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Abstract. Stochastic local search is a successful technique in diverse ar-
eas of combinatorial optimisation and is predominantly applied to hard
problems. When dealing with individual instances of hard problems,
gathering information about specific properties of instances in a pre-
processing phase is helpful for an appropriate parameter adjustment of
local search-based procedures. In the present paper, we address parame-
ter estimations in the context of landscapes induced by k-SAT instances:
at first, we utilise a sampling method devised by Garnier and Kallel in
2002 for approximations of the number of local maxima in landscapes
generated by individual k-SAT instances and a simple neighbourhood re-
lation. The objective function is given by the number of satisfied clauses.
The procedure provides good approximations of the actual number of
local maxima, with a deviation typically around 10%. Secondly, we pro-
vide a method for obtaining upper bounds for the average number of
local maxima in k-SAT instances. The method allows us to obtain the
upper bound 2"_0(\/m) for the average number of local maxima, if m
is in the region of 2%.n/k.
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1. Introduction

In recent years, much attention has been paid to local search algorithms as one
of the basic methods to solve k-SAT problems. A first summary was presented
in [14] along with an empirical analysis of run-time distributions for various
local search-based methods such as WalkSAT [30]. Improvements on run-time
estimations for k-SAT problems as well as for CNFs with unconstrained clause
lengths are reported by a number of authors [1, 7, 9, 11, 21, 25, 26], where
the results are partly based on randomised local search methods. Significant
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progress has been achieved in the analysis of phase transitions since this
effect was reported in [18] and [31]. Sophisticated methods from statistical
mechanics [19, 17, 20] provided quite accurate estimates for the crucial phase
transition parameter, which eventually led to a rigorous proof of a tight bound
of 2%.1og 2 — O(k) for the phase transition threshold as presented in [2]; for
an overview on statistical mechanics applied to combinatorial optimization
we refer the reader to [16].

In the present paper, we attempt to analyse the number of local max-
ima in a combinatorial landscape induced by a k-CNF and a simple neigh-
bourhood function, with the objective function being the number of satisfied
clauses for a given assignment of binary values. In recent years, combinatorial
landscape analysis has become a major tool in the design of search-based al-
gorithms, see [23]. For example, instance-specific landscape parameters such
as the maximum value of the minimum escape height from local minima
can be utilised to obtain relatively tight bounds for the termination of local
search when coupled with a confidence parameter, see [3]. The application of
this type of run-time bounds to protein folding simulation exhibits a close
correspondence between the simulation time (in number of transitions) and
estimates of real folding times (in nanoseconds) of protein sequences [5, 32],
which is due to the common source of thermodynamics (simulated annealing,
minimizing free energy in protein foldings).

In [22] it has been demonstrated how to incorporate the number of local
optima into run-time estimates of local search algorithms. For landscapes that
can be partitioned into attraction basins, they proved that with probability
« all local optima have been covered by local search with random restart
after a waiting time of v-In (v+7)+24\/(v-7)2/6+1—v-In (v+7), where v is
the number of local optima, v is the Euler-Mascheroni constant, and z, is an
appropriate confidence coefficient. Thus, estimates for v provide information,
e.g., for the selection of the population size in parallelized versions of local
search algorithms, such as genetic algorithms or evolutionary algorithms in
general.

Related work on combinatorial landscapes is presented in [15] and [34].
Zhang [34] proposes a landscape-based method that performs especially well
on overconstrained random MAX-SAT instances. Moreover, Zhang’s algo-
rithm finds satisfiable solutions on large k-SAT instances more often than
WalkSAT. The paper highlights the importance of how to deal with indi-
vidual instances rather than with collections of (randomly selected) problem
instances. In the context of the present paper, it is interesting to note that
Zhang [34] reports a relatively small number of local minima for n = 100.
Kaski [15] proved that for k-SAT instances with a constant number m = const
of conjunctions the number of local maxima (or minimum number of violated
conjunctions) is of order 2™ with typically barriers of order Q(n) between
maxima. In the present paper, we aim at variable m that cover the region of
phase transition.
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We utilise the approach devised in [10] for estimating the number of
local maxima for a given problem instance, where sample data are used to
approximate a probability distribution associated with the landscape induced
by the problem instance. The results are discussed against the information
gathered by a complete analysis of the landscape for a limited number of
k-SAT problem instances. Given the nature of the problem (i.e., complete
search for local maxima and, in particular, optimising parameters of stochas-
tic models for 20 instances per each (n, m)-pair), we were able to analyse only
small-scale instances and overall only a limited number of different, randomly
generated k-SAT instances. Apart from the experimental analysis based on
the Garnier/Kallel-approach, we derive an estimation of the average number
of local maxima per k-CNF in terms of parameters of individual problem
instances for the given, simple neighbourhood relation. We note that the cal-
culations depend on the type of the neighbourhood, i.e. other neighbourhood
relations may produce different values, which will be the subject of future
research.

2. Basic Notations

We follow mainly the notations from [2]: for a set V' of n Boolean variables
let C (V) denote the set of all (})-2% different disjunctive k-clauses on V,
i.e. repeated literals and tautologies are excluded. A k-CNF is formed by
selecting m different clauses C' from C (V') and taking their conjunction. We
note that the selection does not imply - as in [2] - that the k-CNF strictly
depends upon all n variables. The set of all such k-CNF consisting of m
clauses is denoted by Fy(n,m). The set of m clauses forming F' €F(n,m) is
denoted by C(F'), and Zr(&) is the number of satisfied clauses C' € C(F) on
the truth assignment 6 = (o1, ...,0,), i.e. 0 < Zp(d) < m and F is satisfiable,
if there exists 7 such that Zg(7) = m.

In [27], various neighbourhood functions are analysed that employ in-
formation about Zp (&) and elements of C(F') that maximise changes of the
objective function in one way or another. For example, flipping values of truth
assignments is determined by unsatisfied clauses only [29, 28]. We consider
a simple, unconstrained (i.e., features of clauses w.r.t. Zg(5) are not taken
into account) neighbourhood function where the value of a single variable is
flipped, which makes it possible to consider the elements of the unit cube
{0,1}"™ as elements of the configuration space. Thus, the landscape L(F") for
F' is induced by Zp(5), 6€4{0,1}", and the neighbourhood relation

N(¢) = {&'|d(5,5") = 1}, (2.1)
where d(¢,6”") is the Hamming distance.

A path w(d,6’) of length ¢ > 0 within L(F) is a sequence of ; € L(F)
such that 69 = &, 6y = &', and 5,11 €N(5;),i =1, ..., f—1. We use 6; cw(a, '),
if &; belongs to w(&,”). For the simple neighbourhood (2.1), each &' €L(F)
is reachable from a fixed & through a path of length ¢ < n.

Let W (&) denote the set of all paths w(a, ") of length ¢ < n.
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Definition 1. If Vw (G, 6" )V6; (w(&7 ") eW (Wi, G441 Ew(F, 6" WZp(Gi1) >

Zp(5:)) — 36;(65,55m € w(E,5)A (G < i) A(ZrE5) < zF(a—j))), then &
is called a local maximum. The number of local maxima of F' is denoted by
Nim (F).

In order to simplify the combinatorial analysis of local maxima, we
consider a potentially larger subset of L(F') by taking into account only the
neighbourhood N(&) rather than the set of paths W (5):

Definition 2. 1f V&' (' € N(¢) — (Zr(6') < Zp(5)), then G is called a one-
step local maximum. The number of one-step local maxima is denoted by
N (F)-

Since Nim (F) < N{ (F), an upper bound for N{, is also valid for Ny,.

