
The following result deals with the aggregate virtual share function § : V* — R.

Proposition 5 Suppose Assumption Al holds.

1. The equilibrium aggregator is injective.
2. Suppose Assumption A2’ holds. Then each of the following conditions is sufficient
for #T, < 1 to hold.

(a) the function s — 1 has the AMSCFA property on the subset where § is positive.
(b) § is strictly monotone on the subset where it is positive. ¢

Proof 1. By contradiction. So suppose X, X" € T, withx # X" and xy = x}y, =: y.
Note that y # 0. Fix i € N with x/ > x;. We have #; (x/, y) = 0 > £;(x;, ). But
now Lemma 1(1) implies #; (x;, y) > O.

2a. If N = ¢4, then, by Lemma 2(2), T, C {0} and we are done. Now suppose N # #.
We prove the desired result by contradiction. So suppose x, x" € T, with x # x'.
As N # () and Ass. A2’ holds, Remark 2 guarantees N~ # (). Fix i € N~. As
#;(0,0) > 0, it follows that x # 0 and X # 0. We may suppose that x}, > xy. By
part 1, xy # x). So x}, > xy. Proposition 4(2) implies §(xy) = §(x)) = 1. So
§(xy) — 1 = 5§(x)y) — 1 = 0. But this contradicts the assumption that § — 1 has
the AMSCFA property on the subset where § is positive.

2b. Note that this condition implies the condition in 2a. O O

Of course, in Proposition 5(2b) it is also sufficient that bis strictly decreasing on the
subset where it is positive. Note also that Proposition 5 does not presuppose that § is
continuous or that conditional payoff functions are strictly quasi-concave.

Proposition 5(1) immediately implies the following variant of Proposition 2 (part
i)in [15].

Proposition 6 Consider a symmetric almost smooth aggregative game. If Assumption
Al holds, then each equilibrium is symmetric. ¢

Proof Indeed. Suppose e would be an asymmetric equilibrium. Then a suitable per-
mutation of the actions in e gives another asymmetric equilibrium €’. As o (¢) = o (¢’)
we have a contradiction with the injectivity of . O

Lemmaé 1. If fi(o) is strictly pseudo-concave on Xi@, then t; has the AMSCFA-

property.
2. Ifi € N and Assumption C[i] holds, then t; has the AMSCFA-property. ¢

Proof 1. As t;(x;) = D fi(o) (x;), f; is the derivative of a strictly pseudo-concave

function and therefore (see Remark 6) has the AMSCFA-property.
2. By part 1 and Proposition 1(2). O
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Proposition 7 Suppose, Assumptions Al and C hold. If every player in N is of class
II, then at each active equilibrium at least two players are active. &

Proof By contradiction. So suppose e € E withe # O and#{j € N | e; # 0} < 1.
So#{j e N|lej #0} =1.Lete; #Oande; =0 (j # 7). By (10), e € Ty
therefore #; (e;, ¢;) = 0. Lemma 2(2) implies thati € N. By Lemma 6(2), 7; has the
AMSCFA-property. By Lemma 5(2), ; (x;, x;) = #; (x;) < 0, a contradiction. O O

Fori € N let

= {y € Y | there exists x; €]0, y] with #; (x;, y) = 0},

++ .
V=

{y € Y | there exists x; €]0, y [ with #;(x;, y) = 0}.
Thus we have
vitcvtcvicycy.
If Assumption A1[i] holds and e € E, then with (10) we obtain

ei >0 = [ti(ei, en) =0 A ey € Vi A bi(en) =eil,

ei=0 = [fi(ei,en) <0 A ey € Vi A bien) = ¢l

Lemma 7 Suppose Assumption Al[i] holds.

1. V++ is open in R.
2. IfVi++ # (), then bi is differentiable on Vl.++ with Db; = —g—?g on Vl.++. o

Proof The first statement is clear if Vi‘H‘ = (). Further suppose Vi++ # (. For every
y € Vi++ we have (55 (y),y) € Int(A) and t,-(l;,- (»),y) = 0. Ast; : Int(4) —
R is differentiable and Ass. A1[i] holds, a variant of the classical implicit function
theorem in [14] applies and implies that Vl.Jer is open and b; is differentiable on Vl.*Jr.
Differentiating the identity #; (l;,- »),y)=0( € Vi++), the second statement follows.
O O

Lemma 8 Supposei € N and Assumptions Al[i], A2’[i] and C[i] hold.

