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Abstract

In this paper, we introduce the dual r-rank decomposition of dual matrix, get its existence
conditions and equivalent forms of the decomposition. Then we derive some characteriza-
tions of dual Moore-Penrose generalized inverse(DMPGI). Based on DMPGI, we introduce
one special dual matrix(dual EP matrix). By applying the dual r-rank decomposition, we
derive several characterizations of dual EP matrix, dual idempotent matrix, dual gener-
alized inverses, and relationships among dual Penrose equations.
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1. Introduction

Clifford firstly proposed the dual number M] in 1873, then Study B] gave its specific
form. Subsequently, the dual algebra has developed rapidly and been widely applied
to dynamic analysis of spatial mechanisms, sensor calibration, robotics and other fields
(see ﬂa, B, IE, Iﬁ’]) In recent years, some researches of dual matrix, dual generalized
inverse, dual equation and their applications have further promoted the development of

L

In this paper, we adopt the following notations: R,,x, stands for the set of all m x n

real matrices; rk(A) for the rank of A; Qfl,B for ATB + BT A. Let the dual number be @

and have the following form:

dual algebra theory and its applications (see [1,13, 15, 16, |7,

a=a++ea’
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in which a and a° are real numbers, and ¢ is the dual unit subjected to the rules
€e#0, 0e=€e0=0, le=€el =¢ and € =0.

If a matrix has the form of Ag + €A1 and A; € R, x, (i = 0,1), it can be called the dual
matrix and denoted as A. Furthermore, denote the set of all m xn dual matrices as Dy, xx.
The dual Moore-Penrose generalized inverse(DMPGI for short) of Ais the unique dual

matrix X, which satisfies the following four dual Penrose equations |:
T

O\~~~ ~ A\ o~~~ ~ ~\T ~~ N ~ ~ o~

(1) AXA = A, (2) XAX = 4, (3) (AX) — AX, (4) (XA) = X4, (11
and the unique dual matrix X is denoted by X = Af Especially, the DMPGI has
expanded the application range of the generalized inverse theory. It is worth noting that,
unlike real matrix, dual matrix may not have DMPGI. When A; = 0, A= Ap is a
real matrix, then the Moore-Penrose generalized inverse of Aj is the unique matrix X

satisfying the following four Penrose equations:
(1) AgX Ag = Ag, (2) XAoX =X, (3) (A40X)T = ApX, (4) (XA9)T = X 4,

and the unique matrix X is denoted by X = Ag. Let Ao{i,...,k} denote the set of

solutions which satisfy equations (i), ..., (k) from the above four Penrose equations (1)-

is well known that a variety of generalized inverses, such as Drazin inverse, group inverse,
core inverse and core-EP inverse, have been established successively. The achievements of
generalized inverse theory have been greatly enriched, and the scope of their applications
has been expanded to physics, statistics, etc. For more information about generalized
inverse theory and its applications, please refer to H, Iﬂ, IB]

Full-rank decomposition is one of the basic decompositions in matrix theory. It has the
following definitions B, IE] Let A € Ry, %, and rk(A) = r, then there exist full column
rank matrix F € R,,«, and full row rank matrix G € R,.«,, such that A = FG. Not only
does full rank decomposition play an important role in solving generalized inverse matrix,
but also has a wide range of applications in many fields such as mathematical statistics,
systems theory, optimization and cybernetics. For example, the full rank decomposition
can be used to represent the {i, ..., k}-inverse of matrix A H] Let A € Ryyxn, tk(A) =7,
and its full rank decomposition is A = F'G, in which rk(F) = rk(G) = r, then

At =GiFt gt =aT (Ga") ™, Fi = (FTF) ' FT, (1.2)
GOFW ¢ Afi},i=1,2,4and GMFU) € A{j},j=1,2,3. (1.3)
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For more details, please refer to literatures B, Iﬁh

In this paper, we extend the full rank decomposition from real matrix to dual matrix,
introduce the dual r-rank decomposition, get some equivalent characterizations of the
existence of dual r-rank decomposition, and give a method of calculating dual r-rank
decomposition. By applying the decomposition, we get characterizations of DMPGI and
relationships among dual Penrose equations. Furthermore, we give a method of calculating
DMPGI and some examples. In addition, we consider two special dual matrices: dual EP
matrix and dual idempotent matrix. We give the definition of dual EP matrix, and
get characterizations and dual r-rank decompositions of both dual EP matrix and dual
idempotent matrix. At last, by applying the dual r-rank decomposition and definitions
of these special dual matrix, we get characterizations of both DMPGIs of dual EP matrix

and dual idempotent matrix.