3. The Garnier/Kallel-Approach

In the present paper, we are solely concerned with the landscape analysis
called inverse problem [10], i.e. M elements of the landscape are selected at
random as initial points of a pre-defined local search procedure. Then, for
j initial points, where 1 < j < M, the local search procedure is started
and executed until a (local) maximum has been detected. The number of
different (local) maxima is denoted by ;. The local search procedure is
quasi-deterministic and follows the steepest ascent rule: for the intermedi-
ate landscape element &, all elements of N(6) are examined and one of the
neighbours 6" with the highest value of Zg(6') among all neighbours is cho-
sen as the successor of ¢ in the search procedure. The search terminates if
no improvement of the objective function can be achieved. In [10], and the
same applies to [22], a single element ¢’ € N(5) is assumed at each step that
maximises Zp(¢'), which implies a partition of L into attraction basins A;,
where 1 < ¢ < N for a total number of IV local and global maxima. The set
A; consists of all elements of L that lead to the i*" local or global maximum
by the steepest ascent local search. The assumption affects the normalised
size a; = |A;|/|L| of attraction basins and Zfil |A;]/|L] = 1. Since we em-
ploy the Garnier/Kallel-approach in an experimental context, we assume in
the following that the impact of random selections among &’ that maximise
Zr (') within a given neighbourhood is negligible.

Garnier and Kallel [10] assume that the normalised sizes «; of attraction
basins can be described by a distribution parametrized by some positive
number 7 as follows: let (Z;);=1,..n be a sequence of independent random
variables whose common distribution has density p, defined by

_ ’VA/ . 'yfl. —y-z
p,Y—F(Z) z (&

where T'(z) = [[“e™"-t*71dt, i.e. (3.1) represents the Gamma distribution
with the parameter setting [vy,7], see [10]. Let HY denote the assumption

: (3.1)
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that the («;)i=1,...n can be approximated by (Z;/Tn)i=1,.. n, where T =
Ei]il Z; with each Z; having the density function p,. Furthermore, let 3; , =
E,[5;] denote the expected value of 3;, j = 1,..., M. Garnier and Kallel [10]
prove that

M) IOt T D)

P = N'<j r() T((N-1)7) TN+

We note that for N = M/r, a fixed value of M, and appropriate approxima-
tions of the I'-function, the ;. can be approximated according to (3.2) as
functions of (j,v,r). For fixed r, Garnier and Kallel [10] propose the x? test
to approximate ~ for H”Y, which consists of calculating

Z /Bﬁ IalA (3.3)

j=1

where the 3; are given from observation and the ;. are approximated ac-
cording to (3.2). The goal is then to determine

Yo(r) = argmin{T, v > 0} (3.4)

by appropriate numerical methods. In our computational experiments, we
incorporate the approximation of vy(r) as a sub-routine in calculations where
the parameter r varies (is decremented) until vo(r) changes only marginally
for 7 = rappr, see Section 4. Thus, for a fixed (but sufficiently large) value of
M the number of local maxima is finally estimated by

M

Tappr

Nappr = (3.5)

3.1. Evaluation of random 3-SAT instances

We fixed k = 3 and for n = 18, 20 we randomly generated twenty instances
from F3(n,m) for varying ratios m/n around the phase transion threshold
m/n ~ 4.267. For each of the k-CNF we executed a complete search for
local/global maxima in {0,1}'® and {0,1}2°. We then selected three values
for M, the number of random points chosen in {0,1}?2, {0,1}?® and {0,1}**
as initial elements for a deterministic steepest ascent search for local maxima.
For each of the values M;, i = 1,2, 3, and the natural order of the M; points
we counted by ﬂji-, j=1,..., M; the number of different maxima detected by
the first j starting points for steepest ascent search.

3.2. Approximation of H”

For the calculation of ;. according to (3.2) we implemented the following
procedure, which actually approximates (; -, since we employ an approxima-
tion of the I'-function. We recall that in (3.2) the (unknown) N is substituted
by M/r, where M is selected as described in Section 3.1 and r is a variable
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in our calculations. At first, we represent Eqn. 3.2 by

M [(M\ A B 4
5]77 = 7 <j) A72B72072, where (36)
Ay = T(ay) for a3 =~v+J; (3.7)
Ay = T(ag) for as =; (3.8)
M
Bl = F(bl) for b1 =" 7; (39)
M
Bg = F(bg) for bg =" (7 — 1), (310)
) M
C; = Iey) for o =M—j+~- (7 —1); (3.11)
M
Cy = T(cg) for ca=M+~- - (3.12)

Since in our case some of the values are very large, we use intermediately a
representation by the natural logarithm (as a built-in procedure for I'(z)),
i.e. in the second step we calculate

ln((M) A B Cl) (3.13)

Z R
J Ay By (9

M
ln( ] ) +InA;+InB; +InCy —In Ay —In By — InCy. (3.14)
J

The InT'(z) are calculated by a built-in function, and for the binomial coef-
ficient we use the formula

M M !
ln< ) = Z lnszlnt. (3.15)
J s=M—j+1 t=1
Finally, we set
M
Bin = — e?, (3.16)

which is used as a sub-routine in the search for optimum settings of (r,~):

1. For a fixed r > ry we search for v such that T, from (3.3) is minimised,
i.e. Eqn. 3.3 and Eqn. 3.16 are repeatedly calculated for v > 7 and
v = v+ 6, until T', changes only marginally or increases above the
minimum value obtained so far.

2. For rg and 7 = 7 + A < Tmax, the triplets (r,v,T,) are recorded and
finally 7.ppr at the inflection point of the graph of r against 7, is selected.

3. The output is then determined by Nappr = M /Tappr-

In the computational experiments presented in the next section, we
locate the inflection point in the graph of r against T to identify a value for
r. We search for r for 10 intervals in the range [0.8 X trye, 1.2 X Ttrue)-
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4. Numeric Results

4.1. Statistics over k-SAT instances

Table 1 gives data on the k-SAT instances. The columns report the mini-
mum, maximum, mean value and standard deviation of the number of sat-
isfied clauses; these values are averaged across the set of 20 instances. In
Table 2, the columns for ‘Local maxima’ and ‘Satisfies’ do the same, but
for the number of local maxima and number of instantiations which make
the expression true, respectively; here, the minimum and maximum are the
largest and smallest value in the set of instances, and the mean and standard
deviation are computed across the set of instances.

TABLE 1. Summary statistics for varying n and m, with 20
instances for each value of m.

Number of satisfied clauses
nm min max mean s.d.
18 66 45.3 65.8 57.8 2.7
18 71 50.1 70.9 62.1 2.8
18 76 53.6 75.6 66.5 2.9
18 81 57.6 80.8 70.9 3.0
18 8 61.3 85.3 75.3 3.0
20 74 515 739 64.8 2.8
20 79 554 789 69.1 2.9
20 84 59.4 839 735 3.0
20 89 62.8 885 779 3.2
20 94 67.1 93.3 82.2 3.3

Tables 1-2 provide evidence that the number of local maxima is on av-
erage relatively small and decreases significantly with increasing m for the
remaining parameters being fixed. In Section 5 we attempt a theoretical ex-
planation for this behaviour of the number of local maxima. In fact, the ex-
perimental observations seem to be counter-intuitive, since with increasing m
and fixed n one moves from k-CNF that are satisfiable with high probability
to conjunctive normal forms that are not satisfiable with high probability.

