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framelet transform
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Abstract

Restoring images corrupted by noise and blur is a burgeoning subject in image
processing and, despite the large number of proposed restoration algorithms,
the effort to bring about some improvement is always of great interest. The def-
inition of fractional derivatives in recent years has created a powerful tool for
this purpose. In the present paper, using fractional-order total variation and
framelet transform, the nonconvex model for image restoration with impulse
noise problem is improved. Then by alternating direction method of multipliers
(ADMM) and primal-dual problem, the proposed model is solved. The conver-
gence of the proposed algorithm is studied and the proposed algorithm is eval-
uated using different types of tests. The output results show the effectiveness of
the proposed method.

Keywords: Image deblurring; Fractional total variation; Framelet; Nonconvex.

1 Introduction

The image blurring and impulse noise process can be considered by using the fol-
lowing formula

F=Ne(h®U),

where F and U € R are observed and original images, respectively, and N, shows
noise. Also, h € R™*S is blurred kernel and ® denotes two-dimensional convolution
operator. In this type of problem, unlike the blur kernel, the noise effect is severe,
and the noise removal operation must be performed in the image restoration algo-
rithm. The above relation can be rewritten as a linear equation as follows

[ =n.(Au)
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where f and u € R*™*! denote the reshaped of observed and original images, re-
spectively. Also A € R"™*"" js obtained according to the blurred kernel and bound-
ary conditions for the blurred process. There are four main boundary conditions
that include zero, periodic, reflexive and anti-reflexive boundary conditions. De-
pending on each of these boundary conditions, the matrix A has a special struc-
ture. For example in the zero boundary condition, A is a block toeplitz with toeplitz
blocks (BTTB) matrix or in the periodic boundary condition, A is a block circulant
with circulant blocks (BCCB) matrix. Due to the noise and large size of the unknown
coefficients and ill-conditioned for this linear equation, it is not possible to solve
this problem directly. The first attempts to solve this problem can be made on SVD
decompositions. But in most cases, this method does not have the desired output.
Other method, that can be used for this problem is the basis pursuit problem [3] by
minimization problem as

muin{IIth:Au=f},

which is studied in many papers as [29, 39]. One of the most popular methods that
has attracted the most attention is the use of total variation (TV) based on regular-
ization scheme (the ROF model). This model is introduced by Rudin, Osher, and
Fatemi [27] as

A
min—||Au—f||§+/ |Dul,
u 2 Q

where Q shows a bounded open subset with Lipschitzian boundary in R?> and Du
denotes the derivative of u. The idea of using total variation has been considered in
recent years and has been used in various articles, for example [15, 20, 25, 12, 30, 36].
One of the most important tools that has improved this method in recent years is
the use of fractional derivatives. Despite the existence of different definitions for
fractional derivatives, such as Riemann-Liouville (R-L) and Caputo definition, the
Griinwald-Letnikov (G-L) definition is often used in image processing due to its
lower computational complexity than other definitions. Based on these types of
derivatives, fractional-order total variation (FTV) is introduced and used in image
and signal processing [17, 23, 5]. With the development of the wavelet and framelet
concept, an efficient tool for image and signal processing is developed that has been
used in various articles as [2, 13, 1, 18]. These concepts are introduced in the fol-
lowing subsections. The reader can find more information about these concepts in
[11, 31, 10]. The I; norm based on frame transform for restoration problem is in-
troduced by Dong, Ji and Shen [6]. Due to the structure of /; norm as nonsmooth
and nonseparable, solving a problem that includes these norms is hard. The split
Bregman algorithm is a suitable tool for solving these types of problems [32, 40, 14].
In the proposed model a non-convex (/; — /3)-norm is considered as regularization
term. (/5 — Iy)-norm is studied in many papers as [19, 22]. Also, this norm based on
frame transform is used by Jingjing Liu et al in [19] as following model

min | Au— flh + M (IWully - Bllulz),



where W represent the matrix of framelet transform. As it is clear from this model,
the total variation phrase is not observed in this model. Therefore, adding this ex-
pression can improve the algorithm. Total variation method can preserve edges
very well in the restored image, then this helps to improve the restored image. Al-
though the ordinary method of minimization is slow for this problem [35, 37], the
optimal algorithm based on primal-dual is introduced for solving this problem in
[4,7,8,9, 26, 38].

