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Abstract

We propose a new kind of stochastic absolute value equations involving abso-
lute values of variables. By utilizing an equivalence relation to stochastic bilinear
program, we investigate the expected value formulation for the proposed stochas-
tic absolute value equations. We also consider the expected residual minimization
formulation for the proposed stochastic absolute value equations. Under mild
assumptions, we give the existence conditions for the solution of the stochastic
absolute value equations. The solution of the stochastic absolute value equations
can be gotten by solving the discrete minimization problem. And we also propose
a smoothing gradient method to solve the discrete minimization problem. Finally,
the numerical results and some discussions are given.
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1. Introduction

Let (€, F,p) be a probability space, where Q@ C R™ and p is a standard probability
measure, we propose a new kind of stochastic absolute value equations, which is to find
a vector € R" such that

Alw)x — |z| = b(w), (1.1)

where A(w) € R™™ and b(w) € R™ for w € Q are random quantities on a probability
space (€2, F,p), |x| is the componentwise absolute value of vector z € R". We call
(1.1) the stochastic absolute value equations (SAVE). When A(w) is a deterministic
matrix and b(w) is a deterministic vector, then SAVE (1.1) reduces to the absolute
value equation (AVE) which is equivalent to the general linear complementarity problem
[1, 2, 3, 4]. The AVE was widely used in solving linear programs, bimatrix games and
fundamental problems of mathematical programming, one can see [2, 3, 4, 5]. In the past
few decades, the stochastic variational inequality problems [6, 7], the stochastic linear
complementarity problems [8, 9, 10, 11, 12], the stochastic nonlinear complementarity
problems [13, 14] and the stochastic tensor complementarity problems [15, 16, 17] were
also widely studied in solving many optimization problems with uncertainty. However,
no attention has been paid to SAVE (1.1) which contains the characteristics of AVE and
stochastic optimization problems.

As the AVE is an NP hard problem [2], it is also a hard work to solve SAVE (1.1).
Generally, for the stochastic optimization problems, there are two general approaches
to get the solution of the problems [8, 9, 10]. The first approach applies the expected
value (EV) method which formulates the problem as a deterministic problem by taking
the expect of the stochastic quantity, and the second approach is the expected residual
minimization (ERM) method, which is a natural extension of the least-squares method
of minimizing the residual. In this paper, the equivalent relation between SAVE (1.1)
and stochastic bilinear program is given. By using the EV formulation, we propose an
expected value formulation for SAVE (1.1). We also study the ERM formulation for
SAVE (1.1). We generate samples by the quasi-Monte Carlo methods and prove that
every accumulation point of the discrete approximation problem is the solution of the
expected residual minimization problem for SAVE (1.1).

The remainder of this paper is organized as follows. In Section 2, we show that SAVE
(1.1) is equivalent to a stochastic bilinear program, which is a stochastic optimization

problem with the formula as a stochastic generalized linear complementarity problem.



Combined with an example, we give a discussion about the EV formulation. In Sec-
tion 3, we first establish the boundedness of the solution set of the expected residual
minimization problem, and then show that each accumulation point of the sequence
generated by the ERM formulation is a solution of the expected residual minimization
problem. In Section 4, we propose a smoothing gradient method for solving SAVE (1.1).
Some numerical experiments are also given to verify the theoretical results of the ERM

formulation. Finally, we complete our paper with some conclusions in Section 5.

2. Expected value formulation

We start by showing that SAVE (1.1) is equivalent to a stochastic bilinear program. By
the equivalence of the stochastic bilinear program and the stochastic generalized linear
complementarity problem, SAVE (1.1) can be reformulated as a stochastic generalized

linear complementarity problem. Then the expected value formulation will be used to
solve SAVE (1.1).

Theorem 2.1 SAVE (1.1) is equivalent to the stochastic bilinear program, i.e.,

0 = min {((A(w)+1)z—b(w))" (A(w)—D)z—b(w)) | (A(w)+Da—bw) > 0, (Aw)—I)z—b(w) > 0}.

TER™

Proof. By SAVE (1.1), from |z| < A(w)z — b(w), we have
(A(w) + Dz = b(w) 2 0, (Alw) — Iz —b(w) =0,

i.e., the above formulations are the equivalence of the constraints for the stochastic

bilinear program. So we have
|| = A(w)z — b(w)

)
(A(w)+D)z—b(w)T ((A(w)—1)z—b(w)) = 0, (A(w)+1)z—b(w) > 0, (A(w)—I)z—b(w) >0
We complete the proof.