2. Preliminaries

This section provides several results that will be used in the following sections.

LEmMMA 2.1 (E]) Let A € Dyyyp and A = Ag + €Ay. Then the DMPGI of A exists if
and only if

(Im _ AOAI)) A, (In _ AgAO) —0. (2.1)
Furthermore,
At = af — e (Al araf — (AT Ao)" AT (I — AA})
- (In - AgAO) AT (AOA(?)T) : (2.2)

LEMMA 2.2 (ﬂﬂ]). Let A1 € Dypsr, Ao € Digp, Ay = Ao + €As, Ay = Ay + €As,
rk(A2) =r and rk(Ay) = r. Then

A= (m'm) A @3)
= (AT 42) " AT e ((ATA2) AT — (ATA2) Q5,0 (AT A0) 1 AT) (24)
and
L =& (BE) 25)
= AT (AAT) " e (AT (AaAT) 7 - AT (4047) 7 Q5 ur (AaA]) ), (26)

where QiQ,Ag = AT A3 + AT Ay and QiZ,AT = A4AT + A5 AT .
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LEMMA 2.3 (@]) Let A € Ryyxp, B € Ryxn, and C € Ry xn. Then the matriz equation

AX+YB=C (2.7)
is consistent if and only if
(I, — AAT) C (I, = B'B) = 0. (2.8)
then the solution of this equation is
X=A'C+UB+ (I, — ATA) V, (2.9a)
{Y = (I, — AAY)CB" — AU + W (I, — BB"), (2.9b)

where U € Rpxq, V € Rypxn and W € Ry, g are arbitrary.

3. Dual r-rank Decomposition

In this section we extend the full rank decomposition of real matrix to dual matrix.
We also give the definitions of r-row full rank dual matrix, r-column full rank dual matrix,
and dual r-rank decomposition. Furthermore, we give characterizations of the existence
of the dual r-rank decomposition, a method of calculating the decomposition, and two

examples.

DEeFINITION 3.1. Let //1\1 € Dixer, ;1\2 € Dyxn, ;1\1 = Ay + A3 and //1\2 = Ay +eAs. If
the real part matriz As oijl\l is a column full rank matriz, then we call ;1\1 r-column full
rank dual matriz; if the real part matrix Ay of ;1\2 is a row full rank matriz, then we call

;1\2 r-row full rank dual matriz.

DEerFiNITION 3.2. (Dual r-rank Decomposition) Let A€ Driscn, A= Ag + €Ay,
rk(Ag) = r, and Ay = A2A4 be a full rank decomposition of Ag. If there exist an r-column
full rank dual matriz 2\1 = As + €A3 and an r-row full rank dual matriz ;1\2 = A4+ €As,
such that

A=A4,,
which we call a dual r-rank decomposition of A.

From Definition B2 the following results can be inferred.
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THEOREM 3.1. Let A ¢ Drixcn, A= Ag + €Ay, tk(Ag) = 7, and Ay = AxA, be a full

rank decomposition of Ag. Then the dual r-rank decomposition ofg exists if and only if
(mfAﬁDA%thMQ:Q (3.1)

Furthermore, if A has a dual r-rank decomposition A= ;1\1;1\2, in which ;1\1 = Ay +€A3

and ;1; = Ay + €As, then
@:@fAﬂgA&—@R
As = ALA;, + PAy,

for arbitrary P € R, «..

Proof. 7 = 7: Suppose the dual r-rank decomposition of the dual matrix A exists. Let

A= ;1\1 ;1\2 be a dual r-rank decomposition of E, where
A=Ay + €Y and Ay = Ay +eX
Then Ap + €Ay = (Az 4+ €Y) (A4 + €X). By expanding this equation, we have
Ao X + YAy = A (3.3)

By applying Lemma to the equation(33), we get (BI)).
7 &7 Let Ag = Az A4 be a full rank decomposition of Ay. Because ([B) holds, by
applying Lemma 23] we get that the equation As X + Y A4 = Ay is consistent, and the

solution to this equation is

X = AlA, + PAy,

(3.4)
Y:@fAﬁgmﬂf@R

for arbitrary P € R,.,. Let ;1\1 = Ay + €Y and ;1\2 = Ay +eX. Then ;1\1 = Ay +¢eY is an

r-column full rank dual matrix; Z\g = A4 + eX is an r-row full rank dual matrix;
2\1;1\2 = (A2 + 6Y)(A4 + GX) = A2A4 + G(AQX + YA4) = AQ + €A1 = A\

Therefore, the dual r-rank decomposition of A exists.
In summary, the dual r-rank decomposition of A exists if and only if the equation (31

is consistent. Furthermore, by applying B.4), we get (3.2). O
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Based on Theorem [B.]], the detailed calculation process of dual r-rank decomposition
is given as follows, and corresponding examples are also given to verify this process.