1. Suppose y € Viand y' > y. Then bi(y) =0 = [y € V; A b;j(y') =0l.
2. VI-Jr is a real interval.
3.V <Vvi\Vte

Proof 1. Suppose b;(y) = 0. We have (0, y) = ;(bi(y), y) < 0. As y' > y, Ass.
A2’[i] glvestl(O y) <0.Thusy' € V; andb (y)_O

2. Suppose y < y” < y with y,y' € V+ Asb(y) > Oandt,(b(y) y) =0,
Lemma 1(1) gives #;(0, y) > 0 and ; (y y) < 0. In the same way, #;(0, y") > 0
and 7 (y',y") < 0. Ass. A2’[i] implies #;(0, y”) > 0. And as 7; is continuous

21 Notation: for A, B C R the notation A < B means thata < b foralla € Aand b € B.
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and has, by Lemma 6(2), the AMSCFA-property, it follows that 7; (y”, ") < 0.
As ; (-, ¥") is continuous, there exists x; €]0, y”] with #;(x;, y”) = 0. Thus, as
desired, y” € V;*.

3. Suppose y € V. and y' € Vi \ Vi". As y # ¥/, bi(y) > 0 and b;(y') = 0, part 1
implies y < y’. O O

Proposition 8 1. If Assumption C[i] holds, then i is of class I or class II.
2. Ifi € N+, 1;(0,0) # +ooand t; : A — R is continuous, then i is of class I.
3. Ifi € N~ and fl-(o) is continuously differentiable, then i is of class I. ¢

Proof 1. By Lemmas 5(1) and 6(2).

2. Ast;(0,0) > 0and ¢t : A — Ris continuous, it follows that i is of class I.

3. Now limy, 0 7 (x;) = limy, 1o Df® (x) = DY (0) = (0, 0) > 0. This implies
that i is of class L. O

Now we address the zeros of 7;. Of course, each such zero belongs to ViJr \ Vl.++
and is a stationary point of fl.(o). Sufficient for 7; to have a unique zero is that 7; has a
zero and 7; has the AMSCFA-property. If 7; has a zero and has the AMSCFA-property,
then we denote this zero by

X (13)

if also Assumption A1[i] holds, then l;,- (x;) = x;. In addition to Lemma 8(2,3) we
have:

Lemma9 Supposei € N and Assumptions Al[i], A2’[i] and C[i] hold.

1. Vi++ is an open real interval. If x; is well-defined, then Vi++ is a proper interval.
2. V;is a real interval. Even: if y € V;, then also y' € V; for every y' > y.
3. VNV £, then

(@) x; is well-defined and V;" \ V' = {x,}.
(b) V" is a proper interval and x; € V;" is a left boundary point of V;".

4V =9 = V=00
Proof By Lemma 6(2), 7; has the AMSCFA-property.