Theorem 2.2 SAVE (1.1) is equivalent to the stochastic generalized linear complemen-

tarity problem, 1i.e.,

(A(w) + Nz = b(w) = 0, (A(w) — Iz —bw) =0,
0.

(2.1)
((A(w) + Dz = b(w) " ((A(w) = Iz = b(w))
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Proof. By the equivalence of the stochastic bilinear program and the stochastic
generalized linear complementarity problem, we get this theorem.

In the following of this paper, E|-] stands for the expectation of every elements of
matrix and vector. A denotes the expectation of A(w) and b denotes the expectation of
b(w), i.e.,

A= E[A(w)], b= E[bw))].
Then, we get the expected value formulation of the stochastic generalized linear comple-

mentarity problem as

(A+ Dz —0)"((A—=Dz—0b) =0, (22)
b> 0.

(A+Dz—b>0, (A-DNz—b>

In general, the solution set of (2.1) is not equivalent to the solution set of (2.2) for all

w € . So, in this section, we consider a kind of discrete probability space, which has

only finitely many elements, i.e., Q = {wy,ws, -+ ,wn}. Now, (2.1) is equivalent to
G(x) >0, H(z) >0, G(z)"H(z) =0,
(A(w;) + Iz — b(w;) >0, (2.3)

(A(w;) = Iz — b(w;) >0,
where G(z) = (A+DNx —b, Hz)=(A—Dx—b,i=1,2,--- ,m.

In the following of this section, we reformulate (2.3) as a nonlinear equations with
nonnegative constraints, i.e., the expected value formulation of SAVE (1.1). (2.2) is a
generalized linear complementarity problem, and it can be reformulated as a semismooth
equations by Fischer-Burmeister (FB) function. FB function is an NCP function [1],
which is defined as

quB(a,b): va2+b2—a—b,

where a,b € R. Then z is a solution of (2.3) if and only if

H(z,y)=0, y >0, (2.4)
where
O ()
(A(wy) + Dz — b(wy) — 1
- (A(wy) = Dz — b(wy) — 2

(Alwm) + Dz — b(Wm) — Yam—1
(Alwm) = Iz — b(Wm) — Yom
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and

with
y:(y?uyga 7ygm)T7 yiEan Z:1727 72m'

Now, we give a simple example to illustrate the transformation process.

Example 2.1 Consider SAVE (1.1), where

10+ w 1 2 0 12 +w
1 11 3 1 15
Alw) = T )= | 0T
0 2 12+ w 1 14+ w
1 7 0 134+ w 20+ w

0= {wl,w2} = {O,2},PZ :P(wl c Q) = %

We know that (1,1, 1,1)% is the solution of this example. Now, we use the EV formulation

to solve the above example. Firstly, we get

1 1 2 0 13
— 1 12 -
e 3 1 . 16
0 2 13 1 15
1 7 0 14 21

Then by (2.4), we know that Example 2.1 can be transformed into the following con-

strained equations



orp(12x1 + 19 + 203 — 13,1021 + 29 + 223 — 13)
orp(ry + 1329 + 323 + 24 — 16, 21 + 1129 + 323 + 24 — 16)
orp(2xy + 14xs + x4 — 15,229 + 1223 + 24 — 15)
¢rp(r1 + Twg + 1524 — 21, 21 + 729 + 1324 — 21)
1z, + 29 + 223 — 12 — 3y
r1+ 1229 + 323 + x4 — 15 — 9o
209 + 1323+ 24 — 14 — y3
T+ Ty + 1dxy — 20 — 94
921 + 19 + 223 — 12 — 95

~ r1 + 1029 + 323 + x4 — 15 — yq

H(z,y) = )

209 + 1123+ 24 — 14 — 97
r1+ Txe + 1204 — 20 — ys
1321 + 9 + 223 — 14 — g9

x1+ 1320 + 323 + 24 — 17 — Y19
229 + 1523 + x4 — 16 — y1y
r1+ Ty + 1624 — 22 — Y19
112y + 29 + 223 — 14 — Y13

r1+ 1229 + 3x3 + 14 — 17 — Y14
219 + 1323+ 24 — 16 — Y15
T, + Ty + 1424 — 22 — 915

where y; > 0,2 =1,2,---,16. The optimization solution of the above constrained equa-

tions is equivalence to the optimization solution of the following constrained optimization
problem
. 1 7 2
win S| (z,y)]
s.t. y > 0.
We use fmincon function in Matlab Optimization Toolbox to solve the transformed con-

strained optimization problem. The numerical results are given in the following table,

where 2% denotes the initial point, * denotes the optimum solution.

