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Abstract:
and parametric uncertainties. The uncertainties under consideration are some small parameter perturbations involved in the structure
of the Hamiltonian system. Both delay-independent and delay-dependent criteria are established based on the dissipative structural
properties of the Hamiltonian systems and the Lyapunov-Krasovskii functional approach. In order to construct the adaptive Hoo
controller, the situation that the parameter perturbation is inexistent in the system is also studied and the controller is designed.

This paper addresses the adaptive Ho, control problem for a class of nonlinear Hamiltonian systems with time delay

The adaptive H., control problem is solved under some sufficient conditions which ensure the asymptotic stability and the Lo gain
performance of the resulted closed-loop system. Numerical example is given to illustrate the applicability of the theoretical results.
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1 Introduction

In recent years, more and more researchers pay their at-
tentions to time delay systems since delays are often the
main causes of instability and poor performance of dynamic
systems (see [1-3] and the references therein). Time delay
occurs in many systems and stability analysis and synthe-
sis for time delay systems have been one of the most chal-
lenging issues. The Lyapunov-Krasovskii (L-K) method is
often used in solving the time delay problems. Stability cri-
teria for delay systems can be classified into two categories:
delay-independent and delay-dependent criteria. During
the last decades, much attention has been devoted to the
problems of stability analysis, robust stabilization, H con-
troller design, etc., for time delay systems (see [4-9] and the
references therein).

On the other hand, port-controlled Hamiltonian (PCH)
systems have attracted increasing attentions in the field
of nonlinear control theory (see [10-15] and the references
therein). This class of nonlinear systems can describe not
only mechanical systems but also a broad class of physi-
cal systems including passive electro-mechanical systems,
power systems and their combinations. Recently, some re-
sults on Hamiltonian systems[w*lsl with time delay are ob-
tained. The stabilization problem[w]7 Lo-disturbance atten-
uation problem['”, the finite-time stability and Hs control
design™® of time delay PCH systems are all studied.

As is well known, the Hamiltonian function in PCH sys-
tems is considered as the sum of potential energy (exclud-
ing gravitational potential energy) and kinetic energy in
physical systems, and is always a good candidate Lyapunov
function for many systems? 3 %19 This Hamiltonian
function method is simple in form, easy and effective in
operation. However, when the Hamiltonian systems en-
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counter time delay and uncertainties, the Hamiltonian func-
tion method is no longer effective directly. In this paper,
we consider a class of time delay nonlinear Hamiltonian
systems with parametric uncertainties and external distur-
bances. The adaptive Hoo control problem of the systems
under consideration is solved not only based on the dissipa-
tive structural properties of the Hamiltonian systems, but
also using the L-K functional approach. In order to get
the main results, we also consider the situation that the
structure of the system has no parameter perturbation.

The remainder of the paper is organized as follows. Sec-
tion 2 presents the problem formulation and some pre-
liminaries. The main results are provided in Section 3.
Section 4 illustrates the obtained results by a numerical ex-
ample, which is followed by the conclusion in Section 5.

Notations. R" denotes the n-dimensional Euclidean
space and R™ " represents the set of all n X m matri-
ces of real elements; || - || stands for either the Euclidean
vector norm or the induced matrix 2-norm; |z|lc,, =
max¢—n<e<t |z(@)|l, where Cn» = C([—h,0],R") denotes
the Banach space of continuous functions mapping the
interval [—h,0] into R™; L5[0,00) denotes the set of
all measurable functions z : [0,00) — R™ that satisfy
T3 12(t)|*dt < 003 Amax(A) and Amin(A) stand for the max-
imum and the minimum of eigenvalue of a real symmetric
matrix A; the notation * represents the elements below the
main diagonal of a symmetric matrix. In addition, for the
sake of simplicity, throughout the paper, we denote 9H/dx
by VH.

