Journal of Ambient Intelligence and Humanized Computing (2022) 13:4089-4102

https://doi.org/10.1007/512652-021-03509-x

ORIGINAL RESEARCH

=

Check for
updates

Generalized ordered weighted harmonic averaging operator
with trapezoidal neutrosophic numbers for solving MADM problems

S.Paulraj' - G. Tamilarasi'

Received: 4 February 2021 / Accepted: 13 September 2021/ Published online: 11 October 2021
© The Author(s), under exclusive licence to Springer-Verlag GmbH Germany, part of Springer Nature 2021

Abstract

Harmonic mean is suitable for algebraic calculation and other mathematical treatments and also suitable for directly
aggregated negative indicators. In many different situations, harmonic mean improves the flexibility. In this paper, we
develop some new aggregation operators under neutrosophic environment and apply with multi attribute decision making
(MADM) problems. First, we provide a Single valued trapezoidal neutrosophic Generalized ordered weighted harmonic
averaging(SVTNGOWHA) operator which is the extension of single valued trapezoidal neutrosophic ordered weighted har-
monic averaging (SVTNOWHA) operator. To fix the operators on the mount, we have tested these methods in few illustrative

examples, and the results have been presented.

Keywords Single valued trapezoidal neutrosophic numbers - Harmonic averaging operator - Multi-attribute decision

making

1 Introduction

Aggregation operators are mathematical functions used to
combine the information. The mathematical and behavioral
are properties of aggregation operators. In 1970’s Multi cri-
teria decision making (MCDM) problems active in research
area. It is concerned with structure and planning of the prob-
lems and to analyzing how to solve these decisions, invoked
by multiple criteria. It is the process of selecting the best
alternative from the predefined alternatives. The arithme-
tic mean, geometric mean and harmonic mean are the most
well-known aggregation operators. By the comparison of
arithmetic and geometric mean operators, the advantage of
harmonic mean operator is directly aggregating negative
indicators. Zadeh (1965) introduced the concept of fuzzy set,
which deals with vagueness and uncertainty of real world
situations. Wang and Fan (2003) introduced the concept of
fuzzy ordered weighted averaging (FOWA) operator. Xu
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and Da (2002) developed fuzzy weighted harmonic mean
operator, fuzzy OWH operator and fuzzy hybrid harmonic
operators, these aggregation operators reduced interval or
real numbers. By considering the non-membership degree
to the concept of fuzzy set, Atanssov (1986) proposed the
concept of an intuitionistic fuzzy set which is characterized
by membership degree and non-membership degree. Wang
and Zhong (2009) proposed the concept of weighted arith-
metic and geometric average operators with intuitionistic
environment. Wan and Yi (2016) developed trapezoidal intu-
itionistic fuzzy numbers with power geometric operators.
Das and Guha (2015) proposed new aggregation operators
Trapezoidal intuitionistic fuzzy weighted power harmonic
mean (TrIFWPHM) and discussed with some special case of
TrIFWPHM operator. Wan and Zhu (2016) proposed trian-
gular intuitionistic fuzzy Bonferroni harmonic aggregation
operators. Das and Guha (2017) developed four kinds of
aggregation operators which are TrIFWHM, TrIFOWHM,
TrIFIOWHM, TrOFhHM based on harmonic mean opera-
tors under trapezoidal intuitionistic fuzzy numbers. Many
researchers have used neutrosophic sets in decision making.

Smarandache (1998) introduced the concept of neu-
trosophic set theory which is an extension of fuzzy set
and intuitionistic fuzzy set. Wang et al. (2005) developed
interval neutrosophic sets, single valued neutrosophic
sets and multi-valued neutrosophic sets. Irfan and Yusuf
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(2014) introduced the concept of single valued trapezoidal
neutrosophic weighted aggregation (SVINWAO) opera-
tor and applied it to the multi criteria decision making
problem. Ye (2015a) defined a trapezoidal neutrosophic
set and its operational rules such as score and accuracy
functions. He proposed trapezoidal neutrosophic number
weighted arithmetic averaging (TNNWAA) and trapezoi-
dal neutrosophic number weighted geometric averaging
(TNNWGA) operators to deal with multiple attribute
decision making problems. Ye (2016a) developed a multi
attribute decision making method based on trapezoidal
neutrosophic weighted arithmetic averaging (TNWAA)
operator and Trapezoidal neutrosophic weighted geomet-
ric averaging (TNWGA) operator and investigate their
properties. Ye (2015b) presented a simplified neutrosophic
harmonic averaging projection measure. Ye (2016) devel-
oped expected values of neutrosophic linguistic numbers
(NLN), and also he established weighted arithmetic and
geometric aggregations operators with NLN. Zhikang and
Ye (2017) proposed hybrid weighted arithmetic and geo-
metric aggregation operators, hybrid ordered weighted
arithmetic and geometric operator under single valued
neutrosophic number information and utilized these opera-
tors to solve multiple attribute decision making problem.
Deli (2018) introduced geometric and arithmetic aggre-
gation operators including single valued trapezoidal neu-
trosophic (SVTN) ordered weighted geometric opera-
tor, SVTN-hybrid geometric operator, SVTN-ordered
weighted arithmetic operator, SVTN-hybrid arithmetic
operator and also developed an operator for multi attrib-
ute group decision making problem. Deli (2019) proposed
novel defuzzification method of SV-trapezoidal neutro-
sophic numbers and multi-attribute decision making.
Deli and Subas (2017) proposed the ratio ranking method
which is the extension of the concepts of value and ambi-
guities ranking function with single valued trapezoidal
neutrosophic numbers. Irfan and Yusuf (2017) introduced
some weighted geometric operators with SVTrN numbers.
Surapati and Rama (2018) extended the TrNWAA operator
and Hamming distance which deals with VIKOR strategy
to MAGDM problems in trapezoidal neutrosophic envi-
ronment. Surapati and Rama (2019) developed TODIM
strategy under neutrosophic environment.

