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Abstract

We study the subfield subcodes of projective Reed—Solomon codes and their duals: we provide
bases for these codes and estimate their parameters. With this knowledge, we can construct
symmetric and asymmetric entanglement-assisted quantum error-correcting codes, which in
many cases have new or better parameters than the ones available in the literature.
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1 Introduction

The subfield subcode of a linear code C C IFZS’ with s > 1, is the linear code C N IFZ.
Considering subfield subcodes is a standard technique for constructing long linear codes
over a small finite field. For instance, BCH codes are obtained in this way. They can be
regarded as subfield subcodes of Reed—Solomon codes and their duals (Bierbrauer 2002). In
this work, we study subfield subcodes of projective Reed—Solomon codes.

Reed—Solomon codes are constructed by evaluating one-variable polynomials at points
of the affine line. They have optimal parameters, although they cannot be defined over a
small finite field. Projective Reed—Solomon codes are constructed by evaluating two-variable
homogeneous polynomials at points of the projective line. When one evaluates at all the
points they are commonly called doubly extended Reed—Solomon codes. Subfield subcodes
of projective Reed—Solomon codes, when one evaluates at all the points of the projective
line, were studied in Bierbrauer and Edel (1997).

In this work, we consider a more general setting: we may evaluate at fewer points to define
a projective Reed—Solomon code and then compute its subfield subcode. We provide bases
for both the subfield subcodes of projective Reed—Solomon codes and their duals and, thus,
a formula for their dimension. For the dual code, we use Delsarte’s Theorem 4.1, for which
we need to study first the metric structure of the codes we are considering. We also study
the vanishing ideal of the points in which we evaluate, which allows us to discuss linear
independence between the traces that arise when using Delsarte’s Theorem. Moreover, we
estimate the minimum distance for both primary and dual codes. For the primary code we
simply use the bound given by the projective Reed—Solomon code, and for the dual one we
use a BCH-type bound.

Reed—Solomon and BCH codes have been extensively used to construct quantum codes
using the CSS construction, see, for instance, (Bierbrauer and Edel 2000; Galindo et al.
2021; La Guardia 2020). It is, therefore, natural to consider subfield subcodes of projective
Reed-Solomon for constructing quantum codes.

The construction of quantum computers has important consequences because of their
computing capabilities. Despite the fact that quantum mechanical systems are sensitive to
disturbances and arbitrary quantum states cannot be replicated, error correction is possible.
Quantum error-correcting codes are designed for protecting quantum information from quan-
tum noise and particularly decoherence. An important class of quantum error-correcting codes
are stabilizer codes; they can be derived from classical ones using self-orthogonal codes for
the symplectic product (Calderbank and Shor 1996). One can also consider the Euclidean and
the Hermitian inner product, and we will call the resulting quantum error-correcting codes
QECCs. Entanglement-assisted quantum error-correcting codes (EAQECCs) constitute an
extension of quantum codes. EAQECCs make use of pre-existing entanglement between
transmitter and receiver to correct more errors (Brun et al. 2006; Galindo et al. 2019b). One
virtue of this class of codes is that one can get a quantum code from any linear code with-
out any assumption on dual containment. The main additional task for EAQECCs is to give
formulae to obtain the optimal number ¢ of maximally entangled pairs of qudits needed.

Moreover, both for QECCs and EAQECC:sS, one can consider the asymmetric case (Galindo
et al. 2020; Ioffe and Mézard 2007; Sarvepalli et al. 2009). Asymmetric quantum codes have
a different error-correction capability for phase-shift and qudit-flip errors. These two types
of errors are not equally likely, and it is desirable to construct quantum codes with a higher
correction capability for phase-shift errors (Ioffe and Mézard 2007).
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In this work, we provide EAQECCs with excellent parameters coming from different
constructions. In the Euclidean case, we are able to obtain both symmetric and asymmetric
EAQECCs with excellent parameters from subfield subcodes of projective Reed—Solomon
codes. A key fact for the construction of these codes and the computation of their parameters
is the knowledge of the parameters and structure of both the primary and dual codes. We also
obtain QECCs, i.e. EAQECCs without entanglement assistance, from subfield subcodes of
projective Reed—Solomon codes in some cases. By considering the Hermitian inner product
we are also able to obtain codes with excellent parameters. In fact, we produce new parameters
according to Grassl (2007). Furthermore, as we are giving several different constructions
using subfield subcodes of projective Reed—Solomon codes, this contributes to expanding
the known constellation of parameters for EAQECC.

Finally, we consider the codes in Galindo et al. (2019c), Reed—Solomon, and BCH codes
obtained by evaluating at the roots of a trace function. We construct the projective version of
the codes in Galindo et al. (2019c¢), that is, the subfield subcodes of projective Reed—Solomon
codes evaluating at the roots of a trace function and the point at infinity. This allows us to
give classical linear codes which are record in Grassl (2007), and new EAQECCs.

Our results can be summarized as follows.

e We consider projective Reed—Solomon codes over the zero locus of x¥ — x (and the
point at infinity), where we evaluate an arbitrary set of monomials. We obtain bases for
the subfield subcodes of these codes in Theorem 3.4.

e When p | N, bases for the duals of the subfield subcodes are obtained in Theorem 4.14.

e Considering sets of monomials whose exponents are a union of consecutive cyclotomic
sets and the next minimal element, we obtain EAQECCs with entanglement parameter
¢ < 1 in Theorems 5.5 and 5.15. Some of the resulting codes improve the table for
EAQECCs from Grassl (2007).

e Assuming p | N, by considering the sets of monomials {0, 1, ..., d;}, for some 1 <
di,d» < N — 1, we obtain asymmetric EAQECCs with entanglement parameter ¢ = 1,
which compare favorably with the current literature.

e By evaluating in the zeroes of the trace function, plus the point at infinity, and evaluating
monomials whose exponents are a union of consecutive cyclotomic sets and the next
minimal element, we obtain linear codes with good parameters in Theorem 6.4, some
of which improve the best known parameters in Grassl (2007), see Example 6.5. More-
over, we obtain EAQECCs with good parameters and entanglement parameter ¢ < 1 in
Theorem 6.6.

2 Preliminaries

We consider a finite field IF, of g elements with characteristic p, and its degree s extension
Fys, with s > 1. We consider the affine space Al over Fys and the polynomial ring R =
Fys[x]. We choose a set of elements ¥ = {Qy,..., Q,} C Al and its vanishing ideal
1(Y) = (]_[:7:1 (x — Q;)), where we are regarding the points of Al as elements in Fys. We
define the following evaluation map:

evy : R/I(Y) = Fl, f > (f(QD)..... f(Qu))g,cr -

where we denote a polynomial and its class in the quotient ring R/I(Y) in the same way.
Let A be a subset of {0, 1, ..., n — 1}. Then, the Reed—Solomon code associated to A and
Y, denoted by RS(Y, A), is the code generated by
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fevy (") | i € A).

The usual choices are A = {0,1...,d}and Y = IF;X = Fys \ {0}, which give a Reed-
Solomon code with parameters [¢° — 1,d + 1, ¢° — d — 1]. This code can be extended by
evaluating at 0 as well, obtaining a code with parameters [¢*,d + 1, ¢* — d].

Let N > 1 be such that N — 1 | ¢° — 1. We can consider the set of points Yy =
{01, ..., On} given by the zero locus of I(Yy) = (xN=1 — 1). In this case, Yy, forms a
multiplicative subgroup of FZ‘ and it is already known how to obtain bases for its subfield
subcodes (see, for example, Hattori et al. 1998; Hernando et al. 2010). Moreover, BCH
codes can be defined as the duals of the subfield subcodes of Reed—Solomon codes when we
evaluate in a subgroup Yy, (Bierbrauer 2002). Indeed, let € Fys be a primitive (N — 1)th
root of unity. C is a BCH code of designed distance § if it has as generator polynomial
the least common multiple of the minimal polynomials of the § — 1 consecutive elements
af ot P72 with b > 1, which implies that C is formed by the vectors over Iﬁ‘f]\"l
that are orthogonal to the rows of the matrix:

1 o a2b . a(N=2)b
1 abtl 20+ . (N=2)(+1)

H=]. . ) ) . . ()
i O[b+'5—2 a2(b-;—8—2) a(N—Z)'(b-HS—Z)

However, this is precisely the generator matrix of the Reed Solomon code over Fys with
A={bb+1,....,b+6—2}and Y = Y}. Furthermore, the vectors in Ffi\"l that are
orthogonal to the rows of H are precisely the vectors of the subfield subcode of the dual code
of this Reed—Solomon code, which is, therefore, equal to the aforementioned BCH code. In
this situation, we say that H is a pseudo parity check-matrix for C.

Because of the previous discussion, throughout this work we will focus on evaluating
in subgroups of the form Y}, unless stated otherwise. As before, we can also include the
evaluation of 0, which corresponds to considering instead the set Yy, the zero locus of
I1(Yy) = (x¥ — x). For the Reed—Solomon codes obtained by evaluating the associated
monomials to A in Y we will use the notation RS(N, A). The subfield subcode of the code
RS(N, A) over I, is denoted by RS(NV, A), := RS(N, A) N Fflv In this case, for the sake
of simplicity, we are also going to denote Ry := R/I(Yy).

Now, we are going to introduce some necessary definitions to obtain bases for the codes
RS(N, A),. We define Zy = {0}UZ/(N — 1), where we represent the classes of Z/(N — 1)
by {1, ..., N}. A subset J of Zy is called a cyclotomic set with respectto g if g - z € J for
any z € J.J is said to be minimal (with respect to ¢) if it can be expressedas J = {g’ - z,i =
1,2,...} for a fixed z € J, and in that situation we will write J; := J and n;, = |J;|. We
say z is a minimal representative of J, if z is the least element in J,, and we will say it
is a maximal representative of J; if it is the biggest element. We will denote by A the set
of minimal representatives of the minimal cyclotomic cosets, and by 5 the set of maximal
representatives of the minimal cyclotomic cosets.

Example 2.1 Consider the extension Fg O F3. We consider N = 9 and we have Zy =
{0} U Z/(8). We have the following minimal cyclotomic sets:

Jo=1{0}, 31 ={1,3}, 32 ={2,6}, 74 = {4}, 35 = {5, 7}, Js = {8}.

The set of minimal representatives is A = {0,1,2,4,5,8}, and the set of maximal
representatives is B = {0, 3,4, 6,7, 8}.
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The dimension of the subfield subcodes of Reed—Solomon codes is already present in
Hattori et al. (1998). For the codes RS(N, A), it is possible to obtain a basis given by the
evaluation of some polynomials. For each a € A, we define the following trace map:

To:Ry = Ry, [ [+ [T+ 41"
and given A C {0, 1,..., N — 1}, we denote Ay := szzCA Ja C A. The following result
gives a basis for the code RS(N, A), (Galindo et al. 2019a, Thm. 11).

