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CYCLIC CODES FROM THE SECOND CLASS TWO-PRIME WHITEMAN’S
GENERALIZED CYCLOTOMIC SEQUENCE WITH ORDER 6

PRAMOD KUMAR KEWAT AND PRITI KUMARI

ABSTRACT. Let n1 = ef + 1 and na = ef’ + 1 be two distinct odd primes with positive integers
e, f, f'. In this paper, the two-prime Whiteman’s generalized cyclotomic sequence of order e = 6 is
employed to construct several classes of cyclic codes over GF(q) with length nin2. The lower bounds
on the minimum distance of these cyclic codes are obtained.

1. INTRODUCTION

Let ¢ be a power of a prime p. An [n, k, d] linear code C over a finite field GF(q) is a k—dimensional
subspace of the vector space GF(¢)"™ with the minimum distance d. A linear code C' is a cyclic code
if the cyclic shift of a codeword in C is again a codeword in C, i.e., if (¢o, - - ,cn—1) € C then
(en—1,c0- -+ ,cn—2) € C. Let ged(n,q) = 1. We consider the univarivate polynomial ring GF(q)[z]
and the ideal T = (2 — 1) of GF(q)[z]. We denote by R the ring GF(q)[x]/I. We can consider a cyclic

code of length n over GF(q) as an ideal in R via the following correspondence

GF(q¢)" — R, (co €1, yCn1) > Co+ 1@+ -+ cpqz™ L

Then, a linear code C' over GF(q) is a cyclic code if and only if C' is an ideal of R. Since R is a principal
ideal ring, if C' is not trivial, there exists a unique monic polynomial g(x) dividing 2™ — 1 in GF(q)|x]
and C = (g(z)). The polynomials g(x) and h(z) = (2™ — 1)/g(z) are called the generator polynomial
and the parity-check polynomial of C' respectively. If the dimension of the code C' is k, the generator
polynomial has degree n — k. An [n, k, d] cyclic code C is capable of encoding g—ary messages of length
k and requires n — k redundancy symbols.

The total number of cyclic codes over GF(g) and their construction are closely related to the cy-
clotomic cosets modulo n. One way to construct cyclic codes over GF(g) with length n is to use the

generator polynomial

" —1

ged(z —1,8(x))’

(1)
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n—1
where S(z) = Y s;z° € GF(qg)[z] and s> = (s;);-, is a sequence of period n over GF(q). The cyclic
i=0

code Cy generated by the polynomial in Eq. (D) is called the cyclic code defined by the sequence s*°,
and the sequence s> is called the defining sequence of the cyclic code Cs.

Cyclic codes have been studied in a series of papers and a lot of progress have been accomplished
(see, for example [I], [6], [7], [I1] and [I3]). The Whiteman generalized cyclotomy was introduced by
Whiteman and its properties were studied in [14]. The two-prime Whiteman’s generalized cyclotomic
sequence(WGCS) was introduced by Ding [4] and its coding properties were studied in [5] and [I2]. Ding
[B] and Sun et al.[I2] constructed number of classes of cyclic codes over GF(q) with length n = nins
from the two-prime Whiteman’s generalized cyclotomic sequences of order 2 and 4 respectively and gave
the lower bounds on the minimum weight of these cyclic codes under certain conditions. Li et al. [9]
gave a lower bound on linear complexity of WGCS of order six, which indicates the linear complexity
is large. The autocorrelation values of WGCS were determined in [I5]. Inspired by the construction
of above two papers ( [B] and [I2]), in this paper, we employ the two-prime Whiteman’s generalized
cyclotomic sequences with order 6 to construct several classes of cyclic codes over GF(g)[x]. We also

obtain lower bounds on the minimum weight of these cyclic codes.

2. PRELIMINARIES

2.1. Linear complexity and minimal polynomial. If (s;);° is a sequence over a finite field GF(q)

and f(x) is a polynomial with coefficients in GF(q) given by

f(x) = CO+61I—|— N +CL,1,IL717

then we define
f(E)Sj =cpSj +C18j-1+ -+ CL-18j—L+1,

where E is a left shift operator defined by Es; = s;_1 for ¢ > 1. Let s™ be a sequence sgs1 - -+ Sp_1 of
length n over a finite field GF(g). For a finite sequence, the n is finite; for a semi-infinite sequence, the
n is co. A polynomial f(z) € GF(q)[z] of degree < I with ¢o # 0 is called a characteristic polynomial
of the sequence s™ if f(E)s; = 0 for all j with j > [. For every characteristic polynomial there is a least
[ > deg(f) such that the above equation hold. The smallest [ is called the associate recurrence length
of f(x) with respect to the sequence s™. The characteristic polynomial with smallest length is known
as minimal polynomial of the sequence s” and the associated recurrence length is called the linear span
or linear complexity of the sequence s”.

If a semi-infinite sequence s*° is periodic, then its minimal polynomial is unique if ¢y = 1. The linear

complexity of a periodic sequence is equal to the degree of its minimal polynomial. For the periodic
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sequences, there are few ways to determine their linear spans and minimal polynomials. One of them

is given in the following lemma.
Lemma 1. [I0] Let s> be a sequence of a period n over GF(q). Define
S™(x) = so + 8127 + -+ sp—12" ' € GF(g)[x].

Then the minimal polynomial ms of s°° is given by

" —1
ged(z — 1,8™(x))”

Consequently, the linear span Lg of s> is given by

Ly =n —deg(ged(a™ — 1,5™(x))). (3)

2.2. The Whiteman’s generalized cyclotomic sequences and its construction. An integer a
is called a primitive root of modulo n if the multiplicative order of @ modulo n, denoted by ord, (a), is
equal to ¢(n), where ¢(n) is the Euler phi function and ged(a,n) = 1.

Let nq and ng be two distinct odd primes, define n = niny, d = ged(ng — 1,ne — 1) and e = (ng —
1)(ng —1)/d. From the Chinese Remainder theorem , there are common primitive roots of both n; and

ns. Let g be a fixed common primitive root of both n; and no. Let u be an integer satisfying
u=g (mod ny), u=1 (mod ny). (4)
Whiteman [14] proved that
7r={g*u" :5=0,1,---,e—1;i=0,1,2,--- ,d —1}.

where Z} denotes the set of all invertible elements of the residue class ring Z,, and e is the order of g

modulo n. The Whiteman’s generalized cyclotomic classes W; of order d are defined by
Wi = {g°u’ (mod n):s=0,1,---,e—1},i=0,1,--- ,d—1.
The classes W;, 1 <7 < d — 1 give a partition of Z}, i.e., Z} = Uf;olWi, W, NW; =0 for i # j.

Let
P ={n1,2n1,3n1, -, (n2 — 1)nmi}, Q = {n9,2n2,3n9, -, (n1 — 1)na},

g-1 d—1
COZ{O}UQUUWZ', 01=PUUWZ',
=0 i:%
41 41

Co ={0yUQUu | J Wai and C; =PU (] Waits.
=0 i=0
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It is easy to see that if d > 2, then Cy # Cj and Cy # Cf . Now, we introduce two kinds of Whiteman’s

generalized cyclotomic sequences of order d (see [2]).

Definition. The two-prime Whiteman’s generalized cyclotomic sequence (s*)*° = (sf)?z_ol of order d

and period n, which is called two-prime WGCS-1, is defined by

*{miMEQ,

s =
1, if i e CY.
The two-prime Whiteman’s generalized cyclotomic sequence s = (si)?;ol of order d and period n,
which is called two-prime WGCS-II, is defined by
0, if i € Cy,
S; = n 0 (5)
1, if i € Cy.

The cyclotomic numbers corresponding to these cyclotomic classes are defined as
(i,j)d = |(W1 + 1) N Wj|,where 0<i,5<d-1.
Additionally, for any t € Z,,, we define

d(i, j; t) = |(Wi +t) N Wjl,

where W; +t = {w + tjlw € W;}.