Table 2.1 Numerical results for Example 2.1



$0

*

T

~ 2
sl H I

(2.5127,-2.4490,0.0596,1.9908)"

)
(-1.4834,3.3083,0.8526,0.4972)T
(-3.3782,2.9428 -1.8878,0.2853) "
(-3.9335,4.6190,-4.9537,2.7491)

(1.000000,1.000000,1.000000,1.000000)"
(1.000002,1.000001,1.000002,1.000001)"
(1.000000,1.000000,1.000000,1.000000)
( )

T
1.000000,1.000000,1.000000,1.000000)%

2.5580x 10712
2.8157x107°
1.0359x 10710
1.0346x10~10

(3.5303,1.2206,-1.4905,0.1325)T  (1.000000,1.000000,1.000000,1.000000)”  1.0320x10~1°

Remark From the numerical results of the above example, we know that the SAVE
(1.1) with finite discrete distribution can be solved by constrained optimization methods.
But the EV transformation is a more complicated form with nonsmooth complementarity
function and only solve SAVE (1.1) with finite discrete distribution. So, in the following
section, we consider the expected residual minimization formulation, which can avoid
transforming the SAVE into a complicated constrained optimization problem. And the
expected residual minimization formulation can also be used to solve SAVE (1.1) with

any distribution involving the finite discrete distribution.

3. Expected residual minimization formulation

To apply the expected residual minimization formulation to solve SAVE (1.1), we first

formulate the problem as the following optimization problem

min F(x), (3.1)

zeR™

where F(z) = E[||A(w)z — |z] — b(w)[]*] = [, [A(w)x — |2 — b(w)||*p(w) dw. Discrete
the involved problem by the quasi-Monte Carlo method, then the solution of the original
problem can be approximated obtained by solving the discrete minimization problem.

To proceed, we give the following assumption.

Assumption 3.1 Let p: Q) — R, be a continuous probability density function on prob-
ability space (2, F, P). Suppose that

/Q (IAW)| + 1)?(w) dw < oo, / 15(w)20(w) de < oo,

where A(w) € R™", b(w) € R", w € (.



For v > 0, we denote the level set of function F' by Z(v), i.e.,
E(y) ={z | F(z) <~}

Lemma 3.1 Suppose that there exists an w € Q, such that p(w) > 0 and A(w) #
diag(sign(x)). Then the level set () is bounded.

Proof. By p is continuous, there exists pg > 0 such that
p(w) > po, for allw e B = D(w,d) N,

where D(w, ¢) is a closed sphere with center w and radius 6. We now consider a sequence
{z} € R". By the continuity of ¢, then there exists wy € B, such that

1¢(@r, wi)ll = min ||y, W),

where ¢(zy, w) = A(w)zy — |z — b(W).
Denote A = [, dw > 0. Then

F(zy) > [ llo(@e,w)|?p(w) dw
2 ||¢($k,Wk)H2ﬁfB dw
= Apl|o(zr, wi)||*.

Now, we only need to prove ||¢(zk,wy)|| — +00 as ||xk|| — +oo. Suppose ||xx|| = +oo

holds, we know that z} — 400 or x}, — —oo for some i. So, we get
((A(wg)—diag(sign(zy)))zr—b(wy)); — +00 or ((A(wy)—diag(sign(zy)))rr—b(wg)); — —o0

for some i, i.e., we get ||¢(zk,wr)|| — +oo holds for ||zy|| — +o0o. Hence, the proof is

completed. O]

In the following of this section, the quasi-Monte Carlo method for numerical inte-
gration is used as in [8, 18]. The transformation function w = u(v) is used to go from
an integral on € to the integral on the unit hypercube [0,1]™. And the observations
{y;},i=1,---, N are generated in this unit hypercube.