(1). Input matrix Ag and A;, and the form of dual matrix Ais A= Ag+eAq, A; €
Rinsn, 1k(Ag) =13

(2). Perform full rank decomposition on Ag: Ag = As A4, in which Ay is a column
full rank matrix and Ay is a row full rank matrix;

(3). Calculate the Moore-Penrose inverses of Ay and Ay: A} and Al;

(4). Check whether the matrix equation AsX + Y Ay = A; is consistent:

(%—AMDA%%—AMQ:&
If the matrix equation holds, then proceed to step (5);
(5). Calculate the solution to matrix equation As X + Y Ay = A;:
X = AlA, + PA,,
Y:@fAﬁgm&f@R

where P is arbitrary;

(6). Get one dual r-rank decomposition of the dual matrix A A= ;1\12\2 = (A +

6A3)(A4 + €A5).
0 11
+e€ .
J 1J

By performing full rank decomposition of Ay = As A4 where

ExampPLE 3.1. Let

121\:1404-6141:

Ay = 1] and Ay = [1 0_7
0 d
we have
gzbo}mdgzl,
0_

and by calculating (Ig — Az A ) (IQ —A A4), we can get

R ARG




By applying Theorem [31], we know that A does not have the dual r-rank decomposition.

ExampLE 3.2. Calculate the dual r-rank decomposition of

1 21 1 4 7
A=Ao+edr =12 1 1| +el2 5 8
3 3 2 3 6 14

The rank of matriz Ay is tk(Ag) = 2. By performing full rank decomposition of
Ay = As Ay where

1 2
1o 3
As =12 1| and Ay = )
01 3
3 3
we have
10 _ 1
4 5 1 11 11
t_ |9 9 9 T 1 10
A2_[5 4 1] and Ay = 11 11
9 9 9 3 3
11 11

It is easy to check that (Ig — AQAg) Ay (Ig — A1A4) = 0. Therefore, the matriz equation
B3) is consistent. Let

3
|
D=

\
—_
N[ N[
[ I

Then the solution to [B3]) is

; 3 13 29
_ _ |12 & 7
X =ALA, + PAy = B T om
6 18
(1 _1
2 2
Y:(IngQA;)AlAl—AgP: 0 —1f,
3
2 —4
Let X = A5 and Y = As, then we can get
i 1 1
N L2 7 "2
Ap=Agt+edz= 1|2 1| +el0 -3,
3 3 % —4
. 1 o 1 3 13 29
A2:A4+€A5: i’ + € 2 E; 391
01 3 -1 5 18
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Next we verify that A= //1\1//1\2 s a dual r-rank decomposition of A. Multiplying ;1\1 by ;1\2

gives

;1\1;1\2 = (AQ + 6A3)(A4 + €A5> = A2A4 + 6A2A5 + €A3A4 = AO + 6141

1 21 1 4 7
=12 1 1| +€|2 5 8
3 3 2 3 6 14

Hence, A= 1\1;1\2 is a dual r-rank decomposition of A.

REMARK 3.1. Since the full rank decomposition of the real part matrixz Ay ofg s not
unique, the solutions X and Y to the matriz equation(33) are not unique. Let P is a
zero matriz. By applying Theorem[31), it is obvious that As + € (Im — AQA;) AlA:fl s an

r-column full rank dual matriz; Ay + eA%Al is an r-row full rank dual matriz;
A= (A + ¢ (I — A241) A14]) (Ag+ eafar). (3.5)

Therefore, (33) is one dual r-rank decomposition of A.

4. Applications of Dual r-rank Decomposition

In this section, we apply dual r-rank decomposition to studying several related prob-
lems, including characterization and calculation of DMPGI, special dual matrices and

their properties, and dual Penrose equations.

4.1. Dual Moore-Penrose Generalized Inverse

Let Ag € Rypxn, tk(Ag) = r, and Ay = AsA4 be a full rank decomposition of Ay. It

is well known that
AgAl = Ay Al and Al Ag = AlA,. (4.1)
By using ([@1l), we can get the following Theorems.