The organization of this paper is as follows: In Section 2, the tools used in the
proposed algorithm are briefly introduced. The details of the proposed method are
given in Section 3. The convergence analysis of the proposed algorithm is given in
Section 4. Simulation results and algorithm analysis are studied in Section 5. Also
the summary of paper is given in Section 6.

2 Preliminaries

This section introduces some of the basic concepts used in the paper. Also in this
section [, (I) is considered as a set of all sequences in the complex space as {x;i}iecr
such that Y";c;1x;1% < co.

Definition 2.1. Let A be a separable Hilbert space. Then the sequence F = {fi}ijc1 <
S is named a frame in A if there exist two constants as p1 and p» such that for all
feHx

Pl fI2 < Y IKF, fdl2 < pall FII2

iel
When p = p2 =1, frame is called a Parseval frame in /€ = Ly (R).

If F be a frame in /2, the synthesis operator that is onto and well defined is con-
sidered as

T:I2()— A, TUvitie) =Y vifi.

iel
The adjoint of the synthesis operator is named analysis operator and written as
T*: 70— (D), T*(f)=f fid),

where (.) denotes the inner product. Using these two operators, an operator on the
frame can be introduced as follows

s: 0 —F, s(f)=)f,f)fi

iel
In frame theory, it is proved that f € /# can written as

F=Y A0 i fi= Y f s fi

iel iel



This formula provides the main idea of image transfer that is studied in [11, 31, 10]
In this paper, particular Parseval framelet systems in ./ that are constructed by B-
spline whose refinement mask is hy = i[l,z, 1], with two corresponding framelet
masks hy = ‘/TZ [1,0,—1] and hy = i[—l,z, —1]. In Fig 1, framelet transform based on
B-splines is shown.

Figure 1: Framelet transform result for Lena (256 x 256).

The concept of derivative was first introduced for natural numbers, and later
the definition was extended to fractional numbers. Despite the different definitions
that exist for the fraction derivative, due to the computational simplicity, the G-L
fractional-order derivative definition is mostly used for image processing, which is
defined below.

Definition 2.2. The G-L fractional-order derivatives DY and D7, for input image u of
order a € R* are defined as

k-1
D{uij:=) dfui_ij,
=0

k-1
Dyuij:= ) &f tijk
i=0

where ¢ = (-1) ! % and k denotes the number of neighboring pixels. Also
the discrete fractional-order gradient is considered as V®u = [D u, Dy u] T



Definition 2.3. The adjoint operators of the fractional-order derivatives are defined
as

k-1
T
DOH uij:=) O Uik,
1=0
. k-1
a . a
(DY) wiji= ) dTuijek-
1=0

Based on above definitions for a vector function p(x, y) = (pl (x, ), pz(x, y)) the
fractional divergence operator can be obtained as

div'p=(-D*V9 'p=DY(DH p; ;+ DN P ).

In the next section, the introduced concepts are used to improve the restoration
algorithm.

3 Proposed minimization model and iterative method

In the first step of this section, the proposed model based on fractional-order total
variation is introduced then a numerical algorithm is obtained for solving this model
and in the last step, the proposed model is used for color image.

3.1 Proposed model

In the proposed model, the following model based on FTV is introduced for restora-
tion of images with impulse noise

min lAu— flly+ A1 (IWully = Bllull2) + A2llull prv, @.1)

where 11, A, and f are positive given parameters. Also ||-| Ty denotes the fractional-
order total variation norm defined as

lullery = Y3/ (D¥ui, )2+ (DS i, )2.
i

Adding this sentence improves the edges of the image in the algorithm. This model
contains a nonconvex sentence. There are several methods for solving nonconvex
optimization problems, for example see [24]. In the proposed method, alternating
direction method of multipliers (ADMM) is used for solving this problem. By auxil-
iary variables m = {mi}l3.:l, (3.1) can be written as

min ||y + M (Ilmzlly = Bllullz) + Azllmsli ey,

st. my=Au—f, my=Wu, mg=u. 3.2)