2 Problem statement and preliminaries

Consider the following time delay nonlinear Hamiltonian
system with parametric uncertainties and disturbances

(1)



P. Wang and W. W. Sun / Adaptive H., Control for Nonlinear Hamiltonian Systems with - - - 369

where z € R" is the state; u € R™ is the control input;
w € R? is the disturbance input; y € RP is the output;
z € RY is the penalty signal; ©, = z(t — 7) € Cpn,, stands
for the delayed state; J(z,p) and Ji(x,p) € R"*™ are skew-
symmetric matrices; R(z,p) and Ri(z,p) € R™*™ are non-
negative symmetric matrices; VH (z,p) € R™*! is the gra-
dient of the Hamiltonian function H(z,p) which satisfies
H(z,p) > 0, H(0,0) = 0; p is an unknown bounded con-
stant vector that denotes the parameter perturbation of the
Hamiltonian structure; gi(x) and g2(z) are gain matrices of
appropriate dimensions, g1 (z)g{ () is nonsingular; r(z) is
a weighting matrix with full column rank.

Remark 1. p in system (1) is small parameter per-
turbation, which makes the dissipativeness of the structure
matrix unchanged. The parameter perturbations usually
bring a direct impact on the states, but an indirect effect
on the output of the system. Thus, the output can be cho-
sen independent of p.

Decompose all functions related to the uncertain param-
eters p as

VH(z,p) = Au(z,p) + VH(x)
VH(zr,p) =Au(z,p)+ VH(z-)
J(z,p) = Ay(z,p) + J(x), Ji(z,p) = Ay, (z,p) + J1(z)
R(z,p) = Ar(z,p) + R(z), Ri(z,p) = Ar, (z,p) + Ri ()

where A;(x,0) =0 (¢ = H, J, J1, R, R1). We denote the cor-
responding nominal functions as H(z) = H(z,0), H(z.) =
H(z-,0), J(z) = J(,0), Ji(z) = Ji(x,0), R(z) = R(z,0),
and Ri(z) = Ri(z,0), while the system (1) becomes

(2)

The adaptive Ho control problem of the system (1) can
be described as follows: Given a disturbance attenuation
level v > 0, find an adaptive control law

{ u= oz, 0)
0 = B(z,0).

So that the Lo gain (from w to z) of the closed-loop sys-
tem is less than or equal to 7, i.e.,

®3)

/0 IIZ'(lt)|\2611t<’v2/O lo@l*dt, ¥ we L0, T]  (4)

is satisfied for the closed-loop system, and meanwhile the
closed-loop system under the control law (3) can be asymp-
totically stable when w = 0.

We seek to investigate the Ho control problem of system
(1) for the two cases of time delay

Case 1. 7 is an unknown constant.

Case 2. 7 = d(t) is a time-varying continuous function
which satisfies the following conditions

0<dt)<h (5)

and
dit)y <p<1 (6)

where h and p are known positive scalars.

The following assumptions are supposed to be satisfied.

Assumption 1. The Hamiltonian function H (z) and its
gradient VH (x) satisfy

1) H(z) € C%;

2) er([l=]]) < H(x) < ex(]|]]);

3) u(zl)) < V' H(z)- VH(z) < e2(||z])
where €1, €2, 11, t2 all belong to class K functions.

Remark 2. Assumption 1 not only guarantees the exis-
tence of VH (z) and Hess(H (z)), but also guarantees that
both H(z) and VH (x) are bounded in terms of z. We shall
note that the assumption is not very conservative to Hamil-
tonian functions and the majority of Hamiltonian functions
in Hamiltonian systems can easily satisfy these conditions.

Assumption 2. R(z,p) > A, A > 0 is a constant ma-
trix.