In particular, Table 2 displays a sharp decrease in the mean value of
local maxima as well as for satisfying assignments for increasing m and fixed
n. For each pair (n,m), 20 instances were generated and analysed.

In Table 3, the values of the relative proportion of the average number
of global to local maxima is ordered in accordance with increasing values
m/n. We recall that the critical threshold is m/n = 4.23. The values from
the table suggest that there is a strong correlation (0.81, using Spearman’s
correlation) between increasing values of m/n and decreasing values of the
relative proportion of global to local maxima.
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TABLE 2. Local maxima and satisfying assignments.

Local max Satisfies
n m min max mean s.d. max mean s.d.
18 66 21 221  64.2 449 221  39.1 50.2
18 71 13 78 334 17.7 67 19.1 17.1
18 76 10 196 494 42.8 17 52 5.7
18 81 7 86 37.3 22.1 35 81 9.6
18 86 17 73 346 15.2 14 14 3.1
20 74 29 162 77.1 39.6 131 374 36.1
20 79 7 154 579 413 52 41.6 46.0
20 &4 11 244 515 49.5 39 81 9.3
20 89 14 119 46.6 27.3 49 9.3 13.0
20 94 12 104 485 26.8 42 6.0 11.0

TABLE 3. Relative proportion of global to local maxima.

n m Local max Global max m/n Global/Local

18 66 64.2 39.1 3.67 0.61
20 74 771 374 3.70 0.48
18 71 33.4 19.1 3.94 0.57
20 79 57.9 41.6 3.95 0.72
20 84 51.5 8.1 4.20 0.16
18 76 49.4 5.2 4.22 0.10
20 89 46.6 9.3 4.45 0.20
18 81 37.3 8.1 4.50 0.22
20 94 48.5 6.0 4.70 0.12
18 86 34.6 1.4 4.78 0.04

4.2. Number of satisfied clauses

As can be seen in Tables 4- 5, the value for v(r) is quite small, 0.10. The
value of N is within 15% of the true value in all cases, and frequently around
10%. The computed value for r varies considerably by landscape to reflect
the changing number of local maxima and hence the shape of the landscape.

For each pair (n,m), 20 instances were generated, and for each of the
instances the approximation procedure from Section 3 was executed for three
different values of M. The values for IV are from Table 2 for the corresponding
n.

As displayed in Tables 4-5, the values of y(rappr) are very small, and the
range is actually considered to be critical in [10]. Nevertheless, the deviation
of approximations Npp,y from the mean values N is below 15% for all three
different values of M;, and the typical value is in the region of 10%. We note
that the small number of local maxima could explain the good performance
of local search algorithms on k-SAT instances, see [1].
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TABLE 4. n = 18: Results averaged over 20 landscapes.

m N M Gy () T N N/N
66 64.2 29 46.95 0.10 10.19 72.14 1.11
66 64.2 2'9 51.60 0.10 20.15 73.20 1.12
66 64.2 21 5545 0.10 40.29 73.20 1.12
71 334 2° 26.55 0.10 18.35 36.35 1.08
71 334 20 2770 0.10 36.50 36.57 1.08
71 33.4 2 2895 (.10 72.42 37.13 1.10
76 49.4 2° 34.20 0.10 16.62 55.48 1.10
76 49.4 20 3755 0.10 33.15 55.76 1.10
76 49.4 21 40.30 0.10 66.15 55.83 1.10
81 37.3 29 2870 0.10 20.06 41.08 1.09
81 37.3 2! 30,55 0.10 40.09 41.30 1.10
81 37.3 2! 3170 0.10 79.63 41.75 1.10
86 34.6 2° 2505 0.10 16.22 37.77 1.09
86 34.6 2 27.00 0.10 32.31 37.91 1.09
86 34.6 2! 2840 0.10 63.93 38.35 1.10

TABLE 5. n = 20: Results averaged over 20 landscapes.

m N M Gy Ar) T N N/N
74 771 210 6175 0.10 15.15 87.81 1.13
74 771 21 66.20 0.10 30.08 88.59 1.14
74 771 22 68.85 0.10 60.17 8859 1.14
79 57.9 210 5060 0.10 31.74 66.01 1.13
79 579 21 5355 0.10 63.48 66.01 1.13
79 579 212 5445 0.10 126.70 66.33 1.14
84 51.5 219 40.25 0.10 29.32 5819 1.11
84 51.5 21 43.00 0.10 58.37 58.22 1.11
84 51.5 22 4555 0.10 116.14 5859 1.11
89 46.6 2 37.05 0.10 2843 51.94 1.10
89 46.6 2 3955 0.10 56.09 52.62 1.11
89 46.6 2'2 40.15 0.10 111.70 52.83 1.12
94 485 210 3960 0.10 28.01 54.17 1.10
04 48.5 21 4215 0.10 55.65 54.99 1.11
04 48.5 22 4265 0.10 111.18 55.16 1.12

5. Local Maxima and k-CNF

For an arbitrary & € {0,1}" and F € F(n,m), we set Co(F,5) = {C|C €
C(F)AC(6)=0} and C1(F,5) = {C|C € C(F) A C(6) =1}. Thus, clauses
from C4 (F, &) have at least one literal among the k literals that returns 1 on 4.
Since in (2.1) we have d(5,6") =1, clauses with at least two literals returning
1 on ¢ do not affect the re-calculation of Zg in neighbourhood transitions
out of 5. We therefore partition Cy(F,&) into C:(ll)(F, &) and C(IZQ)(F, g),
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ie. C(ll)(F, &) contains all C'e C(F') with exactly one literal that returns 1 on
0. We note the following simple observation:

Lemma 5.1. The truth assignment & is a one-step local maximum in L(F) iff
for all 5" eN(5):

{C|C(3")=1ACEeCo(F,5)} < |{C|C(6")=0ACeC(F,5)}. (5.1)

For a literal 2 we use 27 € C to express that 2" is part of the disjunctive
term C. Let Xo(F) = {z|3C € Co(F,5) AN 27 € C}| and p = | Xo(F)| be the
number of variables that occur in clauses of Co(F, ), where we employ 07 =
0. Furthermore, we set ¢ = |Co(F,0)|, r = |C(11)(F, )|, and s = |C(122) (F,o)|.
Thus, we have for F €Fg(n,m)

m = q+r+s. (5.2)

For X1 (F) = {2|3C € C\V(F,6) A 27 € C}, t = | X1(F)|, and h, = [{C|C €
Cgl)(F,ﬁ) Az € C}| we have

t
Z hy =, (5.3)
u=1

since the corresponding subsets of clauses have to be disjoint (otherwise, a
clause from the intersection would belong to C(IZZ)(F ,5)).

Lemma 5.2. If z;, € X1\Xo # 0, then the neighbourhood transition that
involves x;, diminishes Zp(&) by hy,.