Then, we get
F(z) = [, lI¢(z,w)|*p(w) dw

|

|



where p(v) = p(u(v))u'(v), Q= [0,1]".
For each k, we denote

Fu(r) = Ni S o, v |2p(v),

I/Z'GQk

where ¢(x,v;) = A(v)z — |z| — b(vy), Q. == {vs,i = 1,--- , Ni} is a set of observations
generated by a quasi-Monte Carlo method such that €, C Q, N, — oo as k — oco. In
the remainder of this section, to simplify the natation, we suppose Q2 = [0, 1] and let w
denote v.
Now, we consider
min F(z). (3.2)

TeR™

Obviously, (3.2) is the approximation problem to (3.1).
Lemma 3.2 For any fized x € R", we get

lim Fy(z) = F(x).

k—00

Proof. From the definition of ¢, we get

lp(z, W)l = [[A(w)z =[] = b(w)]
< Azl + [lz]l + l[olw)]]
< (A + Dl + o),

ie.,

0 < flo(z, w)lI* < 2[((JAW)I + Dl + 16(w) 1]
By Assumption 3.1, we know that (|[A(w)||+1)?p(w) is a nonnegative continuous function
and it is also bounded. Therefore, we get ||¢(z,-)||*p(+) is integrable and 0 < F(z) < oo.
By ||é(x, -)||?p(+) is continuous, we have

lim Fy(z) = F(x),

k—00

for x € R™. This completes the proof. O

Denote ¥ as the optimal solution set of (3.1), and ¥4 as the optimal solution set of
(3.2). Now, we give the following theorem to show the relation of the expected residual

minimization problem (3.1) and the approximate expected residual minimization problem
(3.2).



Theorem 3.1 If p(w) > 0 holds for w € Q, then ¥y is nonempty and bounded when k

is large enough. And every accumulation point of {xx} C Uy is contained in the set 9.

Proof. = We assume that z;, — Z,k — co. Let F(T) < ~, by the continuity of F', we
know that F(x;) < v for all large k, i.e., 7, € D(v) for all large k. Now, we show that

|Fi.(zx) — Fr(T)] — 0, when k — oo.

For all z,y € R", we get

lp(z,w) = oy, W)l = [[Aw)z =[] = blw) = A(w)y + |y| + b(w)]]
= [[Aw)z = A(w)y + ly| = [«]l
< Az =yl + [l =yl

AW+ Dl =yl

Denote L(w) = ||A(w)]| + 1, we also get

[p(z, W)l < (A +Dllz(] + [|b(w)]]
A+ D]l + lo(w)]l-

By Lemma 3.1, D(7) is closed and bounded, we have

llo(z, w)lI* = ey, )Pl = oz, W)l + 6y, W) (16 (z, W)l = 6y, )]
(A + D]l + (FA) + Dyl + 2[lb(w)]])

|
<

(A + Dz =y
= (L()ll=| + L)yl + 2[[b(w) ) L(w)[|z -yl
< 2L(w)Cr A+ 2[[b(w) ) L(w)llz =yl

where C) = max{||z|||x € D(y)}, 2,y € D(v). By

(2L(w)C1 + 2[b(w) N L(w) < (L(w)C1 + [[b(w)])* + [L(w)]?
[

(w
= [L(w)Ch]? + [[b(w)[|* + [L(w)]? + 2C1 L(w) [[b(w)]]
< [LW)C? + [[6(@)[1? + [L(w)]? + [CLL(w)]? + [[b(w)]?
= (207 + D[L(w)]* + 2[[b(w)|?,
we obtain
| Fi(zr) — Fi(T)| < Nk;\||¢(xk,wz)||2 16(z, wi)lI?|p(w:)
< :Z]fl(@cf + D[L(wi)]? + 2[[b(w:) 1) p(ws) |2 — T
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where F is a constant and for all large k satisfying
L
bz D ((QCT + DL + 2[[b(wi) [*)p(ws).
i=1
So, for k — oo, we get

From the above results and Lemma 3.2, we obtain
| Fi(xr) — F(T)] < |Fi(ae) — Fie(T)] + |F1(T) — F(T)] = 0,
when k — co. By xp € U, we get
Fi(xy) < Fy(z), for x € R".
Therefore, we have

k—00
We complete the proof. O
Now, we give two special kinds of SAVE (1.1), which can be solved without using

discrete approximation.

Case I. Let Q = [dl,Bl] X - X [dN,BN] with &; < Bj, j=1,---,N,and @;,j =
1,---, N are independent. When p satisfies Assumption 3.1 and p; denotes the density
function for w;, j =1,---, N. We know that

F(z) = ZFi(x),

where

Fia) = [0 [N IA@)r — fo] - b(@) 201 (@) - pv(@n) diy - - dioy.