Assumption 3. There exists an appropriate dimen-
sioned matrix ®(x) such that

{lJ(z,p) = R(z,p)] + [J1(z,p) — Ra(z,p)]} ¥
Ap(z,p) = gi(2)®" (2)0 (7)

where 0 is a constant parameter vector subjecting to p.
Remark 3. Assumption 3 is the matched condition. In
most cases, we can find ®(x) and 6 such that (7) holds.
Similar assumption can be found in [20].
Assumption 4. Ay (z,p), Ar, (z,p) satisfy

Ay (2, p) = Ar, (,p) = 2E(2)X(z, p) (8)

where E(x) is a known functional matrix with appropriate
dimensions and X(z,p) satisfies &7 (z, p)S(z, p) < I.

To obtain the main results of this paper, the following
lemma will be needed.

Lemma 1.4 For given matrices Z = ZT, R and S with
appropriate dimensions,

Z+RD(t)S+ S"D"(t)R" <0 (9)

holds for all D(t) satisfying DT (t)D(t) < I if and only if
there exists a scalar € < 0 such that

Z+e 'RR" +eSTS <. (10)

3 Main results

In this section, we will put forward the adaptive Ho con-
troller design approach for the time delay Hamiltonian sys-
tems (1) and both delay-independent and delay-dependent
criteria will be given considering different cases of time de-
lay. For the sake of clarifying the main idea, in every sub-
section, we will study system (2) in which the parameter
perturbation dose not exist, that is, p = 0 in (1) firstly.

3.1 Delay-independent result

In this subsection, we consider the time delay of Case 1
and develop delay-independent analysis. Firstly, the Hoo
control problem of system (2) is considered and a result is
given below.

Theorem 1. Consider system (2). Suppose
Assumption 1 holds. If there exist matrices P, = P > 0,
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M, = M{r > (0 such that

A1 A 592(%)

A=| « =P 0 <0 (11)
15
— 24T

where
A1 =—-R(x)—q1 (a:)g;f(a:)(Pl + M)+ P+
! (@)r(z)gi ()

1
A = §[J1 (z) — Ra(z)]

%gl(x)

then the Hoo control problem of system (2) can be solved
by the following control law

u=—gi («)(M1 + P1)VH(x). (12)

Proof. Substituting (12) into (2) yields

&= [J(z) — R(2)|VH(z) + [J1(z) — R1(2)]VH (x)—
g1()g1 (x)(Pr + M1)VH (z) + ga(z)w

y = g3 (x)VH(z)

z=r(z)gi (z)VH(z)

(13)
Choose a Lyapunov function as

/VH

Calculating the derivative of Vi(z,z,) along the trajec-
tories of the closed-loop system (13), we have

Vi(z, o) = NPVH ((s))ds. (14)

Vi(z,2,) = = V' H(z)[J(2) = R(z) + g1(2)g1 () (Pr+
M)|\VH () + V" H(w)gz(z)w+
VT H(z)[J1(z) — Ri(x)]VH (z:)+
V'H(z)PVH (z)—
V'H(z,)P\VH(z,). (15)

Using inequality (11), we further have

Vie,a0) = 5 (Pl = 1)) =
~ VU H@)[R@) + g1(2)g7 (2) (Pr + My) — PV H () +
VT H @)ga(e)e + VU H() (@) — Ra(@)]VH ()~
VT H(z,) PV H (z,) — %'waT(t)w(t)—F

SV H(@) 910 (@) ()g (2) T H () =

i (A () <0 (16)
where
m(t) = [ VIH(z) VTH(z.) wT(t) " (17)

Consequently, the inequality (4) holds. That means the
L2 gain of the closed-loop system is less than or equal to 7.

In the following, we consider the stability of the closed-
loop system when w = 0.