3. A CLASS OF CYCLIC CODES OVER GF(¢) DEFINED BY THE TWO-PRIME WGCS

3.1. Properties of the Whiteman’s cyclotomy of order d. In this subsection, we summarize
number of properties of the Whiteman’s generalized cyclotomy of order d = ged(ny — 1,9 — 1). The

following Lemma follows from the Theorem 4.4.6 of [3].

Lemma 2. Let the notations be same as before and t # 0. We have

%, 1#£7j, te PUQ,
(m=1)(np=1-d) i=j,teP t¢Q,
A 358 = 9 (1@ na—1) P
—_——, ’L—]7t€Q7t¢P7
(&', 5")a for some i, j’, otherwise.

Lemma 3. Let the symbols be defined as before. The following four statements are equivalent:
(1) —-1e W%.

(2) (nlfll)ign271)

is even.
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(3) One of the following sets of equations are satisfied:
ny = 1 (mod 2d) n1 =d+ 1 (mod 2d)
noe =d+ 1 (mod 2d), ng = 1 (mod 2d).

(4) ning = d+ 1 (mod 2d).

Proof. (1) < (2) The result follows from (2.3) in [I4].

(2) = (3) Let ny — 1 =df, ng — 1 =df’ and e = df f’, where f and f’ are integer. Since (f, f') =1, f
and f’ can not both be even. Here ff' = % is even. So, f or f’is even. Let f is even and f’
is odd. If f is even, then n; — 1 = d(2k;), where k; is an integer. Therefore, ny = 1 (mod 2d). If f is
odd, then ny — 1 = d(2ke 4+ 1), where ko is an integer. Therefore, no = d+ 1 (mod 2d). Similarly, when
fis odd and f’ is even. We get n; = d+ 1 (mod 2d) and ny = 1 (mod 2d).

(3) = (2) and (3) = (4) are obvious.

(4) = (3) Since, ged(ng — 1I,na — 1) = d, let ny — 1 = fd and no — 1 = f'd. We have ning =
d+ 1 (mod 2d), this gives fd + f'd = d (mod 2d). Thus, we have f + f' = 2k + 1 for an integer k. So,
ny = 2kd + (1 — f')d + 1, this gives ny = (1 — f')d + 1 (mod 2d). If f’ is odd, then ny =1 (mod 2d)
and ng =d+ 1 (mod 2d). If f’ is even, then ny =d + 1 (mod 2d) and ne = 1 (mod 2d). O

Lemma 4. Let the symbols be defined as before. The following four statements are equivalent:
( ) -1 e Wy.
(2) (m=1)ny=1) 1)("2 D is odd.

(3) The following set of equation is satisfied:

ny =d+1 (mod 2d)
ng =d+ 1 (mod 2d),

(4) nin2 =1 (mod 2d).

Proof. Similar to the proof of the above lemma. O

3.2. Properties of Whiteman’s cyclotomy of order 6. We recall the following lemmas (Lemma 1

and Lemma 2) from [g].

Lemma 5. Let ged(ng — 1,ng — 1) = 6, d.e., ng = 1 mod 6, no = 1 mod 6. Let a,b,z,y,c and d
are integers. There are 10 possible different cyclotomic numbers of order 6 and they are given by the

following relations:
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If % is odd, we have

(0,0)6 = =5 (12M + 32 4 6a — 24z + 2¢),

(0,1)6 = (1,0)6 = (5,5)6 = = (12M + 8+ a + 3b+ 8z + 24y — c + 9d),

(0,2)6 = (2,0)6 = (4,4)s = % (12M + 8 — 3a + 9b — ¢ — 9d),

(0,3)6 = (3,0)6 = (3,3)s = 75(12M + 8 — 2a + 8z + 2¢),

(0,4)6 = (4,0)6 = (2,2)s = %(12M + 8 — 3a — ¢ — 9b + 9d),

(0,5)6 = (5,0)6 = (1,1)s = % (12M + 8 4+ a — 3b+ 8z — 24y — ¢ — 9d),

(1,2)6 = (2,1)6 = (4,5)s = (5,4)6 = (5,1)6 = (1,5)6 = = (12M — 4 — 2a — 4z + 2¢),

(1,3)s = (2,5)6 = (3,1)6 = (3,4)6 = (4,3)s = (5,2)6 = % (12M — 4+ a + 3b — 4z — 12y — ¢ + 9d),
(1,4)6 = (2,3)6 = (3,2)6 = (3,5)6 = (4,1)6 = (5,3)6 = 5 (12M — 4+ a — 3b — 4z + 12y — ¢ — 9d) and
(2,4)6 = (4,2)6 = 5 (12M — 4+ 6a + 12z + 2c).

If % 18 even, we have

(0,0)6 = (3,0)6 = (3,3)s = =5 (12M + 20 — 8z — 2a + 2¢),

(0,1)6 = (2,5)6 = (4,3)6 = % (12M — 4 — 3a — 9b — ¢ + 9d),

(0,2)6 = (1,4)6 = (5,3)6 = 4 (12M — 4 — 8z + a — ¢+ 24y — 3b — 9d),

(0,3)6 = & (12M — 4 + 24z + 6a + 2c),

(0,4) = (1,3)6 = (5, 2)6=L(12M—4—8x+a—c—24y+3b+9d),

(0,5)6 = (2,3)6 = (4,1)6 = & (12M — 4 — 3a — ¢+ 9b — 9d),

(1,0)6 = (2,2)6 = (3,1) = (34)6_(4,0)6_(55)6_ L (12M 4+ 8+ 4z + a — ¢+ 12y + 3b + 9d),
(1,1)6 = (2,0)6 = (3,2)s = (3,5)s = (4,4)6 = (5,0)6 = = (12M + 8+ 4z + a — c — 12y — 3b — 9d),
(1,2)6 = (1,5)6 = (2,4)s = (4,2)s = (5,1)6 = (5,4)6 = = (12M — 4 + 42 — 2a + 2¢) and

(2,1)6 = (4,5)6 = =5 (12M — 4 + 6a — 12z + 2¢).

Where ning = 22 + 3y%, M = %((nl —2)(ng — 2) — 1) and 4nine = a? + 3b? = % + 27d>.

From [[3], Theorem 1.15 and page 118], we get following relation between the parameters a, b, z, y, ¢
and d.

Lemma 6. Let k and | be integer such that k = g mod(ny) and Il = g mod(nsy). Suppose kP =2 € F,,,
and ¢ = 2 € [Fy,, for some integers p and . Let the parameters a,b,x,y,c,d be same as in the above
lemma. Then, we have the following results.
Case-I If {(n1 — 1)(n2 — 1)}/36 is even, we have

1) If p— 0 =0 (mod 3), then a = 2x = —¢, b= —2y = —3d.

2) If p—o=1 (mod 3), thena=—x—3y, b=—-x+y, c=2—3y, 3d=—x —y.

3) If p—0o=2 (mod 3), thena=—x+3y, b=x+y, c=x+3y, 3d=z—1y.
Case-II {(n1 — 1)(n2 — 1)}/36 is odd, we have
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1) If p— 0 =0 (mod 3), then a = =2z = ¢, b= 2y = 3d.
2) Ifp—o=1 (mod 3), thena=x+3y, b=z —y, c=x—3y, 3d=—x —y.
3) Ifp—0=2(mod 3), thena=2—3y, b=—x—y, c=x+3y, 3d=x—y.

