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ONE-DIMENSIONAL STATIONARY MEAN-FIELD GAMES WITH
LOCAL COUPLING

DIOGO A. GOMES, LEVON NURBEKYAN, AND MARIANA PRAZERES

ABSTRACT. A standard assumption in mean-field game (MFG) theory is that
the coupling between the Hamilton-Jacobi equation and the transport equation is
monotonically non-decreasing in the density of the population. In many cases, this
assumption implies the existence and uniqueness of solutions. Here, we drop that
assumption and construct explicit solutions for one-dimensional MFGs. These
solutions exhibit phenomena not present in monotonically increasing MFGs: low-
regularity, non-uniqueness, and the formation of regions with no agents.

1. INTRODUCTION

Mean-field game (MFG) theory [3], 17, 211, [32] describes on-cooperative differen-
tial games with infinitely many identical players. These games were introduced by
Lasry and Lions [29] [30, B1] and, independently around the same time, by Huang,
Caines and Malhamé [27], 28]. Often, MFGs are given by a Hamilton-Jacobi equa-
tion coupled with a Fokker-Planck equation. A standard example is the stationary,
one-dimensional, first-order MFG:

Uy 2 I7
2 4V (@) = g(m) + 1, L)
—(m(uz +p))z =0,
with its elliptic regularization,
Ug 2 R
Uy + P 4V (2) = H + g(m) 12)
—€eMygy — ((p + uz)m)z = 0,

where € > 0. Here, pis a fixed real number and the unknowns are the constant H and
the functions u and m. The function g is C* on RT. To simplify the presentation,
we consider the periodic case and work in the one-dimensional torus, T. Accordingly,
VT — Ris a C* potential. We search for periodic solutions, v, m : T — R. Here,
we examine this problem and attempt to understand its features in terms of the
monotonicity properties of g.

A standard assumption in MFGs is that ¢ is increasing. Heuristically, this assump-
tion means that agents prefer sparsely populated areas. In this case, the existence
and uniqueness of smooth solutions to (1.1f) is well understood for stationary prob-
lems [18|, 19} 20, 33], weakly coupled MFG systems [11], the obstacle MFG problem
[12] and extended MFGs [13]. In the time-dependent setting, similar results are ob-
tained in [14] [15], 24] for standard MFGs and in [16, 23] for forward-forward problems.
The theory of weak solutions is also well developed for first-order and second-order
problems (see [4, [0, [7] and [6l [8, 34, B5], respectively). Congestion problems, see
[9, 22| 25], are also of interest and our results extend straightforwardly [10].
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The case of a non-monotonically increasing g is relevant: if g is decreasing, agents
prefer clustering in high-density areas. The case where g first decreases and then
increases is also natural; here, agents have a preferred density given by the minimum
of g. However, little is known about the properties of when ¢ is not increasing.
One of the few known cases is a second-order MFG with g(m) = —Inm and a
quadratic cost. In this case, due to the particular structure of the equations, there
are explicit solutions, see [26], 32].

A triplet, (u,m, H), solves (L. if

i. w is a Lipschitz viscosity solution of the first equation in (|1.1J);
ii. m is a probability density; that is,

m = 0, /mzl;
T

iii. m is a weak (distributional) solution of the second equation in ([1.1]).

Because is invariant under addition of constants to u, we assume that u(0) = 0.
Here, u is Lipschitz continuous. However, m can be discontinuous. In this case,
viscosity solutions of the first equation in are interpreted as discontinuous
viscosity solutions; see, for example, [I] and the discussion in Section @

Our problem is one-dimensional and the Hamiltonian is convex. If u is a piecewise
C! function and m is continuous, then u is a viscosity solution if the following
conditions hold:

a. u solves the equation at the points where it is C' and m is continuous;
b. lim wuy(z) > lim wu,(z) at points of discontinuity of wu,.
TTy x%x(";

When g is not increasing, may not admit m continuous. Solutions must,
therefore, be considered in the framework of discontinuous viscosity solutions. In this
case, the above characterization of one-dimensional viscosity solutions is not valid,
and admits a large family of discontinuous viscosity solutions (see Section @
On the other hand, solutions that satisfy the above conditions (a. and b.) have nice
structural properties that we discuss in this paper. Furthermore, in their analysis
we see the appearance of discontinuities in m, which in turn motivates the study of
discontinuous viscosity solutions. Overall, these conditions seem to be good selection
criteria for discontinuous solutions of .

We call solutions that satisfy conditions a. and b. regular (they can still be
discontinuous). In this paper, we always consider regular solutions except in Section
[0, where we discuss general discontinuous viscosity solutions. Furthermore, when m
is continuous the term “regular” is superfluous. Thus, except in Section [6] we refer
to regular solutions.

Our goal is to solve explicitly and to understand the qualitative behavior of
solutions. For that, in Section |2, we reformulate (1.1)) in terms of the current,

J :m(ux +p)- (13)

From the second equation in , 7 is constant. Thus, the current becomes the
main parameter in our analysis.

While we focus our attention into non-increasing MFGs, our methods are also
valid for increasing MFGs. To illustrate and contrast these two cases, we begin our
analysis in Section |3 by addressing the latter. For j > 0, we show the existence of
a unique smooth solution. However, for j = 0, we uncover new phenomena: the
existence of non-smooth solutions and the lack of uniqueness.



ONE-DIMENSIONAL, FIRST-ORDER, STATIONARY MEAN-FIELD GAMES 3

In Section[d] we consider the elliptic regularization of monotone MFGs. We estab-
lish a new variational principle that gives the existence and uniqueness of smooth so-
lutions. Moreover, we address the vanishing viscosity problem using I'-convergence.

In Section we study regular solutions of for non-increasing g. In this case,
if j # 0, m > 0. However, for certain values of j, does not have continuous
solutions. In contrast, if j is large enough, has a unique smooth solution.
Moreover, if V has a single point of maximum, there exists a unique solution of
for each 5 > 0. If V has multiple maxima, there are multiple solutions. If
j =0, the behavior of is more complex and m can be discontinuous or vanish.

Next, in Section [6 we consider MFGs with a decreasing nonlinearity, g, and
discuss the properties of discontinuous viscosity solutions.

Subsequently, in Section [7] we study the elliptic regularization of anti-monotone
MFGs. There, we use calculus of variations methods to prove the existence of a
solution.

In Section [8] we examine the regularity of solutions as a function of the current
and, in Section |§|, we study the asymptotic behavior of solutions of as j con-
verges to 0 and co. Finally, in Sections [10| and we analyze the regularity of H
in terms of j and p.

2. THE CURRENT FORMULATION AND REGULARIZATION

Here, we discuss the current formulation of (|1.1) and (1.2). After some elementary
computations, we show that the current formulation of (1.2 is the Euler-Lagrange
equation of a suitable functional.

2.1. Current formulation. Let j be given by (1.3). From the second equation in
(1.1, 7 is constant. We split our analysis into the cases, j # 0 and j = 0.
If j # 0, m(xz) # 0 for all x € T and u, +p = j/m. Thus, (1.1) can be written as

m >0, [ mdx =1,
1{ (2.1)
1g._7D

where Fj(m) = 21722 — g(m). For each z, the first equation in is an algebraic
equation for m. If g is increasing, for each « € T and H € R, there exists a unique
solution. In contrast, if g is not increasing, there may exist multiple solutions, as we
discuss later.