Since H(x) € C?, VT H(z(s))P1VH (x(s)) is continuous.
We conclude by the condition P; > 0 that

/ V' H (z

Furthermore, according to 3) in Assumption 1, we have

/VH

o [ ealle(o)ds <

iz, max_ 2(s)]) =

$)) PV H (2(s))ds > 0. (18)

NPV H (2(s))ds <

A e2((zlle,, ) (19)

where A\p; = Amax(P1) > 0.
Using 2) in Assumption 1, we get

Vi(, z7) < ex(|lz]]) + 7Aps 2 (llzlcn ) (20)

Let @i (||zllc,.,.) = e2([|z]]) +7Ap, 2(||z[lc,,. . ). Obviously,
it is a class K function. So

allzl) < Vilz,z7) < @wi(flzlle,.-)- (21)

By evaluating the time-derivative of Vi(z,z,) along the
trajectories of (13) with w = 0, we obtain
Vi(z,z,) =

= V' H(2)[R(x) = g1(x)g1

VT H (z)[Ji(z) —

(z)(Pr+M,)— P |VH(z)+
Ry (z)|]VH (zr)—

V'H(z,)PiVH(z,) =
VH@ | [T T VH(z)
[ VH(z,) ] { s —P || VH@) ] <0 (22
where

I =—R(z) — g1(z)gi (z)(PL + M) + Px

1
FQ = §[J1 (J,‘) — Rl(l')]

Thus, there exists vi which belongs to class K functions
such that

Vi(z,z-) < —vi(fle])). (23)

According to L-K theorem, we can obtain that the sys-
tem (2) is asymptotically stable independent of delay. O

Next, as for system (1), an adaptive Hs control result is
described as follows.

Theorem 2. Consider system (1). Suppose Assump-
tions 1-4 hold. If there exist matrices P» = Py > 0,
Q1 =QT >0, My = My > 0 and a scalar e > 0 such
that

A A2 =g2(z)
A= * Ao 0 <0 (24)
15
* * 27 I
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1 (x)(Mz+ Py) + &7 'E(z)E" (z)+
r(@)r(z)g1 (x)
Ri(z)]

Ay =—-A—gi(z)g
1
P+ 591(90)

- 1
A1’2 = §[J1(IL’) —
Aoo=—Ps+e1l

then the adaptive Hoo control problem of system (1) can be
solved by the following control law

T ()6

{ @M + P)VH() (25)

0 = Q19(2)gT () VH ().
Proof. Substituting (7) and (25) into (1) yields
& = [J(z,p) — R(z,p)]VH(x) + [/1(z,p) — Ri(z,p)]x
VH(xq—) —g1(z)g1 (Ir)(MQ + P,)VH(x)+
w +g1(2)@" (x)(0 - 0)
z)g T( )VH (z)

(26)
Choose a Lyapunov function as

Va(z, xT,~ =

/VH

ieTQ;m (27)

NPV H (2(s))ds+

where 6 =0 — 6. ~
Calculating the derivative of Va(z, -, §) along the trajec-
tories of (26) and combining Assumption 2, we can obtain

Vale,ar,0) — 5 (2l — 211 <
VT H(@)[A+ g1()gT (2)(Ma + Py) —
H()[1(2,p) — Ri (2, )]V H (2,)
(xT)PQVH(xT)—FV H(x)g2(z)w—

P)VH (z)+

éw%ﬂ(ww(t) + SV H(@) g ()" (@)%

r(@)g1 (x)VH(z) =
m (8O (1) (28)

where

1
©11 612 592(36)

@ = * —P2 0
15
Ry
* * 27
O11=—A—gi(z)g; (x)(Ms + P2) + P+
1

r(@)r(z)gi (2)

O1,2 = %[Jl(x,P) — Ri(z,p)].

591 (z)

From Lemma 1 and Assumption 4, we know that Ay < 0
ensures © < 0. Hence we have

1
57Nl = 1l21%) < 0 (29)

Vg(x,xf,é) ~3

which means that inequality (4) is satisfied.
Using the similar method as in Theorem 1, we get
e(llxl) < Va(x) < @wz2(lxllen.-) (30)
where x = [ % 27 0% |7, @a(llxlle,..) = ex(lll) +
Au (101) + 7Ap,e2(l[lle,., - ), @2(llxlle,. ) belongs to class
K functions, \g, = %)\max(Qfl) >0, Ap, = Amax(P2) > 0.
Since (24) and (28) hold, we can easily get that when
w =0,