1. First statement: by Lemma 7(1), Vi++ is open. In order to show that Vi++ is an

interval, we suppose y, y’ € ‘/i++ and fix y” €]y, y'[. By Lemma 8(2), y” € Vi+.
The proof is complete if we show that b; (y”) # y”. This we do by contradiction,
so suppose b; (y") = y”. Then 7;(y") = t;(y", y") = t;(b; y"), y") = 0. As T,
has theAAMSCFA-property, 7;(y) > 0 follows. By Lemma 1(1), as Z;,' ) <y,
0=1(b;i(y),y) > ti(y,y) > 0, a contradiction.
Second statement: suppose that x; is well-defined. So 7 (x;, x;) = 0 holds. By
Lemma 1(1), (0, x;) > 0. Fix X; > x;. We have #;(X;, ;) < 0. Consider the
open interval ](0, x;), (X;, X;) [ in AT, Ast; : AT — Ris continuous, there exists
(xi,y) € AT withO < x; < yand#;(x;, y) =0.Thus y € Vi++. As, by the above
ViJr+ is an open interval, it follows that VﬁJr is a proper interval.
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2. By contradiction. So suppose y € V;, vy > yandy ¢ V. Asy ¢ Vi, we have
(0,y) > 0. Lemma 8(1) implies b (y) > 0 and therefore #; (b »),y) = 0.
With Lemma 1(1) if follows that #; (y, y) < 0. As 7; is continuous and has the
AMSCFA-property, it follows that 7; (y’, ') < 0. As £;(0, y') > 0, the continuity
of #; (-, y') implies the existence of x; €]0, y’] with #; (x;, y') = 0. Thus y’ € Vi+,
a contradiction.

3a. Suppose V,P\ V™" # @i Lety € V.I\ V7 . Then s (b (), y) = Oand b; (y) = y.
Thus 7; (y) = t;(y,y) = (l;,-(y), y) = 0. As 7; has a zero y and the AMSCFA-
property, y = x; follows. So ViJr \ Vi++ = {x;}.

3b. Suppose Vl.Jr \ Vi+Jr # . By Lemma 8(2), Vl.Jr is an interval. Parts 3a and 1
imply that Vi++ is proper. So Vl.+ also is proper. Further suppose y’ € Vi++.

Then 7 (b; ('), y') = 0 and b; (') < y'. Lemma 1(1) implies #; (y', y) < 0. The
AMSCFA-property implies x; < y’. As Vi++ and Vi+ are intervals, x; € Vi+ isa
left boundary point of Vi+.

4. By contradiction. So suppose Vl.++ = ) and Vl.Jr # (). By part 3a, V[.+ = {x;}. By

part 1, Vl.++ is a proper interval, a contradiction. O O

IfieN\ N and Assumption A1[i] holds, then by Lemma 4 we have V; = Y and
bi(y) = 0 (y € Y). In the case Assumption Al holds, this implies for the domain

V*=Nien Vi of § =)y Sithat V¥ =, g V> and??

§ = Zs, (14)

Proposition9 1. Supposei € NandAssumptionsA][i], A2[i]and A2’[i] hold. Then
§; is decreasing and strictly decreasing on Vi+.
2. Suppose that Assumptions Al, A2 and A2’ hold.

(a) § is decreasing.

(b) The subset on which s is positive is an interval.
(¢c) § is strictly decreasing on the subset where it is positive. ¢

Proof 1. Considers; : V* — R.ByLemma 6(2),7; has the AMSCFA-property. First
suppose ViJr+ = (). By Lemma 9(4), Vf = (J and thus §; is strictly decreasing on
Vi+. On V; \ ViJr = Vi, b; = 0 and therefore §; = 0. So §; = 0 on V* and thus
there decreasing. Next suppose ViJr+ # . By Lemma 9(1), Vl.++ is a proper open
interval. With Lemma 7(2), we obtain for every y € Vi++

b D11 (bi (), y) + yDati (bi (), y)

D5i(y) =
)= V2 Ditibi(y), )

Ass. Al[i] and A2[i] imply that Ds;(y) < 0 (y € Vl.++). It follows that §; is
strictly decreasing on Vl.++. If Ver = Vf, then §; is strictly decreasing on Vi+.

22 Note that V* = Y® if N = ¢.
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Now suppose VJrJr + V+ Then, by Lemma 9(3), VJr \ VJrJr {x;}and x; isa
left boundary point of the proper interval V+ As b; (x;) = x;, wehave §; (x;) = 1.
As §; < 1, it follows that §; is strictly decreasing on V1+- Also §; is decreasing:
indeed, §; > 0 on Vi+, §i=0onV;\ ViJr and, by Lemma 8(3), ViJr < Vi\ Vf.
2. By Lemma 6(2),7; (i € N ) has the AMSCFA-property. Lemma 9(2) implies that

V* is an interval.

2a. By (14) and part 1.

2b. By part 2a.

