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Abstract 8 

In this work, we have shown that we can carry out a multifractal characterization of fracturing from a network of 9 

lineaments, using a calculation code that we have developed ourselves and that we have named: 2D Calculation 10 

Code for Multifractal Analysis of Fracture Networks (2D-MAFN). Four lineament maps at different scales were 11 

analyzed, corresponding to the Upper Jurassic and Cretaceous geological formations of the El Gada region in the 12 

Central Algerian Saharan Atlas.The geometric analysis of the lineament networks showed good consistency 13 

between the lineament networks and the geological structure of the Atlas Range and its fault network. It also 14 

showed that the distribution of the lengths of the lineaments fits the power law. This analysis also revealed that, 15 

on a larger scale, diffuse fracturing appears to be more prevalent. In addition, the spectral analysis, through the 16 

decrease in spectral power according to a power law, characterizes a self-similar behavior and already seems to 17 

prove the scale invariance of the lineaments.The fractal dimension values obtained reflect the extent of fracturing 18 

and the degree of complexity of the network of lineaments. These values show that the lineaments are also well 19 

correlated with each other. The partition functions show that the points line up on the adjustment lines according 20 

to a law characteristic of multifractal behavior. In addition, the curves of generalized dimensions as a function of 21 

moments show a clear decrease, highlighting the multifractal nature of the fracturing process. In addition, the 22 

multifractal spectra in the form of bell curves also confirm the multifractal process for the four lineament 23 

networks analyzed.The results obtained are very encouraging and open up the prospects of modelling fracture 24 

networks for a variety of purposes, including assessing the connectivity of a fracture network. 25 
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Introduction 27 

The geometrical structure of the aquifers fissured is most often identified with the favor of the fracturing, this is 28 

why, the analysis of the fracturing became a major element of the study of the fissured mediums. Several 29 

different approaches were developed to apprehend the fracturing (Razack 1984; Ghosh and Daemen 1993; 30 

Gilman 2003).The first models intended to represent the fractured mediums date from the Sixties (Barenblatt et 31 

al. 1960; Warren and Root 1963). Thereafter, more specific models have contributed to the recognition of the 32 

fractured mediums (Gringarten and Ramey 1974; Gringarten et al. 1974; Cinco et al. 1975; Jenkins and Prentice 33 

1982; Thiéry et al. 1983; Thrailkill 1988) but, they remained limited to the estimation of the hydrodynamic 34 

characteristics at the local scale. 35 

Since these first models, the study of the hydraulic properties of the fractured mediums has greatly increased, in 36 

direct relationship with different problems related to the questions of safety  for the implementation of 37 

underground storage sites for radioactive waste, for the study of the recovery of the fluids, for the assisted 38 

injection, for the prediction of the migrations of pollutants, or even for the geothermal energy production(Cacas 39 

et al. 1990; Olsson 1992; Hsieh et al. 1993; Neretnieks 1993; Shapiro and Hsieh 1996; Tsang and Neretnieks 40 

1998; Witherspoon 2000). For these networks of fractures, which have complex geometrical properties, the 41 

heterogeneity of the hydrodynamic characteristics is directly related to the heterogeneity of the network structure 42 

(Darcel et al. 2003).The fractures that practically allow an increase in the permeability of the reservoir can be of 43 

different natures. These different types of fractures are distributed in a very heterogeneous way (Cowie et al. 44 

1995; Ouillon et al. 1995; Bour and Davy 1999). These have complex geometric properties requiring appropriate 45 

tools for analysis (Verscheure et al. 2010).For certain authors (Bour and Davy 1999; Bonnet et al. 2001). 46 

Fracture networks allow to justify the use of the power law to describe certain characteristics of the network such 47 

as the length. The lognormal law can be also used to describe other types of fracturing having a characteristic 48 

scale, related to the thickness of the lithological units (Odling et al. 1999). In addition, for Lasm and Razack 49 

(2001); Liu et al. (2002); Srivastava et al. (2004); Razack and Lasm (2006); Mariethoz et al. (2010)  it would be 50 

more interesting to use the tools of geostatistic for a spatial analysis of the fracturing,  justified by typical and 51 

regular variograms. However, these statistical approaches do not effectively describe the spatial distribution of 52 

fracture networks which may have scale invariance properties. Thus, fractal and multifractal methods are 53 

particularly adapted to the study of the networks of fractures. The networks of fractures usually present a self-54 

similar character; they seem identical to various scales of observations (Darcel et al. 2003; Weiss 2003). The 55 

self-similar aspect also leads to think that networks have a fractal character, which can be determined on the 56 

spatial distribution of the fractures (Potirakis et al. 2012; Zazoun et al. 2015; Pavičić et al. 2017; Wang et al. 57 

2017; Basirat et al. 2019). 58 

The generalization to the notion of multifractal essentially amounts to considering the multifractal sets as a 59 

hierarchy of sets of which each one has its own dimension fractal.  Thus the multifractal formalism provides a 60 

scaling relation that requires a family, possibly infinite, of dimensions, rather than a single dimension as in the 61 

case of fractal geometry (LévyVéhel2000; Abry et al. 2002; Grazzini et al. 2007). The multifractal theory then 62 

offers a more appropriate framework for the study of these phenomena. (Mandelbrot 1974, 1975, 1982, 1989; 63 

Parisi and Frisch 1985; De Bartolo et al. 2004). 64 

Thus, the objective of this work is to analyse the lineament networks of a fissured aquifer geological formation 65 

located in the Algerian Saharan Atlas using the multifractal approach and some related techniques to characterise 66 
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the fracturing.  The multifractal analysis will be carried out using a Matlab code that we have established 67 

ourselves and that we have named: 2D Computational Code for Multifractal Analysis of Fracture Networks (2D-68 

