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Bin Wang Jun-Yong Zhai Shu-Min Fei

Key Laboratory of Measurement and Control of CSE, Ministry of Education, School of Automation, Southeast University,
Nanjing, Jiangsu 210096, China

Abstract: This paper studies the problem of tracking control for a class of switched nonlinear systems with time-varying delay. Based
on the average dwell-time and piecewise Lyapunov functional methods, a new exponential stability criterion is obtained for the switched
nonlinear systems. The designed output feedback H., controller can be obtained by solving a set of linear matrix inequalities (LMIs).
Moreover, the proposed method does not need that a common Lyapunov function exists for the switched systems, and the switching

signal just depends on time. A simulation example is provided to demonstrate the effectiveness of the proposed design scheme.
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1 Introduction

Switched systems are a class of hybrid dynamical systems
which consist of a family of subsystems and a rule that
orchestrates the switching among them. The local behav-
ior is affected by the continuous dynamical subsystems and
the discrete dynamical switching mechanisms determine the
global performance. In recent years, there are lots of signif-
icant achievements both in theory development and prac-
tical applications of switched systems[1_5]. On the other
hand, time-delay systems are an important class of systems,
which are ubiquitous in real world, such as in chemical pro-
cess, aerodynamics, and communication networks systems.
Sometimes, even a small delay may affect the system per-
formance greatly. A stable system may become unstable
or chaotic behavior may appear if delay is present in the
system[bw*s]. Since the switched systems with time-delay
have strong engineering background, they have attracted
considerable attention, and some useful results have been
obtained!® '8, There are several methods used in analyz-
ing stability of time-delay switched systems, such as the
common Lyapunov function, multiple Lyapunov functions,
piecewise Lyapunov function and average dwell-time. The
work in [12] gives delay-dependent conditions for the expo-
nential stability of the switched linear systems with time-
varying delay by common Lyapunov function. The work in
[17] gives the exponential stability criterion for a class of
switched linear systems with constant time delay by com-
bining dwell-time with the piecewise Lyapunov function.

Tracking control for time-delay switched system is widely
used in robot control and guided missile control. To the best
of the authors’ knowledge, the issue of tracking control has
not been fully investigated for time-delay switched systems.
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Only a few results have been reported on tracking control
for switched systems!*~2%. The stability of tracking con-
trol based on observer for time-delay switched linear sys-
tems has been investigated in [21], but the proposed method
needs that a common Lyapunov function must exist for the
switched systems. By using average dwell-time, a new ex-
ponential stability criterion of state feedback tracking con-
trol for switched nonlinear systems with time-varying delay
has been obtained in [22]. In this paper, we aim to design
an output feedback controller for a class of switched non-
linear systems with time-varying delay. Combining average
dwell-time with the piecewise Lyapunov function, a new ex-
ponential stability criterion for a class of switched nonlinear
systems with time-varying delay is derived. Moreover, when
there exists a common Lyapunov function for the system, it
will be exponentially stable under arbitrary switching law.

Notations. R"™ denotes n-dimensional Euclidean space;
R™*™ denotes the space of m x n matrices with real en-
tries. L2[0,00) is the space of square integrable functions
on [0,00), and .Z{°°([g,00),R™) is the space of locally
Lebesgue integrable vector valued functions on [g, ),
where p is a scalar. For any given 7 > 0, let C,, =
C([-7,0],R™) be the Banach space of continuous mapping
from ([—7,0],R™) to R™ with the topology of uniform con-
vergence. I represents identity matrix with appropriate di-
mension. P > 0(>, <, < 0) denotes a positive definite (pos-
itive semi-defined, negative definite, negative semi-definite)
matrix. Amin(-) and Amax(-) denote the minimal and max-
imal eigenvalues of a square matrix. omax(-) means the
maximal singular value of a matrix. The superscript “T”
stands for matrix transpose and the symmetric terms in a
symmetric matrix are denoted by *. Let x; € C,, be defined
by z:(0) = z(t +0),0 € [-7,0]. || - || denotes the usual 2-
norm, and || @t [|a= sup_, <geo{l o(t +0) ||, || a(t + 6) |1}
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2 Problem formulation and preliminar-
ies