Theorem 2.2 Let A be a subset of {0, 1, ..., N — 1} and set &, a primitive element of the
field F yna. Then, a basis of the vector space RS(N, A) is given by the images under the map
evy, of the set of classes in Ry :

U (ZE&x10<r<n,—1).

acA|J,CA
As a consequence, we have that

dimRS(N,A)y = > n.=IAzl.
J;:3,CA

Having seen the affine setting, we are now going to introduce the codes we are going to
use throughout this work. We consider the projective line P! over F 4+ and the polynomial
ring § = Fys[xo, x1]. Given a degree d > 1, we denote by S; the homogeneous polynomials
of degree d. We are going to fix representatives for the points of P! in the following way:
for each point [P] € P!, we choose the representative whose first nonzero coordinate is
equal to 1. We will denote by P! this set of representatives, seen as points in the affine space
A2, and we will call them standard representatives. If we also consider a finite set of points
X ={Q1,..., Qn} C P!, we can define the following evaluation map:

evx : S/1(X) = Fys, [ (f(Q)..... f(Qn)gex -

where, as before, we denote a polynomial in S and its class in S/ (X) in the same way. Given
A C{0,1,...,n— 1}, we define d(A) := max{i | i € A}. The projective Reed—Solomon
code associated to A and X is the code generated by

fevx (g™ xl) i € A),

which will be denoted by PRS(X, A). We note that we are only evaluating monomials of
exactly degree d(A), which means that their linear combinations are homogeneous polyno-
mials of degree d(A). If 0 ¢ A, PRS(X, A) is a degenerate code, because all the previous
monomials would evaluate to O at the point [1 : 0]. Therefore, we are always going to assume
in what follows that 0 € A. Some authors define these codes over the projective space with-
out fixing representatives, as in Martinez-Bernal et al. (2017), but then they can only define
the code up to monomial equivalence. Monomially equivalent codes do not necessarily have
monomially equivalent subfield subcodes, for example in Hernando et al. (2013) the authors
see that the dimension of the subfield subcode of a generalised Reed—Solomon code depends
on the twist vector chosen, and that is why we fix representatives from the beginning.

Givenadegree | < d < ¢°, the most standard definition of projective Reed—Solomon code
in the literature is the code PRS(P', Ag), where Ag := {0, 1, ..., d}. Thecode PRS(P', Ay)
is also called doubly extended Reed—Solomon code and its parameters are [¢° + 1, d+ 1, ¢° —
d+1].
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To obtain bases for the subfield subcodes of the codes PRS(X, A), we are going to evaluate
in subgroups similarly to the affine case. The natural ideal is to add the point at infinity
[0 : 1] to the points that we were considering in the affine case. Therefore, given N, such that
N—1]q°—1,wedefineX} = [{1}xY}]U[0: 1] C P!and Xy = [{1}xYy]U[0: 1] C P!,
where we recall that Y, and Yy are the zero locus of (xN=1_1)and (xN —x), respectively.
However, it is easy to see that another set of representatives for X3, is [Yx x {1}]. Thus,
the codes obtained when evaluating in this set would be monomially equivalent to the ones
obtained in the affine case when evaluating in Yy. As we said before, this does not mean
that their subfield subcodes are monomially equivalent. Nevertheless, our experiments show
that the parameters that we obtain when evaluating in the set X3, are strictly worse than the
ones obtained in the affine case with Y. Hence, in what follows we are going to focus on
evaluating in the set Xy, although we note that the theory we are going to develop can be
adapted for the set X}, as well.

We denote the standard representatives of Xy by X, and we also denote PRS(N, A) :=
PRS(Xy, A). With this notation, doubly extended Reed—Solomon codes are denoted by
PRS(¢*, Ay). Similarly to the case of doubly extended Reed—Solomon codes, given 1 <
d < N, the parameters of the code PRS(N, Ay) are [N + 1,d + 1, N —d + 1]. In general,
for the codes PRS(N, A) we have the parameters [N + 1, |[A|, > N —d(A) + 1], where the
bound for the minimum distance is given by the smallest doubly extended Reed—Solomon
code that contains PRS(N, A).

3 Subfield subcodes of codes over the projective line

LetFys D F; and N, such that N — 1 | ¢° — 1. In this section, we want to obtain bases for
the subfield subcodes of the codes PRS(N, A) with respect to this extension, which we will
denote by PRS(N, A), := PRS(N, A) NF,. Given f € S, we say that f evaluates to I,
in Xy whenever f(Q) € [, for all O € Xy (similarly for polynomials in R evaluating in
Yn). The following lemma gives the key idea to obtain bases for PRS(N, A),.

Lemma3.1 Let Xy C P. Then, f € Sevaluates to Fy in Xy <= f(1, x1) evaluates to
FyinYy and f(0,1) isin IF,.

We will see now that we can take advantage of the knowledge from the affine case in
Theorem 2.2 by homogenizing and using Lemma 3.1. Given a degree d and a polynomial
f(x) € R with deg(f) < d, its homogenization up to degree d is the homogeneous poly-
nomial fh (x0, x1) = xg f(x1/x0) € S4. Unless stated otherwise, when we consider the
code PRS(N, A), we are always going to assume that we are homogenizing up to degree
d=d(A).

For a polynomial f € Fy[x], we choose 7,(f) as the representative of the class in
Fys[x11/1(Yy) which has the exponents of each monomial reduced modulo ¢° — 1. Given
d > 1, if the degree of 7,(f) is lower than d, then we define ’Z;h(f) = (7, (f))h, which
we call homogenized trace. If we consider one of the traces that appear in Theorem 2.2, its
homogenized trace automatically satisfies that, when setting xo = 1, the resulting polynomial
evaluates to I, in Yy, i.e., the first condition from Lemma 3.1 is satisfied. However, the second
condition, which means that the coefficient of xf in the homogenized trace must be in I,
might not be satisfied. Because of this, the projective case is more involved than the affine
case, as we will see in the next example.
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Example 3.2 We continue with Example 2.1. By Theorem 2.2, the following polynomial
associated to J; evaluates to [F'3:

T](x):x+x3.

Let d = 3 (the degree up to which we homogenize). If we consider the polynomial f =
’Tlh (x1) = xgxl +x?, this is a homogeneous polynomial of degree 3, such that f(1, x;) takes
the same values as 77 (x1) in Fg, and f(0,1) = 1 € F3. By Lemma 3.1, we know that f
evaluates to I3 when evaluating in P!.

If £ is a primitive element in Fg, by Theorem 2.2, the following polynomial also evaluates
to F3:

Ti(Ex) = &x + &7x°.

However, if we consider g = 7" (£x1) = £x3x1 + &3x}, we see that g(0, 1) = £3 ¢ Fs.
Therefore, g does not evaluate to F3.

Remark 3.3 1f we have f € Sy which evaluates to Fy, then xof € Sy41 also evaluates
to F,. Moreover, if f(1,x1) evaluates to IF, in Yy, then g = xof € Sy evaluates to
F, in Xy, even if f does not, because g(1,x;) = f(1,x1), which evaluates to F,, and
g(0, 1) = 0 € Fy. This already gives a hint about the fact that the sequence of dimensions
of the subfield subcodes is going to be non-decreasing.

With Lemma 3.1, we can consider polynomials in one variable that evaluate to F, to
obtain polynomials in Sy that evaluate to I, in X in some cases. One could also consider
the polynomials in two variables that evaluate to I, when evaluating in the points of A2. All
of those polynomials are going to evaluate to IF, when evaluating in points of P ! However,
there are bivariate polynomials that evaluate to F, in P!, but not in A2. For example, in
Example 3.2 we consider f = x(%x] + x13, which evaluates to F3 over P!, but if we consider
this polynomial over A2, then it is clear that it does not evaluate to 3. For example, if & is a
primitive element in Fg, f(0, &) = £3 ¢ 3.

The following result shows how to use the previous ideas to obtain a basis for PRS(N, A),.

Theorem 3.4 Let A be a nonempty subset of {0, 1,..., N — 1} and let d = d(A). Set &, a
primitive element of the field F . A basis for PRS(N, A), is given by the image by evx,
of the following polynomials.

IfJqg C A:

U  TEah10<r <n—13U(T] )
beB|TpCA,b<d
If3a & A:

U @& i0<r<n -1
beB|JpCA

Proof If we consider
U @eExhio<r<n-1),
beB|JpCA,b<d

these are functions which have linearly independent evaluations, because when evaluating in
[{1} x Xn] they are linearly independent by Theorem 2.2. These polynomials do not have
the monomial xil in their support. Therefore, by Lemma 3.1, they evaluate to Fy in Xy .
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If 35 ¢ A, we are going to see that the evaluation of these polynomials generates the
whole subfield subcode. Let Sy Ao C Sy be the linear space generated by {xg ﬂ'x’i | i e A},
and let f € Sy A be such that its evaluation is in PRS(N, A),. If £(0, 1) = 0, then, using
Theorem 2.2, we know that we can generate the evaluation of f with these polynomials.
On the other hand, we claim that f(0, 1) # 0 cannot happen in this case, which means
that the image by the evaluation map of the stated polynomials generate the whole subfield
subcode. If we had f(0,1) # 0, that would imply that f(1, x;) has the monomial xil in
its support. However, if J; ¢ A, then we know that there is at least one a; € J4 which is
not in A. Therefore, we cannot obtain the monomial xi“ in the support of f (1, x1), because
using Theorem 2.2 in Yy, once you have x’li in the support of f (1, x1), you should have
x{ in its support for all a € Jy, because f (1, x1) should be a linear combination of traces.
Therefore, f(0, 1) # 0 is not possible in this case, and the stated polynomials generate the
whole subfield subcode.

In the case J; C A, we have that d € B, i.e., there is a minimal cyclotomic set whose
maximal representative is equal to d. By Lemma 3.1, we have that 7;1” (xf ) evaluates to [,
and it is linearly independent from the other polynomials that we consider, because it is the
only one that takes a nonzero value at [0 : 1].

We are going to show now that the evaluation of the given set of polynomials generates the
whole code in this case. Let f € Sy A, such that f evaluates to ;. By Lemma 3.1, £(0, 1) is
in IF,. Hence, we can subtract 7:}’ (xf) multiplied by f(0, 1) € F, and the evaluation would
still be in IF,. Therefore, we can assume that f does not have the monomial xf in its support,
i.e., f(0, 1) = 0. Then, we can use the affine case and argue that if f(1, x1) evaluates to [,
by Theorem 2.2 it must be a linear combination of the polynomials in

U @& 10<r<n,—1).
beB|J,CA,b<d
The homogenized polynomials that we consider have the same evaluation as these

polynomials in [{1} x Yy], which completes the proof. O

Remark 3.5 We note that we are obtaining a basis which is the image by the evaluation map of
some homogeneous polynomials of degree d, which we already knew that should be possible,
because PRS(NV, A), C PRS(N, A).