This follows from the definitions of Co(F, &) and C(ll)(F, 7). For f, = |{C|C e
Co(F,5) Az €C}|, Lemma 5.1 can now be rewritten as

Lemma 5.3. The truth assignment & is a one-step local maximum in L(F) iff
Xo C X1 and for x;, € Xo:
1< fu < hy. (5.4)

We note that by definition
P
S fu=q-k (5.5)
u=1

and (5.3) and (5.4) imply for a one-step local maximum
q-k<r. (5.6)

The relations are illustrated by a small example for n > 5, kK = 3, and ¢ = 3,
where only the first five variables are shown: The matrix in Table 6 shows the
three 3-clauses (z7" Va7*Va®), (52 Va3* Val*), and (232 Va]* VaZ®), which
all return 0 on (071, ..., 05) and belong to the set Co(F, 7). For Cgl)(F, &) and,
for example, xo we need at least two clauses each with 252 and (k—1) = 2
literals of type :17;7", j#2.
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TABLE 6. Matrix with “column sums” k and “row sums” f,.

x assignment f-values
z1 or 0 0 fi=1
2 0 T3 02 fa=2
z3 0 o3 0 fz3=1
Ty 04 04 04 f2=23
r5 05 0 05 f5=2

In Table 7, elements of Cgl)(F ,&) are represented by columns no 5 until
no 8. In column no 5, both remaining x;TJ are drawn from the first five vari-
ables, i.e. the column represents (z7* Vx3°® V zg®). We note that the selection
of :c'? is independent of the set of (k—1) variables defining the corresponding

clause from Co(F,&). In column no 6, one one of the .Z‘? belongs to the first
five variables, and none of the m?j is chosen from this subset of variables in

column no 7 and no 8.

TABLE 7. Matrix representing Co(F, ) and part of C(ll)(F, g).

X Co(F,5) C:(ll) (F,0) h-values
ry o1 O 0 o1 O 0 0 -+ h=1=f
xo 0 o9 o9 0 o090 090 0o --- ]’L2=3>f2
23 0 3 0 @3 0 0 0 v .o

4 04 04 04 0 o4 0 O

x5 o5 0 o5 75 O 0 0

Let M¢ (n,m) C Fi(n,m) denote the set of k-CNF that have & as a one-
step local maximum for the neighbourhood defined by N(&) and the objective
function defined by Zp, where we require Zp(5) < m (¢ is a local maximum),
i.e. ¢ > 1 and 7 is not a satisfying assignment.

We are now going to derive an upper bound for Mz = [M¢(n,m)|. As
will be seen later, the ratio 2" M35 /|Fx(n, m)|, when approximated by using
an upper bound of Mz, then provides some information about typical values
for the number of one-step local maxima for k-CNF in terms of parameters
(k,n,m).

For fixed (gq,r,s), we consider the number of potential sets Co(F,5),
C:(ll)(F7 &), and C:(lz)(F, &) under the assumption that the fixed truth assign-
ment & is a one-step local maximum.

We set
G6) = | CoFa); (5.7)
FeM? (n,m)
¢i’e) = UJ @Eo; (5.8)

FeM? (n,m)
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e = U e (5.9)
FeMz(n,m)
Note: here we define sets of sets of clauses, and subsets of the sets corre-
sponding to fixed (g, r, s) are indicated by an index.

For a fixed Co(F,5) we have to ensure that each of the p elements of
Xo(F) is present in at least one of the clauses from Cg, and we therefore need

q-k>p>k and <Z> > q. (5.10)

Let A(p,q) denote the number of pairwise different sets H of size ¢
consisting of k-selections S = {x;,,...,x;, } out of p variables of X¢(F) such
that Va(z € Xo — 35(S € HAz € S)). Since the ¢ selected clauses might
depend on a smaller number p’ < p of variables, we have

A(p.q) < ((g)) (5.11)

to upper bound the number of sets Co(F,5) depending on p variables, and
for fixed ¢ obviously |Co(5)4| = A(n, q).

The selection of Co(F, &) out of A(p,q) < ((g)) candidates implies fur-
ther conditions on C(ll)(F ,&) and the associated set Xj: for f, clauses from
Co(F,5) with 27" we have h, > f, clauses from C(ll)(F, ) with z;™, if 6
is a one-step local maximum. In each of the h,, clauses, the literals different
¢¢ are of the same type x;fT as in Co(F,o), due to the definition of
cM(F, ).

There are (Z) k-clauses that return the value 0 on (o071, ...,0,). Each of

from z

the k positions in the (Z) k-clauses can be altered from J:Zu“ to a:fu“ in order
to generate a candidate for C(ll)(F7 &). Therefore, given r = k- ¢+ A and
A > 0, the number of sets |C(11)(F, 7)r| consisting of r clauses is given by

IQWR®A=BWﬂ=<k@». (5.12)

T

Finally, we consider for C(122)(5) the set of all (})-2* clauses: since &
is fixed, among the set of all clauses there are (Z) k-clauses that return 0 on
& (the clauses of Co(&) are drawn from this subset); as mentioned before,
there are k- (Z) k-clauses with exactly one literal of type xf (the clauses of
C:(ll)(&) are drawn from this subset). Therefore, the number of different sets
|C(122)(&)S| consisting of sets of s clauses is given by

ICE2(3)s] = C(n, s) = <(2k_k_1) ' (2)) (5.13)

S

Apart from s = m—qg—r, no further restrictions apply to C'(n, s). There-
fore, we focus on A(p,q) and B(n,r).
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Due to one of the Vandermonde identities, namely Zg:o (‘;)(f;‘;) = (Z),

the (partial) summation over products A(p,q)-B(n,r)-C(n,s) results in an
upper bound below but close to (2)9;5’;)), which can be immediately seen from
a simplified version A(n,q)-B(n,r)-C(n,s).

We first identify the range of ¢ and r where the summands in the fol-
lowing simplified upper bound for Mz = |[M¢ (n,m)| are relatively small:

Lm/(k+1)] m—q
M < Z Z A(n,q)-B(n,r)-C(n,m—q—r). (5.14)

qg=1 r=k-q

The upper bound will be improved in successive steps.
Since we are interested in the average number of k-CNF having 7 as a
k (n
one-step local maximum, we introduce the inverse value of (2 W(Lk)) and set

P(q,r) = A(”’Q)'B(”’T)'f(”’m_q_”); D= (Z) (5.15)

()

In the sum

Z Plgr) = Z A(n,q)-B(n,:).~nC’(n,m—q—7“) (5.16)
r=k-q r=Fk-q (2 ’n’(Lk))

we analyse a single summand, which is given by

(D) ) (kD) . ((2k—k—1)-D)

q T m—q—r
*.0)
D---(D—g+1)-k-D---(k-D—r+1)
ql-r! X
(28 —k—1)-D---((2¥—k—1)-D—m+q+r+1)-m!
(m—q—r)!-2k-D---(2*-D—m+1)
@) : (mrq>~D~-~(D—q+1)~k~D~-(k . D—r+1) x
(28 —k—1)-D---((2*—k—1)-D—m+q+r+1)
2k.D- (2" D—m+1)

X

. (5.17)

The factors D, k-D, (28 —k—1)-D, and 2*-D are taken out and (5.17) turns
to

()-("2)- (FE0")
(%)

() (") ( k )r.(2’“—k—1)m—fﬂ

T 0 o .z, (5.18)
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where
g1 r—1 m—g—r—1
I1 (1 - %) ’ (1 - k%) I1 (1 - (2L/<:111)-D)
7 - u=1 u=1 u=1
m—1
1};11(1 o 2’°u~D)