Harish and Nancy (2018) established novel hybrid
aggregation operators based on geometric and arithmetic
operators under single valued and interval neutrosophic
numbers and applied multi-criteria decision making
problem. Pranab et al. (2018) developed distance meas-
ure based MADM strategy with interval trapezoidal
neutrosophic numbers. Pranab et al. (2018a) developed
excepted value of trapezoidal neutrosophic numbers and
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applied multi attribute group decision making problems.
Pranab et al. (2018b) established a Technique for Order
Preference by Similarity to Ideal Solution (TOPSIS)
Strategy of MADM problems in neutrosophic environ-
ment. Jana et al. (2018) introduced the interval trapezoi-
dal neutrosophic number weighted arithmetic averaging
operator (ITNNWAA) and the interval trapezoidal neu-
trosophic number weighted geometric averaging opera-
tor ITNNWGA) and developed a multi attribute decision
making problem. Harish and Nancy (2019) defined power
aggregation operators for the linguistic single valued
neutrosophic set (LSVNS) and proposed a group decision
making problems. Bharatraj and Anand (2019) introduced
a power harmonic weighted aggregation operator with a
single valued trapezoidal neutrosophic number and Inter-
val valued neutrosophic set and developed multi criteria
decision making problem. Chiranjibe et al. (2020) utilized
Hamacher aggregation operators in single valued trapezoi-
dal neutrosophic arithmetic and geometric operator and
developed a multi attribute decision making problems.
Surapati and Rama (2020) developed multi-objective
optimisation by ratio analysis (MOORA) strategy to solve
multi-attribute group decision making (MAGDM) in trap-
ezoidal neutrosophic numbers. Tuhin and Nirmal Kumar
(2020) presented centroid approach for solving linear pro-
gramming problems with trapezoidal neutrosophic number
environment. Broumi et al. (2020) proposed a new dis-
tance measure of trapezoidal fuzzy neutrosophic numbers
and applied the measure for software selection process.
Shigui et al. (2020) utilize simplified neutrosophic inde-
terminate elements weighted arithmetic averaging (SNIE-
WAA) operator and simplified neutrosophic indeterminate
elements weighted geometric averaging (SNIEWGA)
operator. Wang et al. (2020) have been developed pos-
sibility degree and power weighted aggregation opera-
tors of single valued trapezoidal neutrosophic numbers.
He utilized power average and geometric operators to
single valued trapezoidal neutrosophic numbers to deal
with multi criteria decision making problems. Deli and
Ozturk (2020) proposed an MCDM method based on the
score functions of single valued neutrosophic numbers and
reduced single valued trapezoidal neutrosophic numbers
to fuzzy numbers. Garai et al. (2020) developed ranking
methods for possibility mean with neutrosophic numbers
and applied to multi-attribute decision making with single
valued neutrosophic numbers.

Literature review reflects that no research has been car-
ried out on weighted harmonic averaging operator with
trapezoidal neutrosophic numbers for multi attribute deci-
sion making problems. To bridge the gap, we propose har-
monic aggregating operators in single valued trapezoidal
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neutrosophic numbers, such as single valued trapezoidal
neutrosophic weighted harmonic averaging (SVTNWHA)
operator, single valued trapezoidal neutrosophic ordered
weighted harmonic averaging (SVTNOWHA) opera-
tor, single valued trapezoidal neutrosophic generalized
ordered weighted harmonic averaging (SVTNGOWHA)
operator. We can also investigate some of their properties,
applying a multi attributive decision making method. The
main aim of this proposed operator is to choose the best
alternative of the decision making under the preference
value of the alternative.

This paper is organized as follows. Section 2 depicts
some review of basic concepts. Section 3 presents har-
monic operations on single valued trapezoidal neutrosophic
numbers. Section 4 discusses method for multi attribute
decision making problem. Section 5 conclusion of the
paper is given.

2 Preliminaries

In this section, we review some basic concepts about the
single valued trapezoidal neutrosophic numbers.

Definition 2.1 (Smarandache 1998) Let X be a non-empty
set. Then a neutrosophic set @ of X is defined as

a = {x, T;(x), I;(x), F;(0)|x € X}, T,(x), I,(x), F;(x) € [0, 1]

where T;(x), I;(x), F;(x) are truth membership function,
indeterminacy membership function and falsity membership
function and 0 < T (x) + I;(x) + F;(x) <3

Definition 2.2 (Smarandache 1998) A neutrosophic set & is
defined on the universal set of real numbers R is said to be
neutrosophic number if it has the following properties.

1. a is normal if there exists x, €R, such that
T;(xp) = 1,1;(xg) = F(x5) =0

2. A is convex set for the truth function T,(x)
Ta(puxy + (1 = p)xy) > min(T(xy), T5(x5)), Vx;,x, € R, u € [0, 1]

3. a is concave set for the indetermi-
nacy and falsity functions [I,(x) and Fj(x)
I (pux; + (1 = p)xy) > max(l;(x;), I;(x,)), Vx;,x, € R, u € [0,1]
Fo(ux; + (1 = p)xy) > max(Fy(x,), F;(x,)),Vx,x, €R, p € [0, 1]

Definition 2.3 (Mohamed Abdel-Basset et al. 2019) Let
a =< (ay,a,,a3,a4);1;,1;, F; > be a single valued trapezoi-
dal neutrosophic set on the real number set R, whose truth
membership, indeterminacy membership and falsity mem-

bership functions are given by

-

x—al g < <
p— T,, fora, <x<a,
T, fora, <x<a
Ta(x) =9 afi—x 2 3
T,, foraz <x<a,
ag—as
0, otherwise.

ay—x+1;(x—ay)
=—++—~L fora <x<a,
=

I, fora, <x<a
Ié(x) = xa—aq+1-(a4—x) S
————— fora; <x<ay
ay—a
0, otherwise.

f a,—x+F;(x—a
Gretlabma) - for a, <x<a,

ar—a,
F;, fora, <x<a
Fa(-x) =9 x—aa3+F~(a4—x) : :
————=— fora; <x<ay,
a,—as
0, otherwise.