MAFN) and which will be described using its flowchart showing the main functions. 69 

The Saharan Atlas range by its position, dimension, altitude, lithology and structure is of great hydrogeological 70 

interest for the country. It represents a gigantic water tower containing important water reserves in the powerful 71 

fissured aquifer formations which, in turn, feed the hydrographic networks of the large Chotts of the High 72 

Plateaux and the large Chotts of the Sahara platform via multiple water sources.The terrain of the Saharan Atlas 73 

is mostly bare and devoid of vegetation, allowing good visibility of the crack networks from satellite images. 74 

The study area is an ideal terrain to test the methodology. 75 

In its general context, this work is part of a research project on the modelling of fractured aquifers. As such, for 76 

these aquifers, flows are dependent on the connectivity of fractures considered as conduits (Adler and Thovert 77 

1999; Berkowitz 2002; Huang et al. 2020b). The assessment of fracture network connectivity is very important 78 

in the design, evaluation and development of fractured reservoirs (Huang et al. 2020b). Connectivity can also be 79 

used as a very effective and efficient tool to predict potential flow paths and main drainage axes (Berkowitz 80 

2002; Huang et al. 2020a). 81 

Several methods have been suggested by different authors to assess the connectivity of a fracture network 82 

(Huang et al. 2020b). The analytical approach, based on percolation theory, is one of these methods, it focuses 83 

on the characteristics of random media and is applied in particular to formalise flow properties in complex media 84 

and for the modelling of certain natural phenomena. However, the evolution of fracture density across scales is 85 

most often fractal and the length distribution is power law (Davy et al. 1990; Bour and Davy 1999; Bonnet et al. 86 

2001). This is likely to require a detailed analysis of the fracturing process and is the first step of the project and 87 

the objective of this paper. 88 

Thus, the approach adopted in this work starts with a detailed description of the theoretical aspect of the fractal 89 

and multifractal analysis, and a description of the flowchart of the calculation code. Subsequently, the geological 90 

and structural context of the study area is briefly presented by describing the lithostratigraphic units of the study 91 

area and the major structural elements that characterise the geological formations. After a presentation of the 92 

data used in this study and the processing techniques, we will present the results obtained using spectral analysis, 93 

fractal analysis, as well as the geometric properties of the lineament networks. Finally, the results of the 94 

multifractal analysis will be presented and discussed by illustrating partition functions, mass exponents, 95 

generalized fractal dimensions and multifractal spectra of singularities. 96 
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Methodology 97 

Theoretical aspect of fractal and multifractal analysis 98 

The concept of fractal was introduced by Benoît Mandelbrot in 1975 with the aim to study objects that have a 99 

very irregular, fragmented or geometrically complicated shape (Mandelbrot 1975), although the first fractal 100 

example was introduced a century before by the mathematician Cantor (Cantor 1884). In addition, the 101 

multifractal geometry was introduced to describe the relations of scale between geometrical structures and the 102 

scale of analysis of these structures and to characterize these objects with the unusual properties in traditional 103 

geometry. It is thus a useful language to describe the complexe forms, and allows the description of nonlinear 104 

processes. The complexity of the shapes of the natural objects generally results from simple processes, often 105 

recursive. Thus it is thanks to computer science that the study of fractals has developed.  106 

A fractal object is a mathematical object resulting from an iterative process and which presents a character of 107 

invariance of scale. The size of a fractal set varies as the scale to which it is examined, given by dimension 108 

fractal (Mandelbrot 1982;Wornell 1996). In reality, there does not exist any definition of the concept of fractal 109 

which is unanimously accepted. The definitions of dimension fractal, the self-similarity properties and auto 110 

affinity, help with the comprehension of this concept. 111 

Fractal Dimension 112 

The fractal dimension is above all a parameter allowing to quantify the complexity of a signal or an image.  The 113 

fractal dimension is a generalization of the notion of whole dimension, specific to Euclidean geometry. There are 114 

various types: the dimension of auto similarity, the dimension of the Box Counting, the dimension of the 115 

compass, the dimension of Hausdorff, and the dimension of Minkowski-Bouligand.(Secrieru2009; Lausberg 116 

1987). 117 

For a structure fractal given, these dimensions in general provide values close to the theoretical value of 118 

dimension fractal. The algorithms most often used for the calculation of fractal dimension can be grouped in two 119 

principal classes (Lopes and Betrouni 2009): those known as of boxes counting (Russell et al. 1980), and those 120 

based on the fractional Brownian movement (Lausberg 1987). 121 

The box-counting method is the first method developed to estimate the fractal dimension of an object (Russell et 122 

al. 1980). This method is the most frequently used and most popular. Note that this method is only valid for 123 

black and white images. The advantages of the technique of the boxes counting are the simplicity of its 124 

application and the direct estimation of the fractal dimension. Its general principle is to cover a signal with boxes 125 

of sizeε, if 𝑁(𝜀)is the number of boxes of size 𝜀 necessary to cover the object completely, the fractal dimension 126 𝐷𝑓is thus given by (De Souza and Rostirolla 2011): 127 

𝐷𝑓 =  𝑙𝑖𝑚𝜀→0 ln 𝑁(𝜀)ln(1 𝜀⁄ ) 

 

(1) 
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Multifractal Analysis 128 

The description of the non-homogeneous geometrical structure of an object may require several fractal 129 

dimensions; this is called multifractality. The multifractal approach can be considered as an extension of the 130 

fractal theory (Evertsz and Mandelbrot 1992; Peitgen et al.2004). For some authors (Agterberg et al. 1996), the 131 

multifractals are fractals interlaced spatially with a continuous spectrum of fractal dimensions. The purpose of 132 

multifractal analysis aims is to study functions whose the regularity punctual may vary from one point to another 133 