Consider the switched nonlinear system with time-
varying delay

#(t) = fo(z(t)) + Ao (t) + Doz(t — d(t)) + Bou(t) + w(t)
y(t) = Cox(t)
z(t) = (1),

where z € R" is the system state vector, u(t) € R? is the
control input, y(t) € RY is the output, w(t) € R™ is the
bounded exogenous disturbance which belongs to L2[0, c0)
and Z}°°([p,<),R"™). f-(-) : R™ — R" is a known non-
linear function; o(t) : [to,00) — M = {1,2,--- ,mg} is the
switching signal. d(¢) denotes the time-varying delay satis-
fying 0 < d(t) < 7; ¢(t) is a continuous vector-valued initial
function. Moreover, o(t) = ¢ means that the i-th subsys-
tem is activated, A;, B;, C;, D; are known constant matrices
with appropriate dimensions. Without loss of generality, we
state that the following assumptions hold.

Assumption 1. U; € R"*™,i € M are known constant
matrices, the function f;(x(t)) is Lipschitz for all z(t) € R"
and Z(t) € R", and satisfies

| filz(®) = fi(@@®) I Ui(z() —2@) | (2)

Assumption 2. For ¢ € M, the subsystem (A;, C;, D;)
are detectable®') and B; are full row rank.

Definition 1'%, System (1) is said to be exponentially
stabilizable under control law u(t) and switching law o(t),
if the solution x(t) of system (1) through (o, p) € Ry x Cy,
satisfies

—T<t<0 (1)

—A(t—to)

[ 2(t) 1< & [ 2o fler e vt = to ()

for some constants x > 0 and A > 0.
Suppose that the state observer is of the form

&(t) = fo (£(t)) + Aoi(t) + Doi(t — d(t))+
Bou(t) + Lo (y(t) — 4(t))
9(t) = Co2(t) (4)
where y(t) is the measurable output of system (1), and L,

is the observer gain matrix to be determined later.
The reference model is given as

e (t) = Avao (1) + (1) (5)

where z.(t) € R" is the reference state, A, is a Hurwitz
matrix, 7(¢) is the bounded reference input which belongs
to La[0,00) and .%{°%([o, 00), R™), respectively.

Now, define tracking error er(t) = z(t) — ,(t), and con-
sider the Ho tracking performance asl??

/ e 0T (e, (t)dE < A2 / & (1)

to to

€l
=
[oW
“OO-
o~
\Y%
o~
[=]

where @(t) = [wT (), 7T (t)]T, o, v are positive constants.
Define the difference between the real state and the ob-
server state, the observer state and the reference state as

e(t) =x(t) — &(t), &é-(t)=2(t) — xr(t).

Design the output feedback controller
u(t) = Ko (t) + Foxr(t) — Bg (Bo By ) fo(#(t))  (7)

where K,, F, are the output feedback gains. Combining
(1), (4), (5) and (7), we can obtain the augmented systems

é(t) = (Ao — LoCs)e(t) + Doe(t — d(t)) + fo(x(t))—

fo(8(t)) + w(t) (8)
2(t) = (Ao + BoK,)i(t) + BoFoxr(t) + Dod(t — d(t))+
LoCoe(t)
& (t) = Avze(t) 4+ (1) 9)
Let
INRE ~ [A,+B,K, B,F,
) = [azT(t) » Ao 0 A |
| LoCoe(t) =~ |Ds O
o=\ 1 P 0]
Then, system (9) can be rewritten as
Z(t) = ApZ(t) + Doz(t — d(t)) + go (2). (10)

Define the switching sequences of system (8) and (9)
I {(io7t0)7 (ila tl)a ) (Zka tk)a o | ik € M} (11)

which means the ix-th subsystem is activated at time .