The augmented Lagrangian for (3.2) is obtained as

min L(u, my, mz, ms, n, nz, ng) = min |y |y + M (Ilmally = Bllull2) + Azl msll prv

1
+ i {Au—f—my,ny)+ %IIAu—f— my 3+ po(Wu — my, np)
2 3
+%l|WU—m2||§+H3<u—m3,n3>+%Hu—ms”%, (3.3)

where n = {n,-}:;.':1 and p; >0, i = 1,2,3 are the Lagrange multipliers and penalty
parameters, respectively. The extended iterative algorithm for solving problem (3.3)
based on ADMM is given as

k+1

u —argmln AMBllullz + pr(Au— f— ml, k)+ 1||Au—f—mf||§

+ a2 {Wu - mz, >+—||Wu mzllz+u3<u mg, >

3
+ L= mbi, (3.4)

k

my*! = argmin||m [l +p (Au**!
1

— f-mynby+ L ||A Hl_fom% (3.5

k+1 k k+1 k+1

n" o =n+AuT - f-myT, (3.6)
k+1 _ inA k+ k+1 2

m;" " =argmin 1Imally + 2 Wikt — my, nf) + 2 |I Wu*"" — myll5, (3.7

nktl = nk y wukr -k, (3.8)
k+1 . k+ k+1 2

ms*! = argmin Ap | msll prv + s (Ut — mg, nk) + B || - msll5, 3.9

m3
nktl = gkl ket (3.10)

3.2 Solve subproblems

In this subsection, the solution to each of the subproblems introduced in the previ-
ous subsection are studied. For (3.4) by using the optimal condition, we get

(},LlATA+,lL3[+ [ng— /11[3/” Mk”zl)u
:,LLIAT(f+m{C—n{‘)+p2WT(m2—n2)+,u3(m3—n3) (3.11)
Under the periodic condition for blurred processing, the blurred matrix can be gen-
erated as block circulant with circulant blocks (BCCB) matrix. It is well known in
the field of linear algebra that these types of matrices are decomposed using Fourier

transform. And due to the fast Fourier transform (FFT), the calculation is performed
faster. So by considering the periodic condition, Eq. (3.11) is changed as

(i A" A+ (ug + pp — Ay Bl UF 1) 1) Fur !
= A F(f +mF = n®) 4 i FWT mf — nby + i Femk - nky, 312



where * and F denote the complex conjugacy and fast Fourier transform, respec-
tively. Also A is a diagonal matrix dependent on the eigenvalues of the blurred ma-
trix. The equation (3.12) can be easily solved using Fourier calculations.

Subproblem (3.5) can be rewritten as
. H1
mi*! = argmin il + Sl — (Au** = f 4 .

The solution for the above problem based on proximal mapping for /; -norm can be
obtained as

mi =y, (AuF - f 4k, (3.13)
where ¥ is defined as
¥, (x) = sign(x) max(|x| — a,0).

In a similar way, (3.7) can be written as
k+1 _ inA H2 Wuk+! kyp2
m, " =argminAy[[mally + —lmy — (Wu™"" + ny)|5,
my 2

and the solution by proximal mapping is earned as
mst =y, WUk 4 k). (3.14)

In order to avoid complex calculations for Eq. (3.9), the dual problem is used to find
the solution. In the first step, Eq. (3.9) is changed as

. 3
mk*! = argmin Ao | ms v + =2 1ms — ! — nk))2, (3.15)
mg 2

then in the next step, the dual problem is obtained and solved for this problem.

Lemma 3.1. Ifwe consider J(u) = min, |ulprv then the dual problem of J(u) is ob-
tained as [7]

J(u) =sup (p,V¥u) - J* (p),
p

where

0, iflpl=<1l,

J (p)={ oo, if |pl>1.