Va(x) < 0. (31)

Thus, there exists ve which is a class K function such
that

Va(x) < —va([IxI))- (32)

According to L-K theorem, we can obtain that the sys-
tem (1) is asymptotically stable independent of time de-
lay. g

Remark 4. Theorems 1 and 2 serve for the Ho, control
design of system (1) and (2) with delay of Case 1, respec-
tively. In fact, when the delay 7 is time varying, these delay-
independent results still hold. However, if 7 is bounded or
very small, such results often bring very conservative sta-
bility assessment (see [19]).

3.2 Delay-dependent result

In what follows, we focus on delay of Case 2 and acquire
two Hoo control results dependent on time delay for Hamil-
tonian system (1) and (2), respectively. Firstly, the time
delay system (1) with p = 0 admits the following theorem.

Theorem 3. Consider system (2). Suppose
Assumption 1 holds. For given scalars h and p, if there

exist matrices K1 = K§ >0, Ps = P§ >0, M3 = M3 > 0,
such that
g1(2)K1g7 (z) > hHess" (H(z))Hess(H(x)) (33)
_ 1 1
=1,1 §[J ( )—Rl(ilf)} 592(1')
g = * —(1—p)Ps 0 <0 (34)
1 4
* * —2'y I

then the Hoo control problem of system (2) can be solved
by the following control law

u=—[g1 (x)(Ps + Ms) + A, K11 (z)]VH(z)  (35)
where Ay = Amax(M3),
11 = —R(x) — g1(2)gi (x)(Ps + Ms) + Ps+
r(x)r(z)gi (x).

[1]

%gl ()
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Proof. Substituting (35) into (2) yields

&= [J(z) = R(x)|VH (x) + [Ji(x) — Ri(2)]VH () -
/\Msgl( VK1g1 (2)VH () + g2(2)w—

g1(x)g1 (x)(Ps + M3)VH ()
y=gs (x)VH(z)
z=r(z)gi (z)VH ().

(36)

Let the Lyapunov function for the closed-loop system
(36) be selected as

Va(z,z,) =

H(z)+ /tid(t) VTH(JS(S))P3VH(1'(S))C18 +Vi(z) (37)
where

V) Hess" (H(z(s)))Mszx

/ /MVTH

Hess(H(x(s)))VH(z(s))dsda.

Calculating the derivative of Vi(x,z,) along the trajec-
tories of (36), and then taking advantages of (5), (6) and
(33), we have

SOl = 1121) <
— V' H(2)[R(x) + g1(x)g1 (x)(Ps + Ms) — P3—
S @) @@l V@) + VT H()x
(@) = Ri@)]VH (er) = (1 -
VH(z:) + VT H@)gs (@) — 372w (0)u(r) =

ni (HE1m (). (38)

V3(l’,l’7—) -

W)V H (z,)Psx

Since (34) holds, then we get

. 1
Va(w,27) = 5 (7 lwll” = [121*) < 0 (39)

which means that (4) is satisfied.
Since H(x) € C2, VTH(z(s))PsVH(z(s)) and V7T

H(x(s))Hess™ (H(x(s)))MsHess(H (z(s)))VH(z(s)) are
continuous, combining P3 > 0, M3 > 0, the inequality

/tt " VTH(CL’(S))PJVH(x(S))dS >0 (40)

and
Vi(z) >0 (41)

hold.
Noting (5) and using 3) in Assumption 1, we have

/t,dm VI H(@(s) PsVH(a()ds < hrpyea(llzle,.) (42)

and

0yt
I/)\]Ms/ / t2(max||z(s)||)dsda <
—h Jt+a

1

§h2V)\M3L2(maXt—h<s<t||x(5)||) =

1.9

Sh v (llzle,,.) (43)

where Ap, = )\maX(P:g) > 0, Az = )\max(M:g) > 0,
v = sup, {max [Hess" (H (z)) Hess(H(x))]}.

