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Abstract

We introduce mutually unbiased complex Hadamait)CH ) matrices and show that
the number oMUCH matrices of order 2, n odd, is at most 2 and the bound is attained
for n=159. Furthermore, we prove that certain pairs of mutually aséd complex
Hadamard matrices of orden can be used to construct pairs of unbiased real Hadamard
matrices of order @. As a consequence we generate a new pair of unbiased reahidatia
matrices of order 36.
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1 Preliminaries

A complex Hadamard matrix is a matrixH of ordern with entries in{—1,1,i,—i} and orthog-
onal rows in the usual complex inner product@h If the entries of the matrix consist of only
+1, we call the matrix a real Hadamard matrix or a Hadamardixfatr short. Our main refer-
ences for complex and real Hadamard matrices ar€ [7, 8]. Baptex Hadamard matricé$
andK of order 2 are calledunbiased if HK* = L, whereK* denotes the Hermitian transpose
of K and all the entries of the matrix are of the absolute valug2n. In this case, it follows
that 2h = a® + b?, wherea, b are nonnegative integers. While there has been a lot ofeistter
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in the class of mutually unbiased unimodular complex Haddmeatrices, where the entries of
the matrices consist of unimodular complex numbers, €& ), for details, it is only recently
that some interest has been shown in the existence and appiis of mutually unbiased real
Hadamard matrices, se€e€ [5]. Our aim in this paper is to cdratenon matrices of ordem2

n odd, with entries i{—1,1i,—i}. We will find an upper bound for the number of mutually
unbiased complex Hadamard matrices of orderr2odd, denotedMUCH (2n)|, in the next
section. We also report on the outcome of a computer searahdaimal classes dAUCH
matrices of orders 10 and 18. Section 3 is devoted to the stiidybiased real Hadamard ma-
trices. We will briefly discuss mutually unbiased bases el#tst section. In the presentation of
matrices we us¢ to denote—i and— to denote—1.

2 Unbiased complex Hadamard matrices

Dealing with complex matrices, i.e. matrices with entried +1,1,i,—i}, is quite different
from working with the unimodular complex matrices as the pdwl character theory is no
longer applicable. We begin this section with a well knowut, important property of complex
Hadamard matrices.

Lemma 1. Let H = [hj;] be a complex Hadamard matrix of order n for which the absolute value
of the row sums are all identical and equal tor. Thenr = \/n.

Proof. Forebeing the all ones vector, we hafide)*(He) = e'H*He = e'nle=ne*e=n. So,
Sy lri|? =n? wherer; = 37_; hij, 1<i < n. It follows thatr = /n. O

A complex Hadamard matrix of orderfor which the absolute value of the row sums are
all equal to\/nis calledrow regular. It follows from Lemmaé_1 that for a row regular complex
Hadamard matrid = [hy;] of order 4, n odd, if 21211 hgj = a+ib, for somek, 1 <k < 2n,
thena? + b? = 2n and so botha| and|b| are odd integers.

Lemma 2. Thereisno pair of unbiased row regular complex Hadamard matrices of order 2n,
n odd.

Proof. Suppose on the contrary that there is a pair of row regulaptexiHadamard matrices
H andK of order 21 such thaHK* = L, where the entries df are of absolute valug'2n. Let
J be the matrix of all one entries of orden.ZThen the matrix
1 1

—H+J)—(K*+J
1+|( + )1+|( +J)
is a complex integer matrix (i.e. all entries of the matribnsist of Gaussian integers). To
see this note that the entries of both matrigdgH +J) and 1 (K* +J) belong to the set
{0,1,—i,1—1i}. Observing that

1 1

—i
— —(H+J)) —(K'+J))= —(HK*+HJ+JK*+2nJ
1+|< Jr)1-l—|( +J) 2( + + +20)
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and that all the entries of the matridd&*, HJ andJK* consist of numbers of the form+iy,
where bothx| and|y| are odd integers, we get a contradiction. O

Note that in the above proof we only use the fact that all theieshof the matrice$i K*,
HJ andJK* consist of numbers of the form+-iy, where bothx| and|y| are odd integers. So
if there are two complex Hadamard matri¢¢sK of order 2, n odd, for which the row sums
of H andK are all of the formx+iy, where bothx| and|y| are odd integers, then none of the
entries ofHK* are of this form. Consequently, suehK can not be unbiased, for the entries of
HK* = [Hij], |Lij|? = 2n, which must be a sum of two odd squares.