(5.19)
The products have the same structure and we apply (1 + z)* < e as well as
(1+1/2)*T! > e. This way we obtain:

m—1
YA

u
euiz:l 2k . D—u
< = g F— : (5.20)
eu=1 D . eugl ®-D .e ugl (2kik71)'D
We introduce the condition

n
< 2k+1. ,

"= (k)
which roughly means that m
have

(5.21)
is upper bounded by ~ n*/2. From (5.21) we
m—1 “
Z < a1 r—1 m—g—r—1
eu=1 D . euE::l FD e u=l1 m
m-(m—1)
e2-(2k-1)-D
e ==
< e (5.22)
and (5.18) turns to
D\ (k-D\ _ ((2"~k-1)-D m
(q)( 7)(( m—q—fz ) < 6.(q)' m—q . ﬁ TX
(2k‘D) 2k-q r 9k
ok _fp—1\mar
() (5.23)
Therefore, by taking into account the full binomial sum, (5.16) and (5.23)
lead to:
m—q
> Plgr)
r=k-q

- (ﬁ 2k _k—1
e () 2Fa
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and we finally have

mfl P(q,r)

r=

k-
e.(fqz).gfk-q < (1—27’C
kgl , Iar Jo 1y
> (")) (-5 e
Let E(m—q) be defined as

CUI o (e REYRI (D R

r=0
and (5.24) can then be written as

m—q

—Zk: P(lLT) 1 \mq
cyam < (o) B (5.26)

Based on (5.16) and (5.23) until (5.26), we analyse the upper bound

m = 2k-q 2k
2k.(n) lm/(k+1)] m 1 \4q 1 \m—q
< (W), > (7)(30)" (1) 5m

If the factor e is discarded and the summand for ¢ = 0 is added, the sum on
the RHS of (5.27) can be treated as a Poisson process and Chernoff bounds
[13] can be applied: Let X; denote independent random variables and Pr[X; =
1] = 5% and Pr[X; = 0] = 1—55. For X =Y/, X; we then have

pix—a= (7)) 03" e

which represents exactly summands on the RHS of (5.27). Thus, depending
on the relative position of ¢ to the expected value u = E[X] = m/2", one
can apply Chernoff bounds for the lower and upper tail, respectively:

e 9 " 52

) p
PriX > (149)-u] < (W) < e T (5.30)
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For q; = m/2F—hy = (1-61)-m/2% and qu = m/2F +hy = (1+682)-m /2% we
therefore obtain:

2

Pr{X < (1-61) 0] < e 7% (5.31)
W2 ok

PrX > (1+62)- 73] < e F 5 (5.32)

Thus, if hy, he >> \/m/2F, we obtain exponentially small upper bounds. In
order to fix the values, we set

1 m 1 m
hy = L§2—kj and hy = [527], (5.33)
m m
q1 = Lﬁj and qa2 = [3@]7 (534)
and we finally have
Pr[X<(1—51)-;’ik] < e Fk (5.35)
Pr[X>(1+62)'%] < TR, (5.36)

In the same way we can analyse a modified upper bound of (5.16) and
(5.24), where we incorporate (5.23):

m—q

D : s

> (L TR
SR 0HT e

Again, the RHS is treated as a Poisson process with p = E[X] = (m—q)k/2*.
For r; = (m—q)-k/28—h} = (1-6})-(m—q)-k/2" and g2 = (m—q)-k/25+h} =
(1+685)-(m—q)-k/2F we obtain

Pr[X<(1—5i)-2k—k-(M—q)] < e R (M) (5.38)
k Lk
Pr(X > (1+03) 5 -(m—q)] < e 7 2k (M=) (5.39)

where we use the setting

W= Ly aetm—a)] and By = [5o-(m—q)l;  (5.40)
n@ = Ly (m-a)] and rafe) = By tm—a)l, (541
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Finally, (5.27) can be simplified to
k. (n) 1 1 q2 1 1
Ma. . k . ( )
) 6< m >{e+ *ﬁjLZ e%'z%'(mﬂl)_F T hma)

el
q2 r2(q)
+Z Z P(q,r) }

9=q1 r=r1(q)

2’f.<2) 2 20.2k g2 T2(q)
< e-( . ).{e 'ﬂk—"_ T % E— Z Z P(q,r) }

T 1
12 12
2 et 9=q1 r=r1(q)

B W T P
<2m ){212 . :Z Z( } (5.42)

72

We now focus on improved upper bounds with respect to A(n, ¢)-B(n,r)
C(n, s) for the range of values ¢; < ¢ < ¢ and r1(q) < r < ra(qg). Since any
subset of clauses counted by C(n,s) can be combined with clauses counted
by A(p,q) and B(n,r), an improvement significantly below A(n,q)-B(n,r)-
C(n, s) has to come from a detailed analysis of the combination of clauses
counted by A(p,q) and B(n,r). A natural way would be to look at binary
matrices derived from representations as presented in Table 6 and Table 7.
By definition, each of the B(n,r) selections S, = C(ll)(F, &) of r k-clauses is
characterized by the subset X1 (F) C {z1,...,z,} of variables that appear as
literals 7 in disjunctive clauses of S,., whereas z° is element of at least one
clause in some S, = Co(F, 5). We note that a single S, can be combined with
several S;: the clauses in S, can be “ordered” and counted with respect to
each of the 7, and for the ¢ variables from X7 we then have 22:1 h, = r for
hy > 1, u=1,..,t, see (5.3); out of the values h,, i.e. the vector [hq, ..., h],
p <t values f, < h, can be chosen such that > *_, f, = k-¢ and f, > 1,
v =1,...,p; each of the vectors [f1, ..., fp] then defines the row numbers and
the “row sum values” for a binary matrix (if there is a binary matrix for
this vector). The set of sets of k-clauses S, is determined by the number of
solutions as binary matrices with a row sum vector [fi, ..., f,] and column
sums equal to k, subject to permutations of columns.

Thus, a potential way would be to take an r-selection of clauses counted
by B(n,r) and to multiply B(n,r) by the number of binary matrices that
produce a fixed row sum [f1, ..., fp], >.o_, fo = kg, with all column sums equal

to k, i.e. here one would “count from C:(ll)(F7 ) to Co(F,5).” Unfortunately,
there are no tight upper bounds that improve on A(n, q). The study of such
matrices has a long history, but asymptotic upper bounds refer to enumerated
rows and columns under restrictions on maximal row and column sum values
(sparse matrices and almost square matrices), see the fundamental papers
[6, 8] that utilise sophisticated combinatorial methods.

Therefore, we choose a second way, where we consider all A(n,q) selec-
tions of sets Co(F, &) individually, with each selection producing a row sum
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vector [f1, ..., fp], i.e. “counting from Co(F, ) to Cg”(F,&).” The next step
is to identify the number of Cgl)(F, &) of size r that can be combined with
[f1, -0 fol-

Given f = [f1seees fpls Dby fo = k- q and f induced by a fixed ele-
ment S, (which is a set of ¢ k-clauses) of Co(5),, we denote by Xo(S,) the
set {x;,,...,x;,} of variables that appear as literals in S, (similar to Xo(F)
defined before, but here for selections out of Co(5)).

Furthermore, let E(g, ,f) denote the number of all elements S, €
C(ll)(cr)r such that for f, occurrences of z7 , x;, € Xo(S,), the number of
occurrences h, of x7 in S, satisfies h, > fv, v=1,..,p<n.

By using these notations, we then have

E(grf) < Tiq(p'(Z_%))((n_p)'(ﬁ)). (5.43)

= a+k-q r—a

Indeed, the first factors ensures that at least k-g elements are drawn for
variables from Xgo(Sq) (all » > k-g elements are not excluded), and the
second factor makes sure that the upper bound is not further overestimated
by restricting the selections to variables outside X¢(S, ) Here, we employ that
for a fixed z7 , there are ( ) different ways to select z¢ , u # v, for k-clauses
of S,.. We note that (kfl) = fl (k) and therefore p- (k71)+(n—p) . (Zj) = k(Z),
as has been used in (5.12).