Furthermore, we get the following form for the cyclotomic numbers of order 6 after substituting the

value of a, b, c and d from Lemma [f] to Lemma

TABLE 1. The cyclotomic number of order 6 for even {(n; — 1)(ny — 1)}/36

p—0=0(mod3) | p—p=1(mod 3) p—o0=2 (mod 3)
36(0,0) | 6M + 10 - 8x 6M + 10 - 2x 6M + 10 - 2x
36(0,1)g | 6M - 2- 2x + 12y | 6M - 2 + 4x 6M -2 - 2x - 12y
36(0,2)g | 6M - 2-2x + 12y | 6M-2-2x + 12y | 6M- 2 - 8x + 12y
36(0,3)6 | 6M - 2 + 16x 6M -2+ 10x- 12y | 6M - 2 4+ 10x + 12y
36(0,4) | 6M - 2-2x-12y | 6M-2-8x- 12y | 6M-2- 2x- 12y
36(0,5)6 | 6M - 2 - 2x - 12y 6M -2-2x + 12y | 6M -2 + 4x
36(1,0)6 | 6M +4 + 4x + 6y | 6M + 4 -2x + 6y | 6M + 4 + 4x + 6y
36(1,1)6 | 6M + 4 + 4x - Gy 6M + 4 4+ 4x - 6y | 6M + 4 - 2x - 6y
36(1,2)¢ | 6M -2 - 2x 6M - 2 + 4x 6M - 2 + 4x
36(2,1)6 | 6M - 2 - 2x 6M - 2 - 8x - 12y 6M - 2 - 8x + 12y

TABLE 2. The cyclotomic number of order 6 for odd {(ny — 1)(n2 —1)}/36

p—0=0 (mod 3) p—o=1 (mod 3) p—o0=2 (mod 3)
36(0,0)s | 6M + 16 - 20x 6M + 16 - 8x + 6y | 6M + 16 - 8x - 6y
36(0,1)¢ | 6M + 4 + 4x + 18y 6M + 4 + 4x + 12y | 6M + 4 + 4x + 6y
36(0,2) | 6M + 4 + 4x + 6y | 6M + 4 + 4x- 6y | 6M + 4- 8x
36(0,3)s | 6M + 4 + 4x 6M + 4 + 4x- 6y | 6M + 4 + 4x + 6y
36(0,4)¢ | 6M + 4 + 4x - 6y 6M + 4 - 8x 6M + 4 + 4x + 6y
36(0,5)6 | 6M + 4 + dx- 18y | 6M + 4 + dx- 6y | 6M + 4 + dx - 12y
36(1,2)g | 6M -2 - 2x 6M - 2 - 2x - 6y 6M - 2 - 2x + 6y
36(1,3)s | 6M - 2 - 2x 6M - 2 - 2x - 6y 6M -2 - 2x - 12y
36(1,4)6 | 6M- 2 - 2x 6M-2-2x+ 12y | 6M-2-2x + 6y
36(2,4)5 | 6M - 2 - 2x 6M-2 + 10x + 6y | 6M-2 + 10x - 6y

These 36 cyclotomic numbers (i, j) are solely functions of the unique representation of p = 22 +

3y% o =1 (mod 3) and the sign of y is ambiguously determined.
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Lemma 7. [I4] Define n = %. Let symbols be same as before. Then

le Wo, if nis odd,
Ws, if nis even.

3.3. A class of cyclic codes over GF(q) defined by two-prime WGCS-II. We have ged(n,q) = 1.
Let m be the order of ¢ modulo n. Then the field GF(¢™) has a primitive nth root of unity 5. We
define

S(x)=Y a' = <Z+ D>+ Z)ﬂ € GF(q)[], (6)

ieCq weP  eWs €Wy 1ieWs

T(z) = <Z+ D>+ ) 2 € GF(g)[] and (7)

ieP €Wy €Wz €W

U(z) = <Z+ S+ 4 Z)x € GF(q)[x]. (8)

i€eP 1€Ws i€Ws €Wy
Our main aim in this section is to find the generator polynomial

" —1

9(x) = ged(z —1,8(x))

of the cyclic code Cy defined by the sequence s>°. To compute the parameters of the cyclic code Cy
defined by the sequence s°°, we need to compute ged(z™ — 1,.5(x)). Since S is a primitive nth root of
unity, we need only to find such ¢’s that S(3?) = 0, where 0 <t <n — 1. To this end, we need number

of auxiliary results. We have
0= ﬂn 1= (ﬁnl)ng 1= (ﬂnl _ 1)(1 +ﬂnl +ﬂ2n1 +,,,+ﬁ(n2*1)n1)'

It follows that

B4 B2 g B IM = 1 e S B = 1, 9)
i€P
By symmetry we get
B4 B o B = e Y g = 1, (10)
i€Q

Lemma 8. Let the symbols be same as before. For 0 < j <5, we have

Z Bit:

icW;

—m=l (mod p), if t € P,
—22=1 (mod p), if t € Q.
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Proof. Suppose that t € Q). Since g is a common primitive roots of n; and ne and the order of g modulo
n is e, by the definition of u, we have
W; mod ny = {g*u/ mod ny : s=0,1,2,-- e —1}
={¢* modn;: s=0,1,2,---,e—1}

-1
n26 *{1,2,"',”1—1},

where "QT_l denotes the multiplicity of each element in the set {1,2,--- ,n; —1}. We can write g°z7 in
the form
L+ kuing, 1+ kiang, -, 1+ iy —1)/6M1,

2+ koina, 2 + kaana, -+, 2+ ka(n,—1) /671,

ny — 1+ kg —nini,n1 — 1+ kg, —1)2n1, - sn1 — L+ Ky —1)(na—1) /671 (11)

where kj; is an positive integer, 1 <1 <n; —1land 1 <i < (ny—1)/6.
When s ranges over {0,1,--- ,e—1}, we divides the set T} into (ny —1)/6 subsets each of which contains

n2—1
6

n1 — 1 consecutive integers, i.e., g*T/ mod n; takes on each element of {1,2,--- ,n; — 1} exactly

times. From (), it follows that if ¢ € Q, we have g(m*kin)t — gmt where 1 < m < ny — 1. It follows
from (I0) that

St = (") Y =" (mod ).

iceW; JEQ

For t € P, we can get the result by similar argument. O
Lemma 9. For any r € W;, we have tW; = Wiy (mod a), where rWj = {rt | t € W;}.

Proof. We have W; = {g°u’ : s = 0,1,2,---,e — 1},i = 0,1,---,d — 1 and let r = gtu’ € W,.
Then rWj = g* ul{w? + gu’ +g'ul + -+ g°"'u/} = {g"u™ + g= Tl 4. 4 g ¥l Since
u € 7%, there must exist an integer v with 0 < v < e — 1 such that u? = g%, therefore, we must have

TWj = WiJrj (mod d)- ]
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Lemma 10. For all t € Z,,, we have

—mtl (mod p), if t € P,

3

"2{1 (mod p), if t € Q,

S(8), if t € Wy,
S(ﬂt) _ —(T(B) + 1), 1f t e Wy,
—(U(ﬁ)-ﬁ-l), if t € Wa,
—(S(8)+1), if t € W,
T(8), it e Wy,
U(ﬁ), if t e Wi,

mtl (mod p), if t € P,

2221 (mod p), if t € Q,
T(8), if t e Wy,
T(Bt) _ U(ﬂ), .if te Wy,
S(5), if t € W,
—(T(B)+1), if t € Ws,
—(U(B) +1), if t € Wy,
—(S(8)+1), if t € Ws,

and

—2tl (mod p), if t € P,

22-1 (mod p), if t € Q,
U(ﬂ), if t € Wy,
U8t = S(B), i.ft€W1,
_(T(ﬁ)‘f'l), lftEWQ,
—(S(B)+1), ifteWy,
T(8), if ¢ € Ws.

Proof. Since ged(ny,ne) =1, if t € P then tP = P . Then by (@) and Lemma B we get

S(ﬂt)—Zﬂ”—<Z+Z+Z+2>ﬂn—

icCy iceP ieWs €Wy i€Ws

-1 -1 -1
= (=1 mod p) — (n16 mod p) - (n16 mod p) — (n16 mod p)

1
= _n12+ mod p.
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If t € Q, then tP = 0. Then by ([@) and Lemma [§ we get

S(Bt)ZZBti=<Z+Z+Z+Z>Bn‘

icCq iceP ieWs €Wy i€Ws

-1 -1 -1
= (ng — 1 mod p) — (n26 mod p) — (n26 mod p) — (TQT mod p)

7712—1

mod p.