2c. We may suppose that the subset where § is positive contains at least two elements.
Let y,, yp with y, < y, such elements. Sos(y,) > 0Oand s(y,) > 0.Part 1 implies
Si(ya) —Si(yp) >0 (i € N) Fix j € N W1thsj(ya) > 0. If also sJ(y;,) > 0, then
by part 1, Sj(ya)_sj(Yb) > 0. Ifs/(Yb) = 0, then, S/()’a)_sj()’b) = S/()’a) > 0.
Thus, as desired, s(ya) —s(Vp) = >_; 5 i (Va) — 5i(¥p)) > 0.0 O

Proof of Theorem 2 By (10) and Propositions 5(2b) and 9(2c). O

According to Lemma 7(2), supposing Assumption Al[i] holds, the function b; is
continuous on Vl.++. The following proposition considers this issue further.

Proposition 10 Supposei € N am{Assumptions Al[i], A2’[i] and C[i] hold. Then V;
is a real interval and the function b; : V; — R is continuous. ¢

Proof By Lemma 6(2), 7; has the AMSCFA-property. Lemma 9(2) guarantees that V;
is a real interval. It is sufficient to prove that b; is continuous on each bounded proper
subinterval I of V; which is closed in R. Fix such an interval. Further we consider
b,- ] - R AsO < b,-(y) <y ((yel, bi is bounded. As I is compact and bi
is bounded, continuity of b; is equivalent to the closedness of its graph, i.e. with the
subset {(y, b; () |y € I} of R?. In order to prove that this set is closed take a
convergent sequence ((Vy;, b (ym))) in this set w1th 11m1t (Vs» *) Noting that (as [ is
closed) y, € I (soy # 0), we have to prove that b, = b (yx)- We distinguish between
two cases.

Case where y, > 0: we have 0 < bi(ym) < Ym. bi (ym)ti (b (ym). ym) = 0 and
ti (b Ym), ym) = 0. Takmg limits and notmg that; : AT — Ris contlnuous we
obtain 0 < b < y,,b ti (b*, y*) =0andy (b*, Vi) < 0.Thus, as desired, b = b (s)-

Case where y, = 0: as b (0) = 0, we have to prove that b,, = 0. Well, as 0 <
b; (Ym) < ym and lim y,, = y, = 0, the desired result follows. O O

Lemma 10 Suppose i € N and Assumption C[i] holds.
1. Suppose i is of class I and Assumption B[i] holds.

(a) x; (in (7)) is well-defined and x; < %;. R

(b) if Assumption Al[i] holds, then V* = [x;, +oo [ and b; (y) < %; (y = x;).
2. Suppose i is of class IL.

@ {y eY® |10,y >0}V
(b) V;* =10, +ool.
(b) if Assumptions Al[i] and B[i] hold, then bi ) <xi(y>0).0
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Proof By Lemma 6(2), 7; has the AMSCFA-property.

la. Ast;isofclassI,7;(x;) > Oforx; > 0small enough. By Ass. B[i], also 7; < 0 for
x; > X;. As t; is continuous, it follows that 7; has a zero. As t; has the AMSCFA-
property, this zero equals x;. Of course, x; < X; follows.

1b. Suppose Assumption A1[i] holds.
First statement ‘C’: by contradiction. So suppose y € V* and y < x;. The
AMSCFA-property gives t; (y, y) = £;(y) > 0. By Lemma 1(3), ; (x;, y) > 0 for
all x; € X; withO < x; < y.Thus y ¢ V;, a contradiction.
First statement ‘2’: suppose y > x,. If #;(0, y) < 0, then y € V;. Now suppose
t;(0, y) > 0. By the AMSCFA-property, #;(y,y) < 0. As #;(-, y) is continuous,
there exists x; € [0, y] with #; (x;, y) =0.Thus y € V;.
Second statement: this is clear if b; (y) = 0. Now suppose b; (y) > 0. We have
0=y (b (¥), y). So Ass. B[i] implies that b y) <Xx;.