Example 3.6 We continue with Examples 2.1 and 3.2. We consider N = 9 and A =
{0, 1, 2, 3}, which means that we have d(A) = 3. Looking at the cyclotomic sets from
Example 2.1, we see that Jp UJ; C A (and these are the only complete minimal cyclotomic
sets in A). By Theorem 3.4, taking into account that in this case we have J3 = J; C A, we
see that the evaluation of the following polynomials is a basis for PRS(9, A)3:

Ty () = x5, T3 (6) = xgxn + 7.

We note that the second polynomial is precisely the polynomial f in Example 3.2.
If we take A = {0, 1,2, 3,4}, then we have d(A) = 4 and Jo UJ; UJy C A. By
Theorem 3.4, the evaluation of the following polynomials is a basis for PRS(9, A)3:

Ty (x}) = x5, T (x]) = xgx1 + xox7, T (6x}) = E7xpx1 + Exox], T (x)) = xf.

Corollary 3.7 The dimension of PRS(N, A) is the following:

dpeBa,calte —ma — 1D =3 g, capeats +1 ifJa CA
ZbEszl,CA np otherwise
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Remark 3.8 Letd = d(A). If J; C A, we have dimension 1 more than in the affine case
with A\ {d}. On the other hand, if J; ¢ A, we obtain a degenerate code with a 0 at the point
[0 : 1]. Therefore, the interesting case is when J; C A, which is the one in which we are
going to mainly focus in what follows.

With respect to the minimum distance, if we denote by wt(C) the minimum distance
of a code C C IFZS’ we have wt(PRS(N, A)) > N — d(A) + 1, which implies that
wt(PRS(N, A)y) > N — d(A) + 1, because PRS(N, A), C PRS(N, A). For the case
of subfield subcodes of doubly extended Reed—Solomon codes we obtain the following
corollary.

Corollary 3.9 Letd € B. The parameters of PRS(q*, Ag)g are [q* + 1,3 peppeann+1, >
q*° — d + 1]. Moreover; the first nontrivial (dimension higher than 1) subfield subcode is
obtained when d = ¢*~ .

Proof The parameters are a special case of the previous results and discussions. For the last
statement, it is clear that ¢* /g = ¢*~' is the lowest possible element in B (besides 0), and
d= q{“’1 is the first degree, such that J; = {1, ¢, qz, o, q‘v’l} C Ag. O

The bound used for the minimum distance of the subfield subcodes of doubly extended
Reed-Solomon codes is sharp in all cases we have checked with d € B. The codes obtained in
this way have one more length and dimension than in the affine case, with the same minimum
distance.

Example 3.10 If we look at the results from Example 3.6, we see that we obtained dimension
2 and 4 for PRS(9, A3)3 and PRS(9, A4)3. These are the values obtained with Corollary 3.9,
because 2 = ng + 1 and 4 = np + n3 + 1. We would obtain codes with parameters [10, 2, 7]
and [10, 4, 6] over F3.

4 Dual codes of the previous subfield subcodes

To compute the dual codes of the previous subfield subcodes, we are going to use Delsarte’s
Theorem (Delsarte 1975).

Theorem 4.1 Let C C ]FZ“' be a linear code:
(CNFH*T =Tr(CH),

where Tr : Fys — Fy, which maps x to x +x9 +--- + x‘f_l, is applied componentwise to
ct.

To use this result, we need to compute the dual of the codes PRS(NV, A). It is well known
that PRS(¢*, Ay)t = PRS(g*, Ags_1—q) (the dual of a doubly extended Reed—Solomon
code is another doubly extended Reed—Solomon code). However, computing the dual of the
codes PRS(NV, A) in general can be involved. Nevertheless, we can easily compute the dual
in some cases. To do so, we are going to state the metric structure of these codes first. Part of
the following result already appears in Galindo et al. (2015, Prop. 1) and Lépez (2021, Lem.
7.1).
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Lemma 4.2 Let y be a non-negative integer, and N, such that N — 1 | ¢° — 1. We consider
the monomial xV € Fys[x]. We have the following:

N ify =0,
Y @ =10 ify > 0andy # 0mod (N — 1),
€¥y N—-1 ify >0andy =0mod (N — 1).

Proof Let & € [Fys be an element of order N — 1, which exists, because N — 1 | ¢° — 1.
Then, Yy = (£, &', ..., EN"2}U{0}.If y = 0, x” = 1, and the sum is equal to | Yy| = N
Ify >0and y =0 mod (N — 1), then x¥(z) = 1 for all z € Yy \{0}, and ZzeYN xV(2) =
|Yny| — 1= N — 1. Finally,if y > O and y # 0 mod (N — 1), we have

gV(N D _1

D@ = Z@ ) = —— =0.

z€¥N
O

Proposition 4.3 Let x;"x|"" and xgoxfl be two monomials in Fys [xo, x1] of degree dy, and

dg, respectively. Then, we have the following for the product of the evaluations over Xy. If
a1+ p1=0:

N+1 ifag+ Byo=0,
evyxy (xg°x1") - evx,\,(x0 xll)_{ if e + o

N ifag + o > 0.
Ifoy + p1 > 0:
N ifa;+B1 =0 mod (N —1), a0+ o =0,
evixy (X0x) - evyy (xf0x) = - Fert =0 mod (Vb ot fo = 0

ifar +B1#0 mod (N —1),00+ o =0,
0 ifar+p1 #0 mod (N — 1), a0 + Bo > 0.

Proof First, we expand the scalar product as a sum over Xy = {[1 : z] | z € Yn} U{[0
11} c P

eVXN(XO 1) evxy (xo xll) _ Z xao+ﬁo Oll+/31(P) Z Zo¢1+/31 +e,

PGXN ZGYN

where € is equal to 1 if g + fp = 0 and equal to O if og 4+ Bo > O (corresponding to the
evaluation at [0 : 1]). The result is obtained using Lemma 4.2. O

If p does not divide N, we have that the evaluation of x‘f“ with &1 > 0 is not orthogonal to

the evaluation of x{s ! for any B;. This means that the dual code PRS(N, A)L does not have a
basis obtained by the evaluation of monomials unless wt(PRS(N, A)) = 1. This is because
if we have wt(PRS(N, A)) > 1, then PRS(N, A)+ cannot be degenerate. In particular, there
must be a vector in PRS(N, A)L, such that the coordinate associated to the point [0 : 1] is
nonzero, which is obtained by evaluating a polynomial with some power of x; in its support,
but it cannot be just a single power of x1, because its evaluation would not be orthogonal to
the evaluation of x’l’l. Hence, the dual code is not generated by the image by the evaluation
map of monomials.

When p | N, as the next result shows, the previous result gets simplified, and in Propo-
sition 4.10 we will see that in this case the dual code can be generated by the evaluation of
monomials.
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Corollary4.4 If p | N, then:
evxy (X 1) - evxy (xgoxfl)
1 ifor+p1=0,a0+Bo=00r
a1+ B1#0 mod (N —1),a0+ Bo =0,
1 ifa;+B1=0 mod (N—1),a;+p >0,i =0, 1,
0 otherwise.

Remark 4.5 One way to have p | N is to consider a subfield of F s, in which case we are
going to obtain a doubly extended Reed—Solomon code over that subfield. However, we may
also have p | N for different subgroups of F*,. For example, if we consider ¢* = 24 = 16,
then 5 divides ¢ — 1. Therefore, we can take N = 6, which is divisible by 2, but Yg is not a
subfield of Fy¢.

For obtaining a basis for the dual code we will need to work with non-homogeneous
polynomials. To understand linear independence in that situation we are going to introduce
now a universal Grobner basis for the vanishing ideal I (X ). Particular cases of the following
result were already present in Nakashima and Matsui (2016).

Proposition 4.6 A universal Grobner basis for the ideal 1(X y) is
I(XN) = (x5 —x0, x{' — x1, (x0 — D(x1 — 1)).

Therefore, in(I(Xy)) = (x%,x{v, xox1) and {1, xq, xl,xlz, .. .,x{vfl} is a basis for the
quotient ring S/1(Xy).

Proof First, we are going to show that these polynomials generate the vanishing ideal I (X ).
Given any point in Xy, it is clear that it satisfies the equations. Reciprocally, any point
satisfying this equations, because of the generator x(% — xp, must have the first coordinate
equal to 0 or 1. If the first coordinate is equal to 0, because of the generator (xo — 1)(x; — 1),
the last coordinate must be 1, i.e., it must be the point [0 : 1] € X . If the first coordinate
is equal to 1, then, because of the generator x {V — X1, the second coordinate is in Y, which
means that the point is in Xy as well.

We have proved that the variety defined by this ideal is Xy . It is clear that the variety
defined by this ideal over the algebraic closure IF;s is the same as the variety defined over IFs.
By Seidenberg’s Lemma (Kreuzer and Robbiano 2000, Prop. 3.7.15), this ideal is radical.
Therefore, by Hilbert’s Nullstellensatz applied in the algebraic closure, we have that this
ideal is the vanishing ideal of the variety that it defines, i.e., is the vanishing ideal of Xy .

To show that all the S-polynomials of the generators reduce to 0, we just need to use that
if the greatest common divisor of the initial monomials of two polynomials is 1, then their
S-polynomial reduces to 0 by Cox et al. (2015, Prop. 4, Chapter 2, Section 9). In particular,
if two polynomials depend on different variables, their S-polynomial reduces to 0. And if f
and g share a common factor w, then S(f, g) = wS(f/w, g/w). Using this, it is easy to
see that all the S-polynomials reduce to O in this case, for any monomial order. Thus, these
generators form a universal Grobner basis. The initial ideal follows from this fact, and by
Macaulay’s classical result (Eisenbud 1995, Thm. 15.3) we obtain that the monomials not
contained in the initial ideal form a basis for the quotient ring. m}

Remark 4.7 Because of the first generator of the previous ideal, any power of x( is equivalent

to x¢ in the quotient ring. Therefore, we have xg "x‘f‘ = xox‘f' mod I (Xy) if «g > 0. This is
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why we are going to assume «p = 1 for any monomial divisible by xo in what follows, except
when we want to remark that we can obtain a code by evaluating homogeneous polynomials
of a certain degree.

The following result allows us to express any polynomial in S/7 (X y) in terms of the basis
in Proposition 4.6.

Lemma 4.8 Let ay, ay be integers, with ay > 0. We have that

xg'x{' = x4+ x{" =1 mod I(Xy).