(Arneodo and Jaffard 2004).The generalization of the notion multifractal essentially amounts to considering 134 

multifractal sets as a hierarchy of sets, each of which has its own fractal dimension (LévyVéhel 2000). A 135 

multifractal measure is related to the characterization of the spatial distribution of a quantity associated with a 136 

support (Feder 1988).Thus multifractal analysis provides a scale relationship that requires a family of dimensions 137 

(Abry et al. 2002). There are several ways to measure the local regularity of a signal (LévyVéheland 138 

Barrière2008). The first tools to measure regularity are: continuity, and derivability at a point (Arneodo and 139 

Jaffard 2004). Another tool, which has both solid theoretical foundations and intuitive content, is the use of 140 

Hölder exponents (LévyVéhel and Barrière 2008). 141 

The numerical calculation of the spectrum of singularities of a signal is clearly impossible to perform directly 142 

from the theoretical definition (LévyVéhel2003;Arneodo and Jaffard 2004;Wendt  et al. 2007). Thus, a technique 143 

known as multifractal formalism was established by Parisi and Frisch (Parisi and Frisch 1985) to calculate the 144 

spectrum of singularity. This formalism allows to establish a relationship between global and local behavior in 145 

the form of a transform of Legendre (Harte 2001). 146 

Multifractal Formalism  147 

The aim of multifractal formalism is to compute the spectrum of singularities not directly from Hölder's 148 

exponent definition, but rather from auxiliary quantities that can be easily estimated numerically (Arneodo and 149 

Jaffard 2004). 150 

As in the case of estimation the fractal dimension, there are many methods to approximate the multifractal 151 

spectrum. The two principal methods are: the box counting method and the wavelet transform method 152 

(Arneodoet al. 1988; Mallat and Zhong 1991; Muzy et al. 1991; Bacry et al. 1993; Grassberger 1993; Arneodo et 153 

al. 1995; Gonzato 1998; Mallat1998; Turiel et al. 2006; Arneodo et al. 2008; Lopes and Betrouni 2009). 154 

We define a measure μ on its support𝑆𝜇. We then call the exponent of singularity at the point𝑥0 ∈ 𝑆𝜇, the limit: 155 

𝛼(𝑥0) =  lim𝜀→0+ ln 𝜇(𝐵𝑥0(𝜀))ln(𝜀)  (2) 

Where 𝐵𝑥0(𝜀)designates a ball centered in 𝑥0and of size𝜀. The spectrum 𝑓(𝛼)of the singularities associated with 156 

the measure𝜇is the function which, at all𝛼, associates the fractal dimension of the set of points 𝑥0  such as 157 𝛼(𝑥0) = 𝛼 : 158 

𝑓(𝛼) =  𝐷𝑓({𝑥0 ∈ 𝑆𝜇 𝛼(𝑥0)⁄ =  𝛼}) (3) 

Where 𝛼 is the Hölder exponent or Lipschitz-Hölder. 159 
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The 𝑓(𝛼)spectrum of singularities describes the statistical distribution of the exponents α on the support of the 160 

measurement. 𝑓(𝛼) is a quantity which translates the degree of regularity or homogeneity of a fractal 161 

measurement. Thus, if one paves the support of the measurement of boxes of size𝜀, Then the number of boxes 162 

whose measurement varies like𝜀𝛼, for   a given𝛼, behaves as follows: 163 𝑁(𝜀) ≈ 𝜀−𝑓(𝛼) (4) 

The multifractal formalism can also be related to a thermodynamic description of multifractal measurements. 164 

Consider the partition function, which for any𝑞 ∈ ℜ,is written as: 165 

𝑍(𝑞, 𝜀) =  ∑ 𝜇𝑖𝑞(𝜀)𝑁(𝜀)
𝑖=1  (5) 

Where the exponent 𝑞 is a continuous real parameter (−∞ < 𝑞 < +∞), which plays the role of order of the 166 

moment of measurement𝜇𝑖(𝜀). The partition function 𝑍(𝑞, 𝜀)represents the sum of the moments of order q of the 167 

distribution of the measurement μion its support. The spectrum 𝜏(𝑞)can then be defined from the power law 168 

behavior of 𝑍(𝑞, 𝜀)when𝜀 → 0+ : 169 

𝑍(𝑞, 𝜀)~ 𝜀𝜏(𝑞) (6) 

Where the curve can be approximated by a straight line of slope𝜏 called the mass exponent𝜏(𝑞) : 170 

𝜏(𝑞) =  𝑙𝑖𝑚𝜀→0+ 𝑙𝑛(𝑍(𝑞, 𝜀))𝐼𝑛(𝜀)  (7) 

And we can also define the spectrum of generalized dimensions 𝐷(𝑞)as the report: 171 𝐷(𝑞) =  𝜏(𝑞)(𝑞 − 1) (8) 

The generalized fractal dimensions 𝐷(𝑞) are defined as the asymptotic behavior of the relationship 172 

between𝑙𝑛(𝑍(𝑞, 𝜀)) and 𝐼𝑛(𝜀)(Grassberger 1983; Halsey et al. 1986; Feder 1988;Olsen 1995;DeBartolo et al. 173 

2004): 174 

𝐷(𝑞) =  1𝑞 − 1 lim𝜀→0 ln(𝑍(𝑞, 𝜀))In(𝜀)                             𝑞 ≠ 1 (9) 

 175 

𝐷(1) = lim𝜀→0 ∑ μi(ε) ln(𝜇𝑖(𝜀))ln(𝜀) 𝑞 = 1 (10) 

Where𝐷0is the fractal dimension, 𝐷1is the information dimension and 𝐷2is the correlation dimension and which 176 

correspond respectively to 𝑞 = 0, 1, 2   (Grassberger 1983; Roux and Hansen 1990;Hirata and Imoto 1991; 177 