By Lemma @] tW; = W, if t € Wy. If t € Wy, then tP = P since ged(¢, n2) = 1. Hence

S(8)=>_ 8" =

i€Ch

PIEDIEDY +.Z>ﬁti

1€P 1€W3 1€EWy 1€EWs

(
<;+Z+Z+Z>ﬁi
S

i€Ws €Wy iceWs

(8)-

By Lemma [ if ¢ € Wy then tW; = W 1)(mod 6) for 0 < i < 5. And since ged(a,n2) = 1, if t € W)

n—1 n-1
then tP = P. We have 8" — 1= (8—1)(>_ ) =0and 5 —1 # 0, this gives Y, f* = 0. Therefore,
i=0 i=0

nilﬁizl—l—Zﬂi—l— S B+ > BP=0. From (@) and (IQ), we get
i=0

icP i€Q .5
1€ U W;
i=0

> =1 (12)
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Hence

-y = =Y )+

ieP €Wy i€eWa €W

D D e >6i+226i+1

1€ eWq 1eWs 1€Ws i€EP

Similarly, we can get the result when t € W;, 2 <17 <5.

In a similar fashion, we can get the result for T(8%) and U(B'). This completes the proof of this

lemma. O
Note that

(n1 + 1)(7’1,2 - 1)

S(1) = >

(mod p). (13)

Corollary 1. Let the symbols be defined as before. We have the following conclusions.
(I) If ¢ ¢ Wy, we have S(B) #0,—1, T(B) #0,—1 and U(B) # 0, —1.
(I1) If g € Wo, we have $9(8) = S(8), T9(8) = T(8) and U(8) = U(8) and S(8), T(8), U(8) € GF(q).

5
Proof. (I) Note that ged(n,q) = 1, i.e., ¢ € Z* then ¢ € |J W;. If ¢ ¢ Wy, without loss of generality,
i=1

1=

assume that ¢ € Wi. By Lemma [I0] we have
ST(B) = 5T (8) = (~T(8) = )T = (=T(8) = 1) = (=U(8) = 1) = (~U(8") — 1) = =S(8) ~ 1,
ie.,
ST (B)+ S(B)+1=0. (14)
It is easy to see that 0 and —1 is not the solution of Eq. ([I4]). Similarly, we have

T7(8) + T(B) +1=0,
and

U (8) + U(B) +1=0,
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e, T(B)#£0,—1and U(B) #0,—1. If ¢ € W;,2 < i < 5 the results can be proved by similar argument.

II) If ¢ € Wy, the conclusion is obvious. O
( q :

Lemma 11. Let the symbols be the same as before. We have the following conclusions.

(I) If n is odd, then we have three cases:
Case (A) If p— p =0 (mod 3),

S<6><S<m+1>=”;1—%(— D IR It )ﬁ
i€ i€Ws

ieWo i€Ws i€Ws

T(ﬁ)(T(ﬂ)Jrl)—n;l—%y(Z -3+ Y —Z)ﬂiand

1€Wo €Wy 1€Ws €Wy

U<ﬁ><U<ﬁ>+1>=”;1—%(Z—Z+Z—Z>ﬁi.

€W 1€Wo €Wy 1€EWs

s<ﬁ><s<ﬁ>+1>=”;1+””‘;y(z Yy z)m

€Wy 1€Ws €Wy 1€EWs

T<B><T<B>+1>=”;1+x§y(—2+Z—Z+z>ﬁiand

€Wy i€Wa i€Ws  i€Ws

U(ﬁ)(U(ﬂHn—”;lﬂ;y(z Yy z)w

1€Wo €Wy 1€Ws €Wy

Case (C) If p— o = 2 (mod 3),

S(ﬂ)(S(B)H)—n;l—I;y<‘Z—‘Z+Z —Z)ﬁi,

e Sl OOED YLD DED 9} F

U(B)(U(ﬁ)ﬂ):n;l—x;y(—z P IRDIES )ﬁ
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(IT) If n is even, then we have three cases:

Case (A) If p— 0 =0 (mod 3),

S<B><S<ﬁ>+1>=—”jl+%(—2+z—Z+Z>ﬁi,

€Wy i€Ws 1€Ws 1€ Ws

T(ﬂ)(T(ﬂ)+1)——n11+%y<Z - Z+Z—Z>ﬂi and

icWo €W i€eWs €Wy

U(ﬂ)(U(ﬁ)H)-—”jlﬂ—j(Z_z+z—z>ﬁi.

€Wy 1€Ws €Wy 1€Ws

Case (B) If p— o= 1 (mod 3),

S<5><s<ﬁ>+1>=—”jl—w§y<z + Y- )B

€Wy 1€Wo €Wy 1€Ws

T(B)(T(B)H):—nil—x;y(— > - +Z>ﬂiwd
i€eWo 1€Wo i€eWs S

SES(B) +1) = "1 ““’;y< SR )ﬁa
1€Wp €Wy 1€Ws 1€Wy
T(ﬁ)(T(ﬁ)—l—l):—nIl—i—x;y( S Y -3 | s and
€Wy 1€Wo €Wy 1€Ws
UEUE) +1) = -" x;y(—z+ Y. )ﬁl
i€eWo i€Ws 1€Ws ieW;

Proof. (I) By the definition of S(z) and from (@), we have

5(5)=—1+<Z+Z+Z>ﬁi.

iceWs 1€Wy i€eWs



Cyclic codes from the second class two-prime WGCS with order 6 15

Then, we get

SB)(S(B+1) (Z S+ Z)gz (Z IEDIDIEDS Z)ﬁm

i€eWs €Wy i€eWs €Wz jeWs €Wy jeWs i€WsjeWs

2> D> 2 > 2> Y (15)

i€Ws jeWy €Wz jeWs ieWy jeWs

From Lemma[7] if n is odd then —1 € Wy and that —W; = {—t: ¢t € W;} = W;.

Z Z giti — Z Z gi=i

ieWs jeWs €Wz jeWs

= |Wsl+ > d3.3;7)8 +(3,3)s > B +(2,2)s > B+ (L1 »_ B +(0,06 Y B

re PUQ €Wy €Wy i€Wo i€Ws

+(5,5)6 > B+ (4,4) Y B, (16)

€Wy i€Ws

Z Z giti — Z Z gi=i

€Wy jeWy €Wy jEW,

=Wal+ D A4 4B+ (446 Y B+ (3.3)s Y. B+ (2,26 D B+ (L1 » B

re PUQ €Wy €Wy 1€Wo 1€EWs

+(0,0)6 > B +(5,5) »_ B, (17)

ieWy i€eWs

ISP LD DI

€Wy jeWs i€Ws jEWS

= |Ws|+ > d(5,57)8 +(5,5) Y B+ (44)s > B +(3.3)s Y B +(2.2)6 D B

re PUQ €Wy €Wy 1€Ws 1€Ws

+ (1,16 > B +(0,006 Y B, (18)

ieWy i€Ws

DIDWEED DI

i€eWs jeWy i€eWs jeWy

=2 [ > d4.3:m)B +(43)s > B+ (3.2 > B+ (21) > B+ (1,0) Y B

re PUQ ieWo €Wy 1€Ws i€Ws

+(0,5) Y B +(5,4)6 Y BZ) ; (19)

ieWy ieWs
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>y o

i€EW3 jeWs

(5.3)s > B+ (4,2

€Wy

(074)6 Z BZ> )

1€EWs

SIDWEE

i€EW3 jEWs

> d(5,3;m)8" +

re PUQ

+(1,5) Y B+

€Wy

=2
€Wy

22 2 8= ) 87

€Wy jEWs €Wy jeEWs
=2( > d5, 48+ (5,4) Y B+ (4,3)s > B +(
re PUQ 1€Wp €Wy

+(1,006 > B +(0,5) Y B

€Wy icWs

)

626i+

(371)6 Z ﬁl + (270)6 Z Bi

i€Wo i€EW3

(3,25 »_ B +(21)6 Y B

i€eWa i€ Ws

(21)

Substituting (I8- 2T]) into ([IH) and combining Lemma 2] Lemma Bl and ([I2), we get

B i i i 3M 8z —4a 12b+ 24y i
SBNSB)+1)=—(D_ B8+ 3, B+ 3 ﬁ>+( 2 T m T m ).Z ’
i€Ws €Wy i€Ws €W