Case II. Let A(w) = A and b(w) = b+ Tw, where A € R™" b e R" and T € R™™™
are given constants. For each 7, the ith row of the matrix 7" has just one positive element

t;, and the density function p is defined by

) = { 1, welo1m

0, otherwise.

11



In this case, we get F'(z) = > F;(x), where
=1
Fi(a) = [y - o (Az = Ja] = b)) pr(@1)pa(wn) - pn(wim) doy dw -+
1 1 rl 7
= Jo o Jo Jo LAz — 2] = b= tiw;)il* pj (wj) dwjpr(wn) - - py—1(w)m1)
i1 (W) - - P (W) dwr - - dwjy dwjp - - dwny
= [Az —|a| — b7 + 37 — [Az — |z] — b3t

4. A smoothing gradient method

In this section, we use the ERM formulation to transform SAVE (1.1) into an uncon-
strained optimization problem. For SAVE (1.1) contains nonsmooth term |z|, we con-
sider smoothing method to solve it. Smoothing gradient method is an effective smoothing
method to deal with this kind of problems [19, 20, 21], so we use the smoothing gradient
method to solve SAVE (1.1).

Firstly, we generate samples w®,i = 1,2,--- , N, i.e.,
N
flo) = D AT = |2] = blwi)[*pws),
i=1

and we choose the smoothing function of |x;| as

Blanp) = ol Fpi=12,--n,

where ;1 > 0. Denote ¥(z, 1) = (/2% + pt, /23 + pty -+, /22 + p)T. Then SAVE (1.1)

can be transformed into the following unconstrained optimization problem

min f(z, ) Z [Aw:)z = (@, 1) — bws)|*plws). (4.1)

zER™

And the gradient of the objective function in (4.1) is

Z (e, 1) = b)) (Al = (. 1) = b)) ().

where J(A(w;)x — ¥ (z, u) — b(w;)) is the Jacobian of (A(w;)x — ¥ (x, u) — b(w;)).
Next, we give the smoothing gradient method for SAVE (1.1).

12



Algorithm 1 Smoothing gradient method
Step 0 Given an initial point xg € R", ug € R, 0,d,p,7 € (0,1), € > 0, set k = 0.

Step 1 If ||V, f(xk, ux)|| < e, stop. Otherwise, go to Step 2.

Step 2 Computing the search direction dy = —V f(zy, px)-
Step 3 Determine oy, = max{p’,j =0,1,2,---} satisfying
j

Fanrn i) — Flan i) < 60V f(an, ie) die (4.2)

Set x11 = xp + agdy.

Step 4 If ||V f(xg, ux)|| > Fpk, then set pgi1 = pg; Otherwise choose g1 = opig.
Step 5 Let k = k + 1 and return to Step 1.

It is easy to find that f(-, ) > 0 for any constant p > 0 and Vo € R", V,f(-, p) is

uniformly continuous on the level set L(zg, u) = {z € R"|f(x,u) < f(zo,p)}. Next, we

give the global convergence of the proposed smoothing gradient method.

Lemma 4.1 Given a constant i > 0. Let {xy} be the sequence generated by Algorithm
1, then

T |1V (s, )| = 0.
—00

Proof. We proof this lemma by contradiction. Set klim xr = x*. Suppose that
—00

V. f(z*, ) # 0. From the continuity of f(zy, 1) and V. f(zk, 1), we have

—00
k—o0 k—o0
By (4.2), let ap = p’*, where jj, is the smallest non-negative integer satisfying the
inequality (4.2). Combining with s, = p’*d}, we have
lim (—6V, f (2, 70) T si) = 0,
k—o0
S0,
lim V. f (24, 71) s = 0.
k—00

From klim V.f(xg, @) # 0, and then klim ||sk|| = 0. Due to jy is the smallest non-negative
—00 —0

integer satisfying the inequality (4.2), set p/*~1 = ’%k, then

flaw+ 0y 1) — flar, ) > 00" Vo f (i, 1) di.