2a. Suppose y € Y@ with #;(0, y) > 0. By Lemma 5(2), ;(y, y) < 0. As t;(-, y) is
continuous, there exists x; €]0, y [ with #;(x;, y) =0.So y € Vl.++.

2b. ‘C’: trivial.
‘2’:suppose y > 0. If £;(0, y) < 0, then y € V;*. Now suppose #; (0, y) > 0. By
part2a,y € VJr+ c v

2c. Suppose Assumptlon Al[l] and B[i] hold. Fix y > 0. The statement is clear if
b (y) = 0. Now suppose b (y) > 0. We have 0 = tl(b (), y). So Ass. BJi]
implies that bl (y) <Xx;.O O

Proposition 11 Suppose Assumptions Al, A2’, B and C hold and that for every i € N
the conditional payoff functions fi(z) (z # 0) are pseudo-concave. If N contains at
least one player of class I, then #E > 1 and even an active equilibrium exists.

Proof Fori ¢ N,by Lemma4, V; =R, and bj(y) =0 (y > 0). Let N := {k € N |
k is of class I}; by assumption, N" # @. By Lemma 6(2), every t; has the AMSCFA-
property. So by Lemma 5(1), each player in N is of class I or II. Lemma 10(1b,2b)
implies for V* = Nien V¥ = N, 5 V/* that V* = [x, 400 [ where x = max{x; | k €
N'}.

Consider § : [x, +0o[— R. By (14),§ = >, 5 §i. Fixk, € N" such that x = x; .
Now

§@) =D 8@ =Y 8l = 8, (x) = 1.
keN keN

AsAss.Bholdsand Y = Ry, wecanfixy > Owithy >}, _ & %;. By Lemma 10(la),
Y = D ken Xk = D pen Xy = x.Thusy € V*andy > x; (k € N'). So with
Lemma 10(1b,2¢) we obtain,

=Y AR ey e

< =y
keN keN

Proposition 10 implies that § is continuous. By the intermediate value theorem,
there exists y, € V* with §(y,) = 1. Thus y, € fix(b). Proposition 4(1) implies
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(l%l(y*), ey én (yx)) € T, \ {0}. Lemma 3 and Proposition 1(2) now guarantee that
(br(ya), - .- bp(ye)) € EN{0}. O =

Proof of Theorem 3 Suppose N contains at least one player of class I. Note that, using
Proposition 1(1,2), Proposition 11 applies and guarantees that there exists an active
equilibrium. By Theorem 2 this a unique equilibrium. O

Proof of Theorem 4 1. Suppose i € N. So there exists y; > 0 with £; (0, 3;) > 0. As
i is of class II, Ass. A2’ and Lemma 10(2a) imply y € Vi++ 0 <y<y)and
thus b; (y) €10, y[ (0 < y < %;). Now #; (b (y), y) = 0 follows.

2. Bypart 1, §;(y) > 0 (0 < y < ¥;). By Proposition 9(1), the function §; is strictly
decreasing on 10, y; [. As §; < 1, the desired result follows.

3. By Lemma 10(2b), we have V* =Ry (i € N). So V* =R, .

‘=’: suppose Y ;5 si > 1. So N # (; by Remark 2 now also N # {. By
Theorem 2 and 1(1) we still have to prove that#E > 1. Consider § :]0, +00] — R. By
part 2, we obtain limy o §(y) = limy 0> ;5 5i(V) =) ,c55i > 1L AsY =Ry, we
canfix y > QO withy > Zk & Xk- By Lemma 10(2¢), we haveb ) <x;i (i€ N). It
follows thatb(y) =3 <N bk (¥) <y and therefore §(y) < 1. Proposition 4(1) implies

(121 (y,), cey én (y+)) € T, \ {0}. Lemma 3 and Proposition 1(2) now guarantee that
(b1(ya), - b (y4)) € E\{0}.