3M 16z + 8a i 3M 8z —4a 12b+ 24y i

+(T )Zﬁ (2 72 T2 )Zﬁ
ieWq i€eWa

3M 8z —4a  12b+ 24y , 3M 16z + 8a -

- 1 _ ? - 1 - = ?
+<2+ 72 * 72 ),Zﬂ+<2++ 72 )Zﬂ

i€Ws €Wy

3M 8 —4a 24y —12b : (ng —1)(ne — 1) (ng —1)(ng —7)

— +1- — t—12 —
+< 2 * 72 72 ) Z P 36 s 36

i€EWs

(nl - 7)(TL2 - 1) (nl - 1)(”2 - 1)

-3 3
36 + 6
n—1 a4+ 2z
S e I PO I WD D oD T
1€Wp ieWr  ieEWa  i€Ws ieWy i€Ws
b+ 2y i
PIEDIEDIED BN LE
ieWo 1€Ws 1€Ws i€eWs
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By the same argument as above, we can get

waTw»+n—”;1—“j§x<

IEDIEI IS WD IED W

icWo i€eWy €Wy  i€Ws €Wy i€Ws

+%%§Z+Z-z+zywm

iceWo €Wy 1€eWs €Wy

wavww+n—";1—“§§x<

SODNDIEINDSHE

€Wy €Wy ieWs i€Ws €Wy i€eWs

+%%@Z+Z—Z+Z%f

€Wy i€eWs €Wy  ieWs

(IT) From the Lemmal[d if n is even then —1 € W3 and that —W; = {—~t : t € W;} = W(;43) mod 6>
we get

SB)(S(B) +1) = _nT—l B % B a182x (

Z—2Z+Z+Z—2Z+Z>ﬁi

€Wy €Wy i€Wo i€Ws €Wy i€Ws

ﬂ%%z_z+z—zya

icWo i€Wa €Wz ieWs

T(B)(T(8) +1) = _nT—l B % B a182x (

SRS SIS I N E

i€eWo €Wy 1€Ws i€Ws €Wy i€Ws

G ORI oS ) B

1€Wo €Wy 1€Ws 1€Wy

UB)UB) +1) = _"T—l B % B a;gZx <

—2Z+Z+Z—2Z+Z+Z>Bi

iceWy €Wy i€Wos i€eWs €Wy ieWs
b—2y i

eGP EDE D M

€Wy i€eWs €Wy  ieWs

From Lemma [G] Table 1 and Table 2, we get the desired result.
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We need to discuss the factorization of 2™ — 1 over GF(q). Let 8 be the same as before. Define for

each i; 0 <17 <5,

wilw) = [ @89,

JEW;

where W; denote the Whiteman’s cyclotomic classes of order 6. Among the nth roots of unity 3¢, where
0 <i<n—1, the ny elements 3¢,i € P U {0}, are nath roots of unity, the n; elements 3*,i € Q U {0},

are nith roots of unity. Hence,

" —1= H (x — B

i€ PU{0}
and
™M —1= H (z — BY).
i€QU{0}
= @M —1(@"2-1) 2 , ,
Then, we have 2™ —1 = [] (z—f") = “——27—w(x), where w(z) = [] w;(z). It is straightforward
i=0 i=0

to prove that if ¢ € Wy then w;(x) € GF(q) for all 7.

Let Ay = n12+1 (mod p)j Ny = n2{1 (mod p) and A = %2(71271) (mOd p) From Corollarlel, we

have the following theorems. First, we derive the expression of generator polynomial g(x) for the case

q¢Wo.

Theorem 1. Let the symbols be defined as before and assume that ¢ ¢ Wy. Then the generator
polynomial g(x) of the sequence s> (defined in (A)) is expressed as

et —1, if Ay £0, Ay #£0, A#0
S if AL#£0, Ay #£0, A=0
gle) = £k, if Ay =0, Ay #0
-1 if Ay £0, Ay =0

The linear span of the sequence s is equal to deg(g(xz)). In this case, the cyclic code Cs over GF(q)
defined by the two-prime WGCS-II of order 6 (defined in (A)) has generator polynomial g(x) as above

and parameters [n, k,d], where the dimension k =n — deg(g(z)).

Proof. If ¢ ¢ Wy. Then, from Part I of Corollary I, we have S(3), T(5) and U(8) # 0, —1. Therefore,
from Lemmal[IQ S(3?) = 0 only when t is in P or Q or both. So, from ([[3]) and Lemmal[I0 the generator

polynomial of the cyclic code Cy defined by s is expressed as above. O
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The following theorem give the expression of the generator polynomials g;(z), 1 < ¢ < 5 for the case

qEWO.

Theorem 2. Let the symbols be defined as before. Let q € Wy. Then we have the following results.
(I) For A1 #£0, Ay # 0 and A # 0, let g1(x) denote the generator polynomial of cyclic code generated
by the two-prime WGCS-II with order 6 (defined in (Bl)). Then we have

xt -1 if S(B)#0,-1, T(B) #0,-1, U(B) # 0,1,
o) it S(8)=0, T(8)#0,~1, U(B) # 0,1,
) if S(8)=—1, T(8) #0,—1, U(B) #0,—1,
) it T(8)=0, S(8)#0,~1, U(B) # 0,1,
o) it T(8)=—1, S(8) #0,~1, U(B) #0, -1,
) it U(8) =0, S(B) #0,~1, T(8) #0,—1,
) it U(B) =1, S(B) #0,-1, T(8) #0, -1,
ey i S(8)= T(8) =0, U(B) #0,-1,
steie i S(B)=0, T(B) = —1, U(B) # 0,1,
) if S(B)=—1, T(B)=0, U(B)#0,-1,
A=l i S(B)= T(B) =1, U(B) #0,—1,
SETis i S(8)= UB) =0, T(B) #0,-1,
P ETE] if S(8)=0, UB)=-1, T(B) #0,—1,

g1 (z) = T if S(8)=-1, UB)=0, T(B) #0,—1,
Shs i S(8)= UB) =1, T(B) £0,-1,
T if T(8)= U(B)=0, S(B)#0,—1,
o) if T(8)=0, U(B)=—1, S(B) #0,-1,
AT E) if T(8)=-1, U(B)=0, S(B) #0,-1,
e i T(B) = U(B) =—1, S(8) #0,-1,
e i S(8) =T(8) = U(B) =0,
e i S(B) =T(8) =0, UB) = -1,
e i S(B) =0, T(8) = —-1U(B) =0,
s i S(B) =0, T(8) =U(B) = -1,
e i S(B) =1, T(8) =U(8) =0,
Soeme i S(B) =1, T(8) =0, U(B) = -1,
e i S(B) =T(8) =1, U(B) =0,
e I SB)=T(B)=UB) =-1

(IT) For A1 # 0, Ay # 0 and A = 0, let go(x) denote the generator polynomial of cyclic code generated
by the two-prime WGCS-II of order 6 (defined in (Bl)). And let ¢g1(z) be the same as in (I). Then we
(x)

1
r—1"

have ga(x) =
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(ITI) For A1 # 0 and Ao = 0, let gs(x) denote the generator polynomial of cyclic code generated by
the two-prime WGCS-II of order 6 (defined in (@)). And let g;(«) be the same as in (I). Then we have

g3(x) = Sz

(IV) For Ay # 0 and Ay = 0, let g4(2) denote the generator polynomial of cyclic code generated by
the two-prime WGCS-II of order 6 (defined in (@)). And let g;(«) be the same as in (I). Then we have

ga(x) = 22

(V) For Ay = As = 0, let g5(z) denote the generator polynomial of cyclic code generated by the
two-prime WGCS-IT of order 6 (defined in (Bl)). And let g;(z) be the same as in (I). Then we have

x)(x—1
g5 (w) = AL

Proof. From Part II of Corollary [[] if ¢ € Wy then we have S(3), T'(8), U(8) € GF(q). Hence, it is
possible that S(3) € {0,—-1}, T'(8) € {0,—1}, and U(B) € {0, —1}. The conclusion on the generator
polynomial g;(x) of cyclic code generated by the two-prime WGCS-II of order 6 follows from Theorem
[ and Lemma [T0l

We give the following corollary for S(8)(S(8)+1) =0, T(8)(T(8)+1) =0and U(B)(U(B)+1) =0. O

Corollary 2. Let the symbols be defined as before. We have the following conclusions for g € Wy.