Combining (42) and (43), using 2) in Assumption 1, we
have

1
+ (hAp; + 5h2V>\M3)L2(Ha?ch.T)-
(44)

Va(z,27) < ex([]])

Let ws(llzlle,.) = e(lz]) + (hAp, + 3h*wAu,)
w2(||zlle,.,). Obviously, it is a class K function. Thus,
Va(z, ) satisfies

eillzll) < Va(z, z7) < s (). (45)

When w = 0, the derivative of V3(z,x-) along the trajec-
tories of (36) satisfies

Va(z, z,) <
— V' H(x)[R(x) + g1(2)gi (x)(Ps + Ms) — Ps]VH (x)+
VT H (2)[J:(z) — Ri(x)]VH (z,)—
(1 — )V H(z,)PsVH(z,) =
i (8)E17 (t) (46)
where
in(t) = | V'H(z) V'H() ]T.
The fact that =1 < 0 ensures
s { 2a @R ] )
* —(1—p)Ps

holds, where 21,1, = —R(x) — g1(z)g]
Thus, we have

T(x)(Ps + M3) + Ps.

Va(z,z,) < 0. (48)

Therefore, there exists vz which belongs to class K func-
tions such that

Va(z,zr) < —va(|le])). (49)

Using L-K theorem we can conclude that the closed-loop
Hamiltonian system (36) is asymptotically stable dependent
of delay. d

The following theorem provides a delay-dependent adap-
tive Hoo control result for system (1) with time-varying de-
lay of Case 2.

Theorem 4. Consider system (1). Suppose Assump-
tions 1-4 hold. For given scalars h and p, if there exist
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matrices Ko = KJ > 0, P4 = P > 0, My = M{ > 0,
Q2 = QF > 0 and a scalar e2 > 0 such that

g1 (az:)Kgg;F (z) > hHessT(H(a:))Hess(H(a:)) (50)
Ui gli(2) = Ru(z)]  592(x)
U, = * \1/2,2 0 <0 (51)
* * — %721
where

Vi1 = —A—gi(2)gi (x)(Py+ M) + Pat
S0 @) @@l @)+ B@) B (@)
\1/2,2 = —(1 — /J,)P4 + ol

then the adaptive Hso control problem of system (1) can be
solved by the following control law

{ w=—[gT (@)(Ps + Ma) + Ani, Kog ()] VH(z) — @7 ()0
0 = Qud(x)g] (x)VH ()
(52)

where )\M4 = )\max(Mz;).
Proof. Substituting (7) and (52) into (1) yields

i = [J(z,p) — R(z,p)]VH () + [J1(z,p) — Ri(z,p)]x
VH(xr) + ga2(x)w — g1(2) g1 (x)(Pa + Ma)VH (z)—

 Amg1(2) gt (2)VH () + g1(2) @ (2)(0 — 0)

0 = Q2®(x)g] (x)VH ()

y = g2 (z)VH(x)

z =r(x)gt (x)VH(z).

(53)
Choose the following Lyapunov function
‘/4(1‘7 LT, é) =

H(z)+ /t o VT H (2(s)) PsV H (2(s))ds+

Vale) + 507 Q50
where 6 = 0 — é, and

Va(a) = [ A VT H (2(s)) Hess™ (H (2(s))) M-
Hess(H(x(s)))VH(z(s))dsda.

Calculating the derivative of Vi(z,z,,0) along the tra-
jectories of the closed-loop system (53), and combining As-
sumption 2 and (50), it follows that

Va(e,2r,6) = 507 ol = J2I1) <
V'H(z)[~A — g1(x)g1 (x)(Ps + Ma) + Pi+
S (@)r(@)gt @I VH () + V" H(@)ga()wot
VT H @)1 (2, ) — Rae,p)]VH(er) -
(1= WV H(ar) PV H(r) — 357%™ (He(t) =
¥ (6)m. (1) (54)

where
1

Q11 §[J1 (z,p) — Ri(z,p)] 592(2)

0 = * —(l — M)P4 0
1,

Q1 =—A—gi(x)g1 (z)(Ps+ M) + P+

1

L@ @)l =),

From Lemma 1 and Assumption 4, we know that ¥; < 0
ensures € < 0. Since (51) holds, hence we have

. 1
Vi(z, z7,0) — 5(72le|2 —llI*) <0 (55)

which means that the inequality (4) is satisfied.