For j =0, (L.1]) gives

Ug 2 Nag
et () =TTV (),
m =0, il[md:r: =1, (2.2)

m(ug + p) = 0.
From the last equation in (2.2), either m = 0, in which case u solves

U 2 —
a2 g0 =T~ Vi),

or m > 0 and g(m) + H — V(z) = 0. Hence, if ¢ is increasing or decreasing, m(z) is
determined in a unique way; otherwise, multiple solutions can occur.
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2.2. Elliptic regularization. Now, we consider the elliptic MFG (1.2)). From the
second equation in that system, we conclude that

Jj=emgz+m(p+uy)

is constant. Thus, we solve for u, and replace it in the first equation. Accordingly,
we get

j— emyg (j — emy)? —
Then, using the identity
(J — emx)mx + (,7 — 677‘%)2 j2 — 627”:%
€ =
m?2 2m?2 2m2
we obtain the following equation for m:
2
m m _
2T 2 27;2 + Fj(m) = H — V(x). (2.4)
Now, let ®; be such that ®(m) = F;(m); that is,
j2
®;(m) = “om G(m),

where G'(m) = g(m). Then, (2.4) is the Euler-Lagrange equation of the functional

23
— —®; -V d 2.5
[ @5~ ay(m) - Viahm da (2.5
under the constraint fT m = 1; the constant H is the Lagrangian multiplier for the
preceding constraint.

3. FIRST-ORDER MONOTONE MFGs

We continue our analysis by considering monotonically increasing nonlinearities,
g. In the case of a non-vanishing current, solutions are smooth. However, if the
current vanishes, solutions can fail to be smooth, m can vanish, and v may not be
unique.

The non-smooth behavior for a generic non-decreasing nonlinearity, g, was ob-
served in Theorem 2.8 in [31] where the authors find limits of smooth solutions of
second-order MFGs as the viscosity coefficient converges to 0.

3.1. j # 0, g increasing. Here, in contrast to the case j = 0, examined later, the
solutions are smooth. Elementary computations give the following result.

Proposition 3.1. Let g be monotonically increasing. Then, for every j > 0, ([1.1))

has a unique smooth solution, (uj,mj, H;), with current j. This solution is given by

wmm=%%mjvw»zmm=/ R ——
0

m;(y)

; -2

where pj = [ —L—dy, F;(t) = <5 — g(t), and H; is such that [ m;(z)dz = 1.
T

T m;(y)
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3.2. j =0, g increasing. To simplify the discussion and illustrate our methods,
we consider (2.2) with g(m) = m. The analysis is similar for other choices of an
increasing function, g. Accordingly, we have

2 R
7(%—5;9) —m=H —-V(zx);
m = 0, fmdx =1, (3.1)
T

m(u, +p) = 0.

It is easy to see that m(z) = (V(z)—H)" forz € T. Themap H — [(V(z)—H)%dx
T

is decreasing (strictly decreasing at its positive values). Hence, there exists a unique

number, H, such that [m(z)dz = 1. Moreover, H < maxV and H > [,V — 1.
T

If minV < H < maxV, m is non-smooth and there are regions where it vanishes.
In contrast, if H < minV, m is always positive. In this case, u, + p = 0, and, by
periodicity of u, p = 0. Furthermore, from the first equation in (3.1]), we have

HzAV@M—L

Given H, we find from (3.1]) that

luz +p| =/2(H = V(2))t, zeT.
() = % / V2AH V() tdy — pa.
0

where p = =+ [\/2(H — V(y))*dy, the triplets (u*,m, H) solve (3.1). However,
T

there are also solutions with a discontinuous derivative, u,. For that, let zo € T be
such that V(zp) < H. Such a point always exists if H > mTinV or, equivalently,

when [V(z)dz —1< mlin V. Let
T

(ul‘o (x))m = \/ 2(F - V(:E))+ " Xz<zo — 2(ﬁ - V(.%'))+ *Xz>z0 — px()?

where p™ = [ /2(H =V (y)tdy — [ 1/2(H —V(y))*tdy and x denotes the
y

y<zxo >x0
characteristic function. Therefore, u*® solves the first equation of almost ev-
erywhere, and uZ° has only negative jumps. Since m is continuous, u™° is a viscosity
solution of that equation. Consequently, (u®,m, H) solves .
To summarize, has a unique, smooth solution if and only if u, + p = 0 or,
equivalently, m(x) = V(z) — H. The latter holds if and only if

Hence, for

/V(:c)dx <1+ mTinV. (3.2)
T

This is the case for small perturbations V'; that is, oscV < 1.

For A € R, set Va(z) = Asin(2r(z + 1)) and let m(z, A), H(A) solve for
V = V4. In Fig. [I} we plot m(x, A) for 0 < A < 2. We observe that m(z, A) is
smooth for small values of A and becomes non-differentiable for large A, as expected
from our analysis. If A = 2, does not hold. Thus, m(z,2) is singular and we
have multiple solutions, u(x, 2). In Fig. [2| we plot m(x,2) and two distinct solutions,
u(z, 2).
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Fic. 2. m(xz,2) (left) and two distinct solutions u(z,2) (right).

4. MONOTONE ELLIPTIC MEAN-FIELD GAMES

To study (1.2]), we examine the variational problem determined by ({2.5). As
before, for concreteness, we consider the case g(m) = m. In this case, (2.5) becomes

Jim] = /T (8"”26 Ll V(:U)m) da. (4.1)

The preceding functional is convex and, as we prove next, the direct method in the
calculus of variations gives the existence of a minimizer on the set

A:{mGWLQ(T):m2O/\/m:1}.
T

Proposition 4.1. For each j € R, there exists a unique minimizer, m, of J.[m] in
A. Moreover, m > 0 and solves
2
m —
—62<—x> J +m+H-V(z)=0

m/z  2m?

for some constant H € R.

Proof. The uniqueness of a positive minimizer is a consequence of the strict convexity
of Je. The existence of a non-negative minimizer requires separate arguments for
the cases j # 0 and j = 0.

We first examine the case j # 0. We begin by taking a minimizing sequence,
my, € A. Then, there exists a constant, C > 0, such that

2
T

Mn Mn

Thus, by Morrey’s theorem, the functions /m, are equi-Holder continuous of ex-
ponent % Therefore, because [ m, = 1, this sequence is equibounded and, through
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Fic. 3.  Solution m of (1.2) when g(m) = m, j = 1, V(z) =
sin(2m(z + 1/4)) for € = 0.01 (dashed) and for € = 0 (solid).

some subsequence, m,, — m for some function m > 0. Moreover, by Fatou’s lemma,

1
/dxéC’.
T ™M

Suppose that minm = m(zg) = 0. Then, because /m is Holder continuous, we
have m(x) < C|z — x¢|. However,
1
/ S
T |2 — Zo|

is not finite, which is a contradiction. Thus, m is a strictly positive minimizer.
Moreover, it solves the corresponding Euler-Lagrange equation.
For j = 0, we rewrite the Fuler-Lagrange equation as

—(Inm)ge +m —V(z) = —H. (4.2)

Let P be the set of non-negative functions in L>°(T%) and consider the map
Z:P — P defined as follows. Given n € P, we solve the PDE

— Wy + n—V(x)=—H,

where H satisfies the compatibility condition

H:/Vdm—l,
T

and w : T — R is such that [e“dz = 1. An elementary argument shows that w
is uniformly bounded from above and from below. Next, we set Z(n) = e”. The
mapping = is continuous and compact. Accordingly, by Schauder’s Fixed Point
Theorem, there is a fixed point, m, that solves . By the convexity of the vari-
ational problem , this fixed point is the unique solution of the Euler-Lagrange
equation. ]

Next, to study the convergence as ¢ — 0, we investigate the I'-convergence as
e — 0 of J.. A simple modification of the arguments in [2], Chapter 6, shows that

J 5
where
J[m] = / <j2 + m — V(x)m) dx,
T \ 2m 2
if m>0and [m = 1. In Fig. we observe numerical evidence for this I'-

convergence.
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5. REGULAR VISCOSITY SOLUTIONS IN ANTI-MONOTONE MEAN-FIELD GAMES

Here, we investigate MFGs with decreasing g. To simplify, we assume that g(m) =
—m. However, our arguments are valid for a general decreasing ¢g. In contrast with
the monotone case, m may not be unique. Furthermore, m can be discontinuous
and, thus, viscosity solutions of the Hamilton-Jacobi equation in should be
interpreted in the discontinuous sense. In this section, we are interested in regular
discontinuous viscosity solutions; that is, solutions satisfying conditions a. and b.
stated in the Introduction. Here, we examine existence, uniqueness, and additional
properties of such solutions. In Section [6] we prove that these solutions are indeed
discontinuous viscosity solutions.