Theorem 3. For any odd integer n, IMUCH (2n)| < 2.

Proof. Suppose on the contrary that there are more tharMW@&H matrices of order 2 By
multiplying the columns of all matrices by appropriate niardowe can make the first row of
one of the matrices to be all equal to one. The new matrices toset ofMUCH matrices
which contain at least two row regular Hadamard matrices@éio2h, contradicting Lemmfal1
and thus the result follows. O

(12) ()

L (-0 1
HK _(i+1-4—1)'

This shows the inequality in the Theorem[3is sharp for n = 1.

Example 4. Let

Then

We have conducted a computer search and found many maxitsadfddUCH matrices
of orders 10 and 18. One representative from each of these gfanatrices is listed below in
Tabled 1 and]2.

Table 1: A pairH, K of unbiased complex Hadamard matrices of order 10

1111111111 j——1111ji1
11-—ij1-1 j111i—j1i]
1-1——j—i11 1jijl-1i1i
1-——1—j11i— 1ijljj-11i
1———1i1-1] i1—ijil11]
Tiiij—ijji |’ i1ij11-1-1
1i-11j———1 1i111ii—j]
11j1—i——1— —j11-1ii11
1-1jli—-1—— 11j—i1j-11
111—i j1——— —11i1j1jiji




Table 2: A pairH, K of unbiased complex Hadamard matrices of order 18

111111111111111113\ Tiijjjjiij—1j11j1—
1—jjijigjjjjiiijiii Tiijijij—iill-1ij1
Lj—jiiiijijijjiij] Tiiiiillj—jijljl—i
Ljj—iijiijiijijjiji Tjiiiljiilllij—ij—
Titi—jiijjiiijjjjgj 1ji—jjljj11—-ijljii
Tjiij—iiijjjjijiii 1ij—ijjlijjljillj
Tiijii—jjjijjjijii 1ijllii—iji—ijj1li
Tjiiiij—jijjiijji]j J=1ijriiliiijjliij
Tjjijijj—jiiijiii]j P1L1jiliijjjjljj—ij
Tjijjjpjij—tjiiiiji |’ 1jl1jji—1j1—-iiijljj
Tjjiijijii—jijijji I—jiljjijiijlljjjl
Tidiijjjijj—jiiij] 1j11—-iii—iljjiijli
Tijjijjiiiij—jjii] Jljji—jijriidlliiii
Tijijjjijijij—ijii 1j—1-1jj1jijjijiil
Ljijjjijiiitiji—jij 11jijji—jjjl1-1iij1
Titjjijjiijiijj—iji 11jiij—2i—=-1iiilji]j
Tijjjiiiijjjiiij—j PjL1i=2j2jiijjijji
Tijijiijjiijjijij— Jiiilidlljjijiii—=1j

We believe that the upper bound in Theoiidm 3 is sharp for exadyintegemn for which 2n
is the order of a row regular complex Hadamard matrix. Thiefahg conjecture includes this
and a conjecture regarding the existence of row regular tantpadamard matrices.

Conjecture 5. [IMUCH (2n)| = 2 for all odd integers n, where 2n is a sum of two squares.

The existence of row regular Hadamard matrix is a necessaditton to have twdIUCH ’s
(see the proof of Theorem 3). For matrices of simer2odd, the existence of a row regular
Hadamard matrix is, in turn, conditioned by existence oégeatrsa, b such that & = a2 + b?
(see lemma 1).

