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Abstract

In this article, we introduce a new WENO algorithm that aims to calculate an approximation
to derivative values of a function in a non-regular grid. We adapt the ideas presented in [Amat
et al., STAM J. Numer. Anal. (2020)] to design the nonlinear weights in a manner such that
the order of accuracy is maximum in the intervals close to the discontinuities. Some proofs,
remarks on the choice of the stencils and explicit formulas for the weights and smoothness
indicators are given. We also present some numerical experiments to confirm the theoretical
results.

Keywords WENO-2r - High accuracy interpolation - Improved adaption to discontinuities -
Generalization

Mathematics Subject Classification 65D25 - 65D15 - 68W25

1 Introduction and review: central WENO and motivation

In this paper, we design a family of central weighted essentially non-oscillatory (CWENO)
schemes that allows to approximate derivative values. We are inspired by the algorithm
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employed by Levy et al. in Levy et al. (1999), which is designed to approximate solutions of
hyperbolic systems of conservation laws,

u+ fw)y =0, ueR?
u(x,0) =ug(x).

In our case, the motivation would be the possible application of the new algorithm to obtain
approximations of the solution of Hamilton—Jacobi type equations,

{(pt“l‘H((Px):O,

(%, 0) = go(x), M

where algorithms that use interpolation to get accurate approximations to the derivative ¢,
have been proved to be very useful. In what follows, we show the construction of the algorithm
and provide theoretical and numerical proofs of its accuracy, but we let the solution of the
equation in (1) to be future work. Even so, as we show in what follows, the algorithm proposed
can be used as a general technique to obtain the derivatives of a function with singularities,
providing progressive order of accuracy close to these singularities.

In Levy et al. (1999), the authors use a uniform discretization in time but not in space, i.e.
Xx; = h; are the spatial grid points and " = nAt are the time steps. In Levy et al. (1999),
two reconstructions are necessary to design the method: firstly, a reconstruction scheme to
approximate the average of the function u over a cell at a time ¢"; secondly, a reconstruction
of f for the derivative of the fluxes, Q;, which satisfies:

90,
0x

(i, 1) =2 Qj(xi, ") = f'(u(xi ") + O ™D, (@)

where r — 1 is the accuracy attained for the reconstruction of the derivative, and supposing
that u at a time " is known. WENO nonlinear interpolation methods can be used for this
purpose (see e.g. Levy et al. (1999); Liu et al. (1994); Shu (1999)). In Levy et al. (1999),
a symmetric strategy is used, but in this work, we construct a general method that is not
necessarily symmetric. Therefore, in this paper, we will construct a new nonlinear method
to approximate the derivative point values with progressive order of accuracy close to the
discontinuities adapting the ideas presented in Amat et al. (2020). We will present this method
for any r. We reformulate this problem as follows:

We suppose [a,b] C R and a grid X = {xj}jl‘:ov X0 =a, xj =b, xj11 = x; +
hj, Xj+1/2 = Xj +hj/2, Xj_1/2 = Xj - hj_1/2, h = max{hj . ] = 0,..., J — 1}, and
we suppose that there exists L > 0 such that

max{hj:j=0,...,J—1}_ h <L
min{h;:j=0,....,J —1}  min{h;:j=0,....J -1} =

For a piecewise smooth function f, we consider a point value discretization f (x;) = f, j =

0, ..., J. To calculate the derivative value at a specific point x;, we take the stencils of r
points which contain it, i.e. let Il.”k ={i— (@ —1)+k,...,i+ k} be the subindex and the
stencils Sl." c=lxire I,’;} withk =0, ..., r —1 and calculate the interpolation polynomial

of degree r — 1 such that ple(xj) = fj, ] € Iir,k- The classic WENO interpolator is a
convex combination of these polynomials:

r—1
-1 r—1
Pi(x) =)o ' piit (o),
k=0
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where k] are nonlinear weights whose value depends on the existence of a discontinuity

affectlng the stencil. In our case, we will define

—1 r—1
dp; : dp;
(P (i) = () = o' = (x). ©)
k=0
It is clear that if the function is smooth at the largest stencil {x; _—1), ..., Xi+¢—1)}, then,

if the choice of the nonlinear weights is adequate, we can obtain an approximation of the
derivative values of order of accuracy O (h?"~2). However, when a discontinuity crosses the
above-mentioned stencil, typically (see, e.g. Liu et al. (1994)) , the order decreases to r — 1.
Note that there are two principal differences between classical WENO interpolation for point-
value approximation of a function and the WENO algorithm used to obtain an approximation
of the derivative values:

1. When we use classical WENO algorithm for point-value interpolation, we take the stencils
which contain x;_1 and x; because, typically, we interpolate at x;_ 1
2. The evaluation of the derivative of the polynomial, Pi’, Eq. (3), is at x; not at X;_1.
2

The key of this method is the definition of the nonlinear weights that make use of linear
optimal weights and that are defined as follows. Let p =2 be the polynomial which inter-

polates f at {x;_—1), ..., Xi+(—1)}, then there exist Cl.’,k1 >0,k=0,...,r —1 which
satisfy:
p r—1
k _
Zc “(x), Y Cll=1 (4)
k=0

The following proposition for non-uniform grid is proved in Yéfez (2010) using the ideas
proposed in Arandiga et al. (2010). We reproduce it here for completeness.
Proposition 1.1 The optimal weights are determined by:

i+(r—1)
Xi — Xg

r—1
Ci,O ’
s—it ] Xi—(r—1) — Xs

ST | QL S o H e — ®)
=0

7 Xi—(r—1D+k — Xs Xi—(r—D+k — Xs
seZ} NI, SETT \IT

1—[ Xi—(r—1)+k — Xs

Xi — X
ST \TY, ro

with) <k <r—1.

Proof Using Lagrange’s base, we know that:

i+k

— X —X
Liw= 1

Xi— X
t=i—r—D+k" )

i#]
then:
i+k d i+k d
-1 1 |
Piy ()= | Z FL @) = -pi ) = | Z i L@,
j=i—(r—1)+k j=i—(r—1)+k
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with
d i+k | i+k —x
— L7 x) = _ -t
dx ]’k() Z Xi— Xg 1_[ Xi— Xt
s=i—(r—1)+k 7 r=i—(r—1)+k "/
t#j,s
Therefore:
i+k i+k
d ,_ s fi fi Xi — X
e = Y (CEeec T2
. Xi —x./' Xj — Xi . x.,' — Xg
Jj=i—(r—1)+k s=i—(r—1)+k
j#i S7#LJ
- ¥ (et
ez N T N T e ey T
Analogously:
d 5 f /i xi = x,
wrioe= 3 (=2 I =)
dx" " — Xi—Xj  Xj—X i Xj— Xg
JE€L;y i} se€Ziy \i.j}

We can obtain the optimal weights from the equality:

d = d
oPe = Cl o piy s (6)
k=0

thus, if k£ = 0, then the unique stencil of  points which contains the point x;_—1) is S .
Then, taking the term of f;_(._1), we obtain:

r—1 i—1 i+(r—1)
Cl 0 Xi — X 1 Xi — X !
Xi—(r—=1) — Xi—(r—=1) — X Xi—(r—1) — Xi Xi—(r—1) — Xg
i—(r—1) ls:if(rfl)Jrl i—(r—1) s i—(r—1) ls:if(rfl)le i—(r—1) K
SFEI
i+(r—1)
Xi — Xs
Xi—(r—=1) — X ’
seigpl (r—1) s