13



By pir—ld), = 250 — 5t we get

p p
s Sk __ 7 — 7 —\T Sk
[y + ;,M) — f(an, 1) > 6V f(xn, M)T;- (4.3)
Let pr = g2, then 2 = el from lim ||sg|| = 0, we know that
skl P P k— o0
lim oy, = limM—O
k—o0 k—o0 P

(4.3) can be rewritten as

f (g + Oék'pkozkﬁ/) — [z, ) > 6V, f (1, 70) P (4.4)

Due to ||pk|| = 1, the sequence {||pk|} is bounded. So there exists a convergence sub-
sequence, let kh_}rglo lpe|| = p*, and then we get p* = 1. Taking the limit of both sides of
(4.4), we have

=~V [ 1) " 2 0V, f o m)

Since 0 € (0,1), we obtain

Vo )" 2 0. (4.5)
In addition, p, = IIzill = ”lez”, thus
—fo(l"k,ﬂ)Tpk = —fo(xk,ﬁ)T(%)
= ||Vof (zx. 10) | costy
> ||Vef (@, 1) sing, (4.6)

where 0, is the angle between dj, and —V, f(zx, 1), 8 € (0, §). Taking the limit of both
sides of the inequation (4.6), we have

V. f( m) " > |V f(a*, 7)|sing > 0,

which contradicts with (4.5). So we have klim V. f(zg, ) = 0. The proof is completed.
—00
Theorem 4.1 Let {ux} and {x;} be the sequence generated by Algorithm 1. Then

lim ||V, f(2k41, p)|| = 0.
k—oo

14



Proof. Define K = {k|pur+1 = our}. Suppose K is a finite set, then there exists an
integer k such that for all k > @,

IV f (e, 1) || = Vi, (4.7)
set pp = gy = [, we get
min f(z, 7).

From Lemma 4.1, we have

limn |V, F )] = 0.

—00

which contradicts with (4.7). So K is an infinite set, i.e., klim e = 0. Set K =
—00

{k‘o,k‘l,"'}, for k’o < k‘l SRR then

k—o0 1—00

The proof is completed.

In the following of this section, we verify the effectiveness of Algorithm 1 via the
following given examples. The parameters used in Algorithm 1 are chosen as p = 0.5,
o =05 0= 05, up = 0.01, ¥ = 0.5. We terminate our algorithm if £ > 10000

or |Vuf(xg, ux)|| < 1.0e — 5 satisfied. We implement all numerical test in MATLAB
R2019b and run the codes on a PC with 1.80GHz CPU.

Example 4.1 Consider SAVE (1.1), where

AM:(HL; 141rw>’ bler) = (54:35)'

We generate samples w’, i = 1,2, -+, N, which obey the uniform distribution of [0, 1].
The numerical results of Example 4.1 are shown in Table 4.1 and Figure 4.1, where N
denotes the number of w’, z°, * and f(z*) denote the initial point, the optimum solution

and the optimum value, respectively.

15



Table 4.1 Numerical results of Example 4.1

N 20 Tt f(x*)

10 (0.9415,1.7138)"  (1.0000,3.0000)"  1.2332e-09
50 (1.5088,0.6925)" (1.0000,3.0000)" 1.2342e-09
100 (1.6206,1.1140)" (1.0000,3.0000)" 1.2553e-09
200 (1.6822,0.7090)”  (1.0000,3.0000)" 1.2360e-09
500 (1.3098,1.7802)7  (1.0000,3.0000)” 1.2104e-09

—
10° 10t 102

Figure 4.1: Numerical results of Example 4.1

Example 4.2 Consider SAVE (1.1), where

24+ w 1 0 0 2+ w
2 1 0 0 2
Aw) = T bw)= | 2T
0 0 2+ w 1 2+ w
0 2 0 14+ w 2+ w

We generate samples w’, i = 1,2, -- -, N, which obey the uniform distribution of [0, 1].
The detailed numerical results are shown in Table 4.2 and Figure 4.2, where N denotes
the number of w’, 2°, x* and f(z*) denote the initial point, the optimum solution and

the optimum value, respectively.
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Table 4.2 Numerical results of Example 4.2