Definition 2[2%: 2, For system (1), if there exist control
input u(t) and switching law o (t), such that: 1) the closed-
loop (8) and (9) are exponentially stable when @(t) = 0; 2)
performance index (6) is satisfied when @(t) # 0 under zero
initial conditions, that is, z(t) = 0,z,(0) = 0,%(¢) = 0,t €
[=7,0]. Then system (1) is said to have observer-based Hoo
model reference tracking performance.

Definition 3!, For the switched signal o(t) and any
t > 7 >0, No(t,7) denotes the system switching times in
the open interval (7,t). If

t—rT1

No(t,7) < No + (12)

holds for 7, > 0 and Ny > 0, then 7, is called average
dwell-time. Without loss of generality, as commonly used
in the literature, we assume Ny = 0.
To conclude this section, we recall the following lemmas.
Lemma 1P, Let U,V be real matrices of appropriate
dimensions. Then, for any matrix ¢ > 0 of appropriate
dimension and scalar € > 0, it holds that

UV +VTUT < e 'uQ™'U™ + VT QV.

Lemma 23, For any constant matrix N > 0, scalar
7 >0, any ¢ € [0,400), vector function y : [t — 7,t] — R",
such that the integrations in the following are well defined,
then

(/;T y(S)dS)T N/ti‘r y(s)ds < T/tiT y(s)" Ny(s)ds.

Consider the linear time-varying delay system (10) with-
out switching and its homogeneous system as

z(t) = Az(t) + Dz(t — d(t)) + g(t) (13)

z(t) = Az(t) + Dz(t — d(t)). (14)
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It can be rewritten in operator form[*!]

z(t) = L(t,z:) + g(t),
i,(t) = L(ta l‘t), j@ = ¢7
where the operator L(t, ¢) is linear in ¢, and has the form

L(t,¢) = Ap(0) + Dp(—d(t)), in which ¢(0) = z(t +6),0 €

[-7,0]. Suppose there is an m € £1°°([p,0), R+) such
that

t>op
(=

| L(t, ¢) [< m(t) | ¢ | (15)

for all t € (—o0,00),¢ € Cy.

Lemma 3 (Variation-of-constants). Let Z(o, ¢, g)(t)
denote the solution of system (13), and Z(g,,0)(t) de-
note the solution of the corresponding homogeneous system
(14). Denote Z(p, ¢,0)(t + 0) by Z+(0,$,0)(0), —7 < 6 < 0,

0, —7<60<0
I, 6=0
T(t, p) is a continuous linear operator. And if (15) is satis-
fied and g(t) € Z1°°([o, 00), R*™), then

Xo(0) = 1 Z4(0,9,0) £ T(t, 0), then

t

zo(0.6.9) = T(t, 0)6 + / T(t,5)Xog(s)ds, t> 0. (16)

e

Proof. The proof follows the same lines as in [21,27]. O
3 Main results

3.1 Observer gain matrix design
Consider the simplified system of (8) when w(t) =0
ét) = (As — LoCs)e(t) + Doe(t — d(t))+
fo(x(t)) = fo (2(2))- (17)

Theorem 1. For system (17), if there exist scalar o >
0,7 > 0, matrices H; > 0,G; > 0,L;,Vi € M and any
invertible matrix Y; with appropriate dimensions, such that
the following LMIs hold

P11 P12 Yi —7Y:D;
o * ©w22:  Yi —7YiD;
0 = * * -1 0 <0 (18)
* * *  —T1e TG
and the average dwell-time satisfies
|
Tay > (19)

where @115 = Yi(A;+ D)+ (Ai+Dy)TY, T — L;C; - CrLT +
aH;+UF Ui, 0120 = Hi—Yi+(Ai+ D)"Y —CT LT, po2i =
7G; —Y; — YT and p1 > 1 satisfies
H; <piHj, Gi <Gy, Yi,jeM,i#j. (20)

Then, system (17) is exponentially stable and the observer
gain matrix is given by L; = YflLi.