5.1. j # O, g decreasing. To simplify the presentation, we consider j > 0.
With g(m) = —m, . ) becomes

m >0, fmdle;

f —dz

The minimum of t — j2/2t+t is attained at t,, = j2/3. Thus, 52/2t2 4+t > 352/3/2
for t > 0. o
Therefore, a lower bound for H is

(5.1)

Q\’U

. 342/3
H}H; —maXV+ 32
where the superscrip stands for critical.

The function ¢ ~ 52/2t2 + ¢ is decreasing on the interval (0, ¢,,;,) and increasing
on the interval (tmin,+00). For any H satisfying (5.2), let m_- and 'm% be the
solutions of

(5.2)

tCT‘

-2

J + 7
— imE@)=H-V(2),
sty o
with 0 < m—(z) < tmin < m%(a:) Due to (5.2), m and m% are well defined.

Furthermore, if (u, m, H) solves ([1.1]), then m(z) agrees with either m%(x) or m—(z),
almost everywhere in T.

Let m; :=mzer and mj = mﬁw Note that m; (z) < mj(:v) for all x € T, and
J J

the equality holds only at the maximum points of V. Hence, m; (z) < m;r (x) on a

set of positive Lebesgue measure unless V' is constant.

The two fundamental quantities for our analysis are
Fot
= mj (z)dx
0
1
= of m; (z)dx

(5.3)

If V' is not constant, we have
a”(j) < a™(j)
for j > 0.

Proposition 5.1. Suppose that x = 0 is the single mazimum of V. Then, for
every j > 0, there exists a unique number, p;, such that has a reqular solution
with a current level, j. Moreover, the solution of , (uj,mj,ﬁj), 18 unique and
given as follows.
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i If ot (j) < 1,

my(@) =i @), wy(o) = [ 2L (5.4

where p; = [ A% and H; is such that [ mj(z)de = 1.
T T

i If o~ (j) > 1,

_ jdy
mi(w) = myy @), wle) = [ L= (55
j
0
where pj = % nf]fié) and H; is such that q{mj(ac)al;c =1

iii. If a=(j) <1< a'(j), we have that H; :ﬁgr, and

T

_ Jjdy
my(e) = m; (@)X + ] Oxa,: (@) = [ U e (56)
] m;(y)
where pj = % Wf’;i(z/) and d; is such that

/mj(x)dx = 7mj(a:)dx + jmj(m)dm =1.
T 0 d;

Proof. Case i. The function j2/2t? + ¢ is increasing on the interval (tn,+00).

Therefore, H m%(x) is increasing for all x. Hence, the mapping

H*—)/m;(x)dﬂv,
T

is increasing. By assumption, [ m%cr (x)dz = [ mj(:v)d:r < 1. Therefore, there
T g T

exists a unique H; > ﬁ;r such that %m%(x)dx = 1. Thus, (uj, m;) given by ([5.4)

J
is the unique solution of (L.1) with H = H; and p = p;.
Case ii. The functionij2 /2t? 4t is decreasing on the interval (0, t,;,). Therefore,
m%(x) is decreasing in H for all z. Hence, the mapping

H /ml_{(:l:)dx
T

is decreasing. By assumption, [ Mzer (x)da = S m; (z)dz > 1. Thus, there exists
T J T

a unique number, Fj > F;r,

(5.5)) is the unique solution of (L.1)) with H = H; and p = p;.

Case iii. We first show that (1.1)) does not have regular solutions for H > ﬁ;r.
By contradiction, suppose that (I.1) has a regular solution, (u,m,H), for some
H > ﬁ;r and p € R. Evidently, m(z) = m%(x)XE + mz(x)x\g for some subset
E C T. Furthermore,

such that T[m%j (x)dx = 1. Hence, (uj,m;) given by

i%f(m%(a:) —m(z)) >0 (5.7)
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=1 —F7CTI
because H > H; . Moreover,

[ o [ g
T

E T\E

/m;l(x)da: < /mj_(x)da: <1l< /mj(m)dw < /m;(a:)dx
T T T T

Therefore, neither E nor T\ FE can be empty or have zero Lebesgue measure. Because
E and T \ E are not negligible, there exists a real number, e, such that for every
e >0,

and

(e—c,e)UE#( and (e,e+e)UE®#(.

According to (5.7)), m has a negative jump, m(e~) —m(e*) < 0, at = e. Hence,
uy = j/m — p has a positive jump, m%(e) — m%(e) > 0, at © = e. However, deriva-
tives of regular solutions can only have negative jumps and, thus, this contradiction
implies Fj = F;r.

Next, we construct m; and u; and determine p;. We look for a function m; of
the form

T@@»:{Za@,iimﬂy (5.8)

Note that (5.8) is the only possibility for m; because m; can switch from mj tom;

only if there is no jump at the switching point; that is, m;r and m; are equal at
that point, which only holds at maximum of V. Thus, by periodicity, m; can switch
to m; from mj only at x =0 and z = 1.

It remains to choose d € (0, 1) such that fmj )dx = 1. Let

1

6(d) = / m; (2)da — /d s (2)de + /1 m (v)da.
0 0 d

Because ¢(0) > 1 and ¢(1) < 1 and because ¢'(d) = m; (d) — j(d) < 0 for

d € (0,1), there exists a unique d~ € (0,1) such that ¢(d;) = 1. The triplet defined

by (5.6} . (uj,mj, H;), solves O

By the previous proposition, if V' has a single maximum point then, for every
current, j > 0, there exists a unique p; and a unique triplet, (uj,mj,ﬁj), that
solves for p = p;. In contrast, as we show next, if V' has multiple maxima
and j > 0 is such that Case 47 in Proposition holds, there exist infinitely many
solutions.

Proposition 5.2. Suppose that V attains a mazimum at x = 0 and at x = x¢ €
(0,1). Let j be such that o~ (j) < 1 < at(j). Then, there exist infinitely many
numbers, p, and pairs, (u,m), such that (u,m,ﬁjr) is a reqular solution of (L.1).

Proof. We look for solutions of the form

dida, )My (2),  €[0,d1) Ulzo,dr),
(#) =4 %
j

" mt(z), @ € [d1,20) U [da, 1),
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F1G. 4. Solution m for j = 0.001 and V (z) = § sin(27(z + 1/4)).

m(x)
1.004 -
1,002
1,000
0.998

0.996 -

x
02 0.4 06 0.8 1.0

F1c. 5. Solution m for j = 10 and V (z) = §sin(27w(z + 1/4)).

dl:

where 0 < dy < xg and zo < d9 < 1. Note that m; ? has two discontinuity points.