THEOREM 4.1. Let A € Dyscns A = Ay + €Ay and rk(Ag) = r. Then the following
conditions are equivalent:

(a). the dual r-rank decomposition of/Al exists;

(b). (Im - AOAI)) A, (In - AgAO) —0;

(c). the DMPGI of A eists.
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Proof. (a)=(b): If the dual r-rank decomposition of A exists, according to Theorem 1]
we can get (B)). It follows from (1] that (Im - A0A$) Ay (In - AgAO) = 0 holds.

(b)<=(a): When (Im — AoAg) Ay (In - AgAO) = 0 holds, by applying (@I} we get
(Im — AQA;) Aq (In — A1A4) = 0. It follows from Theorem 1] that the dual r-rank
decomposition of A exists.

Since DMPGI of A exists if and only if (Im — AOA(T‘)) Ay (In — AgAO) = 0, then
(b)<(c). O
THEOREM 4.2. Let A € Dscns A= Ag+eAy, tk(Ag) = r, the dual r-rank decomposition
ofg exist, and the dual r-rank decomposition ofg be A = ;1\1;1\2 Then

A= a4, (4.2)
T o~ ~T\ "1 T N1 T
S (A2A2 ) (A1 Al) A . (4.3)
Proof. Since the dual r-rank decomposition of A exists, from Theorem [A.J] we see that

the DMPGI of A exists. Let A = ;1\1;1\2 be a dual r-rank decomposition of /Al, and denote
~ ~T/~—~T\ 1/ 7 "1 T
X=4 (&4 ) (4 4) 4.
We verify that X satisfies the four dual Penrose equations(L.I)):
R T A e A B R N PN
(1) AXA = A, A4, (A2A2 ) (A1 Al) A, AA, = A

—1

@ fif-%' (&%) (') 4'4EL (BE")

(B'm) &' =%
@ (i%) - (Ama (58) (3'5) A7) -4 (@)
w (73) = (%" (@mE) " (4'Em) mAE) -5 (54) m-fA

Since A satisfying the four equations is unique, then X = At
. 1 T~
Furthermore, according to Lemma 2.2 we see A7 = (A1 Al)

—~T f~ T -1
A (A2A2 )
THEOREM 4.3. Let A € Dy s A= Ao + €Ay and tk(Ag) = r. Let Ag = AsA4 be a

full rank decomposition of Ag. Let A= ;1\1;1\2 be a dual r-rank decomposition ofle\ where

1/\T /\T
A1 and A2 =

. So, At can be further expressed as At = Z\QTZ\lT7 that is, (Z2). O
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A} = Ay + ¢As and Ay = Ayq + eAs. Then the DMPGI of A exists, and
A = A+ e (] (A7 42) " (4T - @4,.0,40)
(4D - Al@Sy ) (aD) ' 4)) . ()
where Qj4T7A5T = AuAL + A5 AT and Q5 4, = AT As + AT As.
Proof. According to Lemma [ZZ}, by substituting €2) and (Z8) into @2), we can get
A = (AT (A4A7) "+ € (AT (4047) " = AT (4447) 7 QSy 4z (4147) 7))
((AF42) 7 AT + e (AT A2) " AT — (AT A2) 7' @5, 0, (45 42) 7 4T)).

Furthermore, from A = AT (144A4T)_1 and A} = (AQTAQ)_1 AT, we can get the formula
for DMPGI At as shown in (@4). O

Based on Theorem 3] the detailed calculation process of DMPGI is given below, and
one corresponding example is also given to verify.

(1). Input matrix Ag, Ay, and the form of the dual matrix Ais A= Ag+ €Ay, A; €
Risn, 1k(Ag) =13

(2). According to the method of calculating dual r-rank decomposition, we get A=
;1\1;1\2 where ;1\1 = Ay + €As is an r-column full rank dual matrix and ;1\2 = A4+ €As is
an r-row full rank dual matrix;

(). Calculate A, Al and AJAl;

(4). Calculate Al (AT A,)™" (A3T - QiQ,AsA;) + (A5T - AZQf‘Z’A?) (A4AT) " Al

(5). Get the DMPGI AT of A.