‘<=": suppose the game has a unique equilibrium, say e, and e # 0. By (12),
e = b (eny) (i € N). As ey # 0, this implies S(ey) = 1. Fori € N, by the
proof of part 2, §; is strictly decreasing on ]0, y; [. This implies §; (ey) < s; and thus

1=§(€N)=Ziel§/§i(eN)<Ziel\~/§i‘ O

5 Applications

In this section we illustrate with two examples the power of our main theorems. The
power of these theorems lies in the facts that with them one quickly can reproduce,
improve upon and unify many results for economic games (like oligopolistic, public
good, cost-sharing, common resource, contest games and games appearing in the
managerial theory of the firm) in the literature.

The first example deals with a homogeneous Cournot oligopoly with an industry
revenue function that is possibly discontinuous at 0. The second example illustrates
how the results can be applied to various games appearing in the managerial theory of
the firm.

5.1 Cournot oligopoly

So again consider the Cournot oligopoly given by (8) in Sect. 3.
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Theorem 5 Suppose the proper price function p is positive, twice differentiable, Dp <
0, has decreasing price flexibility € ; and each cost function c; is twice differentiable,
convex and strictly increasing. Further, let>3
P0) = limyo p(y) €]0, +o0], p(c0) = limy_, o p(y) € [0,+00], € =
limy 0 €5(y) €]—00, 0], Dc; = limy, o0 Dci(x;) €]0, +00]. Suppose there exists
at least one firm i with p(0) > Dc;(0).
1. Each equilibrium is active and strict.
2. If€5 < —1 orez = —1, then at each equilibrium at least two firms are active.
3. The game has at most one equilibrium.

Further suppose that p(co) — Dc; <0 (i € N). Then
4. If €5 > —1, then the game has a unique equilibrium.
5. Suppose€; < —lore; = —1.

(a) n > —€; < the game has a unique equilibrium.

(b) n < —€5 < the game does not have an equilibrium. ¢

Proof We already have seen that Assumption A2’ holds and that therefore N = N- .
Also, by assumption, N-.. # (. So Theorem 1(1) implies the first statement in part 1.
As ¢; is convex, it follows that Dc;(x;) > 0 (x; > 0). As 7;(x;) = p(x;)(e;(x;) +
1) — Dc;(x;), it follows thatif €5 < —1 ore; = —1, thenevery i € N is of class II,
and if —1 < €; <0, theneveryi € N is of class . As Dej = D(Dp - %) <0, it
follows that Dzﬁ -Id+Dp <1d- %. For y > 0 and x; €]0, y] with #; (x;, y) =0,
we obtain

(x; Dy + yD2)ti (xi, y) = x;(DH(y) — D*ci(x;)) + y(D*p(»)x; + Dp(y))
=xi(yD*p(y) + Dp(») + yDp(y) — x; Dc;(xi)
(D)’
R 1e))
= YPPO) ) 4 D)) — i D)
p(y)
= €5(y)Dci(x;) — x; D*ci (x;).

+ yDp(y) — x: D*ci(x;)

As ¢; is strictly increasing and convex we here have (noting that x; # 0) Dc¢;(x;) > 0.
Therefore as €;(y) < 0 and D?%c;(x;) > 0, it follows that Assumption A2 holds. Of
course, also Ass. Al holds. Now Remark 3 implies that the second statement in part
1 holds. Part 1 and Proposition 7 now imply part 2. And Theorem 2 guarantees that
the game has at most one equilibrium; so part 3 holds.

Further suppose that p(oco) — Dc; <0 (i € N). Now we prove that Assumption B
holds. Fixi € N. As P (00) —Dc; < 0, there exists X; > 0 with p(x;)— Dci(x;) <O0.
As ¢; is convex it follows for every y > x; > X; that t; (x;, y) < p(y) — Dci(x;) <
p(x;) — Dci(X;) < 0. Now Theorem 3 implies part 4.