Proof. Choose the piecewise Lyapunov functional can-
didate as

V(e(t)) = Va(e(t)) = Vie (e(t)) + Vao (e(t))
Vie(e(t)) = €™ (t) Hoe(t)

Varle(t) = [

—7 Jt40

t

e_a(t—s)éT(S)GUé(s)dea- (21)

During any interval [tx,tk+1), we let o(t) = ix = i, then
V(e(t)) = Vi(e(t)). Along the trajectories of system (17),
the time derivative of V;(e(t)) is given as

Vile(t)) = 2 (t)Hié(t) — aVai(e(t)) + 7" (£)Gié(t)—
/ t e 9T ()G é(s)ds. (22)

From Assumption 1, we can get

[fi(x(t) = fi@O)]" [filz(t) — fi(@(1)] <
et (U Use(t). (23)

Substituting (23) into (22), one has

Vi(e(t) + aVi(e(t) < ¥ (t)(aH; + UTT:)e(t)+

2T () Hie(t) + meT () Gié(t) —e 7 / ¢T (s)Gié(s)ds—

t—d(t)
[fi(a(8)) = fi@ED]T [fi((t) = fi(2(2))]. (24)

For the free weighting matrix Y; and ftt_d(t) é(s)ds = e(t) —
e(t —d(t)), it holds that

Y;

20" (1), (0] |

[(AZ +D; — LlCl)e(t) — é(t)—

D, / é(s)ds + fi(x(t) — f:(@@)] =0.  (25)
t—d(t)

Let £(t,5) = [eT(8), €™ (1), fi (2 ()= fi' (&(t)), &7 (s)]". Sub-
stituting (25) into (24), it yields

Vi(e(t)) + aVi(e(t)) < %t)/t €' (t,5)0:&(t, s)ds (26)

—d(t)

P11 pi2i Y —d(t)Y;D;
A i Y —d(t)Y;D;
where ©; = : ijf’ _7 (2) < 0. By
* * x  —d(t)e”*"G;

proper transformation to (18), we can get ©; < 0, then
Vi(e(t)) + aVi(e(t)) < 0. (27)

Let ¢, be the left limit of ¢, which is before the switching
at tx. Using (20) and (21), one has

Vile(tr)) < mVij(e(ty)), Vi,jeM, i#j. (28)
Let any t € [tk, tk+1), then Ny (¢,t0) = k. Combining (11),
(27) and (28), we can obtain
Vip (e(t) <Vig(e(tn)e™ ") <
P Vi (e(t-1))e 710 <ol g
1 Vig (e(to))e™ (710 =
e (TR Iy, e(t)). (29)
From Definition 3, we can get klnpu; < %lnﬂl. Let
2A:a—%>0,then, '

a |l e(t) < e TV (efto)) < bem P | e H(iz :
30
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where a = minjeym {Amin(Hi)},0 = maxiem {Amax(H;) +
é)\max(Gi)}. From (30), we can obtain

b
[l e(®) lI< \/5 e M ey - 1)

By Definition 1, we know that system (17) is exponentially
stable. g

3.2 Stability and H,, performance

Theorem 2. For system (10), if there exist scalars « >
0,7 > 0,7 > 0, and matrices P; > 0,5; > 0,Vi € M, such
that the following inequalities hold

P14 P, D; P; T(I‘L' + Di)T
ES @222‘ 0 ’TDZT
d; = <0 (32
* * —%721 TI (32)
* * * —Si_l
and the average dwell-time satisfies
Ta = Max{Ta,,Tas }, Tas > In prz (33)
where ¢11; = P;(Ai + D;) 4+ (Ai + D))" P4+ aP; +Q, ¢20i =
~ —I
—e 75;,Q = 7 ] and p2 > 1 satisfies
P; < paPj, Si < p2Sj, Vi,j € M,i#j. (34)