ExAMPLE 4.1. Let /Al, Ay, Az, Ay and As be as gwven in Example[32l By applying (£.4)),
we can get the following result:

~ —1 —1

X = alaf+ e (af (a7 42) 7" (AT - @4, 0,41) + (AT — 41Q%, v ) (4047) 7 af)

T -1 T

11T . AT\ L1 2 1 2 1 2
10 3 1o L1t o %
=1, | I o 1 iy, i 2 1 2 1 2 1
3 3 3 3 3 3 3 3 3
T T\ —1 12T12_1l—lT
10 % 1o %[t o % 2 ?
+6011 o 1 illo 1 1 2 1 2 1 0o -1
3 3 3 3 3] |3 3 2
T T
_ 1 1 1 1
RS KA RS B FURCES K W (Rl I R P I R
- s s 3 2 1| [0 —3|+]0 =i |2 1
01 1 01 %o 1 % 5 5
3 3 3 4 3 4 3 3

10



12| [1 2 12 s o1 917 (1 o h o 117\
s x| |2 1 1 2 1| +|2 & 2 3 3
-1 T 31 0 1 o 1 1L
3 3 3 3 3 618 3 3
e G T
12| [1 2 12 T ) AT !
10 % 1o [t o &
x |12 1| |2 1 2 1| + ; 3 3
o1 % 01 4o 1 1
3 3] [3 3] 3 3]
- T T
1 3 13 29 3 13 29 1
o0 5} {5 T 9| 4|z T ?} {1 0 5}
1 7 31 7 31 1
0 1 3/l 5 15 -1 5 w01 3
T -1 T
L AT\ ! 2] [1 2 12
1o i1 o 2
X 3 ; 2 1] |2 1 2 1
o1 ijo 1 %
3l |3 3 3 3
_5 6 1 _31 16 1]
11 11 11 33 33 33
— 6 5 1 2 7 8
=17 —u u|telw 1w 1
i 1 2 _25 38 10
33 33 33 99 99/\ 99 |
110 Furthermore, we prove that X satisfies the following four Penrose equations::
1 2 1 1 4 7
(1). AXA=|2 1 1|+el2 5 8|=4
3 3 2 3 6 14]
_5 6 1 _31  _16 1
N 11 11 11 33 33 33 .
_ 6 5 1 2 7 8 _ .
(2). XAX=| & - |+l & & 0| =%
i1 2 _25 38 10
33 33 33 99 99 99
2 1 1 w1 4]\ 7"
N7 3 3 3 9 9 9 N
_ 1 2 1 1 8 5 — .
(8). (AX) =||-5 % 3|+<|s -5 3 = AX;
L1 2 _4 5 _2
L 3 3 3 9 9 9
10 _1 3 _10 _9o 12]\7
N\NT 11 11 11 11 11 11 R
— 1 10 3 9 8 9 —
(4) (XA> = -4 B Bl4e|-2 -8 92 - XA
3 3 2 2 9 18
L 11 11 11 11 11 11
_5 6 1 31 16 1
1 11 11 33 33 33
At=X—=| 6 _5 L 2 T _8
us  Therefore, AT =X = | & = | te| & = 5
1 1 2 25 38 10
33 33 33 99 99 99

4.2. Dual Idempotent Matriz

In M], Udwadia discussed several types of special dual idempotent matrices, such as
/Alfﬁ, /Aﬂﬁ, I, — AAt and I, — ATA. In this subsection, we give some characterizations
of dual idempotent matrix and its DMPGI by applying the dual r-rank decomposition.

120 DEFINITION 4.1 (M]) Let A € Dyyn, A = Ag+ €Ay and tk(Ag) = r. If A satisfies
A? = /Al, then A is called dual idempotent matriz.

11
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THEOREM 4.4. Let A € Dpxn, A= Ao + €Ay and tk(Ag) = r. Then A is a dual

idempotent matriz if and only if
AO - A% and A1 = AOA1 + Ale. (45)

Proof. 7 = 7: If A= Ap + €Ay is a dual idempotent matrix, then we have A2 = A and
A% + e (ApAr + A1 Ag) = Ap + €A;. Therefore ([{LH) is established.

” <7 Since A = Ay + €Ay, it is obvious that A2 = A% + e (ApA1 + A1 Ap). Tt follows
from (43 that A2 = Ap + €Ay = A. Therefore, according to Definition ] we see that

A is a dual idempotent matrix. O

COROLLARY 4.5. Let A € Dyscns A= Ap+eA; andrk(Ag) = . Ifﬁ is a dual idempotent

matriz, and the real part matriz Aqg is invertible, then A= I,.

Proof. According to the Theorem 4] if Ais a dual idempotent matrix, then the equation
(@3) holds. If the real matrix Ag is invertible, we can get Ag = I,,. Since Ay = I,, and
Ay = ApA1 + A1 Ay, it is easy to check that A; = 0. Hence, A= I,. O

THEOREM 4.6. Let A € Dy s A= Ap + €Ay and tk(Ag) = r. Let Ag = Ax Ay be a full
rank decomposition of Ag. Then the dual r-rank decomposition ofg exists, and

o~

A= (A2 + €A1A2) (A4 + €A4A1) (46)
which is a dual r-rank decomposition of A.