Proof 1tis easy to check that both polynomials have the same evaluation in Xy, which implies
that they are in the same class modulo /(X ). ]

Corollary 4.9 The following monomials constitute a basis for the quotient S/I1(Xn):
{x{, x0, xox1, ..., xox] '}

Moreover, every set of the form {x‘lj, X0, X0X1, - - .,xoxfl_l} with 1 < d < N is linearly
independent.

Proof 1t is easy to check that these monomials are linearly independent by Lemma 4.8 and
Proposition 4.6. The fact that for d = N this set is a basis follows from the cardinality of the
set and the dimension of the quotient ring. O

Now, we have the tools necessary to deal with the dual as an evaluation code over the
projective line. In what follows we are going to assume that p | N. This is because, by
Corollary 4.4, the metric structure is going to be similar to the one of doubly extended
Reed—Solomon codes, and in this case the dual code will be generated by the evaluation of
monomials. For the following result it will be useful to introduce the definition A+ = {« €
{0,1,....N—1}|a#N—-1—-h,he A}

Proposition 4.10 Let N be a non-negative integer, suchthat N — 1 | q* — 1 and p | N. Let
AcC{0,1,...,N—1}andletd = d(A). Then, PRS(N, A)J- has a basis obtained by taking
the image by evy,, of the following monomials:

{xox?¥ |a € Aty U V17, )

Moreover, if N — 1 ¢ A, we can also obtain the same basis by taking the image by evy, of
the following monomials of degree 2(N — 1) — d (which allows us to get the dual code as an
evaluation code of homogeneous polynomials):

gV o e ALy U VD), (3)

If N — 1 € A, then the following set of homogeneous polynomials of degree 2N — 1 give the
same image as the set in item (2):

{ng_l_"‘x‘f‘ la e At}U {)clzN_1 +x§N_1 —xév_lev}. )

Proof Using Corollary 4.4 it is easy to see that the evaluation of the monomials in (2) is
orthogonal to the vectors in PRS(N, A). When N — 1 ¢ A, using Lemma 4.8 it is easy to
see that the evaluation of these monomials is linearly independent, and the dimension of this
subspace is the same as the dimension of the dual code. If N — 1 € A, then x{v “l=d
and it is easy to see that the monomials that we obtain are linearly independent and generate
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the dual code. When N — 1 ¢ A, the evaluation of the set (3) is clearly the same. Finally, if
N — 1 € A, we have that

xlz{\,*1 +x§N71 — xévflev =x1+x0—xox1 =1 mod I(Pl).
Therefore, the evaluation of the set (4) is the same as the one obtained with (2). m}

We have the next result for the case when p | N, which generalizes what we know about
the duality in the case of doubly extended Reed—Solomon codes. We note that, as we are
evaluating all the monomials of degree d in the next result, and the set of evaluation points
is a complete intersection, the theory from Duursma et al. (2001) and Gonzdlez-Sarabia and
Renteria (2004) could also be used to study the codes PRS(N, A,) and their duals.

Corollary4.11 Let Ay ={0,1,...,d}and AN_1—q ={0,1,...,N—1—d}.If p | N, then
we have that PRS(N, Ag)* = PRS(N, Ay_i—q).

Proof We can consider the monomials in (2), homogenizing up to degree N — 1 — d with the
variable xg. Taking into account that in this case AL U{N — 1 —d} = Ay_i_q we obtain
the result. O

With the evaluation map evy, , if we consider the trace function T : § — §, defined
by f > f+f9+---+ qu, then it is easy to verify that evy, o T = Troevy, (Tr
was defined in Theorem 4.1). Then, we see that if PRS(N, A)L = evxy (({f1, 2o o os S1ID)s
using Theorem 4.1 and the previous observation we get that

(PRS(N, A),)* := (PRS(N, A) )" = Tr(evxy ({f1, fo,--» i)
= CVXN(T(<{f1, f27 cees fl})))

Remark 4.12 Taking into account that 7 is linear, then it is clear that in this situation
(PRS(N, A)q)J- is spanned by the image by the evaluation of the polynomials 7 (y f;),
yelFgs,i=1,...,L

Evenif f;, fori = 1,...,[, are monomials, the dual code will be generated by traces of
those monomials by Remark 4.12, which in general are going to be non-homogeneous poly-
nomials. We have introduced the vanishing ideal from Proposition 4.6 precisely to understand
linear independence of sets of monomials of different degree over X . In order to state a
basis for (PRS(N, A),)* we will need the following lemma.

Lemma4.13 Let A C {0,1,...,N — 1} and O < a # N — 1. Then, we have that 3, C
A & |Ty_1—aNAL| =0,

Proof 1t is clear that we have a bijection between J, and J_,, given by i — —h.In Zy we
havethat —h = N —1—h mod N — 1if h # 0. Hence, we get a bijection between J, and
IN—1-q given by h — N — 1 — h. Because of the definition of AL, we see thatif h € A,
then N — 1 — h ¢ AL, Thus, it is clear that if J, C A, then [Jy_i—s N AL| = 0, and vice
versa. O

Theorem 4.14 Let A be a nonempty subset of {0, 1, ..., N — 1} and letd = d(A). Set &, a
primitive element of the field Fyna with T,(&,) # O (this can always be done Cohen 1990).
A basis for (PRS(N, A)q)J- is given by the image by evy, of the following polynomials.
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IfJag C A:
U (ZT@Exox{)10<r <n,—1}U
ac AT NAL#£D
(Tn—1—aEl_y_gx) D10 <r <ny_i—q —1}.
If3q ¢ A:

U (ZT@Exox{) 10 <r <ng — 1} U{Ty-1-aEv-1-ax) "}
acA|T,NAL#D

Proof In Remark 4.12 we saw that it is enough to consider the traces of multiples of the
monomials whose images span PRS(N, A)L. Therefore, we have that the traces of multiples
of the monomials in (2) span Tr(PRS(N, A)1) = (PRS(N, A)q)l. Moreover, it is enough
to consider the following traces for J, with J, N AL £ @

{725, x0x7),0 <r <ng — 1}

because they are linearly independent (a dependence relation would give a polynomial relation
on &, of degree less than n,) and there are n,, of them, which is the maximum dimension that
we can get with n, monomials. The same reasoning shows that it is enough to consider the
following traces for the monomial x{v -

(Tn—1-aGhoi—gxt D0 <7 <ny_i1a = 1), ®)
which are linearly independent between them as well.

If 35 C A, by Lemma 4.13 we have that [Ty _1_4 N Al| = ¢J. Hence, when we consider
all of these sets of polynomials together, they are independent, because between sets cor-
responding to different cyclotomic sets J,, we have polynomials with disjoint support (the
monomials that we are considering are linearly independent in S/ (Xy) by Corollary 4.9).

On the other hand, when J; ¢ A, by Lemma 4.13 we know that there is at least one
element 4 € Jy_1_q N AL. The argument for the previous case works in this case, except
when considering the traces of polynomials associated to Jy_j—» and the polynomials in
(5), because by Lemma 4.8, we will have the same powers of x;. However, if from the later
set of polynomials we only consider 7y _1_q(En—1 _dva_l _d), then the linear independence
is clear, because this polynomial is equal to Ty _1—4(én—1—4) 7# 0 at [0 : 1] (because of the
choice of the primitive elements), while the rest of polynomials that we are considering are
0 at [0 : 1]. Moreover, with these polynomials we can generate the rest of the polynomials
in (5) taking into account Lemma 4.8:

ng—1 na—
%(éﬁxoxf)Zé‘a’(xo-%xf—l)+§3r(x0+x‘f“—1)+...+e§g r(xo-l-Xi{ “_q)
= T, (o — 1) + T (€.

With r = 1 we see that we can generate (xo — 1) with the polynomials we are considering,
and with (xp — 1) we can generate the rest of polynomials in (5), because 7,(¢)) € F,. O

In the case Jga) ¢ A of the previous result, we have seen that we can generate
(x0 — 1). The evaluation of this polynomial on P! gives a codeword with Hamming weight
1, which means that (PRS(V, A)q)J- has minimum distance 1. This is equivalent to having
that PRS(N, A), is a degenerate code (it has a common zero in the coordinate associated to
the point [0 : 1]). Once again, we see that the interesting case for us is when Jga) C A.
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Example 4.15 We continue with Example 3.2. Let Ay = {0, 1, 2, 3, 4}, which implies
d(A4) = 4. We are going to obtain a set of polynomials, such that its image by the evaluation
map is a basis for (PRS(9, A4)3)L. We have that Ai = {0, 1, 2, 3}. The minimal cyclotomic
sets J, with J, N A+ # () are Jg, J1 and J,. As in the previous examples, if £ is a primitive
element of Fg, by Theorem 4.14, we obtain the following set of polynomials:

To(x0) = x0, 71 (xox1) = x0x1 + x3x7, Ti (Exox1) = Exoxy + Expx;
T (xox}) = xox7 + xgx?, T (Exoxd) = Exoxt + £3x3x0, T(x}) = xf.

In all the previous expressions, we can reduce the exponent of xp to 1 and the evaluation
would not change.

As a consequence of Theorem 4.14, we obtain directly an explicit formula for the
dimension of (PRS(N, A)q)J- without using the dimension of the primary codes from
Corollary 3.7.

Corollary4.16 Ler A C {0,1,...,N — 1} and let d = d(A). The dimension of
(PRS(N, A)y)* is equal to

D weAnalgga +na ifJa CA

dim (PRS(N, A)q)J‘ = /-
ac AT ,NAL£p a +1 ifJa & A

Now, we are going to turn our attention to the minimum distance of the dual code
(PRS(NV, A)q)l. In the affine case, a BCH-type bound has been used frequently for the
minimum distance of the duals of the subfield subcodes of Reed—Solomon codes. If one con-
siders the code RS(N, A) with A = T, UTJ,, U---UJ, aunion of cyclotomic sets, then this
code is Galois invariant in the sense of Bierbrauer (2002), i.e., RS(N, A) = (RS(N, A))9.
By Bierbrauer (2002, Thm. 4), we have that Tr(RS(V, A)) = RS(N, A),. We can
write Theorem 4.1 in the following way: C+ N Fy = Tr(C)*. Therefore, we have that
(RS(WV, A)q)L = (RS(NV, A)L)q. For (RS(N, A)1),, itis easy to see that we have a BCH-
type bound, because we can consider the generator matrix of RS(N, A) as a pseudo-parity
check matrix for the code (RS(N, A)l)q (as we did with the matrix in (1) for BCH codes).
If we have ¢ consecutive exponents in A, we have a Vandermonde matrix as a submatrix of
the generator matrix for RS(V, A) and we get that wt ((RS(N, A)q)l) >+ 1.