\

respectively, Where a,,a,,a;,a, € R.If a; < 0 and at least
a, > 0, then the single valued trapezoidal neutrosophic num-
ber a is positive and it is denoted by @ > 0. If a, < 0 and at
least a; < 0, then the single valued trapezoidal neutrosophic
number dis negative and it is denoted by @ < 0. Without loss
of generality, we have considered a, = a;. Then trapezoidal
neutrosophic numbers transform to a triangular neutrosophic
numbers. Where T}, I and F; represent the maximum degree
of acceptance, an indeterminacy and minimum degree of
rejection respectively, such that they satisfy the condition
0<T,x)+L,(x)+ F,(x) <3, x€a.

Definition 2.4 (Mohamed Abdel-Basset et al.
2019) Let a=<(a;,ay,0a3,a,)1;1;,F;,> and
b =< (b, by, bs,b,);T;, I, F; > be two single valued trap-
ezoidal neutrosophic numbers. Then

(1) a+b=<(a;+by,ay +by,a3 +bsy,ay +b)Ty ATy I, V Iy, Fy V Fj >

(i1) @ — b =< (@) — by.ay — by.az — by,ay — b)):;Ty ATy I, V I, Fy V Fy >
<(ayby,ayb,,a3b5,a,b,);T; AT, 1, VI, Fy v Fj >, (ay > 0,b, > 0)

(i1)aD = { < (@,by. aybs, asby, ash, Ty ATy LV I, Fy N Fy > (ay < 0,5 > 0)

< (a4by,a3bs,a,b,5,a,b);T; ATy, 1, VI, Fy vV Fj >, (ay <0,by <0)
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@iv)

<(“—1 22 ”—4)T ATy 1,V I, F; NV Fy >, (ay > 0,b, > 0)
3

SR

3b2

= <(“—4 @ @ ﬂ)T ATy IV 1, Fo V Fj >, (ay < 0,b, > 0)

<(“—4 2, “—’ ”I)T ATy IV I, Fo V Fj >, (ay < 0,b, < 0)
2

V) Ad= < (4ay, Aa2,/1a3, Aay)iTy, 1, Fy >, (A > 0)
T < (Aay, Aas, Aay, Aay);T,, 1, Fry >, (A < 0)

(vi) a a—a—,a—a) LI, F,> @#0)
4 3 2
Definition 2.5 (Ye 2016a) Let
a =< (a;,a,,a3,a,);1; 1, F; >be asingle valued trapezoi-
dal neutrosophic number. Then the score function of a is

defined as follows:
_ 1
S@a) = E(al +aytaz+a)2+T,—1; - Fp), (D

Where a,,a,,a3,a, € Rand0 < T, + I, + F, < 3.

For the comparison between two single valued trapezoi-
dal neutrosophic numbers is defined as follows:

Let a=<(ay,ay,as,a4);T5 1, F; > and
b =< (b, by, bs,b,);T;, I, F; > be two single valued trap-
ezoidal neutrosophic numbers.

() S@) < Sk)iffa<b
() S@) > Sk)iffa> b
(iii) S@)=SD)iffa=>

3 Harmonic averaging operators of SVTN
numbers

Based on the basis of harmonic operation on single val-
ued trapezoidal neutrosophic numbers, we propose single-
valued trapezoidal neutrosophic weighted harmonic aver-
aging (SVTNWHA) operator, single-valued trapezoidal
neutrosophic ordered weighted harmonic averaging (SVT-
NOWHA) operator and single valued trapezoidal neutro-
sophic generalized ordered weighted harmonic averaging
(SVITNGOWHA) operator. In this case,the reordering step is
developed with order-inducing variables that reflect a more
complex reordering process.

Definition 3.1 Leta; =< (a;,.a5. a3, 4):Ty. Iy, F; >, G = 1,2,...,m be
a collection of single Valued trapezoidal neutrosophlc num-
bers. Then, SVTNWHA operator is a function SVTNWHA
: R" — Ris defined as

SVINWHA(G,, dy, ... ,&@,) =

=)

@ Springer

where w = (0, 0,, ..., a)n)T is the weighted vector of sz and
w; € [0, 1],2}';1 w; = 1. Especially, when o, =0 and

a)jzl,(i;éj,i=12 ,n) , we have SVT-

NWHA(a,, ay, ..., @ )—a when w= (3,2, ..., 7, we

have SVINWHAG,, dy. ..., d,) = ——
(=1:%)

Definition 3.2 Let &; =< (a;;,a, a3, a,4); T 1, Fz; > be a

collection of smgle Valued trapezmdal neutrosophic num-
bers. Then, SVTNOWHA operator is a function SVTNO-
WHA : R" — Ris defined as

1

(Z7) v

Where @ = (@,,®,, ..., ®,)" is the weighted vector and
w; € [0,1] Z _ @ —1 Whereb is the largest j element
in the collectlon of a a,j = (1,2,...,n).

SVINOWHA(@, @y, ..., d,) =

Definition 3.3 Let a; =<(a;,a,,a;3,a4);T5 Iz, Fay >
be a collection of smgle valued trapezoidal neutrosophic
numbers. Then, SVTNGOWHA operator is a function

SVTINGOWHA : R" — R is defined as
1
1

Y “)
(z-7)

where @ = (0, ,, ..., ®,)! is the weighted vector with
w; € [0,1], Z ;= 1.
Where b is the largest j™ element in the collection of aj.
b =< (b1, bj, b3, )Ty, Iy, Fiy; > is reordering of the
ind1v1dual collection of &@;. where A € R is a parameter.

SVINGOWHA(@, @y, ..., a,) =

By using arithmetic operations on single valued trapezoi-
dal neutrosophic numbers, we get the following theorem.

Theorem 3.4 Let a; =< (a;y, ap. a3, a;4)iTyj. Iy, Fgy >, (= 1.2, ...,n)
be a collection of single valued trapezoidal Neutrosophic
number and w = (0, ®,, ..., a),,)T be a weighted vector of
Etj, w; € [0,1], Z;l:] w; = 1 and the parameter A € R, then
the aggregation value by utilizing the operator is defined as
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SVINGOWHA(y,ay, ... ,4,) = ———

(m)

1 1 1 1

B 5 T

wo_o \7 " wjzz,? o \1 .
j=1 (i;jl)/l j=1 (/}jz)/l j=1 (ing)ﬂ ‘j=1 <Ej4)ﬂ

min; 73;, max; [j;, max; F,;j>

s

|
~—

Proof This theorem can be proved by mathematical
inductions.