Cowie et al. 1995; De Bartolo et al. 2004). 178 

The spectrum of singularities 𝑓(𝛼), and the spectrum of generalized dimensions𝐷(𝑞) , are connected by a 179 

Legendre transformation (Feder1988). The multifractal spectrum characterizes the degree of regularity and 180 

homogeneity. It also describes the behavior of global quantities, i.e. statistical mean values of the𝜇𝑖measure on 181 

the support (Feder 1988). 182 
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The Multifractal formalism using the box method enables to determine the Lipschitz-Hölder exponent and the 183 

multifractal spectrum from the Legendre transform. (De Bartolo et al. 2004): 184 

𝛼(𝑞) = 𝑑𝑑𝑞 [(𝑞 − 1)𝐷(𝑞)] (11) 

 185 𝑓(𝛼(𝑞)) = 𝑞𝛼(𝑞) − (𝑞 − 1)𝐷(𝑞) (12) 

The dimension 𝐷0(for𝑞 = 0) of the spectrum of generalized dimensions is equal to the dimension of the physical 186 

support, which may itself be fractal, but not necessarily. In addition, if 𝐷(𝑞) =  𝐷0 for any value of𝑞, it means 187 

that the measurement is uniform on the support, which corresponds to the definition of a classical fractal, or 188 

monofractal. 189 

The curve𝑓(𝛼)is a bell-shaped function for a multifractal signal, while it will be reduced to a point for a 190 

monofractal signal. The maximum value, located at the top of the bell, gives the fractal dimension of the support. 191 

Several parameters can be deduced from the multifractal spectrum such as curvature and width ∆𝛼 that 192 

corresponds to the difference between the two ends of the spectrum. 193 

Flowchart and Calculation Code 194 

The simplified flowchart shown in Fig.1 presents the main steps of the 2D-MAFN calculation code.  The first 195 

step is to read the image, read the moment order (𝑞) and choose the scales corresponding to the sizes of the 196 

boxes (𝜀). The image transformed into binary code reveals its dimensions. The order of moment (𝑞) corresponds 197 

to a continuous real parameter; it was taken in our calculations varying from -20 to 20 to have a broad vision on 198 

the variability of the process. We have taken the size of the boxes as successive powers of two. 199 

The next step is to partition the image, dividing it into square boxes of different sizes (16, 32, 64, 128, 256, and 200 

512). After calculating the total number of pixels, for each box size, the number of boxes needed to cover the 201 

image will be counted. This process generates a set of scaling exponents that will describe the relationship 202 

between the size of the boxes and their number. We then proceed to the determination of the measure 𝜇𝑖(𝜀) and 203 

the calculation of its probability 𝑃(𝑖)to finally arrive at the calculation of the partition function𝑍(𝑖𝑞, 𝑖𝜀). 204 

The following step allows the calculation of the mass exponent 𝜏(𝑖)  which is simply the slope of 205 log(𝑍(𝑖, : ))with respect tolog(𝜀). 206 

The generalized fractal dimensions 𝐷(𝑞) are calculated as a function of 𝜏(𝑞) and 𝑞 using the expressions given 207 

by 𝛼and𝑓.  208 

The last step calculates the multifractal spectrum by the Legendre transform where 𝛼and 𝑓  have already been 209 

calculated in the previous step. 210 

 Geological and structural context of the study area 211 

General geological framework 212 

The geological history of the Maghreb sedimentary basins is part of a process of global geodynamics of plate 213 

tectonics in North Africa (Fig.2). This process has structured Algeria into three distinct geological domains: 214 
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- An allochthonous domain called the Tellian domain corresponds to alpine nappes ; 215 

- A strongly pleated domain corresponding to the Atlas domain and to a tabular sector attributed to the 216 

high plateaux ; 217 

- A slightly deformed area of the foreland of the Alpine range representing the Sahara platform. 218 

Tellian Domain  219 

The Tellian domain consists of the most northern allochthonous sets of West North Africa.  This area 220 

corresponds to the thrust slicks sets relayed towards the North-East by the European Calabro-Sicilian Arc.  The 221 

Algerian Tellian domain is subdivided into two: the northern Tellian Atlas and the southern Tellian Atlas. 222 

- The northern Tellian Atlas corresponds to the internal zones of the Alpine range, it is formed by the 223 

massifs of Kabylia which corresponds to a carted basement, formed of Precambrian, metamorphosed 224 

and granitized Paleozoic terrains, often of complex structure. On this basement, the Mesozoic to Eocene 225 

sedimentary cover, itself nested in small layers, forms the limestone chain. The latter is surmounted by 226 

thick series of flyschs in an allochthonous position as well. The northern Tellian domain largely 227 

overlaps towards the South the following domain; 228 

- The southern Tellian Atlas corresponds to the area of the Tellian nappes which are rooted to the south 229 

of the Kabyle massifs. These layers are often dandruff and their 230 

establishment from the North to the South in the Miocene was favored by the presence of an argilo-231 

evaporite formation of the Upper Triassic (Vila 1980). They originate from the interweaving of thick 232 

Mesozoic to Cenozoic series deposited in the tellian furrow that corresponded to a subsidence zone. 233 

Atlas domain and high plateaux : 234 

The Atlas domain is an intra-continental mountain range, commonly called the Saharan Atlas. It corresponds to a 235 

succession of highly fissured clay-sandstone and carbonate formations, structured essentially during the Alpine 236 

cycle. In the Saharan Atlas, the geological framework comes mainly from tertiary folds. The Jurassic and 237 

Cretaceous series, which constitute the basic structure of the Mounts of Ksour, Jebel Amour and the Mounts of 238 

Ouled Nails have been quite energetically folded, in a general direction South-West North-East. The folding of 239 

the Saharan Atlas occurs at the Cenozoic, mainly during the Atlas compressive phase dated to the Eocene 240 