In the projective case, arguing in a similar way, we get that, if we have ¢ consecutive
exponents in A, we have the BCH-type bound wt ((PRS(N, A)1),) > 7 + 1. However, even
if A is a union of cyclotomic sets, we will see in Remark 4.23 and Example 4.24 that in the
projective case we do not have in general that PRS(N, A) is Galois invariant, and thus we do
not have the equality between (PRS(N, A)l)q and (PRS(N, A)q)l in general. Nevertheless,
we can still use the affine case to get a bound for the minimum distance. If we have a code
CC }FZ, we are going to denote by (C, 0) := {(u1, ..., u,,0) € IFZ“ |u= (uy,...,up) €
C}. In what follows, we are going to assume that the coordinate associated to the point [0 : 1]
is the last one. We recall that A (resp. B) is the set of minimal representatives (resp. maximal
representatives) of the minimal cyclotomic sets. We are going to denote A’ := A\{d}, and
(A5 = UbeB,b<d|jbcA J, C A’ as before.

Proposition 4.17 Let A C {0, 1, ..., N —1}. We assume that d(A) € BwithJgay C A. Ift
is the number of consecutive exponents in (A')5, then we have that wt ((PRS (N, A)q)J-) >
t+ 1.
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Proof We assume that the point [0 : 1] corresponds to the last coordinate. We have
PRS(N, A)y D (RS(N, A"),4, 0), which implies

(PRS(N, A),)* € (RS(N, A),, 00 = (RSN, A) )L, 0) +((0, ..., 0,1)).

We know that (0,...,0,1) ¢ (PRS(N, A)q)l, because that would imply that
PRS(N, A), is degenerate, and that is not the case because of the assumptions that we
have made. Thus, any vector in (PRS(N, A)q)l must belong to (RS(N, A’ )q)J- after punc-
turing the last coordinate, and therefore, the weight of any vector in (PRS(N, A)q)L must
be at least t 4 1 because of the BCH-type bound for (RS(N, A/)q)l. ]

As a corollary, we have the following result about the duals of the subfield subcodes of
doubly extended Reed—Solomon codes.

Corollary 4.18 Let Ay = {0, 1,...,d}withd € B. Ift is the number of consecutive exponents
in (A})3, the parameters of (PRS(q*, Ad)q)l are [¢° + 1, ZMEA‘janAL#V) ng,>1t+1].

This estimate would give codes with length 1 more than in the affine case, but same
dimension and same bound for the minimum distance. However, the bound for the minimum
distance is not sharp in general and we are able to improve upon the affine case in many
examples. For instance, in the next result we show that when |J;| = 1 we have a better
estimate for the minimum distance.

Proposition4.19 Let A C {0, 1,..., N — 1}, such that |Jqa)| = 1. Then, PRS(N, Ay) is
Galois invariant, we have that (PRS(N, A3)1), = (PRS(N, A3),)* = (PRS(N, A),)h,
and, if there are t consecutive exponents in Ay, the parameters of (PRS(N, A)q)l are
[N+ 12 eapanatznhta + 1.2 1+1]

Proof Letd = d(A). Wehave that PRS(N, Ay) is generated by the evaluation of monomials.
Because of the fact that Ay is a union of cyclotomic sets, we can divide the monomials into
sets corresponding to different minimal cyclotomic sets. For a # d we have the monomials

{xox{ | € J, C A}.

If we consider these monomials to the power of ¢, the set remains invariant in S/I(P'),
because the exponents of x; are in a cyclotomic set, and the exponent of xo does not change
the evaluation. For J; we have that x;](N_l_d) = xlelfd mod I(P), because |J4| = 1.
Therefore, the set of monomials is invariant under taking powers of g, which implies that
PRS(N, Ay) = (PRS(N, Aj))4. Because of the previous discussion, we have that being
Galois invariant implies in this case that (PRS(V, Aj)l)q = (PRS(N, Aj)q)l. Taking into
account that PRS(N, Ay), = PRS(N, A), because of Theorem 3.4, the parameters are clear
from Theorem 4.14 and the BCH-type bound. O

In many situations, the previous result gives codes with higher length and dimension
than in the affine case. Assuming the hypotheses of the previous result, the affine code with
(RS(N, A)q)i- would have parameters [N, ZaeA\jamAg pNas= 1+ 1], meanwhile the
projective code (PRS(NV, A)q)l would have parameters [N + 1, ZaeAwanAé £ Na +1,>

t+1].
These codes can also be compared to (RS(NV, A/)q)l, with A" = A\ {d(A)}. Taking
into account that |J;| = 1, this code has parameters [N, ZaeAmnAé £pMa +1,>¢ +1],

where ¢’ is the number of consecutive exponents in A’. We see that this code has the same
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dimension as (PRS(N, A)q)J-. However, the bound for the minimum distance is worse than
the one for (PRS(N, A),)*.

The following result shows many situations in which we can use Proposition 4.19 besides
the obvious case with A = {0}.

Lemma4.20 Letg > 2. Ifd), ;= A(N —1)/(qg — 1) € N, for some ,, 1 <A < g — 1, then
gy = 1.

Proof We only have to observe that

N-1 N—1
s =AMN—-1)=0 mod N — 1.

)" —
q—lq q—1

m}

Remark 4.21 If g — 1 | N — 1, then with the previous result we obtain g — 1 cyclotomic sets
with cardinality one besides Jo. For example, if N = ¢*, then we directly haveg —1 | N — 1.
However, that is not the only case. For example we can consider ¢° = 3% and N = 83. In
that situation it can be checked thatg — 1 =2 | 82 = N — 1, and we have that |I4;| = 1. In
this situation, when we have ¢ — 1 | N — 1, the previous result is actually a characterization
of when we have |I;]| = 1:

[ljl=1 < dg=d modN -1 <= dig—1)=rx(N—-1)=xrxg—1)——

N -1
qg—1

N-—-1
— d=)\71, forsome 1 <A <qg—1.
q—
Example 4.22 'We consider the field extension Fig D F4, which gives the following minimal
cyclotomic sets:

Jo=1{0}, 71 = {1,4}, J2=1{2,8},73 = {3, 12}, Js = {5},
J6 = {6,9}, 77 ={7.13}, T = {10}, T1; = {11, 14}, J;5 = {15}

We see that we have |Jig] = 1. If we take A = {0, 1,4, 10} = Jo U J; U Jyg, then
ALt =10,1,...,N — 11\ {J15 U J11 U TJ5} and we can use Corollary 4.16 to compute the
dimension. All the cyclotomic sets, besides Js5, J11 and J;5, have nonzero intersection with
A, and we have Jya) = Jio C A. Hence, by Corollary 4.16, dim (PRS(N, A),)t =
(no +n1+ny+n3+ne+n7+ni) +nio = 13. For the minimum distance, we have t = 2
consecutive elements in Ay = A, which gives the following parameters for (PRS(X, A)q)l:
[17,13, > 3].

We can do the same for A = {0, 1, 2,4, 8, 10} = Jo U J; U J, U J19, and we obtain the
parameters [17, 11, > 4]. The true parameters are [17, 13, 3] and [17, 11, 4], which lengthen
the parameters of the affine case [16, 12, 3] and [16, 10, 4]. We see that the bound for the
minimum distance coincides with the real minimum distance in this case.

Remark 4.23 If we do not assume in Proposition 4.19 that |J;4| = 1, then, if d = d(A) € B
and J; C A (whichis the interesting case in the projective setting), we will have the evaluation
of the monomial xld in PRS(N, A), and also the evaluation of at least one monomial xg _”xj‘

with a € J4\{d}. We know thatd = ¢"a mod N — 1 for some r > 0. Thus, we have the

| r—1
image of xg T %9 T in PRS(N, A), but if we take this monomial to the power of ¢, we

_ =1
get xg(d a “)xf # x¢ 'mod I(P"). It is not hard to check that we do not have the image
of this monomial in PRS(N, A), which implies that PRS(N, A) is not Galois invariant. In

the following example we show how this affects the bound for the minimum distance.
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Example 4.24 We continue with Example 4.22. We can consider A = {0, 1, 2, 3, 4}, which
gives Ay = Jg U J;. However, we do not have |J4| = 1 and Proposition 4.19 does not hold
in this case. For instance, there are 1 = 2 consecutive elements in A, but the parameters
of (PRS(N, A)q)L are [17,15,2], and 2 < t + 1 = 3. On the other hand, we have that
(A")5 = Jp, which only has ¢ = 1 consecutive elements, and Proposition 4.17 would give
the parameters [17, 15, > 2].

5 Applications to EAQECCs

This section is devoted to providing quantum codes from the linear codes developed in the
previous section. Namely, we will construct EAQECCs using the CSS construction (Galindo
et al. 2019b, Thm. 4) and the Hermitian construction (Galindo et al. 2019b, Thm. 3), as well
as asymmetric EAQECCs (Galindo et al. 2020).

5.1 Euclidean EAQECCs

In this section, we will be interested in obtaining EAQECCs using the CSS construction
(Galindo et al. 2019b, Thm. 4). Given a nonempty set U C [F?, we denote by wt(U) the
number min{wt(v) | v € U \ {0}}, extending the notation that we have been using only for
linear codes until now.

Theorem 5.1 (CSS Construction) Let C; C FZ be linear codes of dimension k;, fori =1, 2.
Then, there is an EAQECC with parameters [[n, «, §; c]lg, where

¢ =k —dim(C, ﬂCj‘), k =n— (ky + ko) + ¢, and
5 = min {wt (cli\(climcz)),wt (Cj\<c§mcl)>}.

We are going to introduce some new notation for the codes we are going to use. In what
follows, we are assuming that p | N.

Definition 5.2 Let A = {ap =0 < a; < --- < a;}, the set of minimal representatives of the
minimal cyclotomic sets. We are going to consider a set A = U;;(l) J4; U{ay}, i.e., the union
of consecutive minimal cyclotomic sets with minimal representatives ao, . .., d;—1, and the
minimal element ;. For such a set A, we are going to consider the code D(N, A) defined
as the linear code generated by {evx, (xox{) | @ € A\{a;}} U {evy, (xf’)}.

Remark 5.3 If we look at the basis for the dual codes from Proposition 4.10, we see that
D(N, A) = PRS(N, A*)L, with A* = {0, 1,..., N — 1]\ U'Zp In—1—q,- In particular, the
codes we are considering are not degenerate.

Although the previous remark shows that we can use the notation PRS(N, A*)~ instead of
D(N, A), in what follows we are going to use D(N, A), because this will be the appropriate
notation for Sect. 6. This allows us to make reference to the following proofs directly from
Sect. 6, which helps to avoid repetition.