Now, if we take k = 1, we have only two stencils: S’O and S 1 which contain the point
Xi—(r—1)+1. Then using Eq. (6) at term f;_(—1)+1, We get:

r—1 i—1 r—1 i+1
i,0 Xi — Xs Ci,l Xj — Xg
Xi—(r— — X Xi—(r— — X Xi—(r— — X Xi—(r— — X
i—(r—1)+1 i s=i—(r—1) i—(r—1)+1 s i—(r—1)+1 Is:if(r71)+2 i—(r—1)+1 K
s#i—(r—1)+1 SH#I
i+(r—1)

_ 1 1—[ Xi — Xg

Xi—(r=1)+1 — Xi Smim(r—1) Xi—(r—1)+1 — Xs
s#i,i—(r—1)+1

ol = l_[ Xjp T X C-r_l 1—[ Xi — Xs 1—[ Xi—(r—1)4+1 — Xs
i1 0,0 Xi — Xg

i— — X, Xi—(r— — X
IZV I\Ir Xj—r+1 k sEI’O\I’ i—(r—1)+1 SSEII'r,l\IirO

We suppose that we have obtained the optimal weights C 0o e lr Il, o C n ! | with 0 <
k <r—1,wewill get Cl.r’kl. The point x; _—1)4« is in the stencils Si’yo, i”l, e, Sir,k’ then
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Table 1 Optimal weights for

. . r=2 r=3
r = 2,3 and a uniform grid

cr=1 Xj4]—Xi (O =X 1) (X —%j42)
i,0 Xipl1—Xi—1 (=X 1) (Xj—2—Xj+2)
r—1 Xi—Xj—] (i =% —2) (Xi =X 42) 1 1

Cia Xjt1—Xi—1 Xj—2—Xj42 (xi—I_XH—Z + Xi—2_x[+1)
r—1 (% —=X;—2) (X; =% 1)

Cin

(Xj42—X;—2) (Xj42—X;—1)

for the term f;_(-—1)4« in Eq. (6) we get:

[ e

oo Xi—r—D+k — Xi Xi—(r—1)+k — Xs

" seT] \ii—(r—1)+k)

_ 1 l_[ Xi — Xg

Xi—(r—1)+k — Xi Xim(r—1)+k — Xi
i—(r—1) ISEI[-Z'I;]\{i,i—(V—l)-‘,-k} i—(r—1) i
Then,

k—1
1 Xj — Xg r—1 Xi — Xg
G = Il ——=-2a.' Il
ik it
=0

Xi—(r—1)+k — Xs Xi—(r—1)+k — Xs
seTly NI, ¢=b sezf\zp, 0D

]—[ Xi—(r—D+k — Xs

NI Xi = s
S€T; N\

In Tables 1 and 2, we show the values C{_;l, O0<k<r—1forr=2,3and4.
If we take a uniform grid, the following corollary is a direct consequence by Prop. 1.1.
We denote as C; ;l = C,:fl because this value does not depend on the position i.

Corollary 1.2 Using a uniform grid, the optimal weights for the approximation of derivative
values are given by:

o r—1\2/2r —2\ ! f—o . o
= , = ’~-~!r— .
k k r—1

Proof From x; = ih, using the Lagrange basis, we have that

i+k Y —sh i+k
r—1 _ — r—1 — 1
L) = ’]'[ Gon T M@= ‘Z Fili ) —
s=i—(r—1)+k J=i—(r=D+k
SF#I
ik i+k .
d ., s fi i i—s
il = Y ——  —L [T —)
da jmicopyp NG DG DR T T
j#i S#LJ
Analogously,
i+(r—1) i+(r—1) .
d 5 l fi Ji L=
= o= Y (—+—"= [l —)
d jeigopNE= DG =Dh 2T s
J#i SH#iLJ

@ Springer f DMAC



S.Amat et al.

Page 6 of 38

297

(€I — €HIx) (T — €I (I—1x — €11)

£y
(I — ) (T — o) (1= Ix — Iv) =
Aml; — m+,~RVANI,~R — m+,GQA_I,~k — m+,¢QAmI,~R — N+,¢QAN+,~% — NI.GQ N,.NU
Amlaml;._. €l o Toiel =l o (6t 4 T i I=I)Ehte — S0 g (€= — Tt — 1ty — eFITHI 4 N+mav (E=1x — o) (T1x — M) (E+x — 1) =
(€ — m+NRVAm+NR — Tl (¢ Iy — N+NRVAN\NR — N‘IRVATIR — € kx) TN,U
ATNQ 4 e IxT I me 4 €= Ix €t — TIxE Iy — (€I — Ty — €I THIY 4 (€=l — T Ix — €I 4 N.TQrtRV (E~h — W) (€ — ) (THx — Ir) =
(€I — i) (THIxy — €= Ix) (€~ 1x — _.T.;\v 01
(€t — o) (THixy — o) (It — Ix) 1=

p=4

PLIS WIOJIUN-UOU & PUe = . 10] s)yStom [ewndQ g ajqel
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By induction on k, if k = 0 and & = s — i, then

/ ; i+(r—1 .
r—1_Ji—¢-1) 1 i—s _ fieey Y i R
O G _Dh i — =1 —s  —(r — i— -1 —s
r=Dh _ i —D-s r=Dh 2 i—=D=s
i+(r—1) . i+(r—1) . 1 .
- - s—i 3 2r =2
e et ()
0 — — — - B
o =D =s 2L s—i+ (=1 pol E+(r—1 r—1

We suppose the result for k — 1 and calculate C,Z*l, with 0 <t < k <r — 1. Thus, since

LN =li——D.i—(—D+1....i-G-D+k—1,
i+k+1,...,i+ @ -1},
TN =i+t 41,0 +k),
TN =i~ =D+t i— =1 +k—1}

®)

we obtain:

i—(r—1)+k—1 i+(r—1)

| s M = 0

sezl?g*‘\szxi*(r*l)*k T smim(r—1) NimO=DFk T Xs ey Xi—r=DHk T X
_ﬁ r-1D-1 1:[1 !
1=0 k—1 l:k+ll+(r_l)_k
_(r=1\(20 =D\ 2= D)
N k r—1 k ’
Xi — Xg _ ﬁ Xi — Xg _ ﬁ 1
SeT! \T7, Xi—@—Dk =X oo Xiee-Dek =X 2 TH =D —k

kN = 1) = (k=)
B (r — Dit! ’
RN =D = k=)= (kK (r=1\""
B (r — DItk — 1)! "\ \k—-1t)

i—(r—1)+k—1 k—1

Xi — Xg _ l_[ Xj — Xg :l:[(r—l)—l
k—1

Xi—(r—1)+k — Xs Smim(r—1)+ Xi—(r—1D)+k — Xs

(00

SETI T,

Then, since

C SN0,
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Table 3 Optimal weights

r =2, 3,4, 5 for a uniform grid ! ! c5! ;! !
r=2 12 12 - _ _
F=3 1/6 2/3 1/6 _ _
r—4 1/20 9/20 9/20 1/20 -
F=5 1/70 8/35 18/35 8/35 1/70

by induction hypothesis, (9) and Prop. 1.1, we have:

= T Yt [

Xi—(r—1)+k — Xs - Xi—(r—1)+k — Xs
seZ? Ty = sezizp, 0D
1—[ Xi—(r—1)+k — Xs
Xi — X
sEI’ ! §

) EC
(00 ()
(O ()3
ey

In Table 3, some optimal weights are shown. For r = 3, they are the optimal weights
shown in Levy et al. (1999).
With these linear weights, we can use the following expressions for the nonlinear weights:

O[lr,zl r—1 Clr;l
=—F——, where o, =—+—, k=0,...,r—1, (10)
Zr—l r—1 ik (E_I_Ir—l)g

j=0%,j ik

r—1 __
@j i

with 22;6 wﬁl = 1. In Eq. (10), the parameter 6 is an integer that assures maximum order
of accuracy close to the discontinuities. In our case, we will take & > r and introduce the
parameter € > 0; to avoid divisions by zero, we will set it to € = 1071, The values Iir;l
are called smoothness indicators for f(x) on each sub-stencil of r — 1 points. There exist
several expressions for Ilr « - For example, the indicators designed in Jiang and Shu (1996)
and Levy et al. (1999) are

r—1

7r—1 oy [ d N
Iy = Z(Xi+l/2 — Xi—1/2) / (@Pi,k (x)) dx. (11)
X

=1 i—1/2

These indicators are suitable for the approximation of the conservation laws (1) with discon-
tinuities in their solutions. The results obtained using them for approximating the derivative
values are not satisfactory because they do not correctly detect kink discontinuities. For
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approximating the derivative values, suitable for the approximation of the Hamilton—Jacobi
equations (1), the measurement of the smoothness indicators should start from the second
derivative (Jiang and Peng 2000; Amat and Ruiz 2017). In this work, we use the formula
given in Amat and Ruiz (2017) adapted to non-uniform grids:

1 “ oy [T d :
- :Z(Xi+l/2—xi—l/2) - / (d TPk (x)) dx. (12)
1=2 Xi—1/2

Recently, a new WENO-2r algorithm has been introduced in Amat et al. (2020) and
Amat et al. (2021). It consists of exploiting a recursive process to calculate the nonlinear
weights with the aim of obtaining progressive order of accuracy of the approximation close
to discontinuities. In this paper, we adapt these ideas to obtain a new progressive WENO
interpolator to approximate the derivative values. The paper is divided into the following
sections: in Sect. 2, we show the algorithm and construct the new method for r = 3 and
for r = 4. In Sect. 3, we generalize the results for any » and give a general expression
for nonlinear optimal weights. In Sect. 4, we present a strategy to compute efficiently the
smoothness indicators and study the order of accuracy. Finally, some numerical experiments
and some conclusions are presented.

2 New WENO with progressive adaptation to discontinuities: cases
r=3andr =4

The new algorithm designed by Amat et al. in Amat et al. (2020) consists of using the Aitken’s
interpolation process Abramowitz and Stegun (2010) to calculate progressive linear weights.
For simplicity, we present two examples and in the next section we show the generalization
for any r.

2.1 New WENO for r = 3 with progressive adaptation to discontinuities in
non-uniform grids

Let pﬁo be the polynomial which interpolates {x;_2, x;_1, Xj, Xi+1, Xj+2}, then it can
be divided into two polynomials pio interpolating in {x;_2, x;_1, x;, X;4+1} and p?,l in
{xi—1, xi, xi+1, xi42}. Therefore, by Aitken’s process, we have that

l

i i
T pRoo) + p, (),

Plo@) = Clo ()P} o) + Clo 1 (0P (¥) = ———p}
Xi—2 — Xi42 Xit2 = Xi—
then as pio and p?yl interpolate f at x;, i.e. pfo(xi) = pl.3 1 (xi) = fi, we have that:

dp?, dCiy g dp} Cio () dp;
PL0 () = L0020 + €0 P oy 4 T 1 4 2y 0

X — Xj42 ) dpf,o
Xjiy2 —Xj—2) dx

PRl

1
= —————(p}1(0) = po()) — ( )

(Xi42 — xi-2)

- dp?
+< X —Xi-2 > pz,l(x)_)

Xit2 — Xi—2 ) dx

dp? o—x; \ d . dp?
pl,O(xi) _ Xi42 — Xi ptO( D+ —Xi-2 pl,l(xi).
dx Xit2 — Xi—2 dx Xig2 — Xi—2 dx
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Analogously,
dp; () = (K= dp? () 4 (T2 dp} (i)
dx X1 —Xi—a) dx Xi41 —xi—2 ) dx '
3 2 2
dpi,l (x;) = Xi42 — Xi dl’l 1( )+ Xi — Xi—1 dl’i,z(x.)
dx Xiyo —Xi—1) dx o Xipo —Xi—1) dx

Then, it is clear that:

2y — 2
= (C}, 71, Cly) = C} o o(Cl0, Clo1,0) + Co (0, CFy 1, CF )
_ ( Xi4+2 — Xi ) (( Xi+1 — Xi ) < Xi — Xi-2 ) 0)
- 9 9
Xi42 — Xi-2 Xi+l — Xi-2 Xi+l — Xi-=2
+< Xj — X2 ) (0< Xi42 — X ) ( Xj — X ))
Xiy2 — Xi—2 Xig2 — Xi—1 Xig2 — Xi—1

then, we define:

%) 2 A2 ~3 2 2 ~3 2 2
G (Cz 0 Ci1: Cin) =@ ,0(Cilg.0: Cio1: 0 + @510, Ci7y 1, Ciy 0)s

where 3 3
P %i,0,0 P 0,1
i,0,0 = ~3 ~3 ’ i,0,1 — ~3 ~
%00t %01 @00t %01
with 3 3
PR Cio0 -3 Cio
i00= 73 g i01= T3 g
(e+1300)° (e+ 13, )0

13)

(14)

where the smoothness indicators Ii,O, Ky ki1 = 0,1 in (14) will be defined in Sect. 4 based
on those introduced in Levy et al. (1999). Finally, we apply WENO with the new nonlinear

weights, i.e. we calculate:

2 2 ~2
dp; o;

Pl(xi) =Y ——5(xp), with @7 = ——“—. and
k=0 j=0%i.j
C?

~ ik

= ——, k=0,1,2,
SNCEVERT

with Il.z’k, k =0, 1, 2, being the smoothness indicators introduced in Eq. (11).

Using the same reasoning, as a corollary, we obtain the formulas for new nonlinear weights

in the uniform grid case. Thus, we have that

dp? ac; dp? (x)
20 (x) = d§’°(x>p8(x>+c3,l<x>%(x>+ dl Pl >+cm(x>—(x)
L P PR _(x—(+Dh—a dﬁ
—4h(p1(X) Py (x)) <—4h > I (x)
—(j — _ dp3
+<x (@ 4h2)h a)ﬁ(x)_)
d 1d 1dp3
p"( )—fﬁ( )+5dp1(xi),
dpo B dpo gdpl LP? dpl 1 dp3 .
( i) = ( )+3d (xi), dx(xz) 3 i —(x; )+3d (xi).
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In this case, we will write C,];‘ k(i) = C,]f; 4, forany ki, k2, k3. Thus, we get:

C? = (G§, €1, €3) = Cj0(Ci.0- Co,1, 0) + €310, CF 1, CF )
1/1 2 1 21 1 21
=15 50)+-10. 2.2 )= 5.7 )-
2\3°3 2 3°3 6 36
We can see that the linear optimal weights, in this case, are similar to the weights shown

in Levy et al. (1999).
Finally, we repeat the same steps to obtain nonlinear weights.

