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Abstract

In this paper, on one hand, a class of linear codes with one or two weights
is obtained. Based on these linear codes, we construct two classes of con-
stant composition codes, which includes optimal constant composition codes
depending on LVFC bound. On the other hand, a class of constant composition
codes is derived from known linear codes.
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1 Introduction

Let p be an odd prime and ¢ be a power of p. A linear [n,k,d] code over the
finite field F, is a k-dimensional subspace of Fy with minimum Hamming distance
d. Let A; denote the number of codewords with Hamming weight 7 in a linear code
C of length n. The weight enumerator of C is defined by

T+ A X+ AX%2 4+ 4+ A X"

The sequence (1, Ay, .-+, A,) is called the weight distribution of the code C.
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Let D = {dy,dy,- - ,d,} C F},., where n, m are positive integers. Let Tr denote
the trace function from F,m to F,. We define a linear code of length n over [F,, by

Cp = {c(a) = (Tr(ady), Tr(ads), - - - , Tr(ad,)|a € Fym}.

This construction is generic in the sense that many classes of known codes could be
produced by selecting the defining set D C [F,m. So, this technique could be employed
to construct linear codes and cyclic codes in different ways (see [5,16, 18,19, 11, [12, 14—
21], and references theirin).

Let S = {sp,---,5,-1} be an alphabet of size g. An [n, M, d, (wo, w1, -+ ,wWs—1)q|
constant composition code(CCC) is a subset C' C S™ of size M, minimal distance d
and where the element s; occurs exactly w; times in each codeword in C.

Constant composition codes were studied already in the 1960s. Both algebraic
and combinatorial constructions of CCCs have been proposed. For further informa-
tion, the reader is referred to [1-4, [13].

The objective of this paper is to construct two classes of CCCs. A new construc-
tions CCCs which are subcodes of linear codes (not cyclic codes) is proposed. On
one hand, we define a class of linear codes Cp,) by a set D(a). The corresponding
exponential sums have close relationship with Gauss sums. By using the technology
of finite field, the parameters of linear codes Cp(,) are obtained for all o € F,, (see
Theorem [B.2). Furthermore, we select a kind of set S and construct a class of CCCs
whose parameters is presented (see Theorem [B.3]). Some of these CCCs are optimal
in the sense that they meet LFVC bound. On the other hand, a class of CCCs is
constructed from known linear codes (see Theorem [.2)).

2 Preliminaries

Throughout this paper, we let ¢ = p™, where m is a positive integer. Let n and i
be the quadratic multiplicative character on F, and F, respectively. Let y;(-) = CpT ')

and Y; = c,S') be the canonical additive characters on F, and IF,, respectively. We
define n(0) = 0 = 7(0), then the quadratic Gaussian sum G(n, x1) on I, is defined
by

G(n,x1) =D n(@)xa(x),

z€lFy
and the quadratic Gaussian sum G(7, ;) on F, is defined by
Gmx) = Y n@)x(x).
z€lF,

The following results are well known.



Lemma 2.1. [7] Let the notations be given as above, we have

m

Glrxa) = ()" VT g
and )
G x) = V=17 v
Lemma 2.2. [7] Let x be a nontrivial additive character of F,, and let f(x) =
asx® + a1 + ag € Fy[x] with ay # 0. Then

> x(f(2)) = x(ao — ai/(4az))n(az) G (n, x)-

z€Fy
The conclusions of the following two lemmas are easy to obtain.

Lemma 2.3. If m is odd, then n(a) = 7j(a) for any a € F,. If m is even, then
n(a) =1 for any a € F,.

Lemma 2.4. For each o € IF,,, we let
Ny = #{z € Fym|Tr(z) = a}.
Then N, = p™~1.
We will need the following lemma.