Proof. Let A be a dual idempotent matrix, then the equation (Z3) holds. Let Ay = Az Ay
be a full rank decomposition of Ay, where A, is a column full rank matrix, and A, is a
row full rank matrix. Write X = Ay + €A1 Ay and Y = Ay +eAyA . Tt is obvious that X

is an r-column full rank dual matrix and Y is an r-row full rank dual matrix. It follows

from (L) that
5(:5/} = (A2 + €A1A2) (A4 + €A4A1) = A2A4 +e (A2A4A1 + €A1A2A4)
= Ao +e€ (AoAl + A1A0> = Ao + 6141.

Therefore, the dual r-rank decomposition of A exists and A = (A2 + €A1 A7) (Ag + €A Ay)

is a dual r-rank decomposition of A O
THEOREM 4.7. Let A = Ap+ €A1 € Dyxn be a dual idempotent matriz. Then

At = Af +e (AgAlT + AT AL — Af (A + AT) Ag Al — AfAg (AT + 4y) Ag) L)

12
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Proof. If A is a dual idempotent matrix, according to Theorem G the dual r-rank
decomposition of A exists. Let Ay = As Ay be a full rank decomposition of Ay and A=
;1\1;1\2 be a dual r-rank decomposition of A where 2\1 = As+eA; Ay and 2\2 = As+eA A,
Because ;1\1 is an r-column full rank dual matrix and //1\2 is an r-row full rank dual matrix,

then
—1

(&7 4)
(BAR") " = () —e((a)) 4l + anal)

By applying (23), (Z3), (1) and the above equations to (3]

At = A +e (AgAlT — Al (A Ay + AT A5) AL 4+ AT AL — AL (A44AT + A44,) Ag)

= (AJ Ay) 7' — e (Aé(AlT + Ay) (A%)T)

-1

= Al + e (AfAT - Af (A1 + AT) 4,40 + AT AT — A4, (AT + A1) A)
— Al + e (AfAT + AT A - Af (A1 + AT) Aga] - Al Ao (AT + A1) A]) .
Therefore, we get ([{1). O

THEOREM 4.8. Let A € Dy xn, A= Ag + €Ay and tk(Ag) = r. Let A= ;1\11\2 be a dual

r-rank decomposition of A. Then A is a dual idempotent matriz if and only if ;1\2;1\1 =1,

Proof. 7 = 7: Let A be a dual idempotent matrix, then the dual r-rank decomposition
of A exists. Let Ay = As A, be a full rank decomposition of Ay, and A = ;1\1;1\2 =
(As + €Y) (A4 + €X) be a dual r-rank decomposition of A. Since A is a dual idempotent
matrix, by the first equation in (LX), we see that Ay is an idempotent matrix, and

A4 Ay = I,.. Therefore,
A, =1, + €Z. (4.8)
Because A is a dual idempotent matrix, we have ;1\1;1\2;1\12\2 = 2\1;1\2,
A Ay = (Ay + €Y)(Ag + €X) = Ay Ay + €(A X + Y Ay)
and
A A A Ay = (Ay + V) (I + €Z)(As + €X) = AgAy + €(AsX + Ay Z Ay + Y Ay).

Therefore, AsZ A4 = 0. Since As is a column full rank matrix and A, is a row full rank
matrix, Z = 0. It follows from (£J) that ;1;;1\1 =1,.
" =7 Let AgA, = I,. Then A2 = A AyA; Ay = AT, Ay = A; Ay = A, that is, A is a

dual idempotent matrix. O

13
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4.3. Dual EP Matrix
This subsection introduces one special dual matrix: dual EP matrix, and considers
characterizations, dual r-rank decomposition and DMPGI of the special matrix.
DEFINITION 4.2. Let A € Dyyn, and At exist. If
AAt = At A, (4.9)
then A is called a dual EP matriz.

THEOREM 4.9. Let A € Dyxn, A= Ap + €Ay and rk(Ag) =r. Let A= ;1\1;1\2 be a dual
r-rank decomposition of A. Then A is a dual EP matriz if and only if

On =4 . (4.10)

Proof. 7 = 7: Since the dual r-rank decomposition of A exists, the DMPGI of A exists.
Let A = ;1\1;1\2 be the dual r-rank decomposition of /Al, and A be a dual EP matrix.
According to Definition 2] we can get the equation ([£9). Then by applying (3] to

E9), we get
—1 1

AnE (BE) (A1) A" =-3T (AR (') A4,

~ T\ 7 T T\l ~
that is, Ay (A1 Al) A, = A, (A2A2 ) Ay. 1t follows from (23) and () that

we obtain (EI0).