2.2 New WENO with progressive adaptation to discontinuities forr = 4in
non-uniform grids

We start with the polynomial 1’1'6,0’ which interpolates {x;_3, xj_2, Xi_1, Xi, Xi+1, Xi+2, Xi4+3}
and apply the same process, i.e. we express the derivative value of this polynomial at x; as
a combination of the derivative values of the polynomials pfo and pis.1 at x;, which inter-

polate at the nodes {x;_3, x;—2, Xj—1, Xi, Xi+1, Xi+2} and {x;_2, X;i—2, Xj—1, Xj, Xi41, Xi43},
respectively; then, again, using Aitken’s algorithm, we obtain:

PSo(x) = (M) Plo) + (ﬁ) P3 i) >

Xi4+3 — Xi—3 Xi4+3 — Xi-3
dP'(’o 1 Xit3 — X dp‘s()
—0(x) = (7) (P} () = pl o) + ( ’ ) L
dx Xi+3 — Xi-3 Xi43 —Xi—3/) dx

— dp?
X —Xi-3 Di1
+ = (x) >
<Xi+3—xz>3) dx
alp6
i) = (
dx Xi43 — Xi—3
A~ dp?
Xi — Xi-3 Pi
Xi).
* <Xi+3 —Xi—3) dx i)
From p? | (x;) = p; ,(xi) = fi, we have:

dpl'6 Xj13 — Xj dpis Xi — Xj— dp,'s
*O(x»:( 3 ) *O(x,»)+( 3) Lx).

dx Xi+3 —Xi—3/) dx Xi+3 —Xi—3) dx

(x)

5
Xi43 — X > ap; )
1

Xi+3 —Xi—3) dx

) (P71 (xi) = P} o(x)) + (

5 - 4 4
Analogously, we represent Pipasa combination of Pio and piyas

PRo) = (M) Pho) + (w) P i),

Xi42 — Xi-3 Xi42 — Xi-3

and repeating the same steps we get:

dp.s i — s dp‘.t Sy dp‘}
’*°<x,-)=< e ) "O(x,-)+( e ) B ).

dx Xit2 —Xi—3 ) dx Xi42 — Xj—3 dx
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We repeat this procedure again to obtain:

dp dp; o\ dp}
i, 1 N — Xi4+3 — i1 (x;) + Xi —Xi-2 i,2 x;),

Xi43 —Xi—2/) dx Xi43 —Xj—2) dx

dp dP3 P dp.3
0 ( Xiy1 — ) 0 ()4 ( Xi— X3 > By,

Xi+1 —Xi-3/) dx Xi+1 —Xi—3) dx

3 3

p Xi+2 — dp; Xi ) dp;
i, 1 l) _ i+ ) i1 (-xi) + ( i i ) 1,2 (xi),

Xit2 —Xi—2) dx Xit2—Xi—2) dx

3 3

o xipz—xi | 4Pia xi —xi—1 ) 9Pi3
(xi) + (xi),

Xi43 — Xi—1 dx Xi43 — Xi—1 dx

then, the optimal progressive weights are:
3 5 4 4 3 3
C) = Co0(Cloo (Clo0: Clo.150.0) +Clo 1 (0.CF 1. CP 2, 0))
5
+C0,1 (G0 (0.CF 110 CP12.0) + €y 5 (0,0.CF5 5. CFa 3))

B ( Xi43 — Xj ) (( Xi42 — Xj ) (( Xitl — X > ( Xi — Xi—3 > 0 0) N
Xi+3 — Xi-3 Xi42 — Xi-3 Xi+l — Xi-3 Xi+l — Xi-3
Xi —Xi-3 Xi42 — Xi Xi — Xj—2
Xi42 — Xi-3 Xi42 — Xi-2 Xi42 — Xi-2
Xi43 — Xi-3 Xi43 — Xi-2 Xi42 — Xi—2 Xi42 — Xi-2
- Xi43 — Xi Xi — Xi—1
x,+3 Xi+3 — Xi—1 Xi+3 — Xi—1

Thus, we can define
3~ c3
G _wtOO(wlOO(CtOO’ 101’0 0)+“’101(0 Czll’ i,1,2’0))

; 3
+wi,o,1(wi,1,1(0» Ci,l,ls i,1,2! 0) + wi,l,z(os 0, Ci,2,2’ Cin3))s

where
&5 &5 &4
.,5 _ 100 ~5 _ 101 5)4 _ i,0,0
o0 @00+ o, ol & oo+ o1 H00 &loo Tl
&4 ~4 ~ 4
67’?01=7~ %01 ; 67’?11=7~4 ai’1’1~4 ; ‘7):}11=7~4 ai’]’2~4 ;
T dlggtaly, U ah ety & +a
with
& — Ci iy
b

and/ = 4,5,k =0,1, k; =k, k+ 1; and with this vector, we apply the classical WENO
algorithm.
As a corollary, if the grid is uniform we get:

d 1d 1dp? d 2d 3d dp?
po( )—fﬁ( )+f%(xi), pO( ):ﬂ( >+5d”1(xi), %(xi)
?Jdp1 2dp‘2l
ET( )+§T(XI)’
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d”o Ldrg oy 4 291 ) d”‘( D= d’”( SWRL/ Y/

()+4d ; 2 dx ,d(xz)

LX) =7

Thus, it is easy to check that

C* = 3 (Co0(Co- C3.1-0.0) + Cg1 (0.CF 1. CF5.0)) + G5, (€T (0.CF 4. CF 5. 0)
+Ci2 (0,0, Cg,z’ C§’3))

1/2/13 3 11 1/3 11 2 31
= 10,0 0,5.5.0) )+ (2(0.5.5.0)+ (003,
2\5\4" 4 5 2°2 2\5 2°2 5 44
(1 9 9 1
~\20°20°20°20/°
Finally, we perform the same algorithm to obtain the nonlinear weights.

3 General new WENO algorithm for derivative values and general
optimal weights

In this section, we will generalize the method for any r. To compute the linear weights for
each “level” we can prove the following lemma following the same ideas as in Amat et al.
(2020), i.e. using Aitken’s process as in Sects. 2.1 and 2.2.