(Laffitte 1939).This tectonic phase was followed by post-Pliocene movements, also compressive (Laffitte 1939; 241 

Vila 1980; Ghandriche 1991). As for the ante-eocene structural inheritance, it is represented by distensive 242 

tectonic phases essentially at Lias and Cretaceous (Guiraud 1975; Vila 1980; Aissaoui 1984; Bureau 1986). 243 

The sediments that were deposited in the Atlas furrow during the Secondary are characteristic either of neritic 244 

and shallow marine environments, or of continental or lagoon environments. The large masses of Mesozoic 245 

sediments in such sedimentary environments cannot be explained without involving the play of subsidence. The 246 

folds continued with the sinking of the folded structures. Thick reddish detrital series filled all the tertiary 247 

depressions. The first sedimentary deposits and the first generation of quaternary forms interlocked, before the 248 

tectonic movements were completely finished. 249 

The high-plateaux domain is interposed between the Atlas and Tellian domains, and constitutes the Alpine 250 

foreland, with reduced sedimentary cover, where local distension processes have allowed the formation of 251 

certain intramontane basins. However, in the East, you can see the absence of high plateaux, located at the front 252 
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of the Tellian nappes, the Eastern Saharan Atlas is classically considered as a foreland of the alpine chain of 253 

North Africa. 254 

Sahara platform 255 

It is located in the south of alpine Algeria and belongs to the North African Craton. It includes a Precambrian 256 

base on which rests in discordance a powerful sedimentary cover, structured at the Paleozoic in several basins 257 

separated by high zones. The north-eastern part of the Sahara platform behaves in a high zone during the 258 

Mesozoic (Boudjema 1987), then sinks into the Neogene (Kazi-Tani 1986). This depression corresponds to the 259 

Melrhir Chott area. In this region, located at the edge of the Saharan Atlas, the effects of the Austrian phase 260 

(ante-Aptian) which are clearly marked on the Sahara platform, diminish considerably. On the other hand, the 261 

effects of the alpine phases, which are hardly noticeable towards the South, are widely manifested there. This 262 

results in the reorientation of faults and previous structures (Boudjema 1987). The transition from the Atlas 263 

domain to the Sahara platform is highlighted by the South-Atlasic accident that extends from Agadir to the Gulf 264 

of Gabès. It is in fact a band formed by a series of faults and flexures, relaying from West to East. It constitutes a 265 

sedimentary limit with significant change in facies and a tectonic boundary, between an Atlas domain that rises 266 

since the Neogene and a South-Atlasic pit that widens since the Miocene (Laffitte1939; Cornet 1959; Caire 267 

1975; Busson 1970; Guiraud1973; Aissaoui 1984;Kazi-Tani 1986; Frizon de Lamotte et al. 1990). 268 

Geological aspect of the study site 269 

The study area is the El Gada region of Jebel Amour located 100 km northwest of the city of Laghouat. The 270 

geological map of the study site (Fig.3) shows a succession of anticlinal and synclinal folds in relays roughly 271 

oriented North-East South-West. 272 

Lithostratigraphy 273 

In this part of the Saharan Atlas, the geological formations of the Middle and Upper Jurassic constitute a thick 274 

series of more than 2000 m of varied lithology representing several mega-sequences mainly linked to the 275 

reactivations of the tectonic subsidence. The basal sandstone formations of the region have been attributed to the 276 

Dogger, while higher in the series, appears a carbonate set attributed to the basal Kimmeridgian. 277 

The roof of the series has been dated Portlandian-Berriasian, while for the rest of the series some facies fossils 278 

allow a more or less questionable attribution to the lower or upper Kimmeridgian in the limestone layers. The 279 

Cretaceous stratigraphic unit consists of a first set of dolomitic and evaporitic limestone from the Upper Albian 280 

to the Senonian, and a second set of sandstone with quartz dragees attributed to the Upper Berriasian to the 281 

Lower Albian.  282 

The Continental Tertiary marks a return to continental sedimentation, and it thus designates very diverse 283 

formations in facies and thickness, the most common facies of which is that of a red sandy clay sediment. 284 

The Quaternary morphological evolution consisted mainly in the progressive clearing of the atlasic structures. 285 

This stage began with the shaping of a system of glacis. It ended with the formation of low terraces along the 286 

main wadis. 287 

Structural elements 288 

The central part of the study area is mainly characterised by a vast syncline drawn in the Lower Cretaceous 289 

quartz-dredged continental formations. It corresponds to the El Gada syncline, narrow to the North-East at the 290 
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level of Djebel Zeïreg, where it is affected by a network of conjugated faults. It spreads out towards the south-291 

west in a vast plateau formed by sub-horizontal dipping sandstones deeply dissected by erosion. 292 

Further north of the syncline, the relief of Jebel Zlarhis made up of the structurally highest part of the anticline, 293 

where the Kimmeridgian sandstones form an anticlinal vault affected by transverse faults marked out by Triassic 294 

injections. On the south-western periclinal of Jebel Zlarh, the depression of Aîn El Harfi draws a circular shape 295 

with straightened sides interpreted as a diapiric rise of the Triassic represented by red and purple clays and silts, 296 

by dolomites and green rocks of volcanic origin. 297 

Further south, the Kef Mimouna anticlinal zone corresponds to the termination of the anticlinal area where the 298 

Dogger outcrops. The Oxfordian sandstone series show themselves to be affected by multiple breaks and folds. It 299 

appears that a late phase of distension had caused a collapse of the axis of the anticline fold resulting in these 300 

structures. In the South-East of the map, appears the syncline of El Hadjeb, characterized by a very flat and little 301 

marked topography where the dips are weak and where the limestones of the Portlandian undoubtedly not very 302 

deep. It corresponds to the extension of the perched syncline of Djelfa with a upper Cretaceous core in the 303 