Lemma 2.5. [(] With the notations given as above. For each o € F,, let

Na — #{x - Fpm TI'(.:C2> == O{}
Then
Pl if m is odd and o = 0;
p—1 m m— . .
N Pt — (1)) (p — 1)pTz, if m is even and a = 0;
Tl p(—a) (=)D if mis odd and o # 0;
pml 4 (_1)(?)2%])’”772’ if m is even and a # 0.

At the end of this section, we give the LFVC bound of constant composition code.

Proposition 2.6. [10] Assume nd — n® + wj + wi + --- +w>_; > 0. Then, an
[n, M, d, (wg)ser,] CCC satisfies the following inequality

M <nd/(nd —n*+ wj +wi 4+ +w>y).

If
M =nd/ (nd —n* +wj +wi+ - +w’_,),

then we call CCC' is optimal.



3 The first construction

In this section, we will define a CCC as a subcode of linear code Cp(,) defined by
(B). Throughout this section, we always assume that m is a positive integer. The
defining set D(«) is given by

D(a) = {d € F.[Tr(d) = o},
where o € F),. Let n, be the length of linear code Cp(,), where
Cp(a) = {c(a) = (Tr(ady), Tr(ady), - - -, Tr(ad,, )|a € Fym}. (3.1)
Then by Lemma [2.4] we have the following result.

Lemma 3.1. With the notations given as above, we have

pm—l - 17 o = 07'
Ny = .
P, otherwise.

Theorem 3.2. Let the notations be given as above.

o When a =0, Cp(y defined by (31) is a [p™~ " —1,m — 1] code over F,, with the

weight distribution as follows.

weight frequency
0 1
Pt —1) [P -1

o When o € F}, Cp(a) defined by (31) is a [p"", m] code over F, with the weight
distribution as follows.

weight frequency
0 1
m—1
p p—1
P —1) | pm—p

Proof. For a # 0, the Hamming weight of codeword ¢(a) is equal to

wtlela) = o= 3 3G

z€D (o) u€lp



= N, Z Z CuTr ar) Z Cv(Tr(x

xEIF' o u€lF, vElF,
— o Z 1 + Z CuTr az) 1 + Z Cv(Tr(w
xE]F om u€lF} velFy
= N, — Z%( _ _ Z ZCU(Tr(x —a) 2 Z Z CuTr ax)
xEIF' pm veF) xEIF*m u€ly
_ Z Z CuTr az) Z C;)(Tr(x —a)
ch]F*m uEIF'* vEF*
= na_%( ZC—UO{ _2 _1>
p velFy
Z Z C—va Z CTr( autv)z) ) (32>
u€lF) vely z€F,m

1) If a =0, from ([B.2) and Lemma B.1], we have

wt(e(a)) = ng— Z%(pm -1+ 3 —-1)— — Z Z Z CTY((aquv):v) —1)

u€l} velfy zeF,m
= ng—p"~ 2+1__ZZZ<Tr(au+vx
u€lF} vel) z€F,m
= no—pm_2+1— e 2#{U,UEF;|au+U:0}
I if a € F};
B p™2(p—1), otherwise.

Note that when a € F,, we have wt(c(a)) = 0. This implies that the dimension of
linear code Cp(g) is m — 1.

2) If o # 0, then

Y G =—1and Y Y (=-(p-1).

veFs u€F; veF;

From (B.:2)) and Lemma Bl we get

wt(c(a)) = ng — Z ZC vor Z (Trl(auto)a)

u€lF} velfy z€Fp,m



m—2 m—2 —va : * .
Ng — P —-p Z Cp s lfaer,
= {u,v€F} lau+v=0}

P (p—1), otherwise.
Ng _pm—2 _ pm—2 Z Cp—va’ iface F;

- UE]F;;
P2 (p— 1), otherwise.

_ [ if a € F¥;

B p"%(p—1), otherwise.

Note that when a € Fy.., we have wt(c(a)) > 0. This implies that the dimension of
linear code Cp(q) is m.

The Code C), is defied by
¢, = {c(a) | a € Fyu \ F,}. (3.3)

Denote the size of code C!, by M,. It is easy to check

M, = pml -1, ifa:Q;
p" —p, otherwise.