Based on Lemma 3.1, the corresponding primal-dual problem of (3.15) is written
as follows

A 1
k+1 _k+1 . 2 a

m y =argminmax —(p, m —=|lms3—(u
(mg™,p~ ) g nma S(PV 3)+2|| 3—(

b2, (3.16)



where y = {p e R*""|p; e R?,|Ip;ll2 < 1,Vi € {1,..., nm}}. By the iterative scheme, the
solution of the primal-dual problem (3.16) can be written as

A 1
k+1 2 @Ak k2
=argmax —(p,V " m)— —I|p-— s (3.17)
p g P 3) 2Yllp Pl
A 1
ms*! = argmin 22 Vma) + = lms — (! - nk3, (3.18)
ms H3 2
mE = 2mft —mk (3.19)

After simplifying (3.17)-(3.18), the following statements are obtained
k. Y yga sk
k+l _ Pt VM

= T : (3.20)
max(|pk + 2L Varmf],1)

A
mktl = mk — 7 (22w Tpk+l ok — (k41 4 pky), 3.21)
M3
where 7 is step size and v is a positive constant.
The general structure of the proposed method for restoration of blurred images with
impulse noise is summarized in Algorithm 1.

Algorithm 1: Restoration proposed algorithm.

0 uo,

Initialization: a, ,7,y, {A;}2_ |, (i}, m%n
for k=1,... do
Compute uk by solving (3.12),
Compute m{“ by solving (3.13),
Compute n{“ by solving (3.6),
Compute mf by solving (3.14),
Compute né‘ by solving (3.8),
Compute méc by solving (3.19)-(3.21),
Compute n§ by solving (3.10),
end for
If the stop condition is met in the above step, stop the loop.

3.3 Restoration algorithm for color image

The proposed restoration algorithm for grayscale image is introduced in the previ-
ous subsection. But this algorithm can be extended to color images. In the following,
the details of the proposed algorithm for color images are explained. The blurred
matrix for color image is given in R3"7*31M g5



Also, in the calculations related to this subsection, for different layers of the color
image, we expand the values that is calculated in the previous subsection as u =
lurs ug; upl, f=1fr; fg: fol, mi = [mj r; mi g; m; pl, n; = [0 r;n; g n; pl fori =1,2,3.
Using the same procedure mentioned in the pervious section the following phrase
is obtained

(u A" A+ (s + o = AB/ el ) Eut !
= A E(f +mF = nb) 4 o FWT (m — n) + us Eemt - nb), (3.22)

where F = I ® F, here ® indicates the Kronecker product and I denotes the identity
matrix. Moreover, A is obtained after the Fourier transform decomposition as

Arr Arg Arb
A= Agr Agg Agb ,
Apr Apg App

where A;j,i,j = r,g, b are diagonal matrices depending on the eigenvalues of the
A;j,i,j = 1,8 b. Other parts of the proposed algorithm are similar to those de-
scribed in the pervious section, and the calculation details are given in Algorithm
2. The simulation results of the algorithms described in this section are studied in
the simulation results section.

Algorithm 2: Color image restoration proposed algorithm.

3 0,0 ,,0
Mo, u.

Initialization: «, §,7,7, {)L,-}%Il, {ui}
for k=1,... do
Compute u* by solving (3.22),
for l=r,g,b do
Compute m¥ , by solving: m¥ =Wy, (Auf — f;+ nk7h),
Compute nfl by solving: n{‘ = n{‘;l + Au;C -f- m{‘l,
=W/ (Wu;C + né“jl),
k
2,

!
k
2,1

k e gk — k-1 k_
Compute n, by solving: ny,=ny,; +Wuy—m

Compute mé“ ; by solving: m

Compute méf , by solving:

k-1, A2Y ga 4 k-1
P; +H3V it

k _ 1
P = max(p} !+ 22 Vet 1,1
mf =m0 pf +mi = wf - nfh),
g, =2my = myy
Compute ”;f,l by solving: né‘yl = n:_’fjl + u;‘ - mé"l,
end for
end for

If the stop condition is met in the above step, stop the loop.




4 Convergence analysis

In this section, the convergence of the proposed method is studied. The conver-
gence analysis for proposed method is based on the described method in [19, 22].