Then system (10) is exponentially stable, and the Hoo
model reference tracking performance in (1) is guaranteed.
Proof. From (32), using Schur complement, it yields

¢/11i PiDi P;

AZ‘ = * ¢22i 10 + T2 I:Al -+ D, D1 I]T
A2
* * 2’y I
-Q 0 0
Si[Ai+D; D; I]< |0 0 0 (35)
0 0 0
where qbllli =¢11i — Q.
First, consider the nominal system of system (10):
z(t) = Apz(t) + Dozt — d(t)). (36)

Define the piecewise Lyapunov functional candidate as

V(1)) = Vo (2(1)) = Via (2(t)) + Vao (2(1))
Vie(Z(t)) = " (t) Pz (t)

Voo (2(t) = 7 / / eI )8 s

et — [,y B(s)ds = 2(t) = 2(t — d(t)) — Z(t), then &(t) =
(A; + D;)z(t) + D;z(t). Then, along the trajectories of
system (36), the time derivative of V;(Z(t)) is given by
Vi(@(t)) <z ()[P(Ai + Di) + (Ai + Di) " Pila(t)+
2% (t)P;Diz(t) — aVai ((t)) + 777" (£)Siz(t) —

¢
Tef‘”/ " (s)Si(s)ds. (37)
t—d(t)

By Lemma 2, it can be obtained that

—T()Siz(t).  (38)

Let n(t) = [27(t),2T(¢)]T. Substituting (38) into (37), it
yields

Vi(Z(t)) + aVi(z(t)) < 0" (6)in(t) (39)
where

= Pi(A; + D) + (A + D)TP; + aP; P,D;
(P = % _efa'rs, +

From (35), (39) and (40), one can obtain
Vi(@(t) + aVi(#(t) < 0. (41)

By using the same means as the proof of Theorem 1, we
can get

b1 Caq(t— _
120 1< /2 e a2
ax
Where 2)\1 = I;Tk;z > 07 al = Hlinieju{)\min(Pi)},bl =
maxie M { Amax (Fi) + éx\max(&)}. Then, system (36) is ex-
ponentially stable.
Next, the stability of system (10) will be analysed with
g:(t) # 0 when @() = 0, g:(t) = [Lic(;e(t)}. Since go(t) €

Z1°¢([p,00), R*™), for any t € [t;,t;41), by Lemma 3, we
get the solution of (10) with the initial condition (to, ¢4, ):

t
jt(th ¢ioagﬁ) = Tij (t7tj)¢ij +/ T(ta S)Xogij (S)ds =
tj

Ty, (6, t) T,y (855 t5-1) ;4 + Ty (8, 85)

tj t
/ T(tj,5)Xogi;_,(s)ds —|—/ T(t,s)Xogi; (s)ds =--- =
t t

i1 i

t
T(t, to)dig + / T(t,5)Xogo(s)ds (43
to
where T(t,to) = Tij (t, tj) . Tij—l (tjﬂfjfl) i
continuous piecewise linear operator.
Recalling the above analysis, system (36) is exponentially
stable. There exist n1 > 0,1 > 0 such that

. Tio (tl, to) is a

| T(t,t0) |< wae™ ™10
| T(t,$) X0 ||< k1e ™9 ¢ > s> to. (44)

If (18), (19) and (20) hold, system (8) is exponentially stable
by Theorem 1. From (31), there exists a scalar By = \/g
| ety et maxienr{omax(L:Ci)}, such that

I 95() <1l LaCo Il €(2) 1< Boe %), ¢ >t (45)

Substituting (44) and (45) into (43), and choosing m # A,
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it yields
| Ze(to, Bigs go) 1< wae ™™ 7% | gy || +

t
/ Kle*m(t*S)BOe*/\(S*to)ds <
to

_ k1B CN(t— oy (t—
n1(t—to) H bi H + K1 0( At to)_e n1(t to)) <

- A

ri(ll dio | +| oAt (46)

>\ \)
where 8 = min{\, 71 }. We know that system (10) is expo-
nentially stable when @(t) = 0.