23 Concerning the values that these objects can assume, note that p and € ; are decreasing, and that ¢; is
strictly increasing and convex.
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Further suppose €; < —1. Each player is of class II. So Theorem 4(3) applies and
guarantees that the proof of part 5a is complete if we show that } . _55; = —Lq' Well,
€5(&)
first note that p(0) = 4o00; this follows from the identity p(y) = ﬁ(l)efr1 —tgdt,
Next, by Theorem 4(1), for all i € N and y > 0 small enough there exists a unique
bi(y) €10, y] with 1;(bi (y), y) = 0. As 0 = Dp(»)bi(y) + p(y) — Dci(bi(y)) =
P(—=€5(»)si(y) + 1) — Dci(bi(y)), we have

Dc; (b;
510 = (1- 220, (1)
—€;5(y) P(y)
As Dc; is continuous at 0 and 0 < b;(y) < y, we obtain 5; = limy, o 5;(y) = L
. p
Thus, as desired, ), 5 5i = —=.
p
As the game has at most one equilibrium, part 5b follows from part Sa. O

Theorem 5, dealing with decreasing price flexibility, in particular applies to the
proper price function p(y) = y~® where a > 0; here the price flexibility €5 is
constant, i.e. —«. For this case the first results appeared in [34] for « = 1, wherein
also a structural equivalence between this case and rent-seeking games was shown.?*
The case for @ > 01is dealt with in [7]. Results for Cournot oligopolies with decreasing
price flexibility can be found in [38,42,43,45]; Theorem 5 also essentially follows from
results in this literature. However, in Theorem 5, the smoothness assumptions for the
proper price function and cost functions are weaker, our proof is very short and follows
from our general results for smooth aggregative games

Finally, we use the opportunity to illustrate how the Selten—Szidarovszky technique
is at the base of an algorithm for determining the equilibrium set. Again consider the
above oligopoly with p(y) = y~¢ and suppose theren = 3, « = 1 and ¢; (x;) = ixl.z.
By Theorem 4(1), for all i € N and y > 0 small enough, there exists a unique

Bi(y) €10, yl with 1 (bi (). y) = 0, that is with y~*(1 — & 20) = D; (B; (3)). From
(15) we obtain l3,-(y) = ﬁ (y > 0). This leads to (maybe by using a program

. 7 307 44y3 424y 43y r

like Maple) b(y) = > ;_, bi(y) = m and that b has y, = 0.797..
as a unique fixed point. By Theorem 1(1), 0 is not an equilibrium. Therefore, using
Propositions 1 and 4(2), we obtain that the game has (0.307.., 0.1903..,0.137..) as

unique equilibrium.

5.2 Oligopoly model with alternative objectives

We pick up here an idea in [18] and quickly and roughly show how the results in the
present article can be used to further elaborate on it.

[18] deals with a Cournot oligopoly model in which each firm’s objective is to
maximize the weighted average of profit and another factor such as revenue, market
share, output, negative of cost or profit per worker. This can be realised by modifying

24 Also see [5] and [47].
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the payoff function of the general Cournot oligopoly game (8) as follows:
fiwy==6)(p Y0 )x—aw)+ohi (x> ). a6
! l

Here 0; € [0, 1[ is a weight assigned on the objective represented by the alternative
objective function h; : A — R

Various results for games dealing with a single alternative objective can be found in
the literature. For the revenue objective take &; (x;, y) = p(y)x; (e.g. [29]), for market
share h; (x;, y) = x;/y (e.g. [30]), for output &; (x;, y) = x; (e.g. [32]), for negative of
cost hi(x;i, y) = —ci(x;) (e.g. [20]) and for profit per worker h; (x;, y) = W
where N (x;) represents the employment level of workers associated with the oﬁtput
level x; (e.g. [32]).

The marginal reduction #; becomes

ti(xi, y) = (1 = 0)(Dp()xi + p(y) — Dei(xi)) + 6;(D1hi(xi, y) + Dahi(xi, y)).
And note that concerning Assumption A2 we have (using short notations)

xiDit; + yDat; = (1 — 6;)(ti — De; — x;D*¢c; + yD*p — p)
+0; (x; D11hi + xi D12h; + yDo1hi + yDxh;).

The analysis in [18] is by assuming the generalised Fisher—-Hahn conditions
Dit; < 0 and D»t; < 0 assuming that each firm has the same cost function and
the same alternative object function. It is clear (especially by having already results
like Theorem 5) that by using our Assumptions Al and A2 much more general results
can be obtained.
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