Consider 4> 0, When n=2, then SVTNGOWHA
(@,,a,)is calculated as follows:

Then the result is true for all n. Similarly the result is
considered for 4 < 0, theorem can be proved easily. Thus,
mathematical induction method, the proof of theorem is
completed.

3.1 Analyzing the weighted vector

If the weighted vector w = (1, 1, e, l)T, then we have
single valued trapezoidal neutrosophicn generalized order
weighted harmonic averaging (SVINGOWHA) operator
which is reduced to generalized harmonic mean operator
with neutrosophic environment.

If the weighted vector @ = (1,0,0, ...,0)7, then we get
maximum value SVINGOWHA (4, a,, ... , a,) = max; {Ezj}
and if the weighted vector o = (0, 0,0, ..., D7, then we get
minimum value SVTNGOWHA(@,, ;. ... , &@,) = min, {aj}

); min(T%,, T3,), max(fy;, Iy,), max(Fy,, Fry) >

[l - @1

A bk pA pA AT 1o R

BT <], bbb )Ty Oy >

and

@ _ /]

A —ph pA DA AT I R

B <], bh A b Ty Dy >

LRI R @1 + )

i TE O A A A AT TR T 04 bk T T

BE T B T <l b b b Ty D Fa > <(b bk b b )T 5 Fi>

1 1

ﬂ+2 = (Hl + (172

R VRV Y RV I —— T A b T

by by <GTpbTy P 31 Tp P> <0 b b9 )T I Fpp>

oG )T P> 400 < e T i P>
Pla P13 P P by a3 by by

= [a] [ @ [ [} @ w [ .

<+ AT+ S+ )imin Ty, Tp) max (g, Jp) max(Fyy Frp >

et stz o o ta

=< ((m, T T (W) (AT
PV VYR PV PYRRLEV
LT b b2 bl by Pla P

Therefore SVTNGOWHA

(le,flz) = a1
(+=5)7
1

1 1 1 1

= -, -, s +); min(Tyy, T3,), max({y, I,), max(Fy, F,

T T T
Goz) (m2) (33) (22)
bll b2] blZ b22 bl} b23 bl4 b24
Then the result is true for n = 2 and it is assumed that the
result holds for n = k.

SVINGOWHA (@, d,, ..

Lap) =

= -, s s T |; min; T;j,maxj I;j,maxj F,;j

N

1
Z

7 7
k9 ko9 k@ ko9
Ej:l wh 2/:1 wh Zj:l e Zj:l wh
Jl 2 3 A

For n =k + 1, using the above result and arithmetic oper-
ations laws, we have

SVINGOWHA (@, iy, ... , fy. dyy ;) =

ko 9 kgl
i 7+ Tsafy
1 7

ko9 L Pkl kO Pkt ko O L ktl kDL Pkl
gt N\ Za gt J\ Zm gty N\ Zm i
4 Pkyra B Pz 2 Pz i Pk

Where « = min(Ty;, Typ1). B = max(ly. leqr). 7 = max(Fj, Fygepry)

)

= s s r T s min; Tj;, max; [j;, max; F;
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3.2 Analyzing the parameter 1
(i) If the parameter A=1, then the operator
SVTNGOWHA reduces to ordered weighted har-
monic averaging (OWHA) operator with trapezoidal

neutrosophic number.

SVINOWHA(a,, dy, ... . &@,) =

SVINOWHA

(al,az,...,an)=< 10). , 1w} ,
(2 35) (Zaas)

k1) ®p)

;min T,;j, max I,;j, max F,;j

1 1 >
oo N (s oo\ [ j i
(Zj:l (5/3)) (Zj:l (’%‘4))

(i) If the parameter A =2, then the operator
SVTNGOWHA reduces to generalized ordered
weighted quadratic harmonic averaging (GOWQHA)
operator with trapezoidal neutrosophic number.

N
. 0\ (6
(=1%)

SVINGOWQHA(@, . a,, ..., a,) =

SVTNGOWQHA

1 1 .
, - |, min 73;, max [j;, max Fj;

- 3 N J j
(ZJ=1 <E,-3>2> (ZFI <E,-4>2>
(iii)) If the parameter A= —1, then the operator
SVTNGOWHA reduces to ordered weighted aver-
aging (OWA) operator with trapezoidal neutrosophic
number.

@ Springer

n w:
SVINOWA (@, , &y, ..., d,) = (Z ~—’) 7
)
J J
SVTNOWA

~ o~ o n w; n ;
n wj n a)j . . 3 s 3

(iv) If the parameter A — 0, then the operator
SVTNGOWHA reduces to ordered weighted geo-
metric average (OWGA) operator with trapezoidal
neutrosophic number and which operator is based on
the L’ Hospital’s rule.

(v) If the parameter A— —oco, then
SVINGOWHA(@,, ,, ..., &,) = max;
(viy If the parameter A—+4+oc0, then

SVINGOWHA(@,, &, ... ,&,) = min;

Theorem 3.5 (M0n0t0n1c1ty) Let a; =< (a],, 25 A3 i)
T... 1., F- >andaj—<(a/ 2 Ay /4)T I F g >0 =12,...n)

aj> ‘aj> - aj aj’ " aj’

be two collections of SVTN numbers. If b Sbj far

j=1,2,....n. Then SVTINGOWHA (al,az,...,an)g
SVINGOWHA (@, @, ..., a,)
Proof CaseI: For A >0
Since by <by = b} < (b)) > ,7 2 o (@; > 0)Yj
n 9 /1 9 ; 1 1
> 2 2 Z (2 <"_§1>‘) o —;% < ) )
Similarly,
L I < ! 1and 1,,,_ r < 1,,,. Ny
(Z/- ’1 (ZJ_ (, )/1 (Z;;l éﬂ (27- (,, )x g
L <