North-East. Quite to the South-East of the map appears an anticlinal structure corresponding to the Dome of 304 

Tadjmout in the Portlandian clay-gypsum crossed in the center by a set of shearing faults. 305 

In the North-West, bordering the anticline axis of Jebel Zlarh is the synclinal area of Aflou-Jebel Gourou. In the 306 

southwestern part, the syncline is formed by sandstone with quartz dragees from the Lower Cretaceous, further 307 

North-East, the syncline is made up of a formation of dolomitic limestones to the Djebel Gourou attributed to the 308 

Upper Cretaceous. The syncline is limited to the North-West by an important singular accident, which presents 309 

itself as an undulating anticlinal axis in plan, very acute in cross section with flanks formed by terrains often of 310 

different ages following the same transverse. Triassic points related to the diaper mark the accident in the North 311 

of Djebel Gourou and in the South of Djebel SidiOkba. 312 

The geological map highlights three major fault directions: 313 

- The direction North 50 to North 60, it most often corresponds to sinistral strike-slip faults ; 314 

- The direction North 150 to North 160, oblique to the axes of the folds, corresponds to the faults which 315 

appear in dextral strike-slip faults ; 316 

- For the North 110 to North 120 direction, these are normal and reverse faults and dextral strike-slip 317 

faults. 318 

We can also note a fourth orientation family of submeridian secondary importance. 319 

Data 320 

The database used in this study includes Landsat-TM satellite images, the 1/200 000 geological map of Laghouat 321 

and the results of structural measurements obtained during our field investigation campaigns. Thus, the analysis 322 

is based on the processing and interpretation of a Landsat 7 ETM+ Path 196 and Row 36, multispectral and 323 

panchromatic scene covering the study area (Fig.4). 324 

However, given the scale invariance properties that could characterise lineament networks, we opted for four 325 

satellite images covering the El Gada region at different scales (Fig.5).As such, we have chosen the following 326 

scales: 1/200 000; 1/100 000; 1/50 000 and 1/25 000. 327 
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The image processing consists of lineament identification and extraction. The processing was carried out using 328 

ENVI software for color compositions, principal component analysis and directional filters. Directional filters of 329 

the 7 X 7 Sobel matrix type were applied in the N 0°, N 45°, N 90° and N 135° directions. 330 

The structural nature of the lineament network was subsequently validated by eliminating all straight lines 331 

related to anthropogenic activities and those of the hydrographic network. In addition, the geological 332 

investigations carried out during our various field campaigns were also used to compare the results obtained. 333 

Finally, the resulting synthetic lineament maps are presented in Fig.6. 334 

Results and discussion 335 

Preliminary analyses 336 

On the one hand, preliminary analyses are necessary in order to show that the characteristics of the lineament 337 

networks are entirely consistent with our field observations. Secondly, these analyses will gradually enable us to 338 

justify the adoption of fractal and multifractal analyses to characterise the lineament networks. To this end, a 339 

quantitative analysis of the geometry of the network of lineaments was briefly carried out in this study to 340 

determine the rose diagrams of the lineaments and their histograms of the orientation angles, as well as the 341 

histograms of the length frequencies and their fit to a power law. A spectral analysis has also been included in 342 

this section because scale invariance is often reflected in the spatial form of the calculated statistics as spectral 343 

power, at least for moments of order 2. 344 

Geometric analysis of lineament networks. 345 

Quantitative analysis of the lineament networks enabled us to draw up rose diagrams for the four lineament maps 346 

(Fig.7) For scales of 1/200 000, 1/100 000 and 1/50 000, the rose diagrams clearly show the main North 50 - 347 

North 80 direction, corresponding to the North-East  South-West direction of the Atlas range linked to the major 348 

Pyrenean tectonic phase, the main faults of which acted as senestial strike-slip faults. A second direction of 349 

lineaments of lesser importance, North 100 - North 130, corresponds to the class of North-West South-East 350 

faults and the major dextral strike-slip faults visible on the geological map.There is also a third, narrower, 351 

submeridian class, which appears to be emerging but remains below 5%, corresponding to the north-south faults 352 

on the geological map. These fractures are linked to the late Plio-Quaternary tectonic phase of submeridian 353 

shortening. 354 

However, for the 1/25 000 scale lineament map, the rose diagram shows a fairly homogenous directional 355 

distribution with a very slight dominance in the two perpendicular directions North-East South-West and North-356 

West South-East.The first corresponds to the direction of the Atlas range and the second corresponds to the 357 

normal and reverse faults and dextral strike-slip faults visible on the geological map.At this scale, the network of 358 

lineaments essentially corresponds to the small diffuse fractures which seem to predominate and which play an 359 

important hydrogeological role. 360 

Histograms of orientation angles (Fig.7) clearly show a large majority of lineament classes oriented North-East-361 

South-West at scales of 1/200 000, 1/100 000 and 1/50 000.However, for the 1/25 000 scale lineament map, 362 

there are two main classes of roughly perpendicular lineament running North-East South-West and North-West 363 

South-East. 364 
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The histograms of length frequency show an asymmetric distribution (Fig. 7).For many authors, including Long 365 

and Billaux (1987); Dverstop and Andersson (1989) and Cacas et al. (1990), the lognormal distribution is the 366 

most commonly used. However, studies carried out by Bonnet et al. (2001); Bour and Davy (1999) and others 367 

have shown that a power law distribution is better suited to representing the distribution of fracture network 368 

lengths. The value of the exponent𝑎 of the power law (𝑛(𝑙) ∝ 𝑙−𝑎) indicates the proportion of small fractures to 369 

large ones.The power law was tested to adjust the fracture length distribution (Fig.7).We used maximum 370 

likelihood estimators to fit the distribution.The slope values 𝑎 obtained for the four lineament maps 1/200 000, 371 