When n = 1(mod 12) and 231 = 0(mod p) or n = 7(mod 12) and 1 = 0(mod p) then the generator

polynomial g1(x) (defined as above) is expressed as:

Case (1) If p— 0= 0 (mod 3),

z"—1

e Oriol: % =0 (mod p) and S(B) =T(B) = U(B) =0,
WM if 2 =0 (mod p) and S(8) =T(8) =0, U(B) = —1,
WM if 2 =0 (mod p) and S(8) =0, T(8) =—1 U(B) =0,
o(z) = W, ?f ? =0 (mod p) and S(B8) =0, T'(B) =U(B) = —1,
m, if 2 =0 (mod p) and S(8) = -1, T(B) =U(B) =0,
W, if 2—?;7450 (mod p) and S(B8) =-1, T(B) =0, U(B) = —1,
m, if 2—?;7’ =0 (mod p) and S(B)=T(8)=-1, U(B) =0,
m, if 2—3;7’ =0 (mod p) and S(B)=T(B)=U(B) =-1
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Case (I1) If p— o =1 (mod 3),

Case (IIT) If p— o

g1(2)

z"—1

wo(z)wa(z)ws(z)’
z"—1

wo (2)wa (z)ws(x)?
z"—1

wo(z)wi(z)ws(z)’
z"—1

wo (@)w1 (@)wz (z)
z"—1

S @wr@)ws @)
z"—1

S @wr@)wa (@)
z"—1

wa (@)w1 (@)ws ()’
z"—1

wa (@)wr (z)wz (z)

=2 (mod 3),

w3 (z)wa(z)ws ()’
z"—1

w3 (z)wa(z)w2(z)’
z"—1

w3 (z)wi(z)ws ()’
z"—1

w3 (z)wi (z)w2(z)’

if £¥
if £¥
if £¥
if Ty
if Ty
if &y
if &y

if 1v

if 2
if 2
if 2
if 2
if 2
it 2
it 2
it 2
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S(B)=T(B)= UPB) =0,
S(B)=T(B)=0, UPB)=-1,
S(B) =0, T(B) =-1U(B) =0,
5(8)=0, T(B) =U(P) = -1,
S5(8)=-1, T(B) =U(B) =0,
S(B) = -1, T(P) =0, U(B) = —1,
S(B)=T(B)=-1, U(B) =0,
SB)=TB) =Up)=-1
S(B)=T(B)= UB) =0,
S(B)=T(B) =0, UB) = -1,
S(B) =0, T(B) =—-1U(B) =0,
5(8)=0, T(B) =U(B) = -1,
5(8)=—1, T(B) =U(B) =0,
S(B) = -1, T(P) =0, UB) = —1,
S(B) =T(B)=-1, U(B) =0,
SB)=TB)=Up)=-1

For j = 2,3,4,5, the generator polynomials g;(x) (defined as in Theorem 2) can be expressed in a

similar fashion as above (as for g1(x)) for n is even and odd.

Proof. From Lemma 4, if i is odd then n = 1 (mod 12). Let n = 1 (mod 12) and (n—1)/4 = 0 (mod p).

By Lemma [6] we have

if p— 0 =0 (mod 3), then (2y)/3 is an integer,

if p— o =1 (mod 3), then (x + y)/3 is an integer and

if p— 0 =2 (mod 3), then (x — y)/3 is an integer.

By the help of Lemma [Tl and Theorem [2] we get the desired result on the generator polynomial g;(z)

of cyclic code generated by two-prime WGCS-II with order 6. In this case, the cyclic code Cy over

GF(q) defined by sequence s> has parameters [n, k, d], where the dimension k = n — deg(gi(z)). In a

similar fashion, we get the result for n =7 (mod 12) and

Remark. We discuss the cases for 2—3;7’ mod p # 0,

the above corollary. Let Cy = <

€Wy

3
>+ Z)ﬂi,C&—(Z + E)Biand02—<z + E)ﬁz
1€Ws €Wy €Wy i€Ws i€eWs

T4y

n+1
4

mod p # 0

(mod p).
O

r—y

and 5% mod p # 0 in
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When n = 1 (mod 12) and 231 = 0 (mod p) or n = 7 (mod 12) and “H = 0 (mod p). We have
following three cases:

(1) If p— 0 =0 (mod 3) and%y mod p# 0, (II) p— o =1 (mod 3) and ZX¥ mod p # 0 and (1II)
p—o0=2 (mod 3) and 5*¥ mod p # 0.

(I) If p— 0 =0 (mod 3) and %” mod p # 0, then we have

SBS(B) +1) = if Co —Cy=0,C0 —C1 #0,C1 — C2 #0,
TB)(TB)+1) = if Co —C1=0,02 —Cy #0,C1 — Ca #0,
up)up) +1) = if C1 —Cy=0,00 = Cy # 0,Co — C1 # 0,
SBSB)+1)=0and TB)T(B)+1)=0 ifCo—Co=0,Co—C1=0,C1 —C2 #0,
SBSB)+1)=0and UB)U(B) +1) =0 if C2 —Co=0,C1 —Co=0,Co — C1 #0,
TBNT(B)+1) =0 and UB)UB)+1) =0 if Co—C1=0,C1 —Ca=0,C2 —Co #0,
SB)S(B)+1) =0, T(BNT(B)+1) =0 if C2 —Cy=0,Co —Cy =0,C1 — Cy = 0.
and U(B)(U(B)+1)=0

From the above expressions, we get the similar result on generator polynomials as in Theorem [2 with
condition on S(B), U(B), T(B), Co — C1, C1 — Cy and Cy — Cy. Similarly, we get the condition for
p—o=1 (mod 3) and% mod p # 0 and for p — 0 =2 (mod 3) and 5¥ mod p # 0.

4. THE MINIMUM DISTANCE OF THE CYCLIC CODES

In this section, we determine the lower bounds on the minimum distance of some of the cyclic codes

of this paper.

" —1

x™i—1"

Theorem 3. [5] Let C; denote the cyclic code over GF(q) with the generator polynomial g;(x) =

The cyclic code C; has parameters [n,n;, d;], where d; =n;_(_yy: and i =1,2.

Theorem 4. [5] Let C, n,,q) denote the cyclic code over GF(q) with the generator polynomial g(x) =

@"—D(@=1) gy, cyclic code C(

I CE has parameters [n,n1 +n2 — 1,d(pn, ny.q)), where dg,,.

n1,n2,q) n2,q) =

min(n, ne).

Theorem 5. Assume that g € Wy. Let C((;’j)q) denote the cyclic code over GF(q) with the generator

polynomial gEfl’f’)q)(x) = Wﬂ%, where i = 1,2, and 0 < j < 5. The cyclic code C((:L’i)q) has

1=iea=t 69 1 here ), 2 ]

If —1 € W3, we have (dgj;f?q))Q — dé:{f,)q) +12>n_ ).

parameters [n,n; +
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Proof. Let c(z) € GF(q)[x]/(z™ — 1) be a codeword of Hamming weight w in C ) Take any r € Wi,

for 1 < k < 5. Then ¢(z") is a codeword of Hamming weight w in C'(Z k) mod 6) 1t then follows

i»q)

that d(”)) — B0~k mod 6) "y oefore, we have dP0 . = gD = gD — g3 - _ g6 - _ 465

(nisq (ni,q) (nisg) = T(nig) T T(nig) T T(nag) T T(nig) T T(nag)”
Let ¢(z) € GF(q)[z]/(z™ — 1) be a codeword of minimum weight in c! ’J)) Then c¢(z") is a codeword

C(’L j—k) mod 6)-

(ne) Further, for any r € Wy, we have c¢(x)c(z") is a codeword of

of same weight in

z"—1

Ci, where C; denote the cyclic code over GF(¢) with the generator polynomial g;(x) = =5 and

minimum distance d; = n;_(_);. Hence, from Theorem [3, we have (d&’j)q)y > d; = n;_(_y:, and

(id) Y2 _ glid)
(s ) —d

(niq (ni,q)

+1> Ni—(—1)i if —1 € Ws. 0

Theorem 6. Assume that g € Wy. Let c)

(n1,m2:0) denote the cyclic code over GF(q) with the generator

(4) (z) = (z"—1)(z—1)

polynomial I(n1mq) = @D D @)’ where 0 < j < 5. The cyclic code C has parame-

2.0

ters [n,ny +na — 1+ Mﬁ(m_l), dgi)l,m,q)] where dgn)l nog) = [/min(ny,na)].
If =1 € W3, we have (d&) 7n2)q))2 - dgi)l)m’q) + 1 > min(ny, na).