Lemma 4.1. Let the objective function be coercive, that is || Au— flly + A1 (IWul, -
Bl u||2)+/12 lullpry — oo when | ull, — oo. Also assume that{u*, m{‘, mé‘, mé‘, n{‘, né‘, né‘}
be the sequence generated by the proposed method, then the following statements
hold:

a)

k+1 k+1 k+1 k+1 _k+1 __k+1 _k+1 k k k k k k _k
Lw™" ,my™  ,my,™ ym3™,ny" ,ny,” ,ny ) —L(u",my,my, msg,ny, ny, ng)

3

k+1 k2

<) Cilm{* —mfls.
i=1

b) If there exists a p € 0, L(u**1, m*+1, mk+1, mk+1 nk+1 nk+1 kel then

3

k+1 k+1 k+1  k+1 _k+1 k+1 k+1

Ipllz + 3 @Om; +0n) L™ my™ my ™ mg™ ny™, ny™, g™
i

3
k+1 k
<) Cislm{™ —m;ll,
i=1

where in conditions (a) and (b), {Ci}?:l are constant.
Proof. a) By problem (3.4), we get

k+1 ko k ok k k k k ok ok ok k _k _k
L(u™"", my, my, mg,ny,ny,ny) — L(u™, my, m,, mg, ny,ny, ng) <0.

Also by using (3.5)-(3.10), we obtain

k k k

k+1 k+1 k+1 k k k k
L ,my™ ", m, —L(u", my, my, mg, ny, ny, ny)

k+1 _k+1 _k+1 __k+1
mg Ny, Ny L, ng )

’

k+1 k+1
1 2

k
< lImy = lImylh + A (Ilm

k k+1 k
I = limy lh) + A2 (lms™ N pry = ImgllpTy)

3 1
k+1 k2 k k+1 k k+1 k2
+Z/Jl'(”ni _ni”2_<ni’mi _mi>_§”mi _miHZ
i=3

m:,n

k+1 k o k+1 k
i mminT = ng)).

—(m

Based on optimality conditions for (3.5)-(3.10), we have 8, | m ™|y = uynk*t, 44

Oy lMETL 1 = ponk+l and 120, | m§+1 lrrv = 3 né”l, then by using Lipschitz con-

tinuous gradient and Young’s inequality, the following inequalities for any positive

10



{¢;}?_, hold

Imy i = lmEily = pa(nf, mEtt - mbs%w%“—mﬂé
AMW%mw@m%m%,?lmbdﬂ%“ﬂﬁ@
Wm“Wmv4Méhw%wﬁ%,§“—mﬁ<iwﬁ“—mﬂ§
— pi(mE = mb, =y < o Inf T - nk I3 + " B mk o mk12, i=1,2,3,
l

if {c;}3_, is chosen as {u;/2L;}3_,, we get

L(uk+1 k+1 k+1 k+1 _k+1 k+1 k+1)

k k k k k k
)ml rmz )m3 rnl )nz )n3 )

k
L(u , My, My, My, Ny, Ny, Ny

IA

3

i ,u, k+1 k+1 k2
Z > "% Tae )Ilm —mFI3+ A+ e pilnk - nk)3
i l
3 k+1 k2

+

=) Cillm{™ —m{|3,
i=

—_

where C; = 3L; — ;) /2 + L?/ u;. Therefore, the first part of the lemma is proved.
b) By using optimality condition for (3.4), thereisa g€ d, [ -MhBl ullg) such that

g+m AT (AuF — £ 40k —mb) oW (Wuk 4 nk —mb)
+uz(uFt + nk—mk) =0
now let

p= q+,u1AT(Auk+1 —f+ n{cﬂ _ m{cﬂ) + o WT(WukH + nk+1 _ mk+1)

k+1 k+1 k+1 k+1 k+1 k+1 k+1 _k+1 _k+1 k+1
+us(u g —myT ) €0, L, mit myT mgT ny T ny T ng ),

then we obtain

|Wh<2QwWﬁmehlnﬁb (4.1)
i=1

where {c,} 4 are constant. From the optimality condition of (3.4)-(3.10), the follow-
ing 1nequaht1es for i =1,2,3 are obtained

k+1 k+1 k+1 k+1 _k+1 _k+1 k+1 k+1 k
10m Lu™"",my™ " my™  mg™ om0y iz )la < Lillmy ™ —mj I,

k+1 k+1 k+1 k+1 _k+1 _k+1 _k+1 k+1 k
10n, L™ ", my™ ,my™  ,mg™ 0y 0y ng” o< Lillm; ™ —m;|lo.