3 Unbiased real Hadamard matrices

Two Hadamard matriceld, K of ordern are called unbiased, HK' = L, where the absolute
values of all entries df are equal tq/n. It follows thatL = \/nA, whereA is a Hadamard matrix
of ordern. It is only recently that interest has been shown in unbidsadamard matrices
[1, 9] and some new applications have emerged [5]. Pairs bfased Hadamard matrices
exist only in square orders, as= HK!, with moduli of entries of. equal to\/n, is a matrix of
integers. Itis known and easy to prove (as shown below) tieattaximum number of mutually
unbiased Hadamard matrices of ord@f4n odd, does not exceed 2. Although Lemma 13
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provides an upper bound for the number of what we call weaklyiased Hadamard matrices
(see Definition. 7), unbiased Hadamard matrices of orden4n odd square, belong to this
class (see Remark. 8). So Lemma 13 also applies to them. \myilrecently no example
for which the upper bound 2 is attained was known besidesriéialtexample of Hadamard
matrices of order 4. The first non-trivial example of unbés@adamard matrices of order 36
is shown in[[4]. The approach inl[4] was to use a database ofvkkrtdadamard matrices of
order 36 to search for matrices with unbiased mates. Iriteghg only a very small fraction of
the over 3 million known matrices of order 36 which were tddtad unbiased mates. In this
section we show that some setsMUCH matrices of order 2 can be used to generate sets
of mutually unbiased Hadamard matrices of order Maving found pairs oMUCH of order
18, we have many pairs of mutually unbiased Hadamard matoterder 36. We begin with a
known [1] and simple lemma. Our motivation for including fr@of here will follow.

Lemma 6. Thereis no pair of unbiased row regular Hadamard matrices of order 4n?, n odd.

Proof. Repeating the line of proof of Lemrh& 2, we have

1 1 1
S(H +J)§(Kt +3) =7 (H K+ HJI+JIK' +4n2).
Noting thatHK! = 2nL, whereL is a Hadamard matrix, we get a contradiction to the fact that

the left side of the above identity is an integer matrix. O

A quick glance at the above proof reveals thit+ JK! +4n?J = 0 (mod 4), if and only
if HJ+JK' =0 (mod 4). Assuming thaHJ +JK! =0 (mod 4), we get a contradiction if
we assume one (or equivalently all) of the entriedHf' is equal to 2(mod 4). This is our
motivation for the following definition.

Definition 7. Two Hadamard matrices H, K of order n are said to be weakly unbiased, if
{laj|:1<i<n1<j<n} <2 andHK'=[a;] =2 (mod 4.

Remark 8. Note that for the unbiased Hadamard matrices H, K of order n, |{|ajj| : 1 <i <
n, 1< j <n}| =1, where HK' = [a]. So weakly unbiased Hadamard matrices are the natural
extension of unbiased Hadamard matrices of order 4n, n an odd square.

The following lemma is immediate, using equality from thegfrof Lemmé.6.

Lemma 9. Let H, K be Hadamard matrices of order 4n suchthat HJ+JK! =0 (mod 4). Then
no entry of HK' isequal to 2 (mod 4).

Definition 10. Two Hadamard matrices H, K of the same order are called to be modularly
homogeneous if HJ + JK!' =0 (mod 4).

Lemma 11. Thereisno pair H, K of modularly homogeneous Hadamard matrices of order 4n
for which HK' = 2J (mod 4).

Proof. This follows from Lemm&Db. O



Remark 12. The assumption that H and K are modularly homogeneous in Lemma 11l is es-
sential. The Hadamard matrices of order 12 in Table[3 are weakly unbiased, that isHK' = 2J
(mod 4), but not modularly homogeneous. It is noteworthy that the number of entries with
value 2 or 6 in HK! is not balanced as there are more 2 entries than 6 entries.