;

58 lb;ﬂ LS
Slnce Ty < Ti)j = min; (Tj;) < minj(T[;j),Vj,
I,;j > IEJ,/=> max; (I,;j) > maxj(lgj),,V],

F,;j > F};j = max; (F,;j) > maxj(FEj), vj,

Hence,

/1
(bj )
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’ T
i

1
Zn )j Zn )j
=1 7T 71 =1 7T 1
(bjl)" (bjz)

s min; (Ty), max; (1), max; (Fy) ) <

; min; (TE]')’ max; (IBj)’ max; (F Ej)

=>SVTINGOWHA@, , &y, ...
SVINGOWHA(@,, d,, ... ,d,)
CaseIl: For A <0

Since by, < b7\ = b4 > (b)Y

; ;L n o (L
= b* = o )“(w >0)=>(Z 7 )’ (Zf=1 (b')‘)
= 1 : < 1

5 AN SERNG YA

(h )‘1

In the same way as case I it can be proved.

Theorem 3.6 (Idempotency) Let
a; =< (aj, ap, a3, a4); Ty, I, Fpy >, (= 1,2, ... ,n)beacol-

lectlon of single valued trapezoidal neutrosophlc number. If
all a; are equal, a; = a,(j = 1,2, ... n), then SYTNGOWHA
(al,az, ceen ) = SVTNGOWHA (a a,...,a)=ad.

Theorem 3.7 (Commutativity) If (@,.d,,...,a,) is any
permutation of (a,,a,,...,a,), then SVINGOWHA

(@, @y, ..., d,) = SVINGOWHA (a,,,, ... ,&@).
Theorem 3.8 (Boundedness) Let
a =<(a 1> Gj25 4535 ,4) aje a;?F&j > (G=1,2,...,n)beacol-

lectlon of SVTN numbers and Let Zz+ =
min; b3, min; by, ); min; (73;), max; (ij) max; (Fb,)>

<(m1 n; bjl, min; by,

= <(ma jbjl,maxj bjz,max bﬂ,maxj bj4);minj (T,;j),

max] (ij), max; (Fbj)>

Then a~ < SVINGOWHA(a,, a,, ...,a,) < a'.
Proof CaseI: For A >0
Sing}g min{ 1} < b,1 < max {b,l}
—F =22 ——,(0;>0
min{b } _b _max{ } - )
! @ 1 1
)i A > .
: (U L S <
(an‘mm{, }‘)A s b/_jl) & mx{hﬂ}‘ﬂ
Similarly, ” < r < !
(036 )i (0= S L ARG Y i
| s mn{hjz}/l 7= l;l 7 mwx{hjz}A
194 Vi < o 9y < 94 RS
j=1 mm{b,g}/1 =1 bﬁq =t max{bjg}/1
< ——FT< ,
A n i
! mm{h }‘” R oA @ TR

Also min {7y} < Tj; < max {Ty;},Vj and
min {IEj} < I; < max {lll;j},Vj
min {I;)j} < I; < max {Il;j},Vj By using the properties of
monotonicity and Idempotency, we get
SVTNGOWHA(&;)SSVTNGOWHA(&j)S
SVTNGOWHA(&;) = a; <4 < Ez;r,‘v’j.

CaseII: For 1 <0

Table 1 Decision matrix

- Alternatives ¢ ¢, [ Cy
provided by expert d;

a <(2,4,6,8); <(2,4,6,7); < (17,18,19,20); < (3,4,6,7);
0.5,0.4,0.8 > 0.7,0.2,0.5 > 0.6,0.3,0.4 > 0.7,0.1,0.4 >

a, < (3,5,6,7); < (15,17,19,20); < (3,4,5,6); < (4,5,6,7);
0.6,0.3,0.4 > 0.7,0.2,0.4 > 0.7,0.2,0.6 > 0.6,0.4,0.3 >

as < (1,2,3,4); <(2,3,4,5); < (2,4,5,6); < (15,16, 18,20);
0.7,0.2,0.5 > 0.5,04,0.3 > 0.6,04,0.2 > 0.8,0.1,0.2 >

@ Springer



4096

S. Paulraj, G. Tamilarasi

Table 2 Decision matrix
provided by expert d,

Table 3 Decision matrix
provided by expert d;

Table 4 Normalized decision
matrix provided by expert d,

Table 5 Normalized decision
matrix provided by expert d,

Since min{b;} <b; <max{b;}

- max{h }

(), —2—)