Lemma3.1 LetO <r—1<1<2r—3and0 <k < (2r —3) — L If we denote as C!
and Cf’ Kkl the values which satisfy:

dp“zl dp  (x) dp!
s k41
= (x;) = C ld—x + Cl o — (i), (15)
then
Xi—(r— — X; Xi — Xi—(r—
Clg’k,k: i—(r—1)+k+1+1 i ) Clkk+1 i i—(r—1)+k ' (16)
Xi—(r—1D)+k+l+1 — Xi—(r—1)+k Xi—(r—1)+k+I+1 — Xi—(r—1)+k

Proof Let r — 1 <1 < 2r—3and 0 < k < (2r — 3) — [. To obtain the inter-
polators pfj{l, Pf,k and pll.,k_H, the stencils used are {X;_(—1)4ks -« s Xie(r—1)4k+I+1)>

{xi_(r_1)+k, ey xi_(,_1)+k+1} and {xi_(r_1)+k+1, ey x,-_(,_l)+k+l+1}, respectively. Then,
using Aitken’s interpolation process (Abramowitz and Stegun 2010), we obtain:

1 Xi—(r—1)+k+I4+1 — X
Pl = ( == )pf,k(x)
Xi—(r=1)+k+I+1 — Xi—(r—1)+k

Xi—(r—D)+k — X
—( i )pf,kmx)-

Xi—(r=1)+k+I+1 — Xi—(r—1)+k
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If we differentiate the previous expression:

dp; i 1
;= (Pl st 00) = Pl o)+
dx Xi—(r—)tk A1 — Xtk ! ik

I
( Xi—(r—1)+k+H+1 — X ) dp;
Xi—(r—D)tk+l+1 — Xi—(r—1)+k / dx

I
3 ( Xi—(r—)4k — X ) dpi js1
Xi—(r=1)+k+l+1 — Xi—(r—1)+k dx

(x)

(x),

since pf’kH (x;) = Pz{,k(xi)v we get:

1+1 1
iy ( Xi—(r—D)kl+1 — i ) dpj x )
1

Xi—(r—)+k+l+1 — Xi—(r—1)+k / dX

i
X — Xi dp:
N ( i~ Xi—(—1)+k ) TET
Xi—(r— 1)k H+1 — Xi—(r—1)+k dx

It is trivial to check that for all i, we have:
Clip+Chim=1,0<r—1<01<2r—3and0<k<Qr—3)—1L

As a corollary, we can calculate the optimal weights if the grid is uniform.

Corollary3.2 LetO <r —1 <1 <2r —3and0 <k < 2r — 3) — L, if the grid is uniform,

i.e. there exists h = 1/J such that x; = a+ j - h, 0 < j < J and we denote as C,l( © and
C]lc 41 the values which satisfy:

[+1

d” (1) = ckkd (i) + C! kﬂd’;k“ (x0); (17)

then L k—G-D+d+) r—1)—k
Cx = 1 ¢ Gk = T (18)
Proof Itis directby Lemma3.landx; =a+j-h,0=<j < J. O

We apply Eq. (15) for each level and get:

p2r 2r—3 P tero3 2r—3 = 2 dlel
(x >—cho,o (x >—Zczo,o | =
Jo=0 Jo=0 J1=Jo
o+l Jroat1
= ZC?’oJi Yol X it

Jo=0 J1=Jjo Jr=3=Jjr—4

Jr=3+1 r—1

dp:~
r—1 LJr=2 .
> Gl

Jr=2=jr-3

(19)
Thus, if we define the weights and the vector Ciril with) <k <r —2as
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5t = (o €l 0.00.0) L € = (0,77 €175.0,0,0) L
-1 1
= (0’ ceco O’ Cir,r—2,r—2’ Czrr 2, r— 1) (20)

where Cl . k, Cl 5 k+1 are defined in Eq. (16), then we get that:

Jo+1 Jr—a+1
2r—3 Z 2r—4 Z r—2 r—1
Z Cl 0,jo Ci,jo-jl T Cis./r—4’jr—3cisjr—3
Jo=0 Ji1=Jjo Jr=3=Jjr—4
r—1 r—1 r—1 r—1
=(Cio -Gy ""’Ci,r—l):Ci g e2y)

with Cir’;], 0 < k < r — 1 the optimal weights obtained in Prop. 1.1, Tables 1 and 2 for
r = 2,3 and 4. It is analogous in the uniform grid case.

We have a tree scheme, where each branch produces a polynomial of a determined degree.
Now, the idea is to use all the points which are not contaminated by a discontinuity. To follow
this idea, we reduce this branch to O (h?) using nonlinear weights as follows:

We substitute in Eq. (21) the linear weights by nonlinear weights

! O‘zl' k. ky i Cz k.ky

@ik = 7 7 s Qi =T ki=k k+1, (22)
LT % bo(et L)

where 6, € are the parameters above-mentioned and Iil’ K.k, ATe smoothness indicators defined
at level [ = r,...,2r — 3. Therefore, the last ingredient of this scheme is to define the
indicators to “remove” (to obtain O (h?)) the non-suitable branch. We will use the strategy
used in Amat et al. (2020) explained in detail in Sect. 4.

Finally, we define the new weights as:

C;—l — (C;‘,Elvéiril’ B Cr 1 Cr 1 )

i,r=2° “i,r—1
1 Jo+1 Jr—a+1
_ 2r—3 r 1
- Z @, jo Z wt .Jo, J| Z wt ]r 4y Jr— t =3
Jo=0 J1=Jo Jr—3=jr—4
(23)
14
Using C’ ! we apply classical WENO and calculate P (xi) =Y i—o ! oy ! p’ " (x;) with
~r—1 ~r—1
o; C’
Gt = and @t = — k=0,....r—1. (24
5 r—1~ L, (€+]r—1)9
Zj:O Ui, j ik

4 Smoothness indicators and analysis of the accuracy

Let us start with the analysis of the smoothness indicators presented by Amat and Ruiz in
Amat and Ruiz (2017), Eq. (12):

2

! Xit12 /gl
' = Z(xi+l/2 _xi—1/2)2l_1/ < ——Dix (x)) dx
’ 1=2 Xi—1/2 dx

S (it i\ e ! ?
= 2 dx i P ) dx
1=2 Xi—1/2
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k =0,...,r —1,in non-uniform grids. We use the same ideas introduced in Arandiga et al.
(2010). Flrst of all, at the smooth zones we obtain /; ; = omh using the following adapted
result proved in Amat and Ruiz (2017).

Lemma4.1 LetO <k <r —1and pl % ! the interpolating polynomial of degree r — 1 > 2
of f that uses the nodes of the stencil S’ Then, the smoothness indicator obtained through

(11) satisfy
O(h%), iffis smooth inS! o

I,:fl = { O(h?), iffhas a corner discontinuity P
O(1), iffisdiscontinuous ’”Si,k ,

withh =max{h; : j=0,...,J — 1}

We will prove the following auxiliary lemmas using the ideas presented in Arandiga et al.
(2010).

Lemma4.2 LetO <k, ki <r—1landletI Un =k, k1 be smoothness indicators of f on

in ’

the stencil S,'r,n = {xi,(r,1)+n, e Xign b If f € CT([Xi4n— (r—1)» Xi+n])s then

—1 3
0 =1 = 0™

Proof Let pl k . Dj kl be the two interpolating polynomials of f of degree r — 1 > 2 at nodes
in the stencil S’, n==kky.Ask #kyand0 < k,k; <r — 1then f € C"([x;—1, Xi+1]),

ifl1 <l <r—1,x €lxi—1/2, Xi+1/2] C [xi—1, xi+1], we have that |(Pl-r,;1(x) — fn? <
O(h"™"), and

O = (" D = (1@ = GEH @) (106 + Gy @)
sowhow =om™.