7 «<": Conversely, with the precondition that //1\1 is an r-column full rank dual matrix

and //1\2 is an r-row full rank dual matrix, if the equation ([@I0) holds, according to Lemma
o~ —~T ~ -1 —~T — —~T [~ ~T -1
22 we have AlT = (Al Al) A; and AQT = A, (A2A2 ) . Then applying these

~ T ~\"L 7 T T\ ~
two equations to the equation ([EI0), we get A; (Al Al) A = Ay (AQAQ ) As.
Therefore,

LA (BE) (A1) AT -3 (BR) ] (A'n) A4

Hence, the equation (£9) holds, that is, A is a dual EP matrix. O

THEOREM 4.10. Let A € Dy, A= Ap + €Ay, and the DMPGI of A exist. Then A is
a dual EP matriz if and only if
AgAl = Al Ay, (4.11a)
T
(In - AI)AO) A Al = (AI)A1 (In - AgAO)) . (4.11b)
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Proof. By applying (22)) and Definition 2] we can get that A is a dual EP matrix if and
only if

(Ao + eAr) (Ag - GR) - (Ag - GR) (Ao + eAy), (4.12)

in which R = AfA1Af — (A5 40)" AT (1, - AoAl) = (I — A Ao ) AT (A04F)".
» = 7. Let A be a dual EP matrix. By applying [£T2), we see that

ApAl + € (AlA(T) - AOR) = AlAg+e (AgAl - RAO) . (4.13)
Therefore, we get ([LI1al) and
AL Al — AgR = AJ A — RA,. (4.14)
Since AOA(T‘) = AE;AO, A is EP. Then there exists an orthogonal matrix U such that

T 0
0

Ag=U U’ (4.15)

where T € R, is a nonsingular matrix. It is easy to check that
(A40AD)" 40 = (A1) (4.16)
By applying @I6) and AgA} = A} Ay, we see that
ALA] — AgR = A1 Al — AL AL AT + Ay (AT Ao)' AT (1 — A0A}) .
- (1,, - AOAg) A AL+ (AT AT (In - AoAg) , (4.17)
and
AlA; — RAy = Af Ay — AT A AT Ag + (In — A(T)AO) AT (40AT)" Ay
= Afr (1o - AoAd) + (I, — Aoa}) AT (AT)'. (4.18)
By substituting @17) and @IF) into @Id) we get
(1 = A0A}) (A14] - AT (aA])") = (afas = (AD) A7) (L — Aoaf) . (419)

1o It is obvious that (In - AOAZ,) (AlAg — AT (AOT)T) is an antisymmetric matrix.

Furthermore, write

All A12

A =U
Ao Az

U, (4.20)

15
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where A17 € R, «,. By applying (15) and (£20), we get

(In _ AoAg) (AlAg ' (AOT)T)

0 0 T-1 0 " 0
=U Ut [ AU T — ATUu (") uT
0 I,_, 0 0

0 0
= o Ut
A21T_1 — Agl (TT) 0

Since it is an antisymmetric matrix and AoAg = Aﬂ;AO, it is obvious that
(In - AOAI)) (AlA(T) — AT (AOT)T) = 0. (4.21)

Therefore, we get (EI10).
7 < 7: Conversely, from ([EITal), we get that (AOAg)T Ay = (AOT)T, Ap is EP and Ap

has the decomposition (IH). From (£I11h), we have [21]). Therefore, we get (ZIJ).
By applying @II&), @IW) and (40AT)" Ay = (AT), we have @IF) and @IF).
Therefore, we get ([L12), that is, A is a dual EP matrix. O

THEOREM 4.11. Let A € Dy s A= Ag+eAy and tk(Ag) = r. Let Ag = Az Ay be a full

rank decomposition of Ag. If the dual r-rank decomposition ofg exists, let A= ;1\12; be a

dual r-rank decomposition of/Al where ;1\1 = As+eA3 €D, and //1\2 =As+eAs € Dyyn.
then A is a dual EP matriz if and only if
-1 -1

_ _ T

(In — AT (4,4A7) 1A4) AzAb = (ALAE, (In — AT (4,47) 1A4)) . (4.22D)

Proof. Let the dual r-rank decomposition of A exist, then the DMPGI of A exists. Let