At these points, mj % has positive jumps. Hence, if we define

di.d Jjdy di.d
ujl () = / —dd —pj1 2z, xzeT,
5 m; (y)

where pdl’d2 = —J__ the triplet (u dl’dQ, dl’dQ,ﬁ?) is a regular solution of

Mdy dy (Y)’ m;
if

/m;ll’d2 (x)dx = 1.
T

To determine d; and ds, we consider the function

1 d1 zo
o(d1,do) = /mgl’dQ(x)dac = /mj_(x)dx—l—/mj(x)dac
0 0 dy

da 1
—I—/mj(:n)dzv—l—/m;r(fn)dx, (d1,d2) € (0,20) X (xg, 1).

We have that ¢(0, xq) fm x)dx > 1 and ¢(xg, 1 fm x)dr < 1. Because ¢

is continuous, there ex1sts a pair, (di,dz) € (0,20) X (mo, 1), such that ¢(d;, d2) = 1.
In fact, there are infinitely many such pairs. For arbitrary continuous curve vy C
[0, z0] X [z0, 1] connecting the points (0,z¢) and (xp, 1), there exists at least one
pair, (di,ds) € 7, such that ¢(di,dy) = 1. To each such pair corresponds a triplet

(u;-ll’dQ,mgl’dQ,F?) that is a regular solution of ([1.1]). O

Let V(z) = $sin(2m(z + 3)). Because V has a single maximum, Proposition
gives that (1.1)) admits a unique regular solution for all values of j > 0. In Figs.
[6] we plot m for different values of j. In Fig. [ we plot m in the low-current
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F1c. 7. Two distinct solutions for j = 0.5 and V(z) = 1 sin(4r(z + 1/8)).

regime, 7 = 0.001; that is, Case i in Proposition As we can see, m is smooth
as predicted by the proposition. In Fig. we plot m in the high-current regime,
j = 10; that is, Case ii in Proposition As before, we observe that m is smooth.
Finally, in Fig. [6] we plot m for the intermediate-current regime, j = 0.5; that is,
Case iii in Proposition As we can see, m is discontinuous.

Next, we consider the potential V(z) = Jsin(47(z + 3)) that has two maxima.
By Proposition we have infinitely many two-jump solutions. In Fig. [7] we plot
two such solutions.

5.2. 7 = 0, g decreasing. Now, we examine the case when the current vanishes,
and, thus, we consider the system

7(%—2%;:)2 +m=H —V(x);
m >0, %mdw =1; (5.9)
m(ug + p) = 0.

Suppose that (5.9) has a solution. Because m > 0, we have H—V (z) > 0forz € T.
Thus, H > max V. On the other hand,

/(H_V(x))dJC?/mdx:l.

T T
Consequently, H > 1+ [ V. Therefore,
T

H > max m%xV,l—i—/V =: H.
T

It turns out that Hy is the only possible value for H as we show next.

Proposition 5.3. The MFG (5.9) does not have regular solutions for H > Hy.
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Proof. Suppose that H > H and that the triplet (u,m, H) is a regular solution of
(5.9). If m(x) > 0, then uy(x) +p =0 and m = H — V(x). If m(xz) = 0, then

(us(2) +p)? = 2(H — V(2)).
Thus, on the set Z = {z : m(z) = 0},

ug(z) +p=1/2(H - V(2)) or up(z) +p = —/2(H — V(z)).
We have that [ (H —V(z))dz > 1. Hence, the set Z has a positive Lebesgue
T

measure. Otherwise, m(z) = H — V(z) everywhere, and thus [ m(z)dz > 1. Con-

T
sequently, u, + p is either \/2(H — V(x)) or —y/2(H — V(x)) on Z. Suppose that

ug(z) + p takes the value —/2(H — V(x)) at some point # € T. Without loss of

generality, we can assume that u,(0) +p = —1/2(H — V(0)). Let

e = sup {x € (0,1) s.t. uz(z) +p=—1/2(H — V(x))} .

Then, at # = e, the function u, + p has a jump of size /2(H — V(e)) or

21/2(H — V(e)). However, this is impossible because u, is a regular solution,

and it cannot have positive jumps. Therefore, u,(z) + p takes only the values

\/2(H — V(x)) and 0. But then, u, must have a positive jump from 0 to \/2(H — V (z))
at some point, which also contradicts the regularity property. (|

Now, we construct solutions to (5.9) with H = Hy. It turns out that if V has a
large oscillation, then (5.9) has infinitely many regular solutions.

Proposition 5.4. We have that
Lifl+ [V > max V., then the triplet (ug, mo, Ho) with
T

mo(z) = Ho — V (), uo(z) =0, (5.10)

solves (5.9) in the classical sense for p =0;
ii. af m%XV >1+ [V, define
T

mdl,dQ(x) —_ HO - V(x)u US [d17d2]7 (511)
0 0, €T\ [dp,ds],
and
u (@) = [ @)y, e, (5.12)
0
where

2(Hy — V(x)) — pgt®, x € [0,dy),
(o) = 3, e )

—\/2(Hy — V(2)) — p®, 2 € (dy, 1],
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Fic. 8. mg as defined in (5.11) for V(z) = 5sin(2r(x + 1)) with
dy = 0.5 and d; such that (5.13]) holds.

o] wOxx]

L L L L Loyl
0.2 04 06 0.8 10

Fic. 9. ug (left) and (up), (right) as defined in (5.11)) for V(x) =
5sin(2m(x + 1)) with d2 = 0.5 and d; such that (5.13) holds.

dy — L —
andpgl’d2 = [\/2(Ho — V(x))dz— [ \/2(Ho — V(z))dz. Then, for any pair,
0 da

(d1,da), such that
d2
/(Ho —V(x))dx =1, (5.13)
di
: di,dy | dide 7 o\ . _ o di,de
the triplet (uy"™,my""™*, Ho) is a regular solution for (5.9)) for p = py*™.
Furthermore, there ezist infinitely many pairs, (di,ds), such that (5.13)) holds.

Proof. Case i. In this case, Hy = 1+ [ V(z)dz and straightforward computations
T
show that (5.10) defines a classical solution of ([5.9).
J— 1 —
Case ii. In this case, we have that Hy = mq?xV and that [(Ho— V(z))dz > 1.
0

Without loss of generality, we assume that 0 is a point of maximum for V.

Note that (ugl’d2)z has only negative jumps and ugl’dZ satisfies (5.9 almost ev-

erywhere. Thus, the triplet (ugl’dQ,mgl’dQ,Fg) is a regular solution of (5.9) if

1
[ md®(z)dz = 1. However, the latter is equivalent to (5.13). Since [(Hy —
T 0

V(x))dx > 1, we can find infinitely many such pairs. We find pgl’dZ from the iden-
tity f(ugl’dQ)x(w)de‘ =0. O
T

Figs. and |§| show the solutions of (5.9) for V(z) = 5sin(2n(z + 1)), = € T.

Remark 5.5. If V has multiple maxima and Case i in Proposition [5.4 holds, there
is a larger family of solutions. Let z = z¢ € (0,1) be a point of maximum for V.
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For fixed real numbers, di < dy < e1 < es, define

mdidz.ensez (z) = Ho - V(2), z € [d1,do] U ey, e2], (5.14)
0 0, elsewhere,
and .
ugl,dg,el,eg (ZE) — /(uglyd2761,62)x(y)dy’ x € ']T’ (515)
0
where

2(Ho — V() — pg- ™, 2 € [0,d1) U [zo, e1),
(dy dy,er.e2)e (%) = 4 =\ [2(H o — V(@) — pI92€1°2 | 3 € (dy, 0] U (e2, 1],

diy,d
—pg' P, elsewhere.