Remark 5.4 By the definitions, it is clear that D(N, A) = (RS(N, A"),0) + (evx, (xi")),
where A" = A\{a,}. This means thatdim D(N, A) = dimRS(N, A’)+1 = dimRS(N, A).
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We also have that dim (D(N, A)1), = dimPRS(N,A*), = N + 1 — Y i_,ng from
Corollary 3.7. If G, a is a generator matrix of RS(N, A), then we have that

is a generator matrix of D(N, A). We see that this does not correspond to any standard
lengthening technique for linear codes. On the other hand, the BCH-type bound gives
Wt(D(N, A))y) = Wt(D(N, A)F) = a; + 2.

Theorem 5.5 Let A ={ap =0 < a; < ap < --- < ay} be the set of minimal representatives
of the cyclotomic sets Jq;, 0 < i < z, of {0,1,..., N — 1} with respect to q. Let A =
U'Z8 Ja; U {as), such that RS(N, A"y C RS(N, A", where A" = | Ji_y T4 Then, we
can construct an EAQECC with parameters [[n,k,> &;clly, where n = N + 1, k =
N +1 —Z(Zﬁzonai)—i—c, §=a;+2 andc < 1.

Proof We are going to consider the code C; = C>, = ((D(N, A)J-)q)J- for the CSS Con-
struction 5.1. We have dim ((D(N, A)Y),)t = N +1 —dim (D(N,A)L), = N+ 1 —
dimPRS(N, A*), = Z§=o ng; by Remark 5.4. Remark 5.4 also gives wt((D(N, A)L)q) >
a; + 2.

For the parameter ¢, we claim that dim ((D(N, A)Y), N (DN, AD)HE) =
dim(RS(N, A")4,0) — 1 = Z;:O ng, — 1, which gives ¢ < 1. Let A’ = A\{a;}. By
Remark 5.4 we have D(N, A) = (RS(N, A'), 0) + (evx, (x'f’)).

We consider v € (RS(N, A)L, 0). Then, v is orthogonal to (RS(N, A"), 0) (taking into
accountthatRS(N, A’) C RS(N, A)),and itis also orthogonal toevy, (xf’), because the last
coordinate of v is 0, which means that v - evy, (xla’) =v-evxy (xoxf’), and evy, (xoxf’) €
(RS(N, A), 0). Therefore, v € D(N, A)~L. Taking into account the dimension and the fact
that the codes D(N, A)~ are not degenerate, we can write D(N, A)Lt = (RS(N, AL, 0) +
(w), where w is a vector with a nonzero last entry.

We consider a basis for (D(N, A)L)q now, and we can also assume that all the vec-
tors in the basis, besides one vector w’, have 0 as their last coordinate. Taking into
account that (D(N, A)J-)q is not degenerate, this means that we have (D(N, A)J—)q =
((RS(N, A)J-)q, 0) + (w’) for some vector w’ with nonzero last coordinate. In this case we
have (RS(N, A)L)q = (RS(WV, A”)l)q, because AL and A" contain the same complete
minimal cyclotomic sets (which is what matters to compute the subfield subcode of the dual,
this can be seen using Theorem 2.2 and Galindo and Hernando 2015, Prop. 3). Moreover, we
have that RS(N, A”), C (RS(N, A")1), = (RS(N, A"),)*, because this code is Galois
invariant by the reasoning after Corollary 4.16.

Thus, we have seen that (D(N, A)1),; D ((RS(N, A")1),,0) D (RS(N, A”),4,0). On
the other hand, we have

(DN, AT = (PRS(N, A”)g, 0) +((0,0,...,0, 1)) N (w)*.

Note that (0,0,...,0,1) ¢ (w’ )J-, because w’ has a nonzero last coordinate. Hence, we
can consider a basis for ((D(N, A)L)q)l formed by (dimRS(N, A”), — 1) vectors u; €
(RS(N, A")4,0), and a vector w”, such that its last coordinate is nonzero. Note that not
all vectors can have the last coordinate equal to O because that would mean that we have
the vector (0,0,...,0,1) € (D(N, A)J—)q, contradicting the bound given for the minimum
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distance. Therefore, all the vectors u; are in (D(N, A)1), N ((D(N, A)1),)*, which gives
c<1. ]

Remark 5.6 InGalindo et al. (2015), there are conditions to have RS(N, A”) C RS(N, A”)L.
For example, for the type of set A” that we are considering in Theorem 5.5, if, for every
cyclotomic set 3, C A”, we have Jy_1_o ¢ A”, then RS(N, A”) € RS(N, A")*L.

For the code RS(N, A”)* we have the bound wt(RS(N, A”)) > a,41 + 1. However,
we have a; 11 + 1 = a; +2 in many cases (this happens if and only if a, + 1 ¢ A”, because in
that case a;+1 = a; + 1). In that situation, we have the same bound for the minimum distance
for RS(N, A”)* and for the corresponding EAQECC from Theorem 5.5. In the following
discussion we will assume that a;+1 + 1 = a; + 2.

If we get a QECC with parameters [[n, «, §; 0]], from the affine case using RS(NV, A )g>
then we would get an EAQECC with parameters [[n + 1, x + 1 + ¢, §; c]]4 in the projective
case using Theorem 5.5, where ¢ < 1. If we take into account the rate p := «/n and the net
rate p := (k — c)/n, we see that the code obtained with Theorem 5.5 has better rate and net
rate than the one obtained in the affine case. Moreover, it can be checked that the codes we
obtain are not directly obtainable from the affine case using the propagation rules from Luo
et al. (2022), which can be adapted for EAQECC:s arising from Theorem 5.1 (for example,
see Anderson et al. 2022).

In the constructions from Theorems 5.15 and 6.6, the same argument shows that, as long
as ary+1 + 1 = a; + 2, we can obtain codes with better rates than the ones from the affine
case, which cannot be deduced from the propagation rules from Luo et al. (2022).

Example 5.7 We consider N = ¢° = 3* = 81, with ¢ = 3% (s = 2). The first minimal
cyclotomic sets, ordered by their minimal element, are

Jo=1{0}, 01 ={1,9}, J> ={2,18}, T3 = (3,27}, J4 = {4,36}, Js = {5, 45}.

With the notation that we have been using, we consider the minimal elements a;, for i =
0,...,5and A = U?:o J4,U{5} (t = 5 with the previous notation). We have Zf:() ng, = 11,
and we have a; +2 = 7. It is easy to check that Iy_1_,, ¢ A fori = 0,...,5. By
Remark 5.6 we have RS(N, A”) C RS(N, A”)+ and we can apply Theorem 5.5 to obtain a
quantum code with parameters [[82, 61, 7; 1]]9. If we had used the affine code RS(N, A”)
with A" = Uz5=0 J4; » the bound for the minimum distance would have been the same, because
a; +1 =8¢ A”, and we would have obtained the code [[81, 59, 7; 0]]o.

We can also get QECCs (EAQECCs with ¢ = 0) directly under some assumptions, as the
following result shows.

Proposition 5.8 Assume that p > 2. Let N be an odd integer, such that N — 1 | ¢° — 1
and p | N. We consider a union of cyclotomic sets A C {0,1,..., N — 1}, such that
d = d(A) = (N — 1)/2. If t is the number of consecutive exponents in A, then we can
construct a QECC with parameters [[n, k, > 8; 0]]5, wheren = N + 1,k = N +1 = 2|A],
and § =1t + 1.

Proof By Proposition 4.19, Lemma 4.20 and Remark 5.3, we have that PRS(N, A) is Galois
invariant, and we have wt((PRS(N, A)q)J‘) > t + 1. By Corollary 4.11, if we consider
Ag=1{0,1,..., (N —1)/2}, we have that

PRS(N, A) C PRS(N, Ay) = PRS(N, Ay)™ C PRS(N, A)*.
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Therefore, considering the intersection with Fy we obtain that PRS(N,A); C
(PRS(N, A)q)L. If we consider C; = C; = PRS(N, A), in the CSS Construction 5.1,
we have already obtained the length, the bound for the minimum distance, and ¢ = 0, for the
parameters of the corresponding quantum error-correcting code. For the dimension, we have
dim PRS(N, A), = |A| by Corollary 3.7, taking into account that |J4| = 1 in this case by
Lemma 4.20. O

Example 5.9 We consider ¢° = 33,q =3and N = 33 =27.Let A = JpUJUT4UT3 (note
that 13 = (N — 1)/2). We are not considering consecutive cyclotomic sets, which means that
the BCH-type bound for the minimum distance might not be accurate. Hence, we have com-
puted it directly with Magma (Bosma et al. 1997). The code (PRS(N, A)q)J- has parameters
[28, 20, 6], which gives a QECC with parameters [[28, 12, 6; 0]]3 by Proposition 5.8, which
are the best known parameters for a quantum code over [F3 with that length and dimension
according to Grassl (2007). With RS(N, A) and RS(N, A’) (where A’ = A\ {(N — 1)/2}),
we obtain the parameters [27, 19, 6] and [27, 20, 5] for the dual codes of their subfield sub-
codes, respectively. These codes would give QECCs with parameters [[27, 11, 6; 0]]3 and
[[27, 13, 5; 0]]3, respectively, applying the CSS Construction 5.1.

5.2 Asymmetric EAQECCs

As we said in the introduction, phase-shift and qudit-flip errors are not equally likely to occur.
It is, therefore, desirable to obtain EAQECCs with different error correction capabilities for
each of these types of errors. To construct asymmetric EAQECCs, we can use the following
result from Galindo et al. (2020).

Theorem 5.10 Let C; C F; be linear codes of dimension ki, for i = 1, 2. Then, there is an
asymmetric EAQECC with parameters [[n, k, 8. /dx; c]ly, where

c =k —dim(C;NCY), k =n— (k; + k) +c,
5. =wi(Ct\(ctnC2)) and 5. =wi(ci\(cFncy)).

The two minimum distances &, and §, give the error correction capability of the corre-
sponding asymmetric EAQECC, which can correct up to [ (§; — 1)/2] phase-shift errors and
L(6x — 1)/2] qudit-flip errors.

In Sects. 3 and 4, we obtained bases for both the primary codes PRS(NV, A), and their
duals (PRS(N, A)q)L. This is the key for the proof of the following result, which allows
us to construct asymmetric EAQECCs from subfield subcodes of projective Reed—Solomon
codes. We recall that, for A C {0, 1,..., N — 1}, we denote Ay = U:iacA J., and we also
recall that 3 is the set of maximal representatives of the minimal cyclotomic sets.