A= 2\12; be a dual r-rank decomposition of A where Z\l = As+eAs, A;(i =2,3) € Ryxr,

Ay = Ay + €As and A;(i = 4,5) € Ryxn.
7 = 7: By applying ([[2) and the full rank decomposition of A to ([@ITal), we have

(E22a).
By applying (L2) and A; = AsAs + A3 Ay, we get

(In — AT (4,4T)7 A4) Ay As Al = (In — Ay (AT A7 Ag) AsAsAl =0, (4.23)
(In — AT (4,47) 7 A4) AsAg Al = (1,, — AT (4,47)7" A4) Az Ay AL A

- (1,, — AT (A, A7) A4) AsAl, (4.24)
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and

(1n = 4fa0) 414] = (1 - AT (As4]) " A4) Ar4]

(In — AT (4,4T)7 A4) (AaAs + AsAy) AD

- (In — AT (4447) 7 A4) AsAL. (4.25)
In the same way, we have
AlA, (In - A(T)AO) = AlA; (In — AT (4,477 A4) . (4.26)

From (£28), [{28) and (@IID), it follows that we get (L22L)).

7 <7 Conversely, if the equation ([{22al) holds, by applying the full rank decomposi-
tion of A, it is easy to check that AgA} = Al A, that is (@IId). Furthermore, let (22a)
and (220) hold simultaneously. Because A is EP, (In — AT (4447) 7" A4) Ay As AL =0
and (In — AT (4447) 7" A4) As A4 A} = (In — AT (4447) 7" A4) AsAL. Therefore, we
get that

(1 = AT (As4T) ™" A4) Agal = (1, — Al Ao ) A4l

In the same way, we have A} A; (In — AT (4447) 7" A4) = AlA, (In - A(T)AO). It follows
from applying both ([@22L) and Theorem EI0 that A is a dual EP matrix. O

4.4. Dual Penrose Equations

This subsection considers dual Penrose equations by applying dual r-rank decomposi-

tion.

THEOREM 4.12. Let A € Discns A= Ao + €4y and tk(Ag) = r. If the dual r-rank

decomposition ofg erists and 1\1;1\2 is a dual r-rank decomposition of g, then

—~(®)

(@) 3"

—~{1}

e Afii=1.2.4), 0) & A4

1, " At =1,2,3).

Proof. (a). When ¢ = 1, both //1\1;1\1(1) and //1;(1);1\2 are dual idempotent matrices, then
—~(1)—~ —~ (1)

Ay A1 =1, and AsAs =1, we get
e~ () ~(1) o~~~
A1AsAy AL A1 Ay = Ay Ay,

L=~ A
that is, Ay "A; =~ € A{1}.

17



—~ (1 (1) —~
When ¢ = 2, A Al() is a dual idempotent matrix, then Al( )Al = I,.. Since
2 2 2
5 )AQAQ( - AQ( ) we get

;1\2(2)2\1(1);1\12;;1\2(2)2\1( ) ;1\2(2)2\1(1),

.o —~2)=@1) _ ~
that is, Ay "A; = € A{2}.
When i = 4, //1\1;1\1(1) is a dual idempotent matrix, then ;1\1(1)//1\1 = I, we get
T T
—~(4) —~ —~ —~(4) —~ —~(4) —~ o~ e~
LR L =", = (A2< )AQ) - (A; ’Al(”AlAg) ,
—(4) —~(1 ~
that is, s A, € Af4).
(1 (1) —~
(b) When i = 1 both A1A1( ) and Ag( )Ag are dual idempotent matrices, then

1
Y4 =1, Y = 1, we get

e~~~ (1)~ (1) o~~~
A1AsAy AL A1Ay = A Ay,
o that s, Ay A, A{l}
—~ (1
When ¢ = 2, Ag Ag is a dual idempotent matrix, then A2A2( ) = I, and since
21\1(2);1\1;1\1(2) _ 21\1(2), we get

;1\2(1)2\1(2);1\12;;1\2(1)2\1( ) _ ;1\2(1)2\1(2),

—~{1} —~{2 —~
that is, As A4, 0 e Af2).
—~(1) —~ ——(1
When ¢ = 3, Ag( )Ag is a dual idempotent matrix, then AQAQ( ) = I, we get
T T
2\1;1\2;1\2(1);1\1(3) _ ;1\1;1\1(3) _ (;1\1;1\1(3)) (A 2\2;1\2(1)141(3)) 7

—~ {1} —~{3 ~
that iS, AQ{ }Al{ I S A{3} O
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