Note that (ug, dy.e; e0)z(2) is periodic, only has negative jumps, and solves (5.9) al-
most everywhere. Hence, the triplet (ugl’dQ’el’SQ, mgl’d2’61’62 , Hp) is a regular solution

of (5.9) if

1
/mdhd%el;ez (x)dx =1 (5.16)
0
for
dy,d2,e1,e2 — —
Do = / 2(Hy — V(x))dx — / 2(Hy — V(x))dz.
[0,d1)U[zo,e1) (da,wo]U(e2, 1]

The equality ((5.16) is equivalent to

do €2

/(HO —V(@))de + /(Ho CV(@))dr = 1. (5.17)

dq €1

1

Since [(Ho — V(z))dz > 1, we can find infinitely many quadruples (d1,ds, e1, €2)
0

such that ([5.17)) holds. Hence, we can generate infinitely many solutions of the form

F-19. E19).

From Propositions and for every regular solution, m, of in the low-
current regime (j = 0 or Case i in Proposition , the smaller V(x) is, the larger
m(zx) is. This is paradoxical because V (x) represents the spatial preference of the
agents and preferred regions correspond to high values of V. Thus, areas that are
less desirable have a high populational density. Therefore, it is possible that the
most preferred site is empty and agents aggregate at the least preferred site. For
example, in , m vanishes near the maximum of V and is supported in the
neighborhood of the minimum of V| as illustrated in Fig. Hence, if agents do
not move fast (low current), they prefer staying together rather than being in a
better place, see Fig. |4l In the high-current regime (Case ii in Proposition , the
opposite situation occurs: the larger V(x) is, the larger m(z) becomes, see Fig.
Therefore, preferred areas have a high population density. Hence, if the level of the
current is high enough (we give quantitative estimates in the next section), agents
are better off at preferred sites and with more agents. Finally, for the intermediate
current level (Case iii in Proposition, we observe a more complex situation. The
solution, m, consists of two parts: m; () and m;r(z) m; (z) is larger where V()

J

is larger and the opposite holds for mj (z). Therefore, in the region where m is m

7
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the most preferred sites are more densely populated. In the region where m is m;r

the less preferred sites are more densely populated. This is illustrated in Fig. [6]

6. DISCONTINUOUS VISCOSITY SOLUTIONS

In the anti-monotone case considered in the preceding section, m can be dis-
continuous. Thus, in addition to regular solutions examined before, we need to
consider viscosity solutions in the framework of discontinuous Hamiltonians. In
what follows, we recall the main definitions in [I]. Given a locally bounded function,
F:T xR — R, we define its lower and upper semicontinuous envelopes as

Fi(xz,q) = liminf F(y,r), F*(x,q)= limsup F(y,r)
(y,r)—=(=,q) (y,r)—=(z,q)
for (z,q) € T x R. We say that a locally bounded function, u : T — R, is a viscosity
solution of F'(z, Du) = 0 if, for any smooth function, ¢ : T — R, we have that

Fi(x,¢, +p) <0 forall z € argmax(u— ¢)

and
F*(z,0,+p) =20 forall x€ argmin(u— ¢).
Let m: T — R, m € L>®(T), and set

my(x) = liminf m(y), m*(z)=limsupm(y).
Yy—x y—x
Suppose that V : T — R is continuous. Then, for our setting, we have
2

Fle.q) = L+ V(@) +m(x) - H.

Consequently,

¢ = ¢ =
Fi(z,q) = 5 +V(x)+mu(z)— H, F*(z,q)= 5 +V(z)+m*(xz) — H.

Here, we look for piecewise smooth solutions of (1.1)) for g(m) = —m that are not

necessarily regular; that is, the condition lim wuy,(z) > lim, (x) is not necessarily
T—T T—T
satisfied. It turns out that there are infinitely many such solutions for all j # 0

independent of properties of V', and the jump direction of wu, is irrelevant. This
contrasts with the fact that for V' with a single maximum, there exists just one
regular solution (Proposition .

Thus, we select a current level, j > 0 (j < 0 is analogous), and fix arbitrary points
0Ly <z1 < - <xzp<land H > F;T. We search for solutions (u, m, H) such
that m is continuous on the intervals (x;, x;11) for 0 < i < n — 1. From the above
discussion, we have:

Proposition 6.1. Assume that j > 0 and that

e m > 0 is continuous on (x;,x;+1) and
9
Mjw +m(x) = H — V() for all x # z;.

e H is such that [ m(z)dzx = 1.
T

Then, the triplet (u,m, H) solves (1.1]), where

T

I R B S
U(x)—o m(y)dy pr, p Tr/m(y)oly-
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Proof. We have that uy + p = < a.e.. Thus, the second equation in (1.1) holds in

m
the sense of distributions. Next, we observe that u is differentiable for all z # x;

and that the first equation in (1.1 is satisfied in the classical sense at those points.
Thus, we just need to check the viscosity condition at x = x;.
There are two possible cases:

In this case, m*(x;) = m(z; ). Moreover,
up(;) = j/m(z;) = p < j/mix]) = p = ua(af).

Hence, there is no smooth function touching u from above; it touches only
from below. Therefore, we need to check that, for any ¢ touching u from
below at z;, we have

(¢x ($1) + p)2
2
Because (|1.1]) is satisfied at = # x; in the classical sense, we have that

2

Because ¢ touches u from below and j > 0, we have

+ V(z;) +m(z;)—H > 0.

+V(x;) +m(zf) —H=0.

0 < ug(z;) +p < dul@i) +p < ualzf) +p.
Hence,

(%(xzé) ) + V(xi) +m(z;)— H

(us(2;) +p)° e

> 5 + V(x;) + m(z;) — H =0.

2. m(zi—) < m(z;+).
In this case, m(x;) = m(z; ) and
up(v7) = j/mia) = p > j/m(a) — p = ua(z)).

Hence, there is no smooth function touching u from below — only from above.
Therefore, for any ¢ touching u from above at x;, we have

(¢x (xz) -+ p)2
2
Because (|1.1]) holds in the classical sense for x # x;, we have that

(ug(z7) +p)°
2

+ V(z;) +m(z;)— H <0. (6.1)

+V(xi) +m(zf) —H=0.

7

Because ¢ touches u from above, we have 0 < ug(z;) +p < ¢u(x;) +p <
uz(x; ) + p. Hence, (6.1)) holds.
]

Remark 6.2. If ¢ is increasing, the construction of piecewise smooth solutions
with discontinuous m in the previous proposition fails because m(z; ) = m(x]),
necessarily. Therefore, the smooth solutions found in Proposition [3.1] are the only
possible ones: there are no extra discontinuous solutions as in the case of decreasing

g. This is yet another consequence of the regularizing effect of an increasing g.
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7. ANTI-MONOTONE ELLIPTIC MEAN-FIELD GAMES

Now, we consider anti-monotone elliptic MFGs and the corresponding variational

problem (2.5) with g(m) = —m. We use the direct method in the calculus of
variations to prove the existence of a minimizer of the functional
m2 22
Je[m] = /11‘ <622772 + ;—m -5 (x)m) dx. (7.1)

Proposition 7.1. For each j € R, there exists a minimizer, m, of J[m] in

A:{m€W1’2(T):m>O/\/m:1}.
T
Moreover, m, solves

—€? (%L—;W—m%—ﬁ—V(x):O

for some H € R.

Proof. To prove the existence of a positive minimizer, we consider separately the
cases j # 0 and j = 0.