Second, we will prove that performance index (6) is sat-
isfied under zero initial condition Z(to) = 0, e(to) = 0 with
@(t) # 0. Let ¢(t) = [27(t), 27 (t), gF (t)]T. Using the same
method as the above analysis, it implies

Vi(2(1)) + aVi(@(0)) < < (DAss(t) + 59707 (Dg:l1) <

-Q
<T(t)

o O O
o O O

0 S(0) + 3770 ()g:(0) =
0
— eFWer®) + 5720 Ogi(0). (47)

Letting Q = %I € R™*", by Lemma 1, we can get

— e (Hen(t) = —[e(t) — er () [e(t) — ex(t)] =
t)en(t) — €T (t)e(t) + 2e; (t)e(t) <
—er (D)er(t) — " (t)e(t) + er (1) Qer(t)+
e HQe(t) = —5er (er(t)+ | e(t) |2
(48)

—~

— e,

- (
- (t

—~

N =

Similar to the reasoning in the above proof, let
e+(to, 1i,,w) denote the solution of system (8) with the ini-
tial condition (to,%i,), i, = €(to) = 0, T1(¢,to0) denotes a
continuous piecewise linear operator. As the nominal sys-
tem of (8) is exponentially stable, by Lemma 3, there exist
k2 > 0,12 > 0 such that

et(to, Yig,w) = T1(t, to)Yig +/ T1(t, ) Xow(s)ds

to
| Th(t, t0) [|< rae 07 t0)

| Tu(t, )Xo ||< mae ™79 > 5> to. (49)

According to Cauchy-Schwartz Inequality, one can get from
(49):

t t
I e(®) I°< / K2e =gy / e || (s) |2 ds <
to

to

2 t
e ()| ds (50)
N2 Ji,

Let >\2 = Hla.XigM{Jmax(LiCi)}, it has

gi )gi(t) =eT()CF LT LiCie(t) + 7T (£)r(t) <
X3 e(t) |12+ (t)r(t). (51)

Combining (47), (48), (50) and (51), it holds that

1

Vi(2(1) + aVi(2(0)) < —ger (Dealt) + (1 + 37°33)

2t
1
2 [ e (s [P ds + —w%T(t)r(t),
N2 Jiy 2
t € [tr, tht1)- (52)
Let I'(s) = —Llef(s)er(s) + (1 +

LP0B) 2 [ e 0 | w(6) [I° 6+ IyPrT(s)r(s).
Vi (@t) = Vig(#(6)) + [ Vi (3(s))ds <
Vi, (8(t0)) — a / Vi, (#(s))ds + / P(s)ds <

p2Viy,  (Z(tk-1) M2Oé/ Vi1 (Z(s))ds+

th t
ug/ s—a/ ds+/ I(s)ds < -+ <
th_ ty
;LIQCV Z(to) ;@oz/ Vio (Z(s))ds+
to
t t
MQ/ (s ds—---—oz/ Vi, (T ds+/ T'(s)ds <
to th
uév"(t’tO)V Z(to) — a/ Vi, (Z(s))ds+
t
/ 1D D () ds. (53)
to

Under zero initial condition, V(Z(to)) = 0, and Vi, (Z(t)) >
0, we can get

t
/ 1790 (s)ds > 0. (54)

to

When t—oo, pre-
—No (t,t0) In pa

and post-multiplying (54) by
e
concluded that

1 oo
_/ 6;{(5)%(5)6*1\/0(5to)lnuzds<

2
and letting ngi'{ﬁ < 4%, it can be

2

(1+37°3) )52 / / =0 || (6) ||? dods+
1 4 T .