Therefore, by combining the above inequalities with (4.1), the relation (b) is ob-
tained. O

Using the above lemma, the final theorem for convergence is considered as fol-
lows. Due to the similarity of the proof with [22], the proof is omitted.

11



Theorem 4.2. Considering the assumptions of Lemma 4.1 and let p1; > (3++v17)L;/2
fori=1,2,3, then

a) the sequence (uk , {mf.“}?zl, {nf}?zl) generated by proposed method is bounded and
has at least one limit point.

b) Ukt = uk|ly — 0, [m** = m¥ly — 0 and | n¥*1 =kl — 0 fori=1,2,3.

c) each limit point (u*, my, m;, mj, ny, ny, n3) is a stationary point of L(u, my, mp, ms
, N1, N2, ng), and u* is a stationary point of the proposed model (3.1).

5 Simulation results

The simulation results of the proposed algorithm that we introduced in the previous
sections are studied in this section. For simulation results, a computer based on
Windows 10-64bit, Intel(R) Core(TM) i3-5005U CPU @2.00GHz, by matlab 2014b is
used. Also stopping criterion in this section is considered as

(LT T EY
luk 1

where u* is the restored image at the kth iteration. In all examples, the ol equal to
10~* and 1073 are selected for grayscale and color images, respectively. In the anal-
ysis of the proposed algorithm various tests including signal-to-noise ratio (SNR),
peak signal to noise ratio (PSNR) which is used to measure the differences and sim-
ilarities between the original and restored image and obtained by

p2

PSNR=10log10———,
MSE(u®, u’)

where ©° and u” show original and restored image, respectively, p denotes the max-
imum pixel value in an 8-bit grayscale image(i.e, 255). MSE is mean squared error
and find by

n m
5 8 1 -

Structural similarity (SSIM) is used to focus on the detail preservation characteristic,
this value is obtained by

(Hoptr + C1) 2oy + C2)

SSIM = 5 > ,
(U +ur+Coo+or+Co)

where u;,0;, i = o,r are the means and variances of the original and restored im-
ages, respectively, and o,, denotes covariance between the original and restored
images. Also C; and C, are two variables to stabilize the division with weak denom-
inator. More information on these criteria value can be found in [34, 28, 16]. In the
following examples, M(len,0) denotes the linear motion blur of a camera by len
pixels, with an angle of 6 degrees in a counterclockwise direction, A([ry, 2]) shows
the average blur with a size [r],72], G(hsize,o) denotes the Gaussian blur of size

12



hsize with standard deviation o (positive). The following values are considered
in the simulation results: 1; = A, = {0.005,0.02,0.025}, u; = {3,20,50,75,100}, up =
us =10.01,0.2,0.7,1.0,1.5}, ¢ = {0.25,0.5,0.75,1,1.5}, B = {1,1.1,1.3,1.5}, 7 = 1/40 and
v ={0.005,0.0005}. After obtaining the results with these values, we consider the best
result.

Example 5.1. (Grayscale images) In this example, Algorithm 1 is used for differ-
ent images from the USC-SIPI images database!, i.e., “5.1.12 (256 x 256)”, “5.2.10
(512 x 512)”, “4.2.05 (512 x 512)” and “7.1.09 (512 x 512)”. Also “7.1.09” and “4.2.05”
are changed to images with size (256 x 256) and grayscale by Matlab internal func-
tions and used in the simulation. For images “5.1.12” and “5.2.10”, A([11,11]) with
“salt & pepper” and “Random-valued” noise, respectively, with different density are
used, for image “7.1.09”, blur kernel G(7,4) with “salt & pepper” noise with different
densities are used. The blurred and noisy images for “5.1.12”, “7.1.09” and “5.2.10”
are shown in Fig.s 2, 3 and 3, respectively. Also, in these figures, the restored images
corresponding to each image are given below each image. Table 1 compares numer-
ical results for different densities value by proposed algorithm and method in [19].
In the simulation of the algorithm [19], A = {0.005,0.02,0.025}, a = {1,1.1,1.3,1.5},
1113,20,50,75,100} and p» = {0.01,0.2,0.7,1.0, 1.5} are considered and after the cal-
culation, the best results are shown in this table. These results indicate an improve-
ment in the output of the proposed algorithm. Also to investigate the effect of the
proposed algorithm on the edges of the image, the restored results for the “Lena”
image (256 x 256) are given in Fig. 5. In this case, G(7,4) and “salt & pepper” noise
with 0.3 density are used. Based on these results, we can see that the proposed
method has a better effect on restoring the edges of the image. In order to show
the convergence of the proposed method, the output of the absolute error based
on l,—norm and PSNR values for 500 repetitions are given in Fig. 6. Also in order
to show the effect of blurred kernel and noise on the image, in Figure 7 (a-d), each
of the steps of blurring by M(35,135) and adding noise by “random-valued” noise
with 10% density and restoring image are given separately. In this case we have
PSNR = 33.031, SNR = 30.241 and SSIM = 0.92600. The results in this example
show a good representation of the proposed algorithm.