1:/100 000, 1/50 000 and 1/25 000 are 2.8914, 3.0199, 3.3475 and 5.8593 respectively, showing a predominance 372 

of short lengths and diffuse majority fracturing. 373 

Spectral analysis 374 

Scale invariance is translated on the spatial form of the statistics calculated on the signal. such as spectral power 375 

and autocorrelation function. It then appears that the notion of scale invariance is intimately linked to the spectra 376 

known as in 1/𝑓 and can be associated with the concept of fractal (Mandelbrot 1982). This simple analysis 377 

justifies in particular the emergence of the laws of power in the problems with invariance of scale. It thus 378 

emerges that spectral power follows a power law where we speak of self-similar behavior. Often, we are satisfied 379 

to consider the existence of behaviors in laws of scale in the statistics of order 2 only and one checks the 380 

adequacy with a spectrum in 1/𝑓. This property is mainly highlighted and is verified on the power spectrum 381 

alone; experimentally it is statistically observed that the spectral power presents a decrease in law of power 382 

(Field 1987 ; Turiel et al. 2005 ; Grazzini et al. 2007 ; Grazzini and Soille 2009) :  383 

 384 Γ𝐼(𝜈)  ∝  |𝜈|−𝛽 (13) 

Where 𝛤𝐼   is the spectral power, βthe spectrum exponent and where |𝜈| is the radial frequency. This translates 385 

into by a linear relationship between 𝐿𝑜𝑔(𝛤𝐼(𝜈)) and𝐿𝑜𝑔|𝜈|. The slope of the straight line obtained is -β. The 386 

goal of spectral analysis is practically to verify if the property of scale invariance exists, at least with regard to 387 

the order two.  388 

Fig.8 illustrates the scale invariance on the power spectrum using the power spectral density in log representation 389 

and log-log diagram. 390 

The results obtained from the power spectral density in log-representation clearly highlight the frequencial and 391 

angular characteristics of lineaments for maps at different scales. The presentations of the spectra of power in 2D 392 

also make it possible to determine the energy distribution of the image, to bring information on the periodicity 393 

and the orientation of the reasons for the texture of the lineaments. For the maps on the scale 1/200 000 and   394 

1/100 000, we note rather periodic textures in the direction of the principal directions of the lineaments described 395 

previously and the concentrations of energy around the main axes. On the other hand, for linear maps at scales  396 

1/50 000 and 1/25 000, the textures are globally rather homogeneous without privileged directions. The log-log 397 

diagrams of the spectral power present a clear decrease in power law characteristic of a self-similar behavior. 398 

The exponents of the β spectra obtained for the linear maps at scales 1/200 000, 1/100 000, 1/50 000 and        399 

1/25 000 are respectively: -1.0865, -0.9653, -0.9343 and -0.8224. These values already seem to prove the scale 400 

invariance of the lineaments for the studied lineament maps. 401 
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Fractal Analysis   402 

In reality, the determination of the fractal dimension using the box-counting method is abundantly documented 403 

in the literature (Allegre et al. 1982 ; Chilès 1988 ; Davy et al. 1990 ; Marrett and Allmendinger 1991 ; Gauthier 404 

et Lake 1993 ; Odling 1992 ; Walsh and Watterson 1993 ; Barton 1995 ; Castaing et al. 1996 ; Berkowitz and 405 

Hadad 1997 ; Bour and Davy 1999 ; Bonnet et al. 2001 and Darcel et al. 2003). Among the main advantages of 406 

the method it is that it can be applied for structures missing the property of strict autosimilarity, and that it can 407 

also be used for multifractal analysis, thus, for the facility of its programming. 408 

The application of the box-counting method to the four lineament maps it allowed to have the results presented 409 

below. We have taken the box sizes as successive powers of two. Table 1 summarizes the results of counting and 410 

Fig. 9 illustrates the number of non-empty boxes as a function of box size, and one thus determines the slope of 411 

the graph by adjustment which is not other than Fractal Dimension 𝐷𝑓of the relation (1). The values obtained for 412 

the fractal dimension range from 1.86 to 1.88, they reflect the importance of fracturing and the degree of 413 

complexity of the fracture network. The Fig. 10, show the dimensions fractals calculated for each of the four 414 

linear maps, they are stable and significant values and that the fractures beautiful and are well correlated between 415 

them. 416 

Multifractal Analysis 417 

The box counting algorithm was applied for the four lineament maps to describe each iso-fractal subset by the 418 

generalized dimensions 𝐷(𝑞) and by the multifractal spectrum𝑓(𝛼). Thus, the partition functions 𝑍(𝑞, 𝜀) of 419 

equation (5) for the four lineament maps were constructed for values of 𝑞  ranging from -20 to 20. The partition 420 

functions of the four lineament maps are presented in Fig. 11. It is practically noticed that all the points are 421 

aligned perfectly on the adjustment lines. Thus, the data follow a power law characteristic of multifractal 422 

behavior and this for all the range of scale. The scale invariance property already detected on the Fourier power 423 

spectra is confirmed by the behavior of the moments. 424 

From the partition function and for each𝑞,the mass exponent 𝜏(𝑞)can thus be considered as the slope obtained on 425 

the logarithmic representation of 𝑍(𝑞) compared to the representation logarithmic of𝜀.On scales where 𝑍presents 426 

a power law behavior, 𝜏(𝑞)  in general presents curves with very low convexity characterizing the scale 427 

invariance indicating the asymptotic behavior of the moments of order𝑞. 428 

Thus, for different values of𝑞, ranging from -20 to 20, and by calculating the function 𝜏(𝑞)according to the 429 

equation (7), we obtained the curves presented in fig.12.We note that the curves obtained for the four lineament 430 

maps are practically superimposed,and that the weak convexity characterizing the scale invariance is not clearly 431 

highlighted to decide. 432 

As such,it is more interesting to see the variations of the generalized dimensions 𝐷(𝑞)as a function of 𝑞 as it was 433 

presented in paragraph 3.Fig. 13 shows the variations of the generalized fractal dimensions 𝐷(𝑞)as a function of 434 𝑞 for values of 𝑞 ranging from -20 to 20.The curves obtained show clearly the decrease of 𝐷(𝑞)when 𝑞 increases 435 

and put this ahead and clearly the multifractality of the process for the four linear maps.Indeed,a monofractal 436 

process would have only one fractal dimension and would have only one constant value of 𝐷(𝑞),whatever of𝑞.  437 