Proof. Let c(x) € GF(q)[z]/(z™ — 1) be a codeword of Hamming weight w in ¢ . Take any

(n1,m2,q)

r € Wy for 1 <k <5. Then ¢(z") is a codeword of Hamming weight w in C((ffl :) qrimd 6) . It then follows

d(l) d(2) d(3) _

= Yninag) T

Then

that d?) — U=k) mod 6), Therefore, we have d\¥

(n1,m2,9) = T(n1,m2,q9) (n1,n2,9) = T(ni,ne2,q) T T(ni1,n2,q9)

d® —d® . Let ¢(z) € GF(¢)[z]/(2™—1) be a codeword of minimum weight in C

(n1,m2,q) (n1,n2,q) ”1 n2,q)”
C (j—k) mod 6)

c(a”™) is a codeword of same weight in (m1,m3,q)

. Further, for any r € Wy, we have ¢(x)c(z") is a

codeword of Cy; n,.q);

glx) = % and minimum distance d(,, y,,q) = min(ni,n2). Hence, from Theorem @ we have

(d(j) )2 > d(n1,n27q) = min(nl’n2) and (dE

(n1,n2,q)

where C(p, n,,q) denote the cyclic code over GF(q) with the generator polynomial

_ d(]) +1> min(nl,nz) if —1 € Ws. O

2
ni nz#l)) (n1,m2,q)

Theorem 7. Assume that ¢ € Wy. Let C((:quh)) denote the cyclic code over GF(q) with the generator

polynomaial gE A ))( )= WM, where 1 = 1,2 and

(]’ ) 6 {(07 1)’(072)’(172),(173)’(273)’(274)’(374)’(375)’(470)’(475) (5 O) (5 1)}'
The cyclic code C((:lfqh)) has parameters [n,n; + Mg("z_l),d(i’j’h)] where d (B.5h) Vim0 ). If

(ni,q) (ni,q)

—1 € W3, we have (dEZf’Z)))Q — dEijs)) +12>mn_ (i
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Proof. Let j = 0,h = 1 and c¢(x) € GF(q)[z]/(z™ — 1) be a codeword of Hamming weight w in

C((;?ql)). Take any 7 € Wy for 1 < k < 5. Then ¢(2") is a codeword of Hamming weight w in
(( (O) k) mod 6,(1—k) mod 6)- It then follows that d(i,O,l) — 4(4,(0—k) mod 6,(1—k) mod 6)

(nig) — T(ni.q)

C

. Therefore, we

have

d(i,O,l) d(i,S,O) o d(i,4,5) d(i,3,4) o d(i,273) d(i,1,2) (22)

(ni,q) (ni;a) = “(nisg) (nisq) = "(ni,q) (ni,q)

Let j = 0,h = 2 and ¢(x) € GF(q)[z]/(z™—1) be a codeword of Hamming weight w in C'(Z 0. 2) Take any

(4,(0—k) mod 6,(2—k) mod 6)

r e Wy for 1 <k <5. Then ¢(z") is a codeword of Hamming weight w in C(m 9

(,(0—k) mod 6,(2—k) mod 6)

. Therefore, we have
(ni,q) ’

It then follows that d (:,0) )y =d

d(i,072) d(i,5,1) o d(i,4,0) d(i,3,5) o d(i,274) d(i,l,S) (23)

(ni,q) (nivg) — T(niyq) (nivg) — T(niyq) (niq) °

Further, from 22)) and @23) for any r € W3, we have that c(z)c(z") is a codeword of C;. where C;

"1

denote the cyclic code over GF(g) with the generator polynomial g;(z) = =5 and minimum distance

di = n;_(—1y:. Hence, from Theorem [3 we have (diﬂg)Q >d; = n;_(_1yi, ie., dErf’s)) > [/Mi— (1) | and

(@2 _ gl >, if 1 € W O

(niq) (ni,q)

Theorem 8. Assume that ¢ € Wy. Let ch q) denote the cyclic code over GF(q) with the generator

(n1,n9,
. i,h " —1)(z—1
polynomial ggih)m’q) (x) = (wnl_1§(1n2_)(1)wj()m)wh($), where

(’ h) € {(O 1) (0 2) (1 2)7(173)7(273)7(274‘)7(374‘)7(375)7(470)7(475)7(570)7(571)}'

The cyclic code C'((i’ n2,0) has parameters [n,ny +no — 1 + %3(71271)7 dEZ{i)nz’q)] where d&ﬁzg,q) >
[min(ni, na)]. If =1 € W3, we have (dEnf)m’q)P — dgi’f,)nz,q) + 1 > min(nq,n2).

Proof. Let j = 0,h = 1 and c¢(x) € GF(q)[z]/(z™ — 1) be a codeword of Hamming weight w in

c©n Take any r € Wy for 1 < k < 5, then ¢(z") is a codeword of Hamming weight w in

711,7127‘1)

4,(0—k) mod 6,(1—k) mod 6)

(o,
(
(( ((0—k) mod 6,((1—F)

C’n1 12.) . It then follows that dg?lll)m O = Yy nag) mod 6), Therefore, we
have
(0,1) _ 4(5,3) _ 4(4,5) _ 4(3,4) _ 4(2,3) _4(1,2)
d(nhnz,q) - d(m,nmq) - d(nlﬂlz;Q) - d(”h"z#l) B d("l)”QvQ) B d("h"z;‘])' (24)

Let j =0,h =2 and c(z) € GF(¢)[z]/(z™ — 1) be a codeword of Hamming weight w in C'((g’fzm o) Take
((0—k) mod 6,(2—k) mod 6)
(n1,m2,q)

any rr € Wy, for 1 < k <5, then ¢(2") is a codeword of Hamming weight w in C



Cyclic codes from the second class two-prime WGCS with order 6 25

It then follows that d'*? — g{(0—*) mod 6,(2—k) mod 6) Therefore, we have
(n1,m2,9) (n1,m2,9)
(0,2) _ 4(5,1) _ 4(4,0) _ 4(3,5) _ 4(24) _ 4(1,3)
Uy nz,) = Ui inzig) = Unainaig) = Unomaig) = o) = U o) (25)

Further, from [24)) and ([25)) for any r € W3, we have that c(x)c(z") is a codeword of C;. Hence, from

. 2 .
Theorem [l we have (dgfz’lh’)nz)q)) > d(ny ny,q) = Min(ng, n2) ie., dgi’z%q) > [{/min(ny,ng)],

and (d(j’h) )2 — dm + 1 > min(ny,ng) if —1 € Ws. O

(n1,m2,q) (n1,m2,9)

Theorem 9. Assume that g € Wy. Let C((:;j’(;l)’l) denote the cyclic code over GF(q) with the generator

(LG hl) oy 2"—1
(o) (@) = @, @en@aE)

(J,h,1) €{(0,4,2),(0,4,5),(1,5,0),(2,0,1),(3,1,2), (4,2,3),(5,3,1), (5,3,4) }.
)(n271) d(7’7.7>h7l)

) (n1—1
has parameters [n,n; + “H—5"=2—, (n.q)

where i = 1,2 and

polynomial g

h,l)
q)

i,5,h,0)

The cyclic code O((;] |, where dEni)q) > [ /Tic(—1i |-

If —1 € W3, we have (d(j’h’l) )2 — dl-hD )+ 1> mn (i

(n1,m2,q) (n1,n—2,q

Proof. Let j = 0,h = 4,1 = 2 and ¢(x) € GF(¢)[z]/(2™ — 1) be a codeword of Hamming weight w in
(1:04.2)