(25)
Therefore, we get
r—1 20—1 ,
B hi +hi_y Xit1/2 2
I, - <7 ‘ ) f FOw) dx
20e) ), )
r—1 A1 px:
hi +hi_ Xit1/2 2
= Z <M) / <((P,-r;1(x))(l))2 _ (f(l)(x)) )dx
1=2 2 Xi—1/2 ’
r—1 20—1 .
h; + hi— Xi+1/2 r_ 2
= (M) [ w2 = (r00) | ax
1=2 Xi—1/2
r—1 21
hi +hi— _
< Z( 2 1) om
=2
< oM. (26)
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Thus, we obtain:

r—1 201 ,
B hi +hi_y Xi+1/2 2
net = <f> f (fOw) dx
X,

r—1 r—1
Lk —lik ‘ =

1=2 i—1/2
S T W R 27)
B hi +hi g Xit1/2 2 (
i R [
1=2 Xi—1/2
=0(h'3).
O

Lemma4.3 LetO <k,k; <r—1,1<6andlet I,f_l, n = k, k1 be smoothness indicators of
fonthestencil S, = {Xi—¢—1)4n, -+ Xi+n}, and plel be the interpolating polynomial of
f atnodes in thestencilS,Zl.Iff € C"([Xign—@—1)> Xitn]) and e = 0(h4) orll.r,;l1 = 0",
then:

HP (e
l,k rl,[](] — O(I’lr_l), (28)
€ — Ii,k]
and '
1 14+ 0~
r—1,\9 = i (r—l 9)' (29)
(e — [i,k ) (e — [iskl )

Proof The proof of Eq. (28) is direct by Lemmas 4.1 and 4.2. To prove Eq. (29), we use the
following algebraic manipulation (see Arandiga et al. (2010)):

-1 —1 6-1 —1\ J
1 _ 1 n 1 Iy — 1k Z €e+14
(e+1I7"H  (e+ he e+ 1,{;11)9 e+1;" T \et !

[m}

Notice that if Il.':;l] = O(W™) withm > 4and 0 < € < h™ is a fixed value, then
Lemma 4.3 is not satisfied and the optimal order is not obtained. This is explained in detail
in Arandiga et al. (2010). In all our experiments, as we have mentioned in Section 1, we have
set € = 10710, This way, the order of accuracy of the smoothness indicators will be O (h*)
at the smooth parts of the data. In the rest of the paper, we always consider these conditions.

Proposition4.4 Ler0 <k <r —1,1 <6 and wlr;l the nonlinear weights defined in Eq.
(10), then
wir;l = O0(1), iffis smooth inS;,

wf}l = 0(h®™?), iffis not smooth inSj ;.

with m = 2 if the discontinuity is in the function and m = 1 if the discontinuity is in the first
derivative.
Also, if f is smooth in {x;_—1), ..., Xit+(—1)}, then:
r—1 _ ~r—1 r—1
o —Ci,k + Ot ™),

with Cirzl being the optimal weights defined in Eq. (1.1).
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Proof LetO < k,n <r — 1.If f is smooth in S}, then using (10) and Lemma 4.1:
Crfl r—1
r—1 in —46 r—1 —460
o) =— =0 ) > Y o =0,
(e+17,) P

then it is clear that, if f is smooth in &7 :

r—1
o
r—1 __ ik _
wi,k - r—1 _r—1 _0(1)’
1=0 %
and if f is not smooth in 7, :
o T 1
r—1 __ lk 2mo
wi,k = — 1 —O(h )5
=0 ll

with m = 2 being the discontinuity in the function and m = 1 the discontinuity in the first
derivative. Finally, if f is smoothin {x;_¢—1), ..., Xi+¢—1)}, wefixavalue 0 < k; <r—1,
and using (29) in Lemma 4.3, we get forall 0 <k <r — 1:

L ' Clat+omy R i o1 L+om
(Y-,k = = — a.[ = 7.
l (e+17" e+ 1 = (e+1:H°
Therefore,
crlta+om ™)
et ey clavom ) _ e+ 0!
@ik = [r;(; a[r[—] T 1Howr-h T 1+ Ok 1+ 0 )

(e+17)Y
[}

To construct the smoothness indicators for each “level”, we consider where the disconti-
nuities are placed. To clarify the explanation, we start with an example, for » = 4. In Sect.
2.2, we have seen that we should define Iil,k,kl withl =4,5,k=0,1,k; =k, k + 1, then
we have the following scheme:

We suppose that the discontinuities are far enough from each other, i.e. there only exists
one discontinuity at an interval. Thus, we have the following cases:

e There does not exist any discontinuity: we use all the weights.

e There exists a discontinuity at (x;42, x;+3): In this case, the points that are used to
construct the interpolator are {x;_3,.. x,-+2} Therefore, we have to obtain wg 0=
o), )}, = O(hz) wg o = O(1) and wj | = O(1) (the rest of the weights are not
important because a)o’l = 0(h?)). Notice that using the scheme in Fig. 2, we choose
Ii6,0’0 = 1143,070 and we get the desired result.

e There exists a discontinuity at (x; 1, xj4+2): the largest stencil not contaminated by the
discontinuity is {x;_3, . .., xj+1 }. Therefore, we have to obtain w(s)’l = O(h?) and wao =
0(1), wj, = O(1) and wj | = O(1). In Fig. 3, we write in red the branch that is not
used because a discontinuity is contained in the stencil; in green, the stencil that is used
although it contains a discontinuity, and in blue the stencils which do not contain any
discontinuity. Therefore, we define 11467070 = 11'3’0,0 and 11.5,1,l = 11.3l 1
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{Iifg,... Il+1} 700pl07 ’5407{551 3, Ti—2, Ti— 17IZ}
L 0 oDi, o<
{Iz EIRRE IH_Q} 101p217 314,1 = {'ri—Zu'Ti—lwrivxi-H}
Cz oopfo
a 1 1Pz 1 814,1 = {Ti—2, w1, @i, Tit1 }
1 0 1P5, 1<
{zi-2,..., Bira} 2, 21’1 o Sto =A{mi1, i, wiy1, wig o}
P?,o
{zig,. o @irs} {zi—a,... :UHZ} Chapdes Sty ={zime, imn, wi, i}
1,1,11’1 1<
C31apdy, Sty ={mi1, i, wig1, Tiga}
Cis,o,lpil
{2, wigs} C 221’1 25 542 ={Zi 1,05, Tig1, Tiga}
1,1,2PL2<
{wiz1,-o wigs} B0303 3, Sty = {wi, Tiv1, Tiye, Tiys)

Fig. 1 Diagram showing the structure of the optimal weights needed to obtain optimal order of accuracy for
r=4

{Tizsy .. @iv1} Cﬁo‘op?,m 840 = {Ti_3, Ti—2, Ti—1, T}
Cﬁo,opf,o<
{i_g, ... Ty} Cloapies Sty = {zi2 i1, i, i }
5
i,0, Osz
C?,l,lp?,lv 841 = {:T, 2, Lj—1,Tj, T 1+1}
Cﬁo,1]’?.1<
{wi-2,.- Tiva} C31opds, Sty ={zim1, wi, w1, g0}
P?,o
{wics, o 2iga} {2izay .. wisa) CHapis Sty ={mie, iy, i, i }
0141 11’211<
C21aps, Sty ={mio1, i, xiy1, wiya}
C%f&]P}?,l
(w2, i} CPaapias Sia = {wic1, 2i, wiv1, wig2}
Cil.zi”?.2<
{@i-1,- s wigs} C2y 302y, Sty = {mi, g1, Tiyo, Tiys)

Fig. 2 First case: discontinuity at (x;42, x;43). Red: polynomials that are not used. Blue: polynomials that
are used

e There exists a discontinuity at (x;, x;+1): the largest stencil that does not contain a dis-
continuity is S;“O = {xj_3, ..., x;}. In this case, only the classical WENO interpolator
can be recovered.

e The rest of the cases are symmetric.