Table 3: A pairH, K of weakly unbiased Hadamard matrices of order 12

111-11-11-11
1111-11-11-1
11111-11-11-
1—-111-111—-—
-1-1111-1-1-

-11-111-—-111
1-11-1-1-111
11-11—1111
1-—11111-11
-1-1-11111-1

——111111--1 ——111-11111-
1-——1--111-11 ~11-————11-11
—1-—-1-1111-1 1-1-———1-11-1
1111111 11-———11-11—
1-———111--111 ———1-—1-—-11
~1-1-1-1-111 ———1-—1-1-1
——111-——1111)  \ ————— 1-——111-

Lemma 13. Let w(n) be the number of mutually weakly unbiased Hadamard matrices of order
4n, n odd, then w(n) < 2.

Proof. Suppose on the contrary that there are more than two mutuedily unbiased Hadamard
matrices of order & By negating the appropriate columns of all matrices, we @sgume
that one of the matrices has one normalized row. Select thwer ahatrices, sail, K. Then
HJ+JK! =0 (mod 4 andHK' =2J (mod 4), contradicting LemmE&]9. O

We are now ready for the main result of this section and owaredor studying unbiased
complex Hadamard matrices. We need to introduce a notatisn fror the integera, b let
G(a,b) = {atib,—atibjiat+b,—ia+b}.

Theorem 14. Let H, K be a pair of unbiased complex Hadamard matrices of order 2n, n odd,
for which the entries of HK* are all in G(a, b), where 2n = a2 + b?, a,b odd integers. Then
thereisa pair of weakly unbiased Hadamard matrices of order 4n.

Proof. LetH = A+iB, K =C+iD, whereA,B andC, D are(0,+1)-matrices of order 2such
thatA+ B andC £ D are4+1-matrices. Consider the matrices

11 -1
H’:(l _) A+<1 1)®B



and

11 -1
K’:(l_) C+<1 1)®D.

It is only a routine calculation to see thdt, K’ are Hadamard matrices of ordar.4 etHK* =
E +iF, whereE,F are(+a,+b)-matrices of order2 We have

K — 2(ACt+BD'Y) —2(BC'—AD') \ [ 2E —2F
—\ 2(BC'-ADY) 2(AC'+BDY) )\ 2F 2E )°

Using the fact that the entries BfK* are inG(a, b) and noting thaE, F are(+a, +b)-matrices,
wherela| ,|b| are odd integers, it follows th&t’, K’ are weakly unbiased. O

Remark 15. The spread of a's and b’sin H’K"t is uniform; there are as many a’sin H’K" as
b’'s. We think the assumption that all the entries of HK* belong to G(a, b) is not necessary, but
we cannot prove it.

Theorem 16. Let H, K be a pair of unbiased complex Hadamard matrices of order 2n, where
n=a? aodd (and so 2n = a2 + a?) for which the entries of HK* are in G(a,a). Then H’,K’
constructed above forma pair of unbiased Hadamard matrices of order 4n = 4a?.

Proof. Note that in this case the matricEsandF in the proof of Theorerh 14 are botha-
matrices. O

Corollary 17. Thereisa pair of unbiased Hadamard matrices of order 36.

Proof. We apply Theorerm 16 to the pair of unbiased complex Hadamatdars of order 18
of Table[2. The resulting pair of matrices is given in Tablesd 5. The fact that all entries of
HK* are inG(a, a) is automatic in this case, as 18 is sum of two squares in ordyay. [

Corollary 18. Thereisa pair of weakly unbiased Hadamard matrices of order 20.