Example 5.2. (Color image) In this example, Algorithm 2 is studied for different
color images. In the simulation results, “Lena” (512 x 512) image is blurred by fol-
lowing kernel

0.7A([15,15]) 0.15G(11,9) 0.15G(31,13)
0.1G(21,11) 0.8A([17,17]) 0.1A([13,13]) ,
0.0M(41,90) 0.2M(21,45) 0.6M(61,135)

A

“House” (512 x 512) image is blurred by

1
A= gdiag(A([S,S]),A([7,7]),A([9,9])),

Thttp://sipi.usc.edu/database/
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(a) noise density=10% (b) noise density=20% (c) noise density=30% (d) noise density=40%

(e) ® (8 (h)

Figure 2: (a-d) Blurred and noisy images, (e-h) restored images for 5.1.12

(a) noise density=10% (b) noise density=20% (c) noise density=30% (d) noise density=40%

(@

Figure 3: (a-d) Blurred and noisy images, (e-h) restored images for 7.1.09
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(e) PSNR=29.237

Figure 4: (a-d) Blurred and noisy images, (e-h) restored images for 5.2.10

(f) PSNR=27.669

(g) PSNR=26.515

(h) PSNR=25.423

Table 1: Test results for different grayscale images.

imgae method density PSNR SNR ISNR SSIM
10% 38.55 36.20 24.65 0.9814

Proposed 20% 36.80 34.45 25.54 0.9765

30% 34.73 32.38 25.12 0.9678

40% 31.79 29.44 2341 0.9973

5.1.12 10% 38.37 36.02 24.55 0.9810
(19] 20% 36.68 34.33 2543 0.9763

30% 3452 3218 2496 0.9675

40% 31.44 29.09 23.02 0.9466

10% 35.63 29.80 20.15 0.9371

Proposed 20% 3298 27.16 20.42 0.8868

30% 30.80 2496 19.96 0.8260

40% 26.61 20.79 16.98 0.6917

7.1.09 10% 35,56 29.73 20.11 0.9362
[19] 20% 32.81 26.98 20.20 0.8843

30% 30.71 24.89 19.83 0.8253

40% 2576 1994 16.12 0.6891
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(@) (b) (©

(d) (e) 6]

Figure 5: (a & d) Original image, (b & e) restored image without fractional-order total
variation [19],(c & f)-(g & j)-(h & k)-(i & ]) restored images by the proposed method
with @ =0.1, @ = 0.75, @ = 1 and & = 2, respectively

blurred kernel for “Peppers” image (256 x 256) is considered as

A= 0.15A([11,11]) 0.7G(11,5) 0.15M(21,135)

0.8A([11,11]) 0.1G6(11,5) 0.1M(21,135) l
0.2A([11,11]) 0.2G(11,5) 0.6M(21,135)

and finally blurred kernel A = B® M(41,135) is used for “Plate” with size (256 x 256),
where

0.15 0.7 0.15
0.2 0.2 0.6

0.8 0.1 0.1
B=

16
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Figure 6: (a) Absolute error and (b) PSNR values for 5.1.12 with 0.1 noise density.