Hence, if Iir ;1, k =0, ...,3 are the smoothness indicators defined in Eq. (11) forr = 4,
then:
5 3 5 3 4 4 4 4 3
Lioo =10 Lio1=1is i 00—1 0 i 01—1 2 11_1 1 lia =1z (0)

i,0, i

Using this example, we introduce the following definition.
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3 3 4 . 1
Ci?o,opi,07 Si,o = {li737$i—27$i—1:£i}

3 .3 4 _
Ci,o;i”i,lv SqL,l ={wi9,Ti1, T4, %1}

3 3 4 [ e
Ci,l,lpi,w ‘513,1 ={®i 0, mi 1,2, Tiy1}
o pd
{Tico, ..., iza} 3 .3 4 _

CP1oPi 0y Sio =A{Ti-1, i, Tiy1, Tiga}
6
Pio
L5y ey Tipe 3 .3 O
{wis its} {Ti—ay..., 7+2} Ci1api1y Sia = {wio, zim1, @i, w1 }
01 1, 1]77 1
3 .3 4 _
CP 19D 9, Si,,Z ={zi 1,2, 201,40}
Co p?
1,0,14,1
{®i—2,. .., iy3} C3yop3y, Sty = {x; oy o}
e 02,205 25 Oj 0 = \Li—1,Lis Lit1, Tit2
4 4
Ci,,l,Zpi‘2<
{@i-1,. s @igs} Gy 3025, Sty ={mi i1, Tigo, Tiys}

Fig. 3 Second case: discontinuity at (x;41, x;42). Red: polynomials that are not used. Blue: polynomials
used. Green: polynomial affected by a discontinuity, but not eliminated branch

C50,0Pi0
3 .3 T
{Tizg, .., g2} CPoapi1, Sia = {@io,mi1, 2,241}

5
C; .0,0Pi,0
Ci,l,lpi,lv 511 {Tico, mi—1, i, ziga }
Cf1 p1
1,0,14,1

iz, ..., @is2} C31opds, Sty =A{zi1, v, w1, wira)}

3 .3 4
{zi_s, ..., zix1} < Cio.0Pios Sio = {Ti—g, ®i—o, i1, i}
=3+ Vil ) |

6
Pio
’.o. T 3 3 4
e {Ziza,. ., iy} Ciaapins Sin = A{zioz, wioy, @i, wiga }
4 4
Ci,,l,lpi,‘l<

Cil,Zp?.% Sf,l.z ={wi 1, %5, iy1, Tiga}
Cﬁoﬂ’?,l
{Ii72s ) wi+3} 0322])?’2, 8142 = {.‘L’ifl, Tiy Ti41, .‘L’i+2}
0;1,1,211%1‘2<
{@izt,-- - Tigs ) Clospls, Sty = {i,Tit1, Tiva, Tigs}

Fig. 4 Third case: discontinuity at (x;, x;41). Red: polynomials that are not used. Blue: polynomials used.
Green: polynomial affected by a discontinuity but not eliminated branch

Definition 1 General smoothness indicators Let /], ! withk =0, ..., r — 1 be the smooth-
ness indicators shown in Eq. (11), then we deﬁne the smoothness mdlcators for any r as:

e=107" k=0.....@r-3)—1
-1
Lo =1 k=0,.,2r=3)—1,

withr <[ <2r — 3.

3D

The following lemma is similar to Prop. 4.4 for nonlinear weights at each level.

Lemmad45 Letr <1 <2r-3,0<k=<Qr-3)—-01<86 andleta)ll.,k’kl, withk; =k, k+1
be the nonlinear weights defined in Eq. (22), then
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1. If neither Il.l’k’k and Il.l,k,kJrl are affected by a discontinuity, then wfyk’k = Cf_k’k(l +
OMFU)wth=CthG+Om“U)

2. If I} iy is affected by a singularity, then !, =1+ O(hz'"e) O gy = O™,

3. IfIllﬁkﬁk is affected by a singularity, then a)l,kﬁk = O (h??), a)l,k’k+1 =14 0h*9).

Here, m = 2 if the discontinuity is in the function, and m = 1 if the discontinuity is in the
first derivative.

Proof 1t is similar to Prop. 4.4: from C ll ikt C ll ti+1 = 1, using the definition given in (22),
we have that:

LI, =00* and I}, ., = O(h*), by Eq. (29) in Lemma 4.3, we get:

1 r—1
. Ci,k,k C kk(l—i—O(h )
Yk = P
(€ + 1] )" (€ + 1 jasr)
1 Cl i a+oa ")
;L Y kk _ (€1} g 1)
@ikk = ! e ) cl
gk T g ik ikt

(€1 g )’ (€14 )’
Cl L+ 0mh)
Clp(+ 0= +Cl ) iy,
=Cl A+ 00 h).

Analogously for a)ll. k1"
2. If Iil,k,k = 0(h*) and Il.l’k’k+1 = O(1), if the discontinuity is in the function or Il.lJCJ(Jrl =
O (h?) if the discontinuity is in the first derivative:

/ 1 6
Cirl€+ 1 piyr)

/
k= Chin(e+ 1) +Cly (€1, )0
_ Ciple+ 1, ) Czlkk(6+[lkk+1)0 1
I S L A R & PG [ L %
=1+ 0h*™),
O} gy = Cipprr(e+ 17, )" B 0 (h*)

Cf,k,k(E + Iil,k,k+1)0 + Cf,k,kﬂ(f + Iil,k,k)e ©O(™) + 0(h)

= 0“9, i =0,2.
(32)
3. Analogously. if I/, , = O(l)and I}, , .| = O(h*™).

m}

If we analyse the examples presented, we can determine a rule for the weights and try to
prove it. In the first case, Fig. 2, the discontinuity is in the interval (x;1+yy—1), Xi+(o—1)) =
(Xig2, Xi4+3), (i e. lp = 3) and we can see that the branch marked in red is the one corre-
sponding to p 15 thus, a)l 01 = z(ro 12)+l° = a)is,o!1 should be O (h?). In the second case, Fig.
3, the dlscontlnulty is in the interval (x,-_H Xi+2), (lo = 2), and the red branches in those

corresponding to p 1, then a)(' 12)+l° = a) 0.1 and a) 0.1 should be O (h?). We prove that
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the weights of the different branches which contain a discontinuity go to 0 as 7 — 0, in the
following lemma.

Lemmad4.6 Let2 <y <r — 1. If f is smooth in [x;—¢—1), Xi+(¢—1)] \ Kitto—1), Xi+lp),
then for all (r — 2) 4+ ly <1 < 2r — 3 the nonlinear weights defined in Eq. (22) satisfy:

@l =14+00"), ol =0nm*,

with m = 2 if the discontinuity is in the function and m = 1 if the discontinuity is in the first
derivative.

Proof Let2 < Ilp <r—1land (r —2) 4+ 1y <1 < 2r — 3. If the discontinuity is in
(Xi4(o—1)» Xitly), then Iir’al = O(h%), since Sy = (Xi—¢—1), ..., X} and [p > 1. Subse-
quently, the stencil used to calculate Il.r;_i_lz_r is Sl’+2_r = X = 1)H42=r» - s Xipl42—r )5
as (r—2)+1Iy <1 <2r—3thenly < [+2—r;therefore, I,'r[:le,r = 0(1) if the discontinuity

is in the function or Iirljrl%r = O(h?) if the function contains a kink discontinuity. By Def.