Proof. We apply Theorerm 14 to the pair of unbiased complex Hadamatdgas of order 10
of Table[1l. The resulting pair of matrices is given in TdBl&B.entries of HK* are inG(a, b),
where{a,b} = {1,3}. O

Consider the even integen2h = a2 for some odd integea, and assume thah2= a® +a? is
the only way that 8 can be written as sum of two squares. HeK be two unbiased complex
Hadamard matricebl,K of order 2. It is easy to see thaiK* = (a+ia)L, whereL is a
complex Hadamard matrix of orden2A pair of unbiased complex Hadamard matriees
of order 4, 2n = a? + b?, is calledspecial if HK* = (a+ ib)L for some complex Hadamard
matrix L. The unbiased complex Hadamard matrices of orders 2 andd\& atve special. We
did an exhaustive computer search and found none of order 10.



Table 4: A pair of unbiased Hadamard matrices of order 3@: rfiegtrix

111lll1111111111111111111111111111}1

1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1—
11—-—1-117--11-1-1--1-11-1-1—-11—-1-1
1—111113--11-——— 1111———— 11—-1111
11-1——-—-1-11--11-1-1--1-11-1-1—-11-—-1

11717—-11--1-1--—1—-1-11--11-1-1——1-11-1—
1-——11—-1111-1711124--11"-—"——— 1111———
1171-17—-11--1-1--—-1-11--11-1-1—1-11-
1—— 11——-1111-11111-"-11-—-"""—"—- 1111——

1171--1-11-1-1--11-"-1-1-"-—-1-11——-11-1—
1—1111-————— 117—11121-11111-11————
1171-17—-1-11-1-7—11--1-1-—-—11-11—-11-
1——— 1111———— 11——-1111-11111——11—

11-1-11—-11-1-1--1-11-1-1-—-11—-1-1——
1-1111—-11—"-"——- 1111———— 11—-1111-1




Table 5: A pair of unbiased Hadamard matrices of order 36 rsmatrix

1717-1—-11--11-1--—1--11111111%+11—+-—
1— 11—11——— 1—111-1-1-1-11——-1
117—-11--11--11-11---111-1-111-1—-11
1--—11--11--11--1--1111-11111-11-11-

111-—-1-11-1-1111-1—-1-1-1-——-111111
1-——1111———-1-1-11-1——————— 1111-1———
111-—-11-1-——-1--111111113+11———1-1-—-1
1———11————— 1--111-1-1-1-11-———1-————11
111-1-11-1-1-1-1111-1—-111-111-1——
1————— 1-1111111132————— 1111-111-11-1
11-1-1————— 1-1—11-———-111-11————11——

1-1111-1-11111-11—1-2-11-"-—"-1--1-11—-1
117-11-11-—--1---111--11-11-11-1——1111-
1-17—-—-1--1--—111--11-1-11—-111—
11-11———1111--1--1-1111--1-1-11-11-1
1-17—-—11-1--1--11111——1-1111113-1-11

111-1-1111—————— j R P P —— 1111
y R 1-1-——1-1-1-——-111-1——1-1-11-1—
11-1111——11-1————— 1-1-——11-11-1111-11
1-111——11————— 1-1————11-—-1-111———1—
11-1111-1——-111-111-1—-1-1-11-1-1-1
1-111—————— 1111-111-11-1———-1-111111
11-1———1————1111————— 1-——111——1-——11

1-11-111-1-11-1--1-111-1111—-1—1—--11—-
1111-17-111-1--111--11--11--11-11——-1
1-1-1111234-11-11--—1-11--11-—-11-—-1—-111
11—-11-1-111-1-1-111-1-111—"-1-1-1-1—-
1—--111-1111%34-11171111%¢+121112121204--1-—-————

111111+1-1111—————— 111
1-1-1————— 1-1-——1-1-1-——111-1-——-1-1-1
11-————— 1-1--11———-111-11———11-———1-1

1--1-111124-11-"-1-11-"-—-1-1--1-11—-—11111
117171--1--—1-111--11-11-11-1——-1111—-11-

1-1--1—11-——11--1-11———-111———11——
11—————— 11111-1-1111—————— 1-————1-——1-—
1-—1-1-11-1———— 1-1-—-1-1-1-—-111-1——