Obviously, (5.43) overestimates E(q,r, f), and, based on the Vander-
monde identity, for small ¢

Z(p +<k;)<< P E) L (MDY e, G

a=0

which leads back to A(n,q)-B(n,r)-C(n,s). The problem is produced by

n—1
(’;' Sr’“]jq)), since it relates to all partitions into p summands generating k- q,

and not to a particular ]7 Therefore, we finally focus on an improvement of
this particular upper bound.

Let G(q,p,a, f) denote the number of all elements S, € C( )( )» such
that for f, occurrences of 27 , x;, € Xo(Sy) and v =1,...,p < n:

1. the number of occurrences g, + f, of z{ in S; satisfies g, > 0;

2. b= Z:l(gv'f'fv) :a+k'Q§
3. only ¢ with x;, € Xo(S,) are literals in clauses of sets S, consisting of
b k-clauses.

For G(q,p,a, f) we then have

G(g,p,a,f) = +§+: H(gﬁfv) (5.45)

g1
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n—1
Since we are interested in the improvement over (’; (fk—_lq)), we analyse the

following ratio:

_ Z & %(5) )
e —ao=1 9 S
Qa.pa) = max LR&S) o oeFmel WU T g
f (p'(k—l)) (p'(k—l))
atk-q atk-q
where we employ that x > y implies (4)- (4 < i‘ (). We note that
ploy y implies (3)-(;,) < () (i
AN u 1 "k k k
n \k = - . =.D(=D-1)---(2-D—g,— fo+1
() vH:lwm! T150-( D) (Do o)
p k . P Gutfu
= Mgt (o)™ 1T (o 1 p)
5 ko_yotka o -yt
) 1;[ gv+fv' (5 D> .1];[16 "
P ath: P (gutfo) (qurkfel)
= 1I») q%' e AR
et (got+fo)! 14
ko). u
< (- 5.47
Furthermore,
PNV L ek kL
{<a+k~q N (a+k-q) n b (n D-a—k-g+1)
1 k ath-q a+k-g¢—1 w _
= 7D . p—
{(a+k-q)' (p n ) qu Bk D>}
1 ko yetha —nothet e 7!
= {(a+/€-Q)' (p'ﬁ'D) h ' }
1 N R e e B
= {(a+kz.q)|'(p'n'D) ' b }
1 k ath-q —% -1
= {(a+k.q)!'(p'n'D ©o }
< e.p—(a%'Q)_(S.D)( q).(a+k.q)[’ (5.48)

where we utilise (5.21) again. We now have for (5.46):

(a+k-q)!
Qg,p,a) < e~(;Tg~ Z H gu+fp (5.49)

g1+ F+gv=av=1
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where for simplicity of notations we keep f, for f, = f%]. The upper bound
is further analysed later, where we apply a technique that is used several
times for identifying regions of fast convergence.

Let @(q,p, a) denote the value of the RHS of (5.49). From (5.45) and
(5.46) we obtain for (5.43):

r—k-q

S E@rh) < Y{> Qapa)x
7 e

X(pz;r%i_i)) _ ((n—;:ﬂ@;(ﬁ))}. (5.50)

We recall that f is induced by one of the A(n,q) selections of Co(5),. For
p > po (the value of py is specified later) we set

N L if k-g <a+tk-qg<ri(g);
Qg,r) = max Q(q,pz,a) if ri(q) < a+k-g<ra2q); (5.51)
1, if ra(q) < k-q < a+k-q.

where 1 and 75 are from (5.40) and (5.41). We then have from (5.50):

;E(q,r, H < Zr_f:q ( a~+ 2_1q ) <(n1;fz'a(2j)>

< q,r~ZB n,r)-1
f

< Qlg,r)-Aln,q)-B(n,r)
where we emphasise the fact that through the ratio (5.46) we aim at a smaller

value of (Q q,7)-B(n,r) | compared to B(n,r). Therefore, we obtain
1 flQ B d to B Theref b

Lemma 5.4. For fized (¢q,7,s), the number of feasible pairs [Sq,Sy] of sets of
clauses from Co(0)q and C:(ll)((}),,, respectively, is upper bounded by A(n,q)-

(Qla.n)-Bn.1)).

Based on (5.15), (5.42), and Lemma 5.4, we obtain for Mz = |MZ(n, m)|
the upper bound

ok. (7 2128 1
Ms; < e-( (k)){ T T
m E e1ak

q2 r2(q)

+Z Z A(n,q)-@(q,r)-B(n,r)~C(n,m—q—r)}. (5.53)

4=q1 r=r1(q)

However, the value of Q(g, p, a) from (5.51) that determines Q(q, r) is defined
for £ < p < n. Furthermore, in (5.52), the value of Q(g,r) is multiplied
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by A(n,q), based on the counting argument that a single selection of S, €
Co ()4 that produces ]?deﬁned by p variables can be combined with at most
é(q,r)'B(n,r) r-selections of type S, € Cgl)((?)r. But, how many of the
potentially A(n,q) selections of S, can produce f depending only on p < n
variables? Therefore, we are now going to specify py from (5.51).

Let H(p,q) denote the number of pairwise different S, that induce f
depending exactly on p < n variables. We now proceed in two steps: (i) we
try to identify pg such that ZI’:‘):,C H(p, q) is small compared to A(n, q); (ii) the
value of @(q,p, a) from (5.51) is further analysed later only for py < p < n.

We recall that & < p < k-q according to (5.10) and ¢ < (Z) We set
X ={x1,...,zn} and Xp = {24, ..., 7;, }. Let H(X,,q) denote the number of
S, that depend on exactly the p variables of X,:

Pry(diA---Ndy) = {x|x€X/\EId-( 27 ed;)}; (5.54)
H(X,,q) H{diA- - Adg|Prx (diA---Adyg) = X} (5.55)
Here, we use the informal notation % € d for being part of a disjunctive

clause of a CNF d; A --- Ad,, as mentioned before. Since we consider a fixed
& and only literals of type 27 constitute clauses in (5.54) and (5.55), we have

Lemma 5.5.
H(p,q) = H(Xp,q) = H(Xz’,,q) for each pair X, and le>'

Lemma 5.6. For fized q < (i) and k < p < k-q, H(p,q) does not decrease for
imncreasing p.

Proof. We assume that for some p there is H(p, q) > H(p+1, q). Given a CNF
F,=diA---Ndg with PrX(d1A~-~Ad ) = X,, and wlo.g. X, = {z1, ..., xp}
and Fj, = d(lp) A A dEp) Adga A -+ ANdg, where d(p) indicates that zp" is
part of the clause. We consider two cases:
1.t > 2. If xf,” is substituted by xg"“ in each clause of subsets T' C
{d1 ,...,dEp)} of size [T| = 1,...,t—1, then the corresponding CNFs
Fp1 are pairwise different, depend on p+1 variables, and are therefore
counted by H(p+1, q). Thus, F}, induces by this procedure 2'—2 different
Fp-H'
2. t=1:

(a) If d(p ) and at least one clause out of da, ... ,dg have at le 1east one
literal w " in common, then substituting xzh in d( P) by sc ! creates
a CNF F i1 that has not been generated in the first case since the
new clause dngr 2 depends on z, as well as on z,4, and F;H is
counted by H(p+1,q).