- r (s)r(s)ds =

2 to

1 2.2 Fég o 2
(L+57722) | w(s) |I” ds+
2 Jg

%72 /OO T (s)r(s)ds < %72 /oo 0" (s)w(s)ds. (55)

to to

By Definition 3 and (33), No(s,t0)Inpus < ST;’;O Inps <
a(s — to), it follows from (55) that

: / ¢ 0T (e (H)dt < L2 / & (O)B(t)dt.
to to

Remark 1. The average dwell-time 741 is designed to
guarantee that system (17) is exponentially stable, and 742
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can guarantee system (36) is exponentially stable. The av-
erage dwell-time 7, of the whole system is chosen as the
maximum value between 7,1 and 7,2, which can guarantee
that system (8) and (9) are exponentially stable with Heo
performance index. In [21], a condition is required to hold
that (8) has the common Lyapunov function and the de-
signed switching law relies on the states Z(t), Z(t) and Z(s)
which contains the derivative term. The proposed method
just needs that (8) satisfies the average dwell-time (19) low-
ering the conservatism, which is one of the main contribu-
tions of this paper. The asymptotic stability of system (10)
is obtained in [21], while the proposed method can guaran-
tee that system (10) is exponentially stable with g;(t) # 0.

3.3 H, controller design

First, let
i BiF; D;S1; 0
Q1 = Yu , Qo = !
* ’(p22i 0 0
Y17 0 X
Q4 = _ ,Q i =
" F'Bl  XyAF ' —Xo;

where 111, = X13(Ai+D;i) "+ (Ai+D;) X1+ X1+ Bi Ki +
KB a2 = ArXoi + X2, AY + aXoi, 1m = X1i(Ai +
Di)T + K?B;r, and Qo4; = errg,b

Theorem 3. Consider the augmented system (10), and
suppose that Assumptions 1 and 2 and (18)—(20) hold. For
the given scalars 7 > 0, > 0,y > 0, there exist matrices
X1 > 0,X2; > 0,51 > 0,52 > O,f(i FZ,VZ € M, such
that the following LMIs hold

Q114 Q124 B I 7144 Q154
* —e"”S,; 0 79241‘ 0
1
Q= * * —572] TI 0 <0
* * * -S; 0
* * * * —
(56)
and average dwell-time satisfies (33), pu2 > 1 satisfies
Xii < peXuj, Xo; < p2Xoj,
S1i < p2Sij, S2i < paSey, Vi, j € M,i# j. (57)

Then, the system (10) is exponentially stable, and (1)
has the Ho, model reference tracking performance. The
designed controller gain matrices are given by K; =
K X' F = F X,

Proof. Choose the form of positive definite matri-
[P0 [ 8w o0
ces as P, = [ « P, },5’1 = { . & } Pre-
and post-multiplying (32) by diag{P; ', S;*, 1,1}, de-
note X; = P! = [ X 0 } ,S’Z— = S =
1 * X2/L 1
St 0 7 i~ ~
% Sa } K = KXy, Fy = Fi X, and XiQX; =
X1t 17 X, _Xu ]. By using Sch I f
X, [ X1 —Xa: |. By using Schur complement for
(32) in Theorem 2, we can easily get (56). O

Remark 2. The work in [22] proposed an exponential
stability criterion for a class of switched nonlinear systems
with time-varying delay. However, the designed controller

relies on the system state z(t) and reference state z,(t). In
this paper, we design an observer to deal with the unavail-
able state z(t) and construct an output feedback controller
to track the reference signal z,(t).