In the following, we consider the stability of the closed-
loop system when w = 0.

Using the similar method as in Theorem 3, we get

en(llxll) < Va(x) < @walllxllen.-) (56)

~, T
where x = [ 27 &T 07 |, xlle, . = maxi-ncact Xl

@aflxlen-) = ellzl) + A (o) + (hAr, +
shvda)e2(||zlle, ), and wa(llx|lc, ) belongs to class
K functions, Ag, = %/\max(le) >0, Ap, = Amax(P1) >0,
Amy, = )\max(le) > 0.

Similarly, when w = 0, we have

Vi(x) < 0. (57)

Thus, there exists v4 which belongs to class K functions
such that

Va(x) < —va(llxI) (58)

holds which guarantees that the time delay Hamiltonian
system (1) is asymptotically stable for all time delay fac-
tors satisfying (5) and (6). O

Remark 5. Both Theorems 3 and 4 are delay-dependent
results. It should be pointed out that K7 in Theorem 3 and
K> in Theorem 4 satisfy the same inequality. This indicates
that the conditions (33) and (50) are necessary to guaran-
tee the H control performance regardless of the parameter
perturbations in the time delay Hamiltonian system under
consideration.

Remark 6. The conditions obtained in Theorems 1-4
are not strict linear matrix inequalities. But with the help
of some existing technique related to functions and inequal-
ities, one can always solve these inequalities constraints. As
the theorems show, most matrices need not to be solved but
require the existence of themselves. In particular, when the
state and gain matrices in system (1) only depend on pa-
rameter p, the conditions become linear matrix inequalities
(LMIs) and can be easily resolved by the LMI toolbox of
Matlab.

Remark 7. When the state matrices of system (1)
J(z,p), R(z,p), Ji(z,p) and Ri(z,p) have time delay,
they can be rewritten as J(z, z-,p), R(x,z-,p), J1(z,z+,p),
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Ri(x,z,,p), we may decompose them as

J(x,zr,p) = Ay(z,2r,p) + J(z,2+,0)
Ji(z, zr,p) = Ay, (z,27,p) + Ji(z,27,0)
R(z,xz+,p) = Ar(z,z+,p) + R(z,2-,0)
Ri(z,z+,p) = AR, (z,2+,p) + Ri(z,x-,0).

It can be concluded that Theorem 4 still works provided
that Assumptions 2—4 be replaced by the following assump-
tions, respectively.

Assumption 2'. R(z,z,,p) satisfies R(z,z,,p) > A,
A™ is a constant matrix.

Assumption 3’. There exists an appropriate dimen-
sioned matrix ®(x,z.) such that

{[J(J,‘7J,‘7—,p) - R(l‘7$7—7p)] + [J1(1‘71'7—7p)—
Ri(z,x-,p)}An(x,p) = g1(z)®" (z,2,)0  (59)

where 6 is a constant parameter vector subjecting to p.
Assumption 4'. Ji(x,x,,p), Ri(z,x-,p) satisfy

Ji(z,z-,p) — Ri(z,z-,p) <Y 4+ 2E(z)X(z-,p))  (60)

where Ay (z,2+,p) — Ag, (z,2+,p) = 2E(z)X(z+,p), Y isa
constant matrix, E(z) is a known matrix with appropriate
dimensions and (., p) satisfies 37 (z,, p)S(z-,p) < I.