Case 1. j # 0. We take a minimizing sequence, m,, € A, and note that there is a
constant, C, such that

2 2 2
/eQ(m")”+ J dx<0+/m".
T 2mn 2mn T 2
Therefore, we seek to control [ m? by the integral expression on the left-hand side.
For that, we recall the Gagliardo-Nirenberg inequality,

el g < lwsl[3r ool 17 (7.2)

1 1 1
Soa(c-1)+(1-a)-,
p r q

whenever fT w=0. With p=4 and r = ¢ = 2, we obtain a = %. Using these values
in ([7.2), taking into account that f m = 1, and choosing w = y/m, we obtain

1
/m2<C+C /(m")i 2
T " T 2mn )

Thus, using a weighted Cauchy inequality,

2 -2
/eQ(m”)”” + 1 _ar<o
T 2my 2my,

for 0 < a <1, with

Finally, we argue as in the proof of Proposition [4.1] and show the existence of a
minimizer.

Case 2. j = 0. Here, we use a fixed point argument as in the proof of Proposition
For that, we rewrite the Euler-Lagrange equation as

—(Inm)pe —m —V(z) = —H, (7.3)

and argue as before. However, because the functional ([7.1)) is non-convex, uniqueness
may fail. O
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Fic. 10. Solution m of (1.2) when g(m) = —m, 7 =1, V(z) =
1sin(2r(z + 1/4)) for € = 0.01 (dashed) and for e = 0 (solid).

The preceding result does not give a unique minimizer. We note that for large
j, the functional behaves like a convex functional. Finally, we note that as
€ — 0, numerical evidence suggests that there is no I'-convergence to a minimizer,
see figure where we plot a solution for small € versus the solution with € = 0.

8. REGULARITY REGIMES OF THE CURRENT EQUATION FOR ¢g(m) = —m

Now, we analyze the regularity regimes of ; that is, we determine for which
values of j has or fails to have smooth solutions. For simplicity, we assume
that 0 is the only point of maximum of V. Moreover, as before, we consider the case
j = 0, as the case j < 0 is analogous.

We begin by proving that a™*, a™, defined in , are monotone.

Proposition 8.1. We have that
i. at and o™ are increasing on (0,00);
ii. lim a®(j)= lim a (j) = oo;
J—+00 j—+oo
iii. lima™*(j) =maxV — [V(z)dz, lima~(j) =0.
Jj—0 T T j—0
Proof. i. First, we prove that m;L (z) and m; (z) (see Section ﬂ for the definition)
are increasing in j at every point z € T. We fix z and set h = (m%x V)—V(z). If

h = 0, then m]_(x) = j2/3, which is an increasing function of j. Next, for h > 0 let
t(j) =m; (z) < 42/3. We have that

2
J . 3 :2/3
——— +t(j)— = = h.
By the implicit function theorem, t(j) is differentiable. Differentiating the previous
equation in j gives
4
0 —y
1-%
Because 0 < t(j) < 72/3, #(j) > 0. Hence, t(§) is increasing. The proof for mj’ (z)
is identical.
ii. By definition, mj‘(m) > j2/3. Hence, lim a*t(j) = co. On the other hand, for
J—00
j large enough, we have
j* n 528 §j2/3 _ 20
22RE T T2

> Hl%XV —V(z)

_
= Sm @ "
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Therefore, m; (x) > j%/3/2 and lim a~(j) = occ.
J j—00

ili. Because m; (z) < 4213 for every x € T, hII(l) m; (z) = 0 for all z € T. Thus,
1=

lima~(j) = 0. On the other hand, m¥(x) > j%/3. Thus, 0 < +j2 > < 3.
j—0 J (m] (z))

Therefore,

3 2
immt(z) = lim [ 223 - —J V-V — V-V
lim m? (z) = lim <2j 5 5+ max (ﬂ?)) max (z).

j—=0 7 j—0 m; (x))
Thus,
lim o™ (j) = max V — /V(x)d:c.
7—0 T
T
]
Next, we define two numbers that characterize regularity regimes of (|1.1)):
Jrower = Inf{j > 0 s.t. o (j) > 1}, (8.1)
and
Jupper = Inf{j > 0s.t. o™ (5) > 1}. (8.2)

Proposition 8.2. Let jigwer and jupper be given by (8.1) and (8.2). Then

1. 0 < Jiower < jupper < 005

ii. for j = jupper, the system has smooth solutions;
iii. for jiower < J < Jupper, the system has only discontinuous solutions;
iv. if Jiower > 0, the system has smooth solutions for 0 < j < Jiower-

Proof. The proof is a straightforward application of Propositions and O

Finally, we characterize the regularity at j = 0.

Proposition 8.3. The system (5.9) admits smooth solutions if and only if
at(0) < 1.

Proof. The proof follows from iii in Proposition 8.1] and ¢ in Proposition O

Let V(z) = Asin(2n(z 4+ 1/4)). In Fig. we plot a™ and o~ for A = 0.5 and
A = 5. From Proposition[8.1} a*(0) = A. Thus, if A = 0.5, we have a™*(0) < 1 and,
for A =5, we have a™(0) > 1. Therefore, jjower > 0 for A = 0.5 and jjoper = 0 for
A =5. Hence, if A =0.5, has smooth solutions for a low enough current level
(7 < 0.218) or for a high enough current level (7 > 1.750). In contrast, if A = 5,
there are no smooth solutions for low currents, only for large currents (j > 3.203).

We end the section with an a priori estimate for the current level for smooth
solutions.

Proposition 8.4 (A priori estimate). Suppose that Hl%XV > 1+ [V(z)dz and
T

let (w,m, H) be a smooth solution of (1.1)) with m > 0. Then, there exists a constant,
c(V) >0, such that
i%f m(uz +p) = (V). (8.3)

Proof. From Proposition we have that a™(0) > 1. Thus, by Proposition
(1.1) does not have smooth solutions for j = 0. Additionally, jjower = 0. Next, take

c(V') = Jupper and by Proposition we conclude (8.3)). 0
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A=0.5 A=5
a

1 2 3 4 5 ! 5 10 15 20 !

Fig. 11. a® and a= for V(z) = Asin(2n(z + 1/4)).  Jiower =
0.218, Jupper = 1750 (A = 0.5); jiower = 0, Jupper = 3.203 (A = 5),

The previous Proposition shows that if the potential, V, has a large oscillation
(this happens in the example for A = 5, Fig. , then only high current solutions
are smooth.

9. ASYMPTOTIC BEHAVIOR OF SOLUTIONS AS j — 0 AND j — +00

In Section we studied regular solutions of with a current level 7 > 0.
Here, we continue the analysis of the decreasing nonlinearity, g(m) = —m, and
examine the asymptotic behavior of regular solutions as j — 0 and j — oo.

As before, we assume that V has a single maximum at 0. First, we address the
case j — 00.

Proposition 9.1. For j > 0, let (uj,mj, H;) solve (5.1)). We have that
i. lim Hj = oo;
j—o0
ii. Forxz €T, lim mj(x) =1, lim u;j(z) =0, and lim p; = cc.
Jj—o0 j—oo j—oo

Proof. i. According to (5.2), we have that H; > ﬁ +mﬂ@x V. Thus, lim H; = oo.
j—00

ii. For j > jupper, solutions of (5.1) are given by (5.5). Hence, m; consists only
of the m™ branch. Thus, mj(z) < j2/3, which yields mi > mj(z). Therefore,
J

($)2 =

% +m;(x) < % Consequently, using this inequality in (5.1]), we get

2m;
— ! < mj(z) < :ﬂj :
V2(H; = V() \V2(H; = V()

Integrating the previous inequality and taking into account that [mj(z) = 1, we
T

(9.1)

get

1 (9.2)

/ J dr < </ V3 g

Because Fj converges to oo, and, for every x,y € T, where V is bounded, we have
that

lim =1.