1, we have that IiI,O,l = 11{174}27r = O(W™),m = 0, 2. Using Lemma 4.5, we finish the proof.
O

Lemma4.7 Let2 <y <r — 1. If f is smooth in [X;—¢—1), Xi+(—1)] \ (Xito—1), Xi+lp)
then for allr <1 <ly+ (r —2) — 1 the nonlinear weights defined in Eq. (22) satisfy:

Oy =Cl+ O™, o =Cli 0™, 0<k<l+@-2)—1-1,

(33)
with Cil’k’k1 being k1 = k, k + 1 defined in Eq. (16).

Proof Let2 <y <r—1landr <[ <lIy+ (r —2) — 1. We analyse the stencils used to
calculate I}, , and If , , . with O < k < lo + (r —2) — 1 — L. First of all, we take into
account two previous considerations:

From r <1, we get:

O0<k<lhph+@r-2)—-1-I<lh4+r—-2)—1—r=1Iy—3, (34)
and fromk <lp+(r—2)—1—-1:

l+k+2—r<i+lp+r—-2)—1-14+2—-r=I—1. (35)
By Def. 1, we have that:
1. Il.l’k’k = Il.”gl, then the stencil used is Si”k = {Xi—(—1)4ks - - - » Xi4k }. Using (34), the
stencil does not cross the discontinuity and Il.{ k= Iﬁ ;1 = O(h%).
2. Il.l,k’k+1 = Iir,l_+1k+27r’ then the stencil used is 87 o, = i (—1itk42-r -
Xit+l+k+2—r ). Using (34), analogously, Il.l’k’k+1 = I;L:Hzfr = 0.
By Lemma 4.5, we get the result. O

With the ingredients presented in the previous sections, we can prove the following lemma.
We suppose that the isolated discontinuity is to the right of the point x;. By symmetry, the
analysis for the left side would be similar.

Lemma4.8 Let2 <ly <r — 1. If f is smooth in [xi_(r_l), xi+(r_1)] \ (xi+(10_1),xi+[0),
then the nonlinear weights (I);;l, k=0,...,r — 1defined in Eq. (24) satisfy:
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@ ety =gt o TH, T o, L
ClLl + 00N, 0™, ..., 0™, (36)

with m = 2 if the discontinuity is in the function and m = 1 if the discontinuity is in the first
derivative, and

r+lo lo—1

(M—Zdlnk»

Proof Applying Eq. (19) to the interpolatory polynomial p’+l° and Lemmas 4.6 and 4.7,
we obtain that:

@5 oLy = (o E o, L
c[,O‘ LFomh, om0, .., 0m*m)),  (3T)

with m = 2 if the discontinuity is in the function and m = 1 if the discontinuity is in the first
derivative, with

-2 Ip—1 dp’ <!
2 Ar—194Pik
— O =) Cl (),
k=0
As 2’;01 Cr' =1, we get the result. |

Using Lemma 4.8, it is easy to prove the main result. We obtain a progressive order of
approximation for the derivative values close to the discontinuities.

Theorem4.9 Let1 <ly <r — 1 and let (Z)lr;] be defined in Eq. 24) with0 >r — 1. If f is
smooth in [X;_¢—1y, Xi+(r—1)] \ Q and f has a discontinuity at Q, then

r—1
dp f OM¥=2y,  ifQ=40;
! ”‘ ~ Yy = { b ’ 38
= k (i) = 5 &) Ohr=2H0) if Q@ = (Xipty—1)» Xitly)- (38)
Also, iflo > r — 1, then:
r—1
dp; df .
Zw"kiwg4m=mﬁzy (39)
X
k=0
Proof If f is smooth in the stencil {x;_(-—1)4k, - - -, Xi—(r—1)+k+}> then & o (xl)— p" (x;) =
O(h'). Let2 <ly < r — 1, then
r—1 r—1
4P df
Yo ) — )
=0 X X
r—1 ) dp (xi) dp10+r -2 dpf(,)(-;—r 2 df
—;%k - )+ () = ()
r—1 r—1
e dp; &
=D @ = C =) + O
k=0
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lh—1 dp”
o . ! af
= Z( A ir,k1)< = (xi) — —— (xl)>

+Z"’ 1( i (xi) — f(x,>)+0(hf+’°—2>

k=lp
— O(hr—l+r—l) + 0(h2m6‘) + O(hr+l()—2) — 0(hr+10_2).

[m}

Therefore, we have proved that, when the isolated discontinuities affect the stencil, we
get maximal order in a neighbourhood of the interval where it is located. In the next section,
we show some experiments that confirm this theoretical result.

5 Numerical experiments and conclusions

In this section, we present some numerical experiments to verify the theoretical results shown
in previous sections. We will use the following function:

£r(x) = x10 % 48 AxT 4 x0 + x5 4+ x4+ 13 + 542 + 3x, x <0,
T = (10 — 209 4+ 3x8 — 8x7 — 2x0 + x° — 2x% — 3x3 = 5x2 +3x), x > 0,
(40)

discretized in the interval [-%, 1 — Z] using J;, = 29 + 1 uniform spaced points where
n = 0, 10. In the first case, the function fj is continuous, but it presents a discontinuity in the
first derivative, and in the second case, fjo has a jump discontinuity. We denote the interval
where the discontinuity is contained as (x;_1, x;) and compute the error as

elo = f(xz+10 —ap(Xiyiy)| (41)

with ap being the approximation of the derivative values using the following methods:

e [lin-(2r — 2)] Linear Lagrange method using a centred stencil of 2r — 1 points.
e [WENO-(2r — 2)] Nonlinear using the classical WENO algorithm explained in Sect. 1,
Eq. (3).
e [p-WENO-(2r — 2)] New progressive order WENO algorithm introduced in this work.
Finally, we compute the numerical order of accuracy using the formula:
q

e
q lo
Ol = ST (42)
€l

We start using a large stencil of five points, i.e. ¥ = 3, and, using the linear method, we
expect to obtain four consecutive points where the order is lost. Using classical WENO
method, we will typically obtain order 3 at the points where the order is lost using the
linear method. Using the new algorithm, we expect to obtain progressive order of accuracy
r—1,r,2r —2) = (2, 3,4). We show the results for » = 3 in Tables 4, 5 and 6 for f and
Tables 10, 11 and 12 for fjg. For r = 4, we can see the results in Tables 7, 8 and 9 for the first
experiment and Tables 13, 14 and 15 for the second one. It is clear that the new algorithm
produces better approximation close to the discontinuity. We obtain the same results to the
left of the discontinuity. Finally, it is important to remark that if the function is continuous,
but presents a discontinuity in the first derivative, i.e. a kink, we cannot use the smoothness
indicators introduced in Eq. (11).
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6 Conclusions

In this work, a new WENO algorithm with progressive order of accuracy close to disconti-
nuities has been introduced. It allows to calculate approximations of derivative values of a
function using regular or non-regular grids. It is based on the same ideas used in Amat et al.
(2020) which consist in using Aitken process to calculate the nonlinear weights. The explicit
formulas for the optimal weights have been showed and the order of accuracy in each interval
has been proved. Finally, some experiments have been presented that confirm the theoretical
results obtained.
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