max {b }

@ Springer

——, (w; > 0) >

Alternatives ¢, ¢, C3 Cy
a, < (15,16,17,20); <(2,4,5,7); <(2,5,6,8); <(3,5,6,7);
0.9,0.1,0.4 > 0.5,0.3,0.6 > 0.7,0.2,0.5 > 0.8,0.1,0.3 >
a < (4,5,6,7); < (16,17,19,20); < (3,4,5,6); <(4,5,6,9);
0.6,0.3,0.4 > 0.8,0.2,0.1 > 0.7,0.2,0.5 > 0.6,0.3,0.5 >
as <(1,3,5,6); <(2,3,4,6); <(2,3,4,5); < (17,18,19,20);
0.6,0.4,0.3 > 0.6,0.3,0.4 > 0.6,0.4,0.2 > 0.6,0.3,0.7 >
Alternatives ¢ ¢y C3 Cy
a, < (4,5,6,8); < (1,2,3,4); < (17,18,19,20); <(3,4,5,6);
0.5,0.4,0.3 > 0.7,0.2,0.5 > 0.6,0.25,0.3 > 0.7,0.1,0.4 >
a <(3,5,6,7); <(2,3,4,6); <(3,4,5,6); < (16,17,19,20);
0.6,0.2,0.4 > 0.6,0.3,0.8 > 0.7,0.2,0.6 > 0.3,0.2,0.1 >
as < (16,17,18,20); <4,5,6,7); <(2,4,5,6); <(3,4,6,7);
0.8,0.1,0.3 > 0.5,0.4,0.3 > 0.6,0.4,0.1 > 0.7,0.2,0.5 >
Alternatives ¢ ¢, [ Cy
a, < (0.05,0.108, < (0.05,0.108, < (0.405,0.49, < (0.07,0.108,
0.2, 0.33); 0.2, 0.29); 0.63, 0.83); 0.2, 0.29);
0.5,0.4,0.8 > 0.5,0.4,0.8 > 0.5,0.4,0.8 > 0.5,0.4,0.8 >
a, < (0.08,0.139, < (0.38,0.47, < (0.08,0.11, < (0.1,0.139,
0.194, 0.28); 0.613, 0.8); 0.16, 0.24); 0.194, 0.28);
0.6,0.4,0.6 > 0.6,0.4,0.6 > 0.6,0.4,0.6 > 0.6,0.4,0.6 >
as < (0.02,0.07, < (0.04,0.1, < (0.04,0.13, < (0.33,0.53,
0.12,0.2); 0.16, 0.25): 0.2, 0.3); 0.72,0.8):
0.5,0.4,0.5 > 0.5,0.4,0.5 > 0.5,0.4,0.5 > 0.5,0.4,0.5 >
Alternatives ¢, ¢ C3 Cy
a, < (0.36,0.47, < (0.048,0.12, < (0.048,0.147, < (0.07,0.15,
0.57,0.91): 0.17,0.32); 0.2, 0.364): 0.2, 0.32);
0.5,0.3,0.6 > 0.5,0.3,0.6 > 0.5,0.3,0.6 > 0.5,0.3,0.6 >
a, < (0.1,0.139, < (04,047, < (0.07,0.111, < (0.1,0.139,
0.194, 0.26); 0.61,0.7); 0.16, 0.22); 0.194, 0.33);
0.6,0.3,0.5 > 0.6,0.3,0.5 > 0.6,0.3,0.5 > 0.6,0.3,0.5 >
as < (0.027,0.09, < (0.05,0.09, < (0.05,0.09, < (0.459,0.563,
0.185, 0.273); 0.148, 0.273); 0.148, 0.227); 0.704,0.91);
0.6,0.4,0.7 > 0.6,0.4,0.7 > 0.6,0.4,0.7 > 0.6,0.4,0.7 >
LAS%’ ! < 1_ - < ! - In the same
o 1M B S L, — — S 7 —=)7
)i 2 (T 2T > el ) G o)
min {5, }* T=1b way as case I it can be proved.
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Table 6 Normalized decision

- . Alternatives ¢, ¢, 3 Cy
matrix provided by expert d;
a, <(0.11,0.15, < (0.03,0.06, < (0.45,0.55, <(0.08,0.12,
0.21, 0.32); 0.1, 0.16); 0.66, 0.8); 0.17, 0.24);
0.5,0.4,0.5 > 0.5,0.4,0.5 > 0.5,04,0.5 > 0.5,0.4,0.5 >
a, < (0.08,0.15, < (0.05,0.09, < (0.08,0.12, <(0.4,0.59,
0.21, 0.29); 0.14, 0.25); 0.17, 0.25); 0.66, 0.83);
0.6,0.3,0.8 > 0.6,0.3,0.8 > 0.6,0.3,0.8 > 0.6,0.3,0.8 >
as <(04,0.49, < (0.1,0.14, < (0.05,0.11, <(0.08,0.11,
0.6, 0.8); 0.2, 0.28); 0.167, 0.24); 0.2,0.28);
0.5,0.4,0.5 > 0.5,0.4,0.5 > 0.5,04,0.5 > 0.5,0.4,0.5 >
Tab!e7 Individual.overall Alternatives % z, 2, Z,
attributes values with
SVINNGOWHA operator a, < (0.086,0.143, < (0.041,0.089, <(0.136,0.3, < (0.071,0.118,
0.216, 0.342); 0.144, 0.240); 0.4, 0.607); 0.19, 0.276);
0.5,0.4,0.8 > 0.5,0.4,0.8 > 0.5,04,0.8 > 0.5,0.4,0.8 >
a, < (0.081,0.140, < (0.138,0.22, < (0.08,0.111, < (0.105,0.147,
0.195, 0.275); 0.323, 0.475); 0.161, 0.235); 0.203, 0.328);
0.6,0.4,0.8 > 0.6,0.4,0.8 > 0.6,0.4,0.8 > 0.6,0.4,0.8 >
as < (0.026,0.088, < (0.048,0.099, < (0.047,0.105, < (0.182,0.263,
0.168, 0.259); 0.159, 0.267); 0.163, 0.240); 0.421, 0.538);
0.5,0.4,0.7 > 0.5,0.4,0.7 > 0.5,04,0.7 > 0.5,04,0.7 >

4 Decision making method with trapezoidal
neutrosophic number

In this section, we present an approach to multi attribute
decision making based on the SVTNGOWHA operator
with the help of score function for trapezoidal neutrosophic
numbers.

Let a = (a,,a,,...,a,) be a set of m attributes and
¢ = (¢,,Cy, ... ,C,) be the set of n attributes related to alterna-
tives weighted vector w = (w;, ,, ..., a)n)T being its weight-
ing vector, which is used to represent the importance weights
of different attributes,

WhereO<w <1G=12,.. n)andz w; = 1. Let

=(d,,d,, .. d) be the set of decmon makers (Expert)
w1th Welghtlng vector n = (1,1, ... ,11,) ,

where 0 <, < 1(k=1,2,...,0 andY,_, 7, = 1. In this
problem, decision makers evaluate each alternative with
trapezoidal neutrosophic numbers according to each cri-
terion. Thus, we obtain trapezoidal neutrosophic decision
matrix as follows

at = (Zzg,)mxn (< (al]], i’ U3, ”4) T" I ,F >) (mxcn)
provided by an expert decision maker D where
T, 1;, F; defined on truth, an indeterminacy and falsity
membership function and T”,IU,FU € [0,1] with
0<T;+1;+F; <3,a;,a;,a;,a; € R. Multi-attribute
dec151on makmg problem contains benefit and cost attribute.