Theorem 5.11 Let1 < dj,dy < N—1,suchthatd; € B, fori = 1,2, and p | N. We consider
Ag =10, 1,...,d;} and we denote Ail,- = Ag \{d;}, fori =1, 2. If((AZJI)j)J_ C (Aizz)fb
then we can construct an asymmetric EAQECC with parameters

N+1, Y mp+ Y mp+2—N.,8/8:1 ,
beB,b<d, beB,b<d g

where §; > N —d1 + 1,6« > N —dy + 1.
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Proof We are going to consider C; = (PRS(N, Ad,.)q)J-, fori = 1,2, and we are going
to use Theorem 5.10. The bounds for §, and 8, are clear, and we obtain the dimension
using Corollary 3.7 if we assume ¢ = 1. For the parameter ¢ = dim(PRS(N, Ay, )q)J- —
dim((PRS(N, Ay )q)L NPRS(N, Ag,)q), we are going to study dim((PRS(N, Ay, )q)l N
PRS(N, Ag,)q). For (PRS(N, Adl)q)J- we have the basis given by the evaluation of the
following set from Theorem 4.14:

U {Za@xox)) 10 <r <ng = 1}U
acA|3NAG #0

N—-1-d

{In—1-a, 1 %) D10 <r <ng -1} 6)

From Theorem 3.4 it is easy to obtain that the evaluation of the following set gives a basis
for PRS(N, Ag,)y:

U (Z@xox) 10 <r <ng — 1§ UITEG). ™

azeAIJ(,CA’d2

It is also clear that the a € A, such that J, N Ajl-l # () are precisely the a € A, such that
Ja C ((Ag)3)*. We also have that (A )3)" = ((Ag)3)" U In—1-q,. Therefore, taking
into account the assumption ((A;l)j)i- C (A:b)j C A:iz, we have that all the traces of
monomials of the type xoxf, with a € A, in the set from (6), are contained in the set from
(7). This implies that the evaluation of the set

U  (ZExox)10<r<n,—1) ®)
acAlJ.NAT Ral

isin (PRS(N, Ag)g)t NPRS(N, Agy)y-
Now we are going to study which polynomials from the set generated by

N—-1-d

{In-1-a, EN_1_a, ) D10<r<ng -1}

have their evaluation in (PRS(XV, Adl)q)L N PRS(N, Ag,)g. As in Theorem 4.14, we
assume that £y_1_g4, is a primitive element of F e (note that ny, = ny—_1—g4,), such that
TN-1-d; (N—1-q,) # 0. For ease of notation, we are going to denote now di =N-1-d.
For0 <r <ng, — 1,7 # 1, we have

df d;
Ty Ga) Ty Ggrxoxy') = Tap (400 Ty (G xo0x, )

, , ©
= Ty 6Ty (€ X\) = Ty (€5 Ty Xy mod 1(Xy).

This is easy to see, because when we set xo = 1, we obtain the same polynomials at each
side, which means that they have the same evaluation in [{1} x Yx], and both polynomials
evaluate to 0 in [0 : 1]. Therefore, they have the same evaluation in X . Because of the
assumption ((Ad )j)L = ((Adl);;)l U Jd/ (Ad )3, we obtain Jd/ C Ad and it is clear
that we have the evaluatlon of the polynom1a1 in the left-hand side of (9) in PRS(N, Ag,)q
if we consider the basis from (7). The evaluation of the polynomial in the right-hand side is
clearly in (PRS(N, Ay, )q)l (see (6)). Thus, we have proved that the image by the evaluation
map of the polynomials in the set

d d;
(T ) Tay Ex0x) = Ty (630 T poxy) 10 S 7 Smgy = Lr #1) - (10)
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isin (PRS(N, Ag))g)t NPRS(N, Ag,)g.

Hence, the evaluation of the union of the sets from (8) and (10) is in (PRS(N, Ay )q)l N
PRS(N, Ag)y, and it is easy to see that the evaluation of this union is linearly inde-
pendent. Taking into account the basis from (6), we obtain that dim((PRS(N, Adl)q)L
PRS(N, Ag,)q) = dim((PRS(N, Adl)q)i-) —1l,ie,c<1.

On the other hand, having ¢ = 0 means that (PRS(XV, Adl)q)l C PRS(N, Ag,)y- This
implies that the evaluation of all the traces appeanng in (9) are in PRS(N, Ay,),. However,

the evaluations of Td/ (Sd/ XoX, 1) and Td/ (Sd/x 1 1) differ only at the coordinate associated to
the point [0 : 1]. This would imply that the minimum distance of PRS(N,Ag)4is 1, a
contradiction. Therefore, ¢ = 1. O

Remark 5.12 ‘We note that in the previous result we have that (A}))y = UbeB\h<d Jp.

As we said in the introduction, it is desirable to obtain asymmetric quantum codes with
higher error-correction capability for phase-shift errors, i.e. with §, > §,. For the codes
obtained using Theorem 5.11, this corresponds to choosing d; < d>.

In the next example we show that we are able to obtain codes which are better than the
ones available in the current literature.

Example 5.13 We consider the extension Fjg O [F4, which is the setting from Exam-
ple 4.22. We choose di = 14, d» = 15, and apply Theorem 5.11, which gives the
parameters [[17, 14, 3/2; 1]]4. In Galindo et al. (2020), we can find a code with parame-
ters [[15, 12, 3/2; 1]]4 using BCH codes. We see that the code we have obtained has better
rate « /n, and also better net rate (k — c)/n.
If we consider the extension o5 O 5 instead, and choose d; = 22, dp = 23, we obtain
a code with parameters [[26, 19, 4/3; 1]]5 using Theorem 5.11. It is possible to adapt the
propagation rules from Luo et al. (2022) to asymmetric EAQECCs arising from Theorem 5.10.
For example, we can reduce the length by using extra entanglement, provided that ¢ <
n—x—2
[[n,k,8:/8x;clly = [[n—1,k,8;/8x; ¢+ 1]]4. (11

In Galindo et al. (2020) a code with parameters [[24, 19, 4/3; 3]]5 is presented, which can be
obtained from our code with parameters [[26, 19, 4/3; 1]]5 by applying (11) two times. In this
sense, we can say that the parameters [[24, 19, 4/3; 3]]s appearing in Galindo et al. (2020)
are a consequence of the parameters [[26, 19, 4/3; 1]]5 that we obtain with Theorem 5.11.
Finally, if we consider the extension Fgs D Fg, for dj = 60 and d, = 63, we obtain
the parameters [[65, 58, 5/2; 1]]g, which give a better rate and net rate than the code with
parameters [[63, 56, 5/2; 1]]s from Galindo et al. (2020). If we choose d; = 58 and d; = 62
instead, we obtain the parameters [[65, 52, 7/3; 1]]g, which, after using the propagation rule
(11) as before, give the parameters [[63, 52, 7/3; 3]]g that appear in Galindo et al. (2020).

If we do not assume ((AZJ1 Yyt c (A:iz)j in Theorem 5.11, then we would obtain instead
the parameters [N + 1, Y yc5 poa, M6 + Dpepped, ™ + 1+ ¢ = N, 8:/8x; clly, for ¢ =
dim(PRS(N, Ag)g)* — dim((PRS(N, Ag,)g)t NPRS(N, Agy)y)-

5.3 Hermitian EAQECCs

In the Hermitian case, we have to work with three different fields. Hence, we are going to
change the notation from the previous sections. We consider the field extension F ¢ D F 2,
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where qze = pzr, q = p*,forsomer,s > 0,and r = £s. Thus, in what follows we are going
to obtain codes of length n = N + 1, where N > 1 is an integer, such that N — 1 | q22 —1.

As before, we are going to consider the set Zy = {0} U {1,2,..., N — 1}, where
{1,2,..., N—1}isregarded as the set of representatives of the ring Z /(N — 1) Z. We consider
the cyclotomic sets with respect to q2 over {0, 1,..., N — 1}. We call A the set of mini-

mal elements of the different cyclotomic sets. We introduce now the Hermitian construction
(Galindo et al. 2019b, Thm. 3) that we are going to use.

Theorem 5.14 (Hermitian construction) Let C C FZZ be a linear code of dimension k and

CLh its Hermitian dual. Then, there is an EAQECC with parameters [[n, k, §; c]lq, where
c=k—dim(CNC™), k =n—2k+c, and § =wt(C"\ (C N C)).

We are only going to consider the Hermitian product over F 2. Therefore, for a, b € IFZ2
we have

n
anb:= Zaib?.
—

In what follows, when considering a power of a code or a vector, we will be considering
the component-wise power, i.e., C7 := {¢? := (c],....cl) | c = (c1,...,cn) € C}. Ttis
easy to check that, for codes over F 42 We have that C+ = (C1")7, where C+# denotes the
Hermitian dual.

Theorem 5.15 Let A = {ap = 0 < a1 < ap < --- < a;} be the set of minimal represen-
tatives of the cyclotomic sets J,;, 0 < i < z, of {0, 1, ..., N — 1} with respect to qz. Let
A =2y Ta U {as), such that RS(N, A") 2 C RSN, A”) 2) b, where A = Ji_g Ja;.-
Then, we can construct an EAQECC with parameters [[n, k, > §; c]l,, wheren = N + 1,
k=N+1 —2(2520”%) +c¢,8=a;+2andc < 1.

Proof We are going to consider the code C = ((D(N, AD) qz)lh for the Hermitian con-
struction 5.14. Using what we obtained in Theorem 5.5, the only thing left to prove is the
statement about the parameter c.

Following the proof of Theorem 5.5, we have (D(N, A)4) 2 = (RS(N, A”)1) 2, 0) +
(w’) for some vector w’ with nonzero last coordinate. Therefore, we see that
dim (D(N, A)1),2)H = dimRS(N, A”) 2 = dim((RS(N, A")1),2)*". Moreover, we
have

(RS(N, A")H) )t = (RS(N, A”) 2)H) ' = (RS(N, A”) 2)0) )1
= (RS(N, A")2)? .
Thus, we obtain

(DN, 220 = (PRS(N, A”),2)7,0) + ((0,0,...,0, 1)) N ((w)) .

Note that (0,0,...,0,1) ¢ ((w’))“, because w’ has a nonzero last coordinate. We can
consider a basis for (D(N, A)*),2)*" formed by (dimRS(N, A"),2 — 1) vectors u; €
((RS(N, A" qz)q, 0), and a vector w, such that its last coordinate is nonzero (not all vectors
can have the last coordinate equal to O because that would mean that we have the vector
0,0,...,0,1) € (D(N, A)J—)qz, contradicting the bound given for the minimum distance).
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By our hypothesis, we have RS(N, A”),> C (RS(N, A”)qz)J-h. This implies that
(RS(N. A" 2)" C (RSN, A")2)t)" = RSN, A"),2)F = (RS(N, A”)}),2. Tak-
ing into account that (D(N, A)*),2 D (RSN, A")1),2,0) D (RS(N, A”),2)1,0), we
see that the vectors u; are in (D(N, A)1) PER:E well, and we obtain the desired inequality for
the dimension of the intersection. m]

Remark 5.16 From Galindo et al. (2015, Prop. 3) we can obtain conditions to have
RS(N,A"),2 C (RS(N,A”)2)*, like the one we show next. Let A” = (Ji_o T,
and we denote by a; the minimal element in A, such that ja’{ = J_4q;- Assuming
d(A) < N —1,if A c (A = {0,1,...,N — 1}\ U?:ojalf’ then we have
RS(N, A"),2 C (RS(N, A”)2)*.