T J2(Hj - V()

Hence, for large enough j, we have

V2(H; ~ V(@) <2/2(H; - V(). zyeT. (9.3)
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Let T be such that

I S R—
— = — xZ.
\2(H; = V(z)) T /2(H; - V(2))
Then, by (©1), (©:3), and (:2), we get
V3] 2v/3j < 2V3.

<
V2H; V(@) 208 - V(@)

mj(z) <

Similarly, we have
1

mj(z) 2 —— / > 7‘7. < —=.
V2 - V) o, -vE)  2V3

Furthermore, we have that

> Hj—V(x)

2m3(z) @ o4
Thus, .
mj(x) = 12 o — J . (9.5)
\/1 § 2 \/2(H; V(@)
Finally, because m; is bounded and its integral is 1, we get from that
lim J =1 (9.6)

T 2(H - V(@)
for all # € T. The preceding limit implies that lim m;(x) =1 for all # € T. In fact,
j—roo
(9.6) gives precise asymptotics of H ;, namely
2H ;
Jj—00 7

~1. (9.7)

Now, we compute the limit of u;(z). We have that (u;), = —pj, where p; =

j
m;(z)
%mjj(y) dy. From (|5.1]), we have that mjj(x) = \/2(Fj — V(z) —mj(x)). Therefore,
using (9.4)),
J J -5 =
= s =V = V) gt = Vol = V) = g
‘mj(x) mj(y)’ ’\/ ’ ’ \/ ’ !

_Imy@) —my ) + V@) - V)| 2vB+ oseV
N 2(H; —minV) S 2(H; - min V')

- T/ (e~ )
) T/ el

when j — oo. Consequently, lim w;(z) = lim [(u;);(y)dy = 0. O
J—00

— 0,

as j — oo. Hence,

w5 = |25 -
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Next, we study the behavior of solutions as j — 0.
Proposition 9.2. We have that
. lim H; = max (m%xV 1+ fV) = Hy;

7—0

. lfl+fV>H1%XV, then
T

hmm] —1+/V V(x), Jh_r)%u]():o, andjh_r%pj:O

for all x € T;
ii. if 14+ [V < max V', then
T

lim mj(z) = mg1(x), limu;(x)=ug1(z), and limp; :/\/Q(maXV—V(x))dx
7—0 T
0

7—0 7—0

for all x € T, where mq and ug, are given by (5.11) and (5.12).

Proof i. There are two possible cases: jiower > 0 and Jiower = 0. If jiower = 0, then
a®(j) > 1 for all j >0 and o (j) < 1 for small enough j. Hence, by the results in
Sectlon i we have that H H 3 2/3 + max V. Thus, hm H =maxV. On

the other hand, jjower = 0 means that hII[l) at(j) > 1. Consequently, by Proposition

(8.1), maxV — [V > 1. Thus, max <maxV, 1+ fV) =maxV = lim H;.
T T T s T j=0
If Jiower > 0, then at(j) < 1 for j < jiower and solutions (mj,uj, H;) are given
by (5.4). Hence, m;(z) > j** and
]‘2 < j2/3
Qmj(x)2 = 2 '

-2
lim A, = lim /v+/mj+/] _/v+1.
j—0 j—0 2m;(z)?
T T T

T

0<

(9.8)

Therefore,

But m%xV—%V:Jhg(l)aJ“(j) < 1, so max (mfle,l—i—%V) = 1—|—1{V:J1,i£%Hj.
7—0

ii. Since lim " (j) = maxV — [V, we have that the condition 1+ [V > m%xV is
T

equivalent to the condition jjgyer > 0. In this case, we have that hH(l) Hj =1+ f V.
J— T
Therefore, from , we have that

— ‘2
lim m; (z) = lim (Hj—V(a:)—QJZ(@) :1+/V—V(x).
T

J

Furthermore,
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iii. The inequality 1+ [V < m%XV is equivalent to jiower = 0. Hence, for
T

0 < J < Jupper solutions are given by (|5.6} .
Because 0 < m; (2) < 3213, 1in}) m; (z) = 0. Furthermore, m; (z F(x) > j/3. Thus,
1=

lim —7— —.
i 2m (@))?
Therefore,
:2
; + =1 H. — _ )= —
]11_I>I(1)mj (x) = ]11_I>I(1) (H] V(zx) 2(mj(x))2) =max V — V().

Suppose that the jump points, d;, of m;(x) (see (.6))) converge to some d € [0, 1]
through a subsequence. Then, through that subsequence 1irr(1) mj(z) = mgl(az),
Vd

where mo is defined in . Hence,

1
1= mg Y(2)de = /(maXV —V(x))dx.
T d

Because V' has a single maximum, d is defined uniquely by the previous equation.

Hence, hII(l) d; = d and hII(l) mj(z) = mg’l(x), globally (not only through some subse-
j— J—

quence). Consequently,

d
_d1l . o, dl —
lig uy () = (o), Ty =o' = [ [2lmaxV = Vi),
0

1
where d is such that [ (maxV —V(z)) = 1. O
d

From Proposition we see that we recover only part of the solutions for j = 0
as limits of solutions for j > 0. If we consider the solutions of for which m
takes negative values, we recover all solutions described in Section Indeed, the
first equation in is a cubic equation in m(x). Thus, for every x € T, there
are three solutions: two positive and one negative. Because we are interested in the
MFG interpretation of (5.1]), we neglect solutions with negative m. However, we
can construct solutions f without the constraint m > 0. As j converges to 0,
the negative parts of these solutions converge to 0, and, in the limit, we obtain all
non-negative solutions of given in Proposition

10. PROPERTIES OF H

In this section, we study various properties of the effective Hamiltonian, Fj, as a
function of j. In the following proposition, we collect several properties of H ;.

Proposition 10.1. We have that
i. For every j € R, there exists a unique number, H;, such that . has solu-
tions with a current level j;
il. Hj is even; that 1is, H H_],
iii. H j s continuous;
iv. Hj increasing on (0,00) and decreasing on (—o0,0);

V. mmH Hg—max<maXV1+fV >;
JjER
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H

jupper

jlow

Fic. 12. H; for V(z) = sin(2r(z + 1)).

H,

7 =1

vi. lim
|5]—o00

Proof. i. This follows from Propositions [5.1] and [5.4]
ii. This follows from the fact that j + j2/2t +¢ is an even function for all ¢ > 0.
iii. Continuity of H; follows from the continuity of the mapping (j, t) + j2/2t>+¢
for j5,t > 0.
iv. Since H; is even, it suffices to show that it is increasing on (0,+o00). First,
we show that H; j 1s increasing on (jupper,oo). For that, we fix jo > Jupper-
We have that H; o > HS. Hence, for any Jupper < J < jo we have that

jo-
H H > H . Therefore, the function, m;, determined by

{ 2 ((3))2 '1'2;7;]( ) Hjo - V(:L’), (10.1)

is well defined for all jypper < j < jo. Next, we show that the mapping
g = mj(x)
is increasing in (jupper, jo) for all z € T. Indeed, fix x € T and differentiate
(10.1) in j to obtain
dm,; im,;
@) _ i)
dj j* —mj(z)?
Hence, m;(xz) < mj,(x), x € T. Accordingly,

/m dx</mj0 )dz = 1.

Finally, the previous inequality implies H i< H jo-

The monotonicity of H; on (0, jiower) (in the case jipwer > 0) can be proven
analogously.

Next, for Jiower < J < Jupper, We have that ﬁj = ﬁ;r = %jz/g +m%x V. Fj

is thus evidently monotone. o
v. This follows from the previous properties of H; and Proposition
vi. We have proven this in (9.7)).