4 Numerical example

Consider system (1) and reference system (5) with

35 15 0.6 —0.2
A= [ 15 45 |'P'T| 02 —o4 ]
025 0.15
=[] 02 08 ],D1=
Ca [ 0-2 08]’ ! {0.25 —0.15]
sy | 45 2] g [ 05 0
15 3 0.1 —0.25
0.1 0.1
02_[1.0 —0.7}7D2—{ O }
5 05 0.1 cos(0.01z1)
A, = fi(z(t) =
[ 15 —45 ] hlz®) { 0.1 cos(0.01z2) }
0.2 cos(0.01z1)
£) = .
fa(@(®)) [ 0.2 cos(0.01z2) ]

We adopt the parameters below: d(t) = 0.16+0.14sint, 7 =
0.3, = 1,y = 0.5, and the Lipschitz matrices are given by

01 O U= 02 0 '
0 0.1 0 02

First, let u1 = 7, by Theorem 1, we obtain

U, =

o= [ 06095 —1.3686 | L= [ 73.9087
1= | —1.3686 3.3900 |>"' T | 46.4478

H — [ 1.0839 —1.2598 | I, — [ 23.8485
27 —1.2598 16531 |27 | 9.8203

G _ | 03475 —0.6217 ] G — [ 0.4400 —0.6056
"7 06217 12153 | T | —0.6056  0.9653

and the average dwell-time satisfies 7,, > 1.9459s. How-
ever, by using the proposed method in [21], we cannot ob-
tain the feasible solutions, so we cannot get the correspond-
ing common Lyapunov function.

Then, considering the system (9), and using Theorem 3,
we can get the common Lyapunov function and a set of
solutions

. — | 20801 0 N, | 25081  —0.0537
1= 0 1.9886 | % T | —0.0537  2.7959

g _ [ 210670 00569 | o _ [ 24.4202 —0.0840
=1 _0.0569 22.7170 |’°% —0.0840  24.3988

Foo - | 143934 —s.6477 | [ 202412 110896
1= | 121647 26.0282 |72 7 | —13.5763 35.8298

o | —26262
L= 1.3485  —6.7497

1.3188 [ —3.5008 —1.3707
—1.1708 —3.7332 |'" 2~

where ¢ = 1,2, thus, we can get the average dwell-time
Tay > 0.
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According to the switching law (33), we choose the av-

erage dwell-time 7, = 2s. Let w(t) = [wl(t)} ,r(t) =

U)Q(t)
sint <t <20s
“3} will) =ity = 2o POSISES gy
2 0, others
and choose the initial conditions ¢(t) = 0,t €

[-0.3,0),2(0) = [0.4,—0.3]7,2(0) = [0.3,—0.2]", z,(t)
[0.6,—0.5]T. Then, the simulation results are shown in
Figs. 1-4.

It can be seen that the state error is exponentially sta-
ble after 2s when @(¢) = 0, and the real state tracks the
reference state perfectly. When the system is subjected to
the bounded exogenous disturbance, we can see that it has
H tracking performance under the designed controller and
switching law.

3

— [38)
—_ W [\8) W

Switching signal o (¢)

o
W

0 5 10 15 20 25 30
Time (s)

Fig.1 The designed switching signal o(t)

0.6

— v
0.5

0.4

03

e ()

-0.2

0 5 10 15 20 25 30
Time (s)

Fi

—

g.2 State error e(t)

rl

X, X

Time (s)

Fig.3 The state x; and the reference state x,1

0.4

02 X,

'XZ 2 'er

0 5 10 15 20 25 30
Time (s)

Fig.4 The state x2 and the reference state x,.o

5 Conclusions

In this paper, output feedback tracking control for
switched nonlinear system with time-varying delay has been
studied. A new switching law is designed and exponential
stability criterion for the system is derived. Average dwell-
time and piecewise Lyapunov function have been used to ob-
tain the stability of the augmented system and H tracking
performance when the system has the bounded exogenous
disturbance. Besides, the designed observer and controller
can be obtained by solving a set of LMIs, and the proposed
method does not need that a common Lyapunov function
exists for the switched nonlinear systems. A numerical ex-
ample is given to show the effectiveness of the proposed
method. If the nonlinear function f5(-) is unknown, how to
deal with this problem will be our further study issue.
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