N 20 T f(x*)
10 (1.3027,1.4874,0.6039,0.1792)"  (1.0000,1.0000,1.0000,1.0000)" 5.7084e-09
50 (1.0894,1.9952,1.0220,1.7470)"  (1.0000,1.0000,1.0000,1.0000)" 5.7252e-09
100 (0.9878,1.7254,0.4858,1.6685)"  (1.0000,1.0000,1.0000,1.0000)"  5.8684e-09
200 (0.2891,0.7410,1.2448,1.9951)"  (1.0000,1.0000,1.0000,1.0000)"  5.7938e-09
500 (1.6171,1.9691,1.7718,0.4277)"  (1.0000,1.0000,1.0000,1.0000)"  5.7870e-09
10° 101k 102
Figure 4.2: Numerical results of Example 4.2
Example 4.3 Consider SAVE (1.1), where
5+tw 0 0 0 0 2 1 0 0 3
3 2+w 0 3 1 0 1 0 6 0
0 LoT+w 3 0 2 0 0 : :
1 1 2 24w % 0 3 2 0 1
2 1 T
Alw) = 0 (1) - Lo64+w 2 (1) 1 — 1
2 l 4 0 0 14w 3 2 1 0
0 5 0 Z 0 2 34w 3 1 5
2 1 1 1 1 . 0 4+w 3 0
: 2 0 0 1 0 : 0 94w 0
3 0 2 1 2 0 s I I 1+
and
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bw)=(10+w,10+w, -+ ,10+w)" € R,

We generate samples w’, i = 1,2, -- -, N, which obey the uniform distribution of [0, 1].
The initial points are randomly generated. The detailed numerical results are shown in
Table 4.3 and Figure 4.3, where N denotes the number of w’, x* and f(z*) denote the

optimum solution and the optimum value respectively.

Table 4.3 Numerical results of Example 4.3

N a f(z")
10 (1.0858,1.0705, - -,1.0122)"  0.0063
50 (1.0882,1.0776,- - -,1.0097)”  0.0072
100 (1.0893,1.0727,---,0.9988)"  0.0086
( )
( )

200 (1.0890,1.0725,---,0.9998)" 0.0084
500 (1.0892,1.0737,---,1.0001)" 0.0084

70

N=10
* —%— N=50

60 1t N=100| ]

—— N=200

N=500

50 -
20+
T
>
30

E
207

101

0
10° 10 10? 10°

Figure 4.3: Numerical results of Example 4.3

Example 4.4 Consider SAVE (1.1), where

2+w 1
1 2+w 1
1 24w 1
A(W): s
1 24w 1
1 24w

nxn
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and
bw)=2+w3+w 34w, ,3+w2+w)’ € R".

We generate samples w’, i = 1,2,---, N, which obey the uniform distribution of
[0,1]. The initial points are randomly generated. The detailed numerical results are
shown in Table 4.4, Table 4.5, Figure 4.4 and Figure 4.5, where n denotes the dimension,
N denotes the number of w’, z* and f(z*) denote the optimum solution and the optimum

value respectively.

Table 4.4 Numerical results of Example 4.4 (n=100)

N a* f*)

10 (1.0000,1.0000,: - -,1.0000)%,., 1.4082e-07
50 (1.0000,1.0000,- - -,1.0000)%,,, 1.4026-07
100 (1.0000,1.0000,: - -,1.0000)%,,.,  1.3966e-07
200 (1.0000,1.0000,- - -,1.0000)%,, 1.4032¢-07
500 (1.0000,1.0000,- - -,1.0000)%,,, 1.4027e-07

10° 10t 102 10°
k

Figure 4.4: Numerical results of Example 4.4 (n=100)

19



Table 4.5 Numerical results of Example 4.4 (n=500)

N a* f(z")
10 (1.0000,1.0000,- - - ,1.0000)%,.,  7.0087¢-07
50 (1.0000,1.0000,- - -,1.0000)%,,, 6.9867e-07
100 (1.0000,1.0000,- - - ,1.0000)%,.,  6.9962e-07
( )
( )

200 (1.0000,1.0000,- - -,1.0000)%,, 6.9930e-07
500 (1.0000,1.0000,- - -,1.0000)%,,, 6.9897¢-07

200

S 100 -

10° 10t 102 10°
k

Figure 4.5: Numerical results of Example 4.4 (n=500)

From the above numerical results, we can see that SAVE (1.1) can be solved by simple
unconstrained optimization method. And the ERM formulation can avoid transforming

SAVE (1.1) into a complicated constrained optimization problem.

5. Conclusions

In this paper, we propose a new kind of absolute value equation problem with random
quantities, which is called stochastic absolute value equations. The properties of the pro-
posed stochastic absolute value equations are studied. The expected value formulation
and expected residual minimization formulation for solving the proposed stochastic ab-
solute value equations are also given. Absolute value equations is widely used in studying
engineering problems, economics and management problems. It is very meaningful to

study this kind of stochastic absolute value equations, which is a more extensive problem

20



than the absolute value equations.
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