(b) d§p> and da, ...,d, do not have literals in common. If ds, ...,d, to-
gether depend on k - (¢—1) variables, then F), depends on k - (¢—
1)+k = k- g variables, which contradicts p < k - ¢. Therefore,
there exists xp with the smallest index h among the variables with
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the smallest number u > 2 of occurrences as literals in ds, ..., d,.
Substituting z7 by z,” in one clause (w.l.o.g. in da) leads to
dgp) NdyNds--- Adg counted by H(p,q), where
(i) dgp ) and d), are indeed different, since the variables from dgp )
do not occur in d, ..., dy;

(ii) di”) Adh Ads - - - ANdg has been considered in the first case and

generated 22 —2 = 2 different Fj,i;, namely Fég = dng) A

dyNds---Ady and F = d” AdS™ Ady -+ Ady. On clauses
with k literals one can impose an order, e.g. by an order of
literals according to ascending indices, and then by a position
representation to the basis (p+2). Therefore, one can identify
predecessor and successor with respect to dngr Y and dém 2
according to the imposed order, which can be extended to
FZEQ and Fzﬁ, since only dngr Y and dém 2 depend on 4,
and the remaining clauses a are the same. We then decide
to count the CNF that appears first in the imposed order in
Step 1, whereas the second CNF is counted in Step 2.

Thus, we obtain a contradiction to the assumption H(p,q) > H(p+1,q). O

Since H(p,q) does not decrease for fixed g and increasing p, we have
H(p,q) < H(k-q,q). For H(k-q,q), the ¢ k-clauses do not have literals in
common, and therefore

(- (T (TEH (g
H(p,q) < H(k-q,q) =~k L & B ) VD (556
(p,q) < H(k-q,q) p (yi-q (5.56)

There are (") < (”) different p-selections of variables, and we note that
2 k-q

H(k-q,q) from (5.56) monotonically increases for increasing ¢, i.e. increasing
k-q. Thus, we assume p < k-q=pg=n—1:

k-q
> H(p,q) < k-(q—l)-(]:q)- (k-a)t (5.57)
p=k

(khe-q!
For the crucial ratio from Step (i) on p. 21 we obtain

(o) (kg () (kg
Alm.q) Wg () (D

_ @

(EDa () (n—k-q
1 n(n-1)---(n—kq+l)
(kD7 () () =1) -+ () —a+1)

_ L n(=d)e(n—kegtl) (5.58)

kNa q 1
S oy a-g)

Q
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As in (5.22), we have from (5.21):

(i) (k) e(n=1) - (n—k-g+1)
A(n,q) (K1)a-¢! (khya-{ ()}
Ttk (- th—k+1)
- et[[l n-(n—1)-- (n—k+1)
1 k-1 Lk
- e-HH(l—E). (5.59)
t=1u=0

In case that q is large enough, the product is split into two parts:

() (k-q)! x@) Stk
: < e X204 - ")), (5.60)
at e < (G T 5))

where ¢ = min{q, 5% } and x(q) = 1 for ¢’ < ¢, x(q) = 0 otherwise. We then
obtain

(i) ,(qu.)!' _ e.( x(9) +qﬁe—t~k~zﬁ,é _>

A(n,q) (k)?-q! 2"t
(24 10 e
2"3% t=1
(A ),
272k
We now have that n/2 < k-¢ < n—1 implies
k-q
> H(p.q)
= n—=k
=k < ek(g—1)-27"=F . (5.61)

A(n, q)

In case of k-q < n/2, we introduce the following lower bound

k-q
ZkH (P, q)
2n-(Inn+e(n)) <kq = T <e v, 5.62
Vet e(n) ew) (562)
Eqn. (5.62) provides a lower bound on m: We recall that r > k- ¢ and
m = q+r-+s, and therefore

m > \/2-n'(lnn+w(n))'(1+%), (5.63)

where p(n) — oo with n — oco. We note that k-g < n—1, but above
O(y/n-p(n)), implies a diminishing factor of e=#(").

The upper bound (5.62) implies that for £ < p < k-¢ < n—1 and
¢(n) <In2-n/(2-k)—O(Inn) the upper bound in (5.52) can be substituted
in the following way:
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Lemma 5.7. For fized (q,7,s) and m > O(y/n-¢(n)), the number of feasible
pairs [Sq,Sy] of sets of clauses, where the clauses in S, depend on at most
p < po = n—1 variables, is upper bounded by (e_“o(”)-A(n, q))~<@(q, r}B(n, r)) ,
where 1 < p(n) < n-In2/(2-k)—O(Inn).

We note that, based on (5.61), the analysis of (5.49) in accordance with

Step (ii) from page 21 can be restricted to k-g > n. Therefore, we re-define
(5.51):

0, if k-g <n-—1;

W) = { G fhan (5.60)

Therefore, Q(g,r) = 0 for ¢ < n/k, which means that in (5.53) the summation

over ¢ may at least partially lead to summands equal to zero, if relatively

small values of m imply values for ¢; and ga, as defined in (5.34), below n/k.

Thus, from (5.53), (5.64), and Lemma 5.7 we obtain

Lemma 5.8. If m satisfies (5.63) for 1 < ¢(n) < n:In2/(2-k)—O(Inn), then

k. (n ok
M, < e_(2 (k)>_{212. 1 N 1

m K omE em T

q2 r2(q)
+ Z Z A(n,q)-Q(q,r)-B(n,r)-C’(n,m—q—r)}. (5.65)

9=q1 r=r1(q)

In accordance with (5.64) and (5.65), we have to find a tight upper
bound for Q(g,r), where r is within the range defined in (5.41) and ¢ within
the range defined in (5.34), with the additional condition ¢ > n/k. Therefore,
we finally return to (5.49), which means executing Step (ii) from page 21 for
p with po = (n—1) <p=n.

The upper bound (5.49) is analysed by induction and independent of
the particular values of p, i.e. we include value p = 2, which is below the
lower bound p > k > 3, cf. (5.10). Since the case p = 2 is analysed in the
same way as the general case, we immediately switch to the inductive step.
Based on (5.46) and (5.49), our aim is to prove

ath-q P

Sa,p) = Hgﬁfp < (aﬁkq Hpv, (5.66)

g1+-+gv=av=1

where p, < 1 and f, = [£2] > 1, since (5.61) implies p < k-q and (5.64)
together with Lemma 5.8 imply k-q¢ > n. By definition we have

- P(aftapfl)
Sla.p) = ) —r 5.67
(@) = 2 =gy (5.67)
If we assume that (5.66) is true, we need to show
“ 1 (p—l)a7t+%1'k'q pa+k‘q
;(pr)!'(a—m%-k-q)! = P atkq)

(5.68)
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We consider a single summand S; when the LHS is divided by the RHS,
except for p,:

(a+kq)| .(p_l)afﬂ»%lkq(})tﬁ»fp
(a—t+ZL k)l (t+f,)! \ P

ey
For the sum we need Y, Sy < p, and obtain:
s = (VA
- S () EY TGS
LB 0ETE

U=T—%'k~q+l

- R0

u=0

-2 OeEer

OISO
_ Z (Z)(f’;l)ﬂ@)” (5.69)

—p_p=1
v_rfT-k~q+1

Sy =

For an upper bound of "7 ;S; we have to find lower bounds for the sums
on the RHS, i.e. Chernoff bounds do not apply. We note that

Tos By
b p
r+p > k-q
a+k-g+p > k-q
a+p > 0. (5.70)