Ranking Values

Parameter

Fig. 1 Ranking values of alternatives with respect to parameter A in
SVTNGOWHA operator

In this procedure, we consider linear scale transformation
(sum) which divides the performance ratings of each attrib-
ute by the sum of performance ratings for that attribute.
Herein, the following algorithm is proposed to obtain the
solution of the multi-attribute decision-making problem
with the trapezoidal neutrosophic numbers information by
using SVTNGOWHA operator with score function.
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Table 8 Decision-making results of different aggregation operators

Method Operator Ranking order Best
alterna-
tive

Ye (2016a) TNWAA a,>a; >a; @,

TNWGA ay>ad; >ay a

Bharatraj and Anand PHWAOSVTINN a, > a, >ad; a,

(2019)
Chiranjibe et al. (2020) SVTNHWA ay>a; >a; @
SVINHWGA ay>a; >a; @
Wang et al. (2020) SVTNPA ay>ad; >a; @
SVINPG ay>ad; >a; a
Proposed Method SVTNWHA a,>a; >0y Q,
SVINOWHA ay>ad; >a; a
SVINGOWHA a,>a,>a; a,

Table 9 Linguistic values of trapezoidal neutrosophic numbers for
the linguistic term set

Linguistic term Linguistic value

Extremely low priority (ELP) <(0,0,0.1,0.2);0.6,0.2,0.4 >
<(0.1,0.11,0.2,0.3);0.5,0.1,0.3 >
<(0.2,0.3,0.4,0.5);0.8,0.2,0.2 >
<(0.4,0.5,0.6,0.7);0.9,0.2,0.1 >

<(0.6,0.7,0.8,0.9);0.9,0.1,0.1 >

Low priority (LP)
Simple priority (SP)
Medium priority (HP)
High priority (HP)

Algorithm:
Step 1: Compute the normalized decision making matrix
For benefit attributes, the normalized value rl’.‘j is obtained by

ak

k 4ij .
r==——,i=12,....mj=12,...,n and
i XL /
k=1,2,...,t
For cost attributes, the normalized value rf; is obtained by
1
-
k Wi ;
re = ad=1,2,....mj=1,2,....n and
A VES /
k=1,2,...,¢t

Step 2: Utilize SVTNGOWHA aggregation operator
which computes the individual overall ratings of all the
alternatives.

SVINGOWHAG, . 4. .4 ) =< 1 !
(=

)

T

; 7 n wj
"t ) i1 G

s min; Tp;, max; [j;, max; Fj;

|

1 1
,

Step 3: Utilizing SVTNGOWHA aggregation operator
we obtain the comprehensive attribute value of the alterna-
tives value. Then the collection of single valued trapezoi-
dal neutrosophic number decision matrix S = (S;),,x, 1S as
follows:

Si(w) =

N

1
7

o i=1,2,...,m
LG

Step 4: Ranking of the alternatives.

Rank the comprehensive attribute value S;(w) evaluated
on the scoring function based on single valued trapezoidal
neutrosophic number.

Step 5: End.

Table 10 Evaluation of criteria

! i i Expert 1 ¢ ¢, C3 Cy

by three experts using linguistic

variables a, ELP 1/SP MP 1/LP
a, SP ELP MP 1/LP
as 1/MP 1/MP ELP 1/MP
ay LP LP MP ELP
Expert 2 ¢ Z, 2 2
a ELP 1/LP SP 1/LP
i, LP ELP SP ELP
as 1/SP 1/SP ELP 1/LP
ay LP ELP LP ELP
Expert 3 3 ) C3 Cy
a ELP 1/LP LP 1/SP
i, LP ELP MP LP
as 1/LP 1/MP ELP 1/SP
ay SP 1/LP SP ELP

@ Springer
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Tab!e 1 Individuz.il overall Alternatives & % % &
attributes values with
SVINNGOWHA operator a < (0,0, < (2.81,3.95, < (0.16,0.200, < (2.81,3.95,
0.1,0.2); 6.19, 7.89); 0.32, 0.43); 6.194, 7.893);
0.6,0.2,0.4 > 0.5,0.2,0.3 > 0.8,0.2,0.3 > 0.5,0.2,0.3 >
a < (0.104,0.115, < (0,0, < (0.316,0.424, < (0,0,
0.207, 0.308); 0.1,0.2); 0.529, 0.633); 0.125, 0.237);
0.5,0.2,0.3 > 0.6,0.2,0.4 > 0.8,0.2,0.1 > 0.5,0.2,0.4 >
as < (1.852,2.274, < (1.458,1.708, < (0,0, < (1.85,2.274,
2.918, 4.054); 2.054, 2.587); 0.1,0.2); 2.918, 4.054);
0.5,0.2,0.3 > 0.8,0.2,0.2 > 0.6,0.2,0.4 > 0.5,0.2,0.3 >
ay <(0.12,0.1395, < (0,0, < (0.162,0.209, < (0,0,
0.24, 0.346); 0.167, 0.281); 0.321, 0.4315); 0.1,0.2);
0.5,0.2,0.3 > 0.5,0.2,0.4 > 0.5,0.2,0.3 > 0.6,0.2,0.4 >
07 T T T T . Table 12 Decision-making results of different aggregation operators
- —— i; I Method Operator Ranking order Best
—+— A3 alter-
R native
05f
Ye (2016a) TNWAA 4, >dy>a,>d, @
c;% 0.4+ TNWGA a, > az>a,>ad, a
> Bharatraj and PHWAOSVTINN &, >y > d, > d, &
£ 03} Anand (2019) SVTNHWGA 4, >8> a,> 0, 4
= Wang et al. (2020)  SVTNPA 4y >y >a,> 8, 4
02r SVTNPG ay>ay>a,>a,
Proposed Method SVINWHA ay > a3 >a,>a, a
o1y SVINOWHA &, >d;>d,>d, 4
3 ] SVINGOWHA &, > @, > d, >, &
bs 0 5 0

Parameter

Fig.2 Ranking values of Alternatives w.r.to parameter A in
SVTNGOWHA operator

4.1 lllustrative examples

In this section, we are going to develop an enterprise selec-
tion problem in order to illustrate the new approach. The
following problem is adapted from Das and Guha (2017)
and applied with SVTNGOWHA operator.