Theorem 3.3. The code C,, defined by ([3.3) is an [na, My, d, (wg)ser,] CCC, where
1) in the case a = 0:

ng = prt—1;
My = pm -1,
wo = Pt
wg = P2 forany B € F;
d = p"P(p—1);
2) in the case o # 0:
ne = p"h
My = p" —p;
wg = P2 forany B €T,

d = p"?*(p-1).



Proof. 1) Note that a # 0. If « =0, for any § € [, we have

Z Z Cu(Tr az)

xED(a ) uelF,
— C u(Tr(az)— CvTr(w
- Z Z Cu (Tr(az)— Z CvTr(x
xEIF' m u€lFy vely,
- C—uﬁ CTr( au+v)z)
_ 2 Z C—uﬁ Z CTr aux) Z Z CTr(wv
uely z€F,m veFy z€F,m
Z Z C—uﬁ Z CTr( au+v)z)
2 u€ly vel} z€F,m
— m 2 ‘l‘ - Z ZC uf3 Z C;.‘r((au—i-v)x)‘
u€F; veFs 2E€F,m

Note that a € Fym \ Fp, then au + v # 0 for any u,v € F;. This implies that

§ (Bl

CCE]Fpm

m—1 m—2 __ 1

Thus, we have wg = p™~2, for any 8 # 0. Recall ng = p —1, then wg =p

2) If a # 0, for any 3 € Fy and a # 0, then

wg = Z Zcu(Tr az)

xED(a) u€lFy

— % Z Z C u(Tr(azx)— Z Cv(Tr(w
p xEIFpm u€ly, vElFy
_ iz T3 e 3 ot
p z€F,m uely v€ElF),
_ Z% Z Z Cp—uﬁcp—va Z Cgr((au-i-v)x)
ueF, vel, 2€F,m



m2+_ZCuBZCTraux ZCUQZCTr(vx)

u€ly z€F,m velFy z€F,m
‘l‘ Z Z C uBC v Z CTr (au+v)x)
u€l) vely z€F,m
_ m2+_ZZ<uBC vaZgTr(au-‘rvx
u€lF) vel) z€F,m

Note that a € Fym \ F, then au + v # 0 for any u,v € ;. This leads to

Z CpTr((““Jr”)x) =0, uwvel,.

CCE]Fpm

m—1 m—

Therefore, wg = p™~2 for any § € F. Recall n, = p™ ', then wy = p™ ' —p
1) =pm2

Denote by dy(c(ay),c(az)) the Hamming distance of ¢(a;) and (ag). For any
a € F,, when a; and ay run through F,m \ I, with a; # a9, then a; —ay runs through
.. Therefore, the minimal distance of C' is the same as that of C, which is obtained
by Theorem This completes the proof. O

*(p—

Remark 3.4. When oo = 0, the parameters of code Cj in above Theorem satisfy
nod/(nod — nj + wi +wi + -+ +w>_y) = M.

Thus, we obtain a class of optimal CCCs. However, if a € Fy, the parameters of
code C!, satisfy

Nad —n? +wj +wi + - +wi; =0.
Therefore, the LEVC bound cannot be applied to measure the optimality of these
CCCs. Note that for large m, code C!, has the same minimal distance d and length
Ne. In this sense, compared to Cy which is optimal, C., has more codewords with same
minimal distance d for o € Fy,. This implies that C,, are excellent.

4 The second construction

-1
p )2%

In this section, we let 7 = (—1)("z
given by

, where m is even. The defining set F is

E = {d € F,,.|Tx(d*) = 0}.
The linear code Cg is defined as

Ce = {c(a) = (Tr(ady), Tr(ady), - - - , Tr(ad,)|a € Fym}. (4.1)
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Lemma 4.1. [6] Then the code Cp defined by ([{.1) over F, has parameters [p™* —
7(p— 1)p2 ' — 1,m] and weight distribution in the following.

weight frequency
0 1
(p — 1)pm_2 _ pm_l — T(p — 1)p%_’i —1
=D =2 )| (- " "+ ")
Define set
S = {CL - ]qu TI'(CL2> ;é O}
and code
Cr ={cla) | a € S}. (4.2)

m_

By Lemma 2.5, we obtain the size of S is p™ —p™ *+7(p—1)p=2 ~L. In the following,
we give our main result.