Also for the noise process, “salt & pepper” noise is used for “Lena”, “House” and
“Plate” images and “random-valued” noise is used for “Peppers” image. Table 2
compares the results of the proposed method with the results of the algorithms in
[21] and [33]. Other results are also given in Table 3 for test images. The results show
the efficiency of the proposed algorithm in comparison with these algorithms. Also,
the proposed algorithm outputs for different images with different noise densities
are given in Fig.s 7-10. Figure 7 (e-h) shows the effect of the blurred kernel and noise
on the color image. In this results, “salt & pepper” noise with 30% density is used.
Test results for this case are included PSNR = 28.871, SNR = 27.049, ISNR = 20.636
and SSIM = 0.9535. Also, the convergence of the proposed method for color images
can be seen in Fig. 11.

Table 2: Test results for different color images.

density 10% 20% 30% 40%
imgae method SNR SSIM SNR SSIM SNR SSIM SNR  SSIM
Proposed 27.23 0.9620 26.83 0.9591 26.04 0.9524 24.04 0.9348
House [21] 25.54 09185 24.57 0.9071 23.36 0.9024 22.58 0.8876
[33] 2270 09103 22.33 0.9045 22.08 0.9027 21.61 0.8904
Proposed 25.15 0.9744 2496 0.9734 24.66 0.9717 2433 0.9699
Lena [21] 25.12 09035 24.48 0.8941 23.88 0.8860 23.90 0.8856
[33] 23.50 0.8831 23.48 0.8841 23.87 0.8907 23.71 0.8864
Proposed 26.34 0.9895 25.80 0.9877 24.49 0.9826 20.43 0.9547
Peppers [21] 23.85 0.8681 22.88 0.8504 21.73 0.8302 20.39 0.7982
[33] 2234 0.8530 21.79 0.8379 20.88 0.8208 19.88 0.7941
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(a) original image (b) blurred image (c) blurred image+noise (d) restored image

J0n*Massachusetsfog e
isf]l

it of America o

(e) original image (f) blurred image (g) blurred image+noise (h) restored image

)

Figure 7: (a & e) Original images, (b & f) blurred images, (c & g) blurred and noisy
images, (d & h) restored images.

(a) noise density=10% (b) noise density=20% (c) noise density=30% (d) noise density=40%

(e) PSNR=30.289 (f) PSNR=30.094 (g) PSNR=29.794 (h) PSNR=29.466

Figure 8: (a-d) Blurred and noisy images, (e-h) restored images for Lena (512x512).
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(a) noise density=10%
i adiie J T

(e) PSNR=32.278 (f) PSNR=31.733 (g) PSNR=30.433 (h) PSNR=26.364

Figure 9: (a-d) Blurred and noisy images, (e-h) restored images for Peppers
(256x256).
(a) noise density=10% ‘ (b) noise density=20% _(¢) noise density=30% ~ (d) noise density=40%

(e) PSNR=31.027 (f) PSNR=30.626 (g) PSNR=29.831 (h) PSNR=27.831

Figure 10: (a-d) Blurred and noisy images, (e-h) restored images for Househ
(512x512)..
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Figure 11: (a) Absolute error and (b) PSNR values for Lena (512x512) with 0.1 noise

density.

Table 3: Test results for different grayscale images with different noise densities.

imgae  density ISNR RE FSIM
10% 24.054 0.0018923 0.99976
House 20% 23.907 0.0020754 0.99973
30% 23.342  0.0024927 0.99965
40% 21.567 0.0039502 0.99947
10% 16.234 0.0030536 0.99914
Lena 20% 18.433 0.0031943 0.99908
30% 19.703  0.0034223 0.99898
40% 20.507 0.0036912 0.99886
10% 16.785 0.0023246 0.99724
Peppers 20% 17.983 0.0026354 0.99716
30% 17.946 0.0035549 0.99689
40% 14.841 0.0090734 0.99597

6 Conclusion

In this paper the nonconvex model based on fractional-order total variation and
framelet transfer is introduced for image restoration. The proposed model is solved
by ADMM and primal-dual methods. In the analysis of the proposed algorithm con-
vergence analysis is studied and simulation results are evaluated. The results have
been compared with other methods and these results show the efficiency of the pro-
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posed algorithm in restoring images that have been damaged due to blur and noise.
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