14 

 

The multifractal spectrum of the singularities 𝑓(𝛼)characterizes the degree of regularity and homogeneity of the 438 

process.Thus,the multifractal spectra are estimated from the Legendre transform for the four lineament maps 439 

(Fig. 14).The results obtained show multifractal spectra in the form of bell-shaped curves confirming the 440 

multifractal process of the lineament distribution.The maximum of the curves being equal to 2 thus giving the 441 

fractal dimension of the support. 442 

This analysis allowed showing that the process of the distribution of the lineaments at least for the four scales 443 

chosen is a multifractal process, this can be extrapolated on larger scales in order to characterize the geometry of 444 

the fracture networks and to guide future development work. 445 
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Conclusion  446 

This study has allowed to show that from simple satellite images, it is possible to carry out thorough analysis of 447 

the fractures networks. In this respect, the geometric analysis of the lineament networks showed the analogy and 448 

strong similarity between the lineament network and the fractures mapped on the geological maps. It has also 449 

shown that the distribution of lineament lengths can be easily fitted to a power law. In addition, spectral analysis 450 

of the lineament networks revealed fairly periodic textures along the main directions of the lineaments and 451 

energy concentrations around the main axes, but on a larger scale, the textures are fairly homogeneous overall, 452 

with no preferred directions, where diffuse fracturing seems to be in the majority. 453 

However, in general, the spectral power shows a clear power-law decay characteristic of self-similar behavior, 454 

which seems to prove the scale invariance of the lineaments for the lineament networks analyzed. The fairly high 455 

fractal dimension values obtained reflect the extent of fracturing and the degree of complexity of the lineament 456 

network, and a priori indicate the existence of many degrees of freedom. 457 

For multifractal analysis, the partition functions show that the points are aligned on the fitting lines following a 458 

power law characteristic of a multifractal behavior. In addition, the low convexity of the curves of the mass 459 

exponents did not allow to clearly highlighting the scale invariance. However, the curves of the generalized 460 

dimensions as a function of the moments show clearly a decrease highlighting the mulifractality of the process.  461 

In addition, the multifractal spectra in the form of bell curves confirm the multifractal process of the lineament 462 

distribution for the four networks analyzed. 463 

Ultimately, the methodology adopted represents a very powerful, flexible and reliable tool for the multifractal 464 

characterization of fracture networks and opens up the prospect of modelling attempts to assess the connectivity 465 

of fracture networks. 466 
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 757 

Figures 758 

 759 

Fig. 1 2D-MAFN flowchart of the calculation code for the multifractal analysis of fracture networks. 760 
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 765 

Fig. 2 Main structural domains from the Maghreb region in North Africa and location of the study area 766 
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 782 

Fig. 3 Geological map of the study area of the El Gada region 783 
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 790 

Fig. 4 Landsat 7 ETM+ scene, channels 3, 2 and 1 in RGB covering the study area 791 
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 797 

Fig. 5 Natural color images 321 RGB to the scales: (a) 1/200 000, (b) 1/100 000, (c) 1/50 000 and (d) 798 
1/25 000 799 
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 811 

Fig. 6 Lineament synthesis maps of the El Gada region, to the scales: (a) 1/200 000, (b) 1/100 000, (c) 1/50 000 812 
and (d) 1/25 000 813 
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 838 
 839 

Fig.7 Results of the geometric analysis of the lineament networks.From left to right: Lineament network rose 840 

diagrams, Histograms of orientation angles, Histograms of lineament length frequencies and Power Law fitting 841 

of the lineament length distribution using the Maximum Likelihood estimators to the scales: (a) 1/200,000, (b) 842 

1/100,000, (c) 1/50,000 and (d) 1/25,000. 843 
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 849 

Fig.8Illustration of scale invariance on the power spectrum.From left to right: Binary image of the lineament 850 
map, Log-scale power spectral density and log−log plot of power spectral density with the spatial frequency to 851 

the scales:  (a) 1/200 000, (b) 1/100 000, (c) 1/50 000 and (d) 1/25 000 852 
 853 
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 854 

Fig.9 Estimation of the Fractal Dimension of lineament maps to the scales: 855 
(a) 1/200 000, (b) 1/100 000, (c) 1/50 000 and (d) 1/25 000 856 
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 866 

Fig 10.Fractal dimensions calculated for each of the lineament maps of the study area at different scales 867 
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 879 

Fig.11 Log-log plot of mass partition function  𝑍(𝑞, 𝜀) versus scale (𝜀)of lineament maps to the scales:  (a) 880 

1/200 000, (b) 1/100 000, (c) 1/50 000 and (d) 1/25 000 881 
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 892 

Fig. 12 Relationship between mass exponent 𝜏(𝑞)and moment 𝑞of lineament maps 893 
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 905 

Fig. 13 Relationship between singularity exponent 𝐷(𝑞) and moment 𝑞of lineament maps 906 
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 918 

Fig. 14 Relationship between multifractal spectrum 𝑓(𝛼) and singularity exponent 𝛼of lineament maps 919 
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