(ni,q)
in C((:{l(z;k) mod 6,(4—k) mod 6,(2—k) mod 6)

. Take any r € Wy, for 1 < k < 5. The cyclic code ¢(z") is a codeword of Hamming weight w

. It then follows that

(1,0,14,2) _ 1(5,(0—F) mod 6,(4—k) mod 6,(2—k) mod 6) Therefore, we have

(ni,q) (ni,q)

(4,0,4,2) d(i,5,3,1)

o (i,4,2,0)
(i) = Unigy = @

(i,3,1,5)
(i) =4

(i,2,0,4)
(i) =4

%,1,5,3
2 d(o1:53) (26)

(ni,q)

Let j = 0,h = 4,1 = 5 and ¢(x) € GF(¢)[z]/(z™ — 1) be a codeword of Hamming weight w in

C((:-I’?’;)’S). Take any r € Wy for 1 < k < 5. Then ¢(z") is a codeword of Hamming weight w in
C((:L’i((;;k) mod 6,(4=F) mod 6,(5=k) mod 6) 1 ¢hon follows that

(4,0,4,5) d(i,(Ofk) mod 6,(4—k) mod 6,(5—k)

_ _ mod 6), Therefore, we have
(ni,q) (n4,9)

(i,0,4,5) o (i,5,374) o (i74,2,3) o (i,3,l,2) o (i,2,0,1) o (i,1,5,0)
Ay =g = Ay = neg) =gy = dnig) - (27)

Further, from (20) and @7) for any r € W3, we have that c(x)c(z") is a codeword of C;, where C;

and d; be defined as in Theorem 3l Hence, from Theorem Bl we have (dE;JZ)l)F > di = ni—(—1yi, i.e.,
(2,4,h,1) (2,7,h,1) (2,7,h,1) .
d(nqu) > [\/mi—(—1)| and (d(m]',q) )2 — d(niq) +1>n;(_qy, if =1 € Wa. O

Theorem 10. Assume that g € Wy. Let cOrD - denote the cyclic code over GF(q) with the generator

(n1,m2,9)

y (‘)hvl) — z"—1)(z—1
polynomial g(ilyn%q) (r) = (w"l—1)(1("2—1){5j(m)ih(z)wz(w)’ where
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(G 7, 1) € 1(0,4,2),(0,4,5), (1,5,0), (2,0, 1), (3,1,2), (4,2,3), (5,3,1), (5,3,4)}. The cyclic code C{")

n1,n2,q)

has parameters [n,ny +ng — 1+ %, dhb ], where dtnh ) 2 [/min(ni,n2)].

(n1,n2,9) (n1,m2,9

If —1 € W3, we have (d(j’h’l) ))2 — dhh y 1= min(ny, ng).

(n1,m2,q (n1,m—2,q

Proof. Let j = 0,h = 4,1 = 2 and ¢(x) € GF(q)[z]/(z™ — 1) be a codeword of Hamming weight w

in C((g’;l;i) 0 Take any r € Wy, for 1 < k < 5. Then ¢(z") is a codeword of Hamming weight w in
(((O_k) r;md 6,(4=k) mod 6,(2—k) mod 6). It then follows that
ni,n2,q
(i,0,4,2) _ (,(0—k) mod 6,(4—k) mod 6,(2—k) mod 6) Therefore. we have
(n1,n2,q) (n1,n2,9) : )
0,4,2)  2(531) (4,200 43,1,5) _ 42,04) _ ,(1,5,3)
(n1,m2,q9) d(m,nmq) - d(nlﬂlz;Q) - d(”h"z#l) B d("l)”QvQ) B d("h"z;‘])' (28)

Let j = 0,h = 4,1 = 5 and ¢(x) € GF(¢)[z]/(z™ — 1) be a codeword of Hamming weight w in

C((Sf;i) q).Take any 7 € Wy for 1 < k < 5. Then ¢(z") is a codeword of Hamming weight w in
(
(

(0—Ek) mod 6,(4—k) mod 6,(5—k) mod 6)

C . It then follows that

ni,n2,q)
E:;?,:fzz) _ E:’l,ioékl)l)mod 6,(4—k) mod 6,(5—k) mod 6)' Therefore, we have
(0,4,5) _ (5,3,4) _ (4,2,3) _ (3,1,2) _ (2,0,1) _ (1,5,3)
Gy m2g) = Unaymaig) = Ui masg) = Unrnzsd) = Unmz,q) = Hmmang)” (29)

Further, from 28) and 9) for any r € W3, we have that c(x)c(z") is a codeword of C(y,, n, q), Where

2

Clny,naq) ad d(y, ny.q) be defined as in Theorem Bl Hence, from Theorem F we have (dg';fy*fmq)

. . bl - bl bl )
d(ny ns,q) = Min(ny, na), ie., dgilyn)%q) > [/min(ni,n2)] and (dgzh)nl)q))z—dgil)n)_z)q)—kl > min(nq, ne)

if —1 € Ws. 0

Example 1. Let (p,m,ny1,n2) = (2,1,13,19). Then q = 2, n = 247 and Cy is a [247,109] cyclic code

2247 _q

over GF(q) with generator polynomial g(x) = c @ = o138 4 137 4 136 4 134 4 2130 4

z—1wo (z)w (z)wz (@
129 4 2128 4 0124 4 121 | 2120 4 0111 4 4107 4 0106 4 4105 | 0104 4 2102 4 208 4 296 4 094 L 103 L 102 |
288 87 4 86 4 085 4 83 L 082 | 75 4 070 4 06T 4 63 4 062 | 061 4 60 L 057 4 55 4 053 4 052 4 451 L
i e e e e e R s R A S e o A S A SRR Sr A
226 422 4222 422t 4210 42 12 10 4 2% 4 28 4 28 + 23 + 2% + 1. We did some computation

and our computation shows that upper bound on the minimum distance for this binary code is 48.

Example 2. Let (p,m,ni,n2) = (3,1,7,13). Then ¢ = 2, n = 91 and Cs is a [91,19,7] cyclic code

over GF(q) with generator polynomial g(x) = éﬁi;ﬁ% =27 2™ 4 255 4 84 4 259 4 P74 272 4
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250 46 p g3 39 4 30 4 33 4 29 4 026 4 922 4 220 4 15 4 18 4 8 4 0T 4 o+ 1. This is a bad

cyclic code due to its poor minimum distance. The code in this case is bad because q ¢ W.

Example 3. Let (p,m,n1,n2) = (3,1,7,19). Then ¢ = 3, n = 133 and Cs is a [133,61] cyclic code

2133 _1
27 —1)ws () wa(z)ws (x

over GF(q) with generator polynomial g(x) = c 5 = 2 4+ 2296 4 265 4 2464 4 2463
2261 + 80 + 2078 + 2257 + 2256 4 ¢ 4 254 4 ¢ 4 2052 4 250 4 2019 + 218 4 2297 4 2096 + 205 4 21 +
oAl | 40 4 237 4 9236 4 35 4 32 L 9,81 4 28 L 9027 | 926 | 9025 | 024 | 9023 | 022 | 9,20 L 219 |
2! 4 217 42216 4 2215 4 214 4 212 4 221 4 209 4 228 + 27 + 220 + 1. We did some computation and

our computation shows that upper bound on the minimum distance for this ternary code is 35. From

Theorem [9, we have lower bound on the minimum distance for this ternary code is 5.

Conclusion. WGCS were used to construct cyclic codes in [5] and [12]. The idea of constructing cyclic
codes with two-prime WGCS-II of order 6 could be viewed as an extension of above these two papers.
The cyclic codes employed in this paper depend on ni,ns and q. When q € Wy, we get a good code.
We expect that the codes in Examples Dl and [ give good codes. When q ¢ Wy, we get a bad code, for
example, we get a bad code in Example[d Finally, we expect that cyclic codes described in this paper

can be employed to construct the good cyclic codes of large length.
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