In Fig. |12/ we plot H; as a function of j for V(z) = %sin(Zw(x + %))
11. ANALYSIS IN TERMS OF p

Now, we analyze ([1.1)) in terms of the variable p. If g(m) is increasing, for every p €
R, there exists a unique number, H (p), for which (1.1]) has a solution. This solution
is unique if m > 0 (see, e.g., [31]). Here, we show that, if g(m) is not increasing,
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Jupper

Jiower e
05 1.0 15 20 25 3.0 !

Fic. 13. p; for V(z) = sin(2r(z + 1)).

there may be different values of H(p) for which has a regular solution. The
uniqueness of H depends both on the monotonicity of g and on the properties of
V. For example, if g(m) = —m, H is uniquely determined by p if and only if V
has a single maximum. Moreover, our prior characterization of regular solutions of
implies that, for V' with a single maximum point, admits a unique regular
solution for every p € R.

We start with an auxiliary lemma.

Lemma 11.1. Let x =0 be the single mazximum point of V.

i. For every j # 0, there exists a unique number, p;, such that (1.1)) has a regular

solution. Furthermore, the map j — pj is increasing on (0,00) and (—o0,0).

. If 1+ [ V(z)dz > max V', then po = 0 is the unique number for which (1.1
T

has a regular solution with j = 0. Moreover, 1irr(1)pj =0.
71—

ii. If 1+ [V(z)dz < max V, then
T

dy
pj > /\/Q(m%xV —V(z))dz, j7>0
0

and

1
—/\/Q(m%xV —V(z))dz, j <0,
d

where dy,dy € (0,1) are such that

dy 1
/(mﬂz}xv —V(z))dx = /(m%xv —V(z))dz = 1.
0 da

Consequently, (1.1) has a reqular solution for j =0 if and only if

/\/2 (max V — V(z))dzr < p < /\/2 (maxV — V(z))dz. (11.1)

Proof. i. According to Proposition[5.1], for every j > 0, there exists a unique number,
pj, such that (L.1) has a regular solution with a current level j. Let (uj, m;, H;) be
(i

the solution of ([1.1]) given by (5.4 . . or . Because

)

m;(y)
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to prove that p; is increasing it suffices to show that j .(I) is increasing for all

x € T. First, we prove the monotonicity for jiower < J < Jupper- Let nj(z) :=
We have that

m;(z)

(11.2)

nj(x) = e (@) Xo.dy) T mfrj(x)x[dj’l)'
J

Because the maps j — mj(:):) and j — m; (z) are increasing for all z € T, the map
J + dj is also increasing. Assume that j is such that d; # x. We differentiate in
j the first equation in (11.2)) and take into account that H,; = % G2+ m%xV for

jlower < ] < jupper to get

7 1 1 1
dnj(@) _ i~ w@ _ 5mm@
dj nj(@) — = n(T) —

n(x) n(x)

Let j* be such that « = dj=. For j > j*, we have d; > z. Thus, n;(z) = j/m; (z) >

41/3, which implies dn] (@ ) > 0. S1m1larly, for j < j*, we have d; < x. Therefore,
nj(x) :j/m () < 31/3 which implies < ( ) > 0.
Next, we analyze the behavior of n; at j . For j > j% nj(x) = J and, for

m; ()’
j < 3% nj(z) = m%(x) Thus, n;(z) takes a positive jump, ﬁ - ﬁ
at j = j*. Therefore, j — n;(x) has positive derivatives whenever j # j* and a
positive jump at j = j*. It is thus increasing for jiower < J < Jupper-
Next, we show that j — n;(x) is increasing on (jypper, 00). As before, we have

> 0,

I7 1
dnj(z) i~ @)
dj ]

T

(@) =

Because m;(z) < j%3, we have n;(x) > j'/3. Therefore, if H >

; = 1/nj(x), the map
J + n;j(z) is increasing.

mﬂ}n mj, ()

Fix jo and, for j > jo, consider H; := Hj, +(j —]0)7. Define
" 5 .
mj(x) < 52/,

Note that H jo = Hj, and mj, = mj,. Now, we compute the derivative of the map

Jj — mj(x) at j = jo. Because mj, < jg/?’, we have

H, — -1 R Mo 0
5 ey — — —3
dmj(aj) . J my . Jo mj0 <0
dj o 1 72 o 38
Jj=jJo m3  1j=jo T om3
Jo

Thus,
d~ .
_ / (@) s

J=Jjo T

zj/mj(x)d
T

Hence, for small j > jg close to jo, we get

/ x)dx > 1.
T
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Hip)

Pjipper

Fic. 14. H(p) for V(z) = 3 sin(2r(z + 1)).

Consequently, for those values of the current, we have that Fj >H ;. Hence,
min m;
F;-O = I:[]’O = u = maxi,
Jo T nj,
which completes the monotonicity proof for j > jupper- The monotonicity for j <
Jlower 1S similar.
ii. & iii. These claims follow from the monotonicity of j — p; and Propositions

b.4 and Q.20 O
In Fig. (13| we plot p as a function of j for V(z) = $sin(2r(z + 1)).

Proposition 11.2. Let x = 0 be the only point of mazimum of V. Then,

i. for every p € R, there exists a unique number, H(p), for which . has a
reqular solution;
ii. for every p € R, has a unique regular solution;
ii. of m%XV > 1+ [V(z)dz, H(p) is flat at the origin;
T

iv. H(p) is increasing on (0,00) and decreasing on (—oc,0). Thus

min H (p) = H(0) = max maxV,l—i—/V(m)da: ;
pER T

T

v. lim
|p| o0 P

Proof. i & ii. From Lemma we have that for every p, there exists a unique j
such that has regular solutions. From Proposition we have that for every
j there exists a unique number, H, such that has a regular solution. Therefore,
for every p, the constant H is determined uniquely. Moreover, from Proposition
we have that has a unique regular solution for this constant.

iii. From iii. in Lemma we have that if p satisfies (I1.1), then H(p) = Ho.

iv. This follows from i in Lemma [I1.1] and iv and v in Proposition

v. This follows from vi in Proposition [I0.1}, ii in Proposition [9.1, and the formula

T
]
In Fig. we show H (p) for V(x) = %sin(27r(:c + %))

Remark 11.3. We conjecture Qat, if V' has only one maximum point, H(p) is
convex. Let p1 < pz and (u1,my, H(p1)) and (uz,ma, H(p2)) solve (L.1)) for p = p;
and p = p9, respectively. Consider the trajectories, y1, y2, determined by

§i(t) = —(ui)a(yi(t)) —pi,  9:(0) =0, i=1,2
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As in weak Kolmogorov-Arnold-Moser (KAM) or classical KAM theory, we would
like to show that

lim yi(t)

= lim gi(t) = ~D,H(p;), i=1.2. (11.3)

Furthermore, let j; and js be the current values corresponding to p; and ps. From
the proof of i in Lemma, [11.1] we have that
J1 J2
Z = = —(u2)2(y) — p2.
mi(y) ~ ma(y) ’

—(u1)z(y) —p1 = —

Hence, if (11.3) holds, we get
yi(t) = ya2(t),  i(t) 2 92(t), >0,
which implies D,H (p1) < DpH (p2). Thus, H(p) is convex.

Remark 11.4. If V has more than one maximum point and is not constant, there
exists a p € R such that has regular solutions for more than one value of H.
By Proposition we know that H is determined by the current level j. If V
has at least two maxima and is not constant, there exist multiple values for p and
solutions of corresponding to a single value j (see Proposition and Remark
. Consequently, there exists a value of p corresponding to different values of j
and, hence, to different values of H.
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