Example 1

Enterprise Selection Problem: A company wants to form
a co-operative alliance with some potential enterprises to
fulfill the market demand. After pre-evaluation, three enter-
prises a;, (i = 1,2, 3) are selected for further evaluation. The
expert unit selects the best enterprise on the basis of the
following four attributes; ¢,-Producing ability, ¢,-the tech-
nology capability, ¢;-Capital currency,é,-Research ability.
Let w = (0.15,0.35,0.3,0.2)" be the weight vector of these
four attributes. We obtain the decision matrices are listed in
Tables 1, 2 and 3.

Step 1:Since the given attributes are benefit criteria. So,
we need to normalize the decision matrix. Then the com-
putations of normalization matrices are given by Tables 4,
5 and 6.

Step 2: Utilize SVTNGOWHA aggregation operator.
Assume the parameter A = 1 and the associated weighted
vector W = (0.067,0.666,0.267)T which can be obtained
by the fuzzy linguistic quantifier “most” with the pair
of(a, f) = (0.3,0.8) . Then final aggregated values are given
Table 7.

Step 3: Utilize the SVITNNGOWHA aggregation
operator.

S (w) =< (0.0653,0.130,0.203, 0.320);0.5,0.4,0.8 >

S, (@) =< (0.099,0.149,0.213,0.316);0.6,0.4,0.8 >

S5(w) =< (0.049,0.113,0.185, 0.285);0.5,0.4,0.7 >

Step 4: Finally, the aggregation results are obtained by
method of score function of single valued trapezoidal neu-
trosophic number.

S (w) = 0.078, S,(w) = 0.0907, S;(w) =0.0737

Then, we can rank the alternatives a; € aaccording to
Si(w),i=1,2,3,a, > a, > a,, we say that the enterprise a,
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will be first choice,&,; and @, are second and third choice.
Hence, the best enterprise is ,.

Furthermore, we analyze the different parameter A
that deals with the aggregation results provided by best
decision maker. We can consider different values of
A —-15,-5,-1,...,08,1,...,6.6,10,... 12,15 which are
provided by the best decision maker. The variation of the
aggregation results with parameter A is shown in Fig. 1. We
observed that the aggregation results, if 4 decreases, (4 < 0)
the values will increase and if A increases, (4 > 0) the values
will decrease. If we compared with different type of param-
eter A the aggregation results of decision maker chosen the
best alternative is a,. Compared with other operators, we
find that the main advantage of using the SVTNGOWHA
operator we can consider a range. In this paper, the differ-
ent values of parameter A are considered sufficiently while
Bharatraj and Anand (2019), Chiranjibe et al. (2020), Wang
et al. Wang et al. (2020) did not consider the decision mak-
ers preference.

Table 8 will show that existing works and the proposed
method which develop decision making approach using sin-
gle valued trapezoidal neutrosophic numbers.

Example 2 To identify the effective allocation of the
COVID-19 vaccine for priority groups, decision-makers
must involve experts from multiple fields to get benefit from
their experiences in setting priorities and principle guide-
lines. After pre-evaluation four alternatives &;, (i = 1,2,3,4)
are selected for further evaluations. The expert select the best
priority group of the basis of the following four attributes:

¢,-0O1d,Adult and kids peoples with health problems,é,
-People with high risk health problems, ¢;-Breastfeeding
problem, ¢,-Healthcare personnel and Essential workers.

a, Age index (AC)

a, Health state index (HS)

a; Women state index (WS)

a, Job kind index (JK)

Let w = (0.15,0.35,0.3,0.2)7 be the weight vector of
these four attributes. We obtain the decision matrices are
listed in Tables 9 and 10.

Step 1: Since the given attributes are normalized benefit
criteria. So, we need not normalize the decision matrix.

Step 2: Utilize SVINGOWHA aggregation operator.
Assume the parameter A = 1 and the associated weighted
vector W = (0.067,0.666, 0.267)7 which can be obtained
by the fuzzy linguistic quantifier “most” with the pair
of(a, f) = (0.3,0.8) . Then final aggregated values are given
Table 11.

Step 3: Utilize the SVTNNGOWHA aggregation
operator.

S (w) =< (0,0,0.3965,0.6601);0.5,0.2,0.4 >

S,(w) =< (0,0,0.1564,0.2812);0.5,0.2,0.4 >

S;3(w) =< (0,0,0.3039, 0.5808);0.5,0.2,0.4 >

S,(w) =< (0,0,0.1767,0.2963);0.5,0.2,0.4 >

@ Springer

Step 4: Finally, the aggregation results are obtained by
method of score function of single valued trapezoidal neu-
trosophic number.

S (@) = 0.1673, S,(w) = 0.0693, S3(w) =0.1401, S,(w)
=0.0749

Then, we can rank the alternatives a; € aaccording to
Si(w),i=1,2,3,a, >a; > a, > a,, Hence, the best enter-
prise is ;.

Furthermore, we analyze the different parameter A that
deals with the aggregation results provided by best decision
maker.The variation of the aggregation results with param-
eter A is shown in Fig. 2.

Table 12 will show that existing works and the proposed
method which develop decision making approach using sin-
gle valued trapezoidal neutrosophic numbers.

5 Conclusion

This paper introduced the single valued trapezoidal neu-
trosophic numbers with generalized ordered weighted har-
monic averaging (SVTNGOWHA) operator, which provides
general formulation that includes a wide range of aggrega-
tion operators and it combines with the generalized mean
and the weighted harmonic averaging operator under single
valued trapezoidal neutrosophic numbers. It can be applied
in the selection of financial products, engineering, soft com-
puting a decision theory under neutrosophic environment.
The main advantages of the decision making approach based
on the SVITNGOWHA operator is that the decision maker
can obtain a complete view of decision making problem.
The application of enterprise selection problem shows the
feasibility and effectiveness for multi attribute decision
making problems. In the future research, we can establish
approaches of aggregation operators with single valued neu-
trosophic number and apply them in the fields of medical
diagnosis, forecasting and project investment.
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