In the premise of the above Assumptions, A and Ji (z) —
Ri(x) can be replaced by A* and Y respectively in the ma-
trix inequality (51) in Theorem 4.

4 Illustrative example

In this section, an example will be demonstrated to illus-
trate our developed theoretical results. The following ex-
ample demonstrates the correctness of Theorems 2 and 4.

Consider a two-dimensional nonlinear time delay system
with parameter uncertainty and disturbance of the follow-
ing form

T = —(arg +15+p)sinz; — 0.52%22 — 0.5px3 —
2sinz1(t —7) —|— w1 (t) —|—w1(t)
&0 = 0527 sinxzy — a3 — pri — (2 —p)z2 — 3p—
(14 p)z2(t — 7) + u2(t) + wa(t)
Y1 = sinxy
Y2 = X2
(61)

where 7 is time delay, p is an unknown constant and |p| < 1.

Let 2 = [z1, 22)7, v = [u1(t), u2(t)]T, ¥ = [y1, vo]T and
w = [wi(t), w2(t)]", the system (61) can be rewritten in the
following form of nonlinear time delay Hamiltonian system

[ (z,p) — R(x, p)|VH (x,p) + [J1(z,p)—
( ,p)]VH(a?np)Jrgl( Ju+ ga2(z)w (62)

where
0 —0.522
J(z,p) {0.5& 0 ]
Ji(x,p) J(z,p)

2 0.5z2
Rz, p) = { —0.502 1+;1)
1 0
gi(z) = { 0 1 }
2 4+15+p 0

92(z) = g1 ()

and
H(z,p) = sin®(0.5z1) + 0.5(z3 + 2pxa + p°).
We give a penalty signal
2 = 1(2)g1 (x) VH(2) (63)

1 1

05 1
It is easy to verify that the Hamiltonian function H (z,0)
and its gradient VH (x,0) in system (61) satisfy Assump-

Lety—l,A—|:0'5 0 , 0 = —p and

where r(z) =

tion 1.
0 1

®(x) = [0.521,23 + 3]. We can easily verify that system
(61) with the above values satisfies Assumptions 2—4.

Firstly, in order to verify Theorem 2, we consider the case
that the delay 7 in system (61) is a constant and develop
a delay-independent result by using Theorem 2. Here we
set €1 = 1, @1 = 1. Using the LMI control toolbox of Mat-
lab, the LMIs in Theorem 2 are solved to find the following
matrices

b, _ | 43773 0.0000
27| 0.0000 4.3773
AL _ | 44308 0.3750
27| 03750 4.3773

An adaptive Hs controller of the system (61) is obtained
as

L_ | —8817lsina: —0.3750zs — 0.5230
| —0.3750sinx; — 8.7546x2 — (z3 + 3)0

We carry the simulation results with the following
choices: the initial condition z(0) = o = [1,—2]T, the
disturbance signal w = e 'sint, the disturbance attenu-
ation level v = 1. The simulation results are shown in
Figs.1 and 2 with 7 = 0.5 and 7 = 3. The simulation
results show that the robust H. control law proposed in
Theorem 2 is effective.

1 @ -0.5
=
L 8

= 0P E =1
2 7

S-1 x| S-15
Q
...... _x2 g

23 4 6 § 10E 3 7 6 % 0
Time (s) A Time (s)

Fig. 1 Response curves with 7 = 0.5
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1 > -0
L/—— g
S =-0.5
= Of g
e = -1
< X 1723
4—'_1 1 [}
R N x || B-15
-2 g
0 2 4 6 8 10¢g 0 2 4 6 8 10
Time (s) & Time (s)

Fig. 2 Response curves with 7 =3

Next we consider the case that the delay in system (61) is
a time-varying continuous function and design an adaptive
controller by using Theorem 4 to guarantee the asymptoti-
cal stability of the closed-loop system.

Here we set 7 = d(t) = (m+2arctant), then we can take
u = 0.34, h = 1.05. Through simple test works and calcu-
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