Therefore, we focus on the first sum
a fr1
—1\ru 1\ v
s (N0 e
t=0 u=0 u p p

where we assume f, >> 1. In order to simplify calculations, we consider
u = f, instead of f,—1, and we analyse only a single summands. We note
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that the values of the corresponding summands differ by the factor

(p—1)-k-q
p-(r+1)—k-q’
which is later taken into account. We utilise in the following the tight form
of Stirling’s formula

, , 1
nl = V2ronttae i) Wherem<r( n) < Tom

as presented in [24]. For u = f, = k-¢/p > 1 we now proceed with the lower
bound

o B
()
- Erme () )
(57 ()
> () ()

- G ()

We have r—p-u < (p—1)-r, and therefore we continue with

(I > G (e

- i) D

We distinguish between a < k-q and a > k-q. For a < k-q we obtain

()6 ; erben A )

_ et o (1-2)

(5.72)

, (5.73)

IS

\%

N
IS

e = (1—p~%)

sle

(5.74)
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which, apart from the the /- - --factor, comes close to an upper bound derived
by the Chernoff-method. For a > k-q we have

(Z)-(T)M.(;)“ > 2~17r-u'<1+k%)u'6_ﬁ(1‘%)

.eu'an.e—%.(l_%)

—_

2--

- R A )

2-m-u

—_
IS

]

Since In2 < 1 and a > k-¢ > p—1 > 1 in the present case, we obtain together
with €3 > 24

(0 » it
u p p 2-m-u
N 1 f—%-(l—an—%)
2-m-u

p . —ﬁ-(3—1n2)
5r kg e 1 , (5.75)

which is larger than the lower bound from (5.74). Taking into account (5.72),

we employ
Vp-k-q (5.76)
7"—1—1 2.7 k -q 2.y

We note that we did not use k-g > n so far, and for (5.71) not to
degenerate, we need k-g > p+1. For p, from (5.66) and (5.68) we now set in
accordance with (5.71), (5.74), and (5.76):

1— MEEG . 07557 if 2 <p<n—I;
= 2. — — ’ .
Pr {1, if p=n. (5.77)

For the product of p, we obtain

n—1 n—1 _ Zn,l ap
H pp = H (1—ap'e_vil> <e T, (5.78)
p=2

p=2

We proceed with

n—1 a a n—3 a
E f = na—l (1 + E n-l-u U e ('!L72)«<'7L727u))
=2 er—1 en—2 [a7%}

n—3
— 71 - u-a
> Oénal . (1 + Z A lu.ef(nfz)-(nfzfu)).
en—2 u—1 n—1

For u < (3/4)-(n—1) and n > 24 we have 1/e(+)/((n=2):(n=2-u)) 1 /e(4-a)/n
and % > 1/2. Therefore, if n > 24, then

LN a 3 1
n—. 74~a
Yo, 2 (1+ (n—1)-> ) (5.79)
261)—1 en—2 4 2
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We now incorporate (5.34) and (5.41). Since r = a+k-¢, we have from
r1(g) <7 <r2(q) and ¢1 < ¢ < go

M2 _3 k
@ = okt ok T < ok (5.80)
k

Therefore, (5.79) turns to

n—1 k+1

oy 272 1 1 ( 3 _u.m)

a e A1+ =-(n—-1)- ' m o). (5.82
Zeﬁ - 6-7m-k V/m eﬁ'% + 8 (n—1)-e 2 ( )

We now consider two cases:

p=2

1. m< %n a for 0 < oo = const: from (5.82) we obtain

fiu > Li.(Ham_D.em)

ert 6-mvakn e 8
n
- O( E) (5.83)

2. m= fn B(n) for B(n) — oco: we then have

2o n 1
Zzepgl o O(\/ kﬂ(n).e")v@(”))' (5.84)

p=

From (5.21), (5.49), (5.51), (5.64), (5.66), (5.78), (5.83), and (5.84) we finally
obtain

Lemma 5.9. If n > 24, k-g>n, 1 < q¢ < q and r1(q) <r < ry(q) for the
values defined in (5.34) and (5.41), then
efo(\/%)’ if m< %onocons‘c;
Qq,r) < e—o(vﬁ@ym), if m = %n B(n) for
k—2
Bn) 0275 (%) 7).

where Q(q, ) is defined in (5.64).

We distinguish between the two cases in order to emphasise the be-

haviour of the upper bound for m < O(% n) Furthermore, for slowly in-

creasing functions 3(n), e.g. S(n) = Inlnn, the upper bound still decreases.
Taking into account the Vandermonde identity, Lemma 5.8, and Lemma
5.9 together with the lower bound (5.63), we finally arrive at

L. If O(y/n-¢(n)) <m and m/n — 0, i.e. O(Inn) < ¢ < O(y/n), then

M, < (2:1(75)) -0(2:(”) ) (5.85)

Here, we employ that the upper bound on m implies k-¢ < n.
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2. Ifm=2n 1(n), where 1(n) > const > 0, then

k
2k (% 1
M; < ( (k)>- — (5.86)
m LWt =)
~ In Lemma 5.3 and (5.11) until (5.86) we exploit only information about
x]* vs. z7', i.e. information about the actual values of o; has no impact on
M at all. Thus, Mz depends only on structural parameters (n, k, m):

Lemma 5.10. If 5,7 € {0,1}", then Mz = Mj; for a given class Fr(n,m).

In accordance with Definition 2, we finally obtain

Theorem The average number N = of one-step local mazima of Fi(n,m) is
upper bounded by

0(23&)), if O(y/n-g(n)) <m <<nand
T O(lnn) < ¢ < O(Vn);
< 2" if m= %n P(n) and

O Vitm mtw)

. =
O<Const§w(n)§0(2_%-(%) 2 )
The upper bounds imply that for m is in the region of 2¥-n/k the average
number of local maxima is bounded by 27~V n/k)

6. Concluding Remarks

The Garnier/Kallel-approach requires a partition of the search space into
attraction basins, i.e. within each neighbourhood a single element with the
maximum value of the objective function is assumed. This assumption does
not apply to the neighbourhood in our study. Nevertheless, our computa-
tional experiments provide evidence that the sampling-based method for the
approximation of the number of local maxima seems to work in the context
of k-SAT instances. The quality of approximations is steady for an increas-
ing size of sampling information and the maximum deviation from the true
values is below 15%, with a typical value in the region of 10%. The theo-
retical analysis confirms a decreasing number of local maxima in the region
of the phase transion for increasing values m of the number of clauses. We
intend to analyse a variety of neighbourhood relations proposed in the lit-
erature [14, 28, 29], where it would be interesting to find out if the average
number of local maxima can be related to the quality of the associated local
search procedures. We intend to apply the Garnier/Kallel-method in a com-
pletely different context, namely to structure prediction problems in Com-
putational Biology, such as RNA secondary structure prediction and protein
folding simulation in various lattice models and for different types of the ob-
jective function. RNA secondary structure prediction with pseudo-knots as
well as protein folding simulation in various lattice models are known to be
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NP-complete and population-based heuristics are an obvious choice to tackle
these problems [12]. The standard method for identifying local minima in
folding landscapes are barrier trees [33]. As pointed out in [10], ... from a
practical point of view, the tree describing the repartition of local optima is
unknown and too expensive in terms of computational cost to determine for
a given landscape.” Thus, approximations as described in the present paper
might be helpful for the analysis of energy landscapes induced by structure
prediction problems.
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