Table 6: A pairH, K of weakly unbiased Hadamard matrices of order 20

1111111111111111111 111——1-1-111———— 111
1-1-1-1-1-1-1-1-1-1- 1—-111111%+-1-1111-
11—1-11—-11-1-1—-1 1171-111-1——1——1-11——
1—111123--11————- 11 1—1————- 11-1——1—-1
11-1——11-1——1-11-1—- 11-1—1——— 1——11-
1-11-111——--1111———— 1-11-1——1-111-111——
117-1-1——11-1-1——11- 11-11111-11111%+———-—
1-1111-111———— 11— 1-111-1-111-1—-1-1
1171-1—1-—"-1-11—-11- 11-1——1111-1——11—-1
1———— 11-11111——11—— 1-11-11-1-11-111—-11
11-11-1—1—11-1—-1 111——11—-—1-111111-1
1-11—-11-111—--11 1——11-—1--1-1-1-11
111—11—-1-1—-11-1—- 11—1—1-1-1——1——-
1—11—-1111-111——— 1—111-1-———— 11-1-1
1171-—-11-1-1—1——-1-1 117112-+——-11—--111-1—
1—11-—— 11-11111 1-1——111——"-11——-
1171-1——1-11-1——1——-1 11—1-——-11-11111-111
1———— 1111—-11-111 1—1-——11-111-1-111-
11-11-1-1—11——1-1— 111111-11—-11—-1-11
1-11————— 11——-1111-1 1-1-1-11——11——1—-1—-

4 Unbiased bases

LetH,K be a pair of special unbiased complex Hadamard matriceslef @? corresponding
to the decompositionr® = n? +n?. Then the normalized rows &f andK, or equivalently the

rows of\/;?H and\/%K, form two orthonormal bases f@2" in such a way that for every pair
of vectorsu, v from different bases{u,v) € D = {5(1+1), =5 (1+1i),2(1—i),—5(1— i>2}
(note that= = 2—1n(1-|— i)). Here(,) denotes the standard Hermitian inner productf".

Adding {17+2i b: b € Bs}, whereBs denotes the standard basis‘O?Pz, to these bases we get 3

orthonormal bases f@@2" in such a way that for every pair of vectarss from different bases,
(u,v) € D. Two orthonormal base®; and B, in C2" are calledunbiased complex bases if
(u,vy € Dfor allue B; andv € B,.

We will use|MUCB (n)| to denote the number of elements in a set of mutually unbiased
complex bases fot".

Lemma 19. [MUCB (2n?)| < 3 for any odd integer n. Equality is attained for n= 1,3,
Proof. Let B1, By, B3 be three mutually unbiased complex basesd®F. Let Hi be the matrix
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formed by putting the vectors & as the rows oH;, i = 1,2, 3. Then12—+”iH2Hik andlz—jr‘ngHf
form a pair of unbiased complex Hadamard matrices of ordér Phus, it follows from Theo-
rem[3 thatMUCB (2n?)| — 1 < 2. The equality occurs fan = 1,3 as there are pair of special

unbiased complex Hadamard matrices of order 2 and 18. O

Two orthonormal base®; andB, for R" are callednutually unbiased real bases if
u,v) € {-+,—Lforallue B; andv € B,, where(,) is the standard Euclidean inner product
vn' o /n

in R", see([1] for details. We will useMlURB (n)| to denote the number of elements in a set of
mutually unbiased real baseslif.

Lemma 20. [MURB (4n?)| < 3 for any odd integer n. Equality is attained for n = 1,3,

Proof. Let B, B, B3 be three mutually unbiased real bases’dF°. Let H; be the matrix
formed by putting the vectors @b as the rows oH;, i = 1,2,3. Then 21H2Hi and 21H3Hi
form a pair of unbiased Hadamard matrices of orde: & he result now follows from Lemma
[13 and Corollary 17. See also Observation 2.1 bf [1]. O
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