Theorem 4.2. The code Cy; defined by ({{.9) is a CCC with parameters [n, M, d, (wg)ser,
where

prt—rp—pz Tt — 1
M = pm—p" ' +r(p—1)pr

Wwo = P

wg = P E—T1p: Tt for any B el

i - {<p_1)pm_2’ my o h
(p—1D(pm2—pz), 7=

3

Proof. 1t is easy to see

and

For any 8 € [}, we have

vy = 219 SO uman-9)

reF uel,
1 2
_ u(Tr(axz)—p) vTr(z?)
- Ly ygmenyg
xEIF;m u€lF, vel,



— 2 Z Z Cu (Tr(az)— Z CvTr x2

z€F,m uely vel,

- Z ZC uf Z C;)I‘r(aux+vx2)

UGFP UE]FP ZBE]Fpm

_ m 2+ = Zc—uﬁ Z CTr(aux Z Z CTr(wv)

UGF (EGFpm UGF wE]Fpm
—uf Tr(auz+vz?)
=D DD DIl SR (43)
UGF UGF ZBE]Fpm

Since a - u # 0, then

Z Cg‘r(aux) —0.

CCE]Fpm

By Lemmas and 2.3] together with a € S, we have (4.3) is equal to

ws

m— p_l wB ~Tr u?
P G x) ZZC 36, )

u€lF} velfy
m-2  P—1 —Bu—Tre) 2
Pt 7G(777 X1) + PG(U’ X1) Z(Z Gp =)
veF) uel,
1 _Bu_Tr(ll ) 2
SGOx) Y D G
p velFy uel,
m-z , 1 o Tr(a®) | i
P+ G xa) Y (- 16 VG )
p velFy
1 B
m—2 — — — — Tr(a<)
P+ 5 G x)G X)) m(=1)7( )
p? ! 1%;; Tr(a2)”"

pwﬂ+§amxmﬂnzmen§jmm;

UEIF';
m2 g G2(7,%,)m(—1
P+ e (7, x1)G= (7, X1)7(=1)

~ () A
- DO
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Note that n = p™~* — 7(p — 1)p2 ~! — 1, then
Wo =7p

Denote by dg(c(ay),c(az)) the Hamming distance of ¢(a;) and (ay). When a4
and ap run through S with a; # as, then a; — ap runs through F;,.. Therefore, the
minimal distance of Cj; is the same as that of Cp. By Lemma .1, we finish the
proof. O

Remark 4.3. We can check that nd —n* + wi + wi + -+ w2, <0 for 7 = £1.

Therefore, the LFVC bound cannot be applied to measure the optimality of these
CCCs.

In a similar way, we can prove that {c(a)la € Fy. \ S} is a CCC. However, this
m—1 __

code has only p
Cly.

Corollary 4.4. The code {c(a)|a € Fy.\S} is a CCC with parameters [n, M, d, (wg) ger, |
where

7(p—1)p™T — 1 codewords which is fewer in comparison with

no= Pt —rlp—1pti -1
M = pter(p-pE Tt - L
wo = pri-Tlp—-1pr T -1
wga ™% for any B € F;

d = { p_]-p a 7_:_1;.
(=" ?=p27"), 7=1

5 Conclusion

In this paper, we obtained several classes of CCCs with exact parameters. One
of them is optimal based on LFVC bound. However, the other CCCs cannot be
measured by LEVC bound. The optimality of these CCCs is not clear. At the end,
we mention that CCCs over F,, obtained in this paper can be generalized to the case
of CCCs over F,.
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