Example 5.17 We continue with the setting from Example 5.7. It is easy to check that the set
A in Example 5.7 satisfies A C Atr and by Remark 5.16 and Theorem 5.15 we obtain a
quantum code with parameters [[82, 67, 7; 1]]3.

With the construction from Theorem 5.15 we can obtain several quantum codes over [
whose parameters do not appear in the table of EAQECCs from Grassl (2007), and therefore,
we improve the table. With the extension F,4 D IF»2, we can obtain a code with parameters
[[17, 12, 3; 1]]», which is not in the table from Grassl (2007). We can consider now the
following propagation rule from Luo et al. (2022): let C be an EAQECC with parameters
[[n, «, §; c]]; obtained from Theorem 5.14 (for example, the codes from Theorem 5.15). If
¢ < n — k — 2, then we can reduce the length using extra entanglement:

[[n,k,8;clly — [[n—1,k,8; ¢+ 1]],. (12)

Iterating this rule, it is easy to check that, from an EAQECC with parameters [[n, k, §; c]],
one can obtain EAQECCs with parameters [[n — s, k, 8; c+5s]lg,s =1,...,(n —Kk —¢)/2.
Note that the maximum value for ¢ is k = dim C, where C is the classical code used for
Theorem 5.14, and for the maximum value of s that we have stated we have precisely that
c+s=k:
n—Kk-—c 2k —2c k
ct+s=c+ ) =c+ 2 =k.

Applying the propagation rule (12) to the parameters [[17, 12, 3; 1]],, we obtain
[[16, 12, 3; 2]]> and [[15, 12, 3; 3]]», which are also missing in the table (Grassl 2007).

For the extension F,s O [F,2, we obtain codes with length 65, which is greater than
the current maximum length in Grassl (2007) for EAQECCs over F;. Nevertheless, we can
reduce the length with the propagation rule (12) and check if the corresponding parameters
are in the table. A code with parameters [[64, 58, 3; 2]]>, whose parameters are missing
in Grassl (2007), is obtained from the code with parameters [[65, 58, 3; 1]], derived from
Theorem 5.15 using (12). Moreover, by applying the propagation rule (12) to the code with
parameters [[65, 40, 7; 1]]» deduced from Theorem 5.15, we obtain codes with parameters
[[65—i,40,7; 1+ i]]p, fori = 1,2,..., 12, whose parameters are also missing in Grassl
(2007).

In total, we obtain in this way 16 EAQECCs over [F, whose parameters are missing in
Grassl (2007).

The table of EAQECCs from Grassl (2007) also covers codes over 3. However, the
smaller length that we can achieve with Theorem 5.15 over F3 would be 3* +1 =82, much
higher than the current maximum length in the table from Grassl (2007) for this case. For
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example, we obtain codes with parameters [[82, 77, 3; 1113, [[82, 73, 4; 1]]3, [[82, 69, 5; 1]]3
and [[82, 65, 6; 1]]3.

6 Evaluating at the trace roots

In this section, following the ideas from Galindo et al. (2019c), we are going to consider
evaluation codes over the roots of a suitable trace polynomial. In Galindo et al. (2019¢), the
authors considered the trace polynomial over ]quz with respect to I, defined as

Tre(x) = x + x4 Fx?

Let Y1, = {a € F2 | Tre(er) = O}. It is well known that |¥ry,| = ¢**~". In Galindo
et al. (2019c), evaluation codes over the roots of the trace are defined, obtaining codes with
length ¢%¢~!, and bounds for the dimension and minimum distance of these codes are found.
In this section, we are going to do a similar thing over the projective space, obtaining codes
of length >~ + 1.

First, we need to define the finite set of projective points in which we are going to evaluate.
To do this, we are simply going to add the point at infinity to the set of roots of the trace, i.e.,
we are going to consider the following set of points:

Xrr, = {[1 : a] | Tre() = 0} U ([0 : 1]}.

It is clear from the definition that |Xt,| = ¢**~1 + 1. Moreover, we can give this set
as the zeroes of a square-free homogeneous polynomial. In the rest of this section, when
we consider the homogenization f” of a polynomial f, we are considering the standard
homogenization (up to degree deg(f)).

Proposition 6.1 The vanishing ideal of Xty, is I(Xtr,) = (xo(Tre (x)™.

Proof The generator of the ideal is a homogeneous polynomial. Therefore, we can just look
at the set of representatives P to check the zeroes of the ideal. It is clear that [0 : 1] €
V ({xo(Try (xl))h)). And it is also clear that if [1 : «] is a zero of X()(Tl"g(xl))h, then o must
be a root of Try(x). Thus, we have that V ({xo(Tr, (xl))h)) = Xy,

On the other hand, we have the decomposition

Tre(x) = I (x — a).

ae]qug | Tre (0)=0
Homogenizing and multiplying by xo we get

xTree)) =x  [[  G1—ax).

OtEIqug \Tl‘[ (Ol):()

Therefore, xo(Tre (x))" is a square-free polynomial and (xq(Tre (x| )" is a radical ideal by
Cox et al. (2015, Prop. 9, Chapter 4, Section 2), which means that it is equal to I (Xy,). O

If we consider the set of standard representatives Xy, of Xty,, we obtain the following
vanishing ideal.

Proposition 6.2 The vanishing ideal of X1y, is

20
I(X1e,) = (x§ — x0, x] —x1, (xo — D(x1 — 1), x0 Tr(x1)).
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Proof 1t is clear that any point of Xy, satisfies the equations. On the other hand, any point
that satisfies this equations must have the first coordinate equal to 0 or 1 because of the first
equation. If it is 0, then by the equation (xo — 1)(x1 — 1) = 0 mod I (XT,) we have that
the last coordinate is equal to 1. If the first coordinate is 1, then the last equation implies
that the last coordinate must be a zero of Tr(x). Therefore, V (I (Xty,)) = X1r,. We obtain
the result applying Seidenberg’s Lemma (Kreuzer and Robbiano 2000, Prop. 3.7.15) and
Hilbert’s Nullstellensatz over the algebraic closure of F 2. O

We are going to define the evaluation map that we are going to use to construct these new
codes (we have n = q%’1 + 1):

CVTr, - quk[x()’xl]/I(XTrz) g FZN’ f = (f(Pl)v LR f(P}’l))P,'EXTrK .

Deﬁnit|0n63 Let A = {ap = 0 < a1 < --- < a;}. We are going to consider a set
A= U 0 J4; U {a;} as before. For such a set A, we consider the code D(Tr,, A) defined
as the linear code generated by {evry, (xox{) | @ € A\{a,}} U {evry, (xla’)}.

In what follows we are going to need to use the codes RS(Tr¢, A) := RS(Yy,, A) that
appear in Galindo et al. (2019c), which are the puncturing of the codes D(Tr¢, A) at the
coordinate associated to the point [0 : 1]. When A is a union of consecutive cyclotomic sets,
we have that (RS(Try, A) )L = (RS(Try, A)J-) 2. We are going to be interested in the code

(D(Try, Ab g% for Wthh we have the followmg result.

Theorem6.4 Letag =0 < a; < ap < -+ < a;_1 < a; < 61{2‘Z — 1 be a sequence of
consecutive elements of A. Let A = Uf;(l) Ja; Ular} and let A" = AU TJ,,. Assuming that
(D(Tre, A1) ! is not degenerate, we have the following inequalities:

t
dim (D(Tre, A)1),2 = dimRS(Tre, A) D)o + 120 =Y ng,,
i=0
wt((D(Tre, A)1)g2) = ar +2.

Proof By the definitions, it is clear that D(Try, A) = (RS(Tr,, A'), 0) + (evry, (xf’)), where
A’ = A\ {a;}. This means that dim D(Trg, A) = dim RS(Tr;, A’) + 1 = dim RS(Tr,, A),
because if we have dimRS(Trg, A’) = dim RS(Trg, A), this means that evry, (xoxla’) is in
(RS(Tr¢, A'), 0), which implies that evy, (xox}" — x7") is in D(Trg, A), but this is a vector
of weight 1, which is a contradiction, because (D(Try, A)J—)qz (and D(Tre, A)L) is not
degenerate. Therefore, we have that dim D(Trg, A)* = dim RS(Tre, A)Lt + 1.

Arguing as in the proof of Theorem 5.5, we have D(Tr, At = (RS(Tre, A)L, 0) + (w),
where w is a vector with a nonzero last entry, and we also obtain (D(Tr, A)l)qz =
((RS(Try, A)J‘)qz, 0) + (w’) for some vector w’ with nonzero last coordinate. Moreover,
a basis for ((RS(Tr, A)J-)qz,O) would give us dim(RS(Trg, A)J‘)qz linearly indepen-
dent vectors with last coordinate equal to O, which means that dim (D(Tr, A)l)qz =
dim(RS(Tre, A)H),2 + 1.

We obtaindim (D(Trg, A)1) 2 = dim(RS(Tre, A”)1) 241, because (RS(Trg, A)F),2 =
(RS(Try, A”)l)qz, which is what we are going to see next. When evaluating in all the
points of F 2, we have (RS(¢*, A)*),2 = (RS(¢g*, A”)1),2. The code RS(Tr, A) (resp.
RS(Tr,, A”)) corresponds to a puncturing of RS(g2¢, A) (resp. RS(g%¢, A”)), because we
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only evaluate in the zeroes of Tr (x). The dual of a punctured code is equal to the shortening
of the dual code at the same positions (Pellikaan et al. 2018, Prop. 2.1.17). Given a code
C, if we denote by S the positions where we are puncturing (resp. shortening), by Cs the
punctured code and by C¥ the shortened code, we obtain

(€D = (CHD),2 = ((CH) )5,

because shortening a code commutes with considering its subfield subcode. Let S be the
positions where we puncture to obtain RS(Trg, A) from RS(g2¢, A). Using the previous
expression and the fact that (RS(g>, A)J-)qz = (RS(¢%, A”)J-)qz we get

(RS(Tre, A1) 2 = (RS(g*, M) 2 = (RS(g*, A)H),2)5 = (RS(¢*, AN )5
= (RS(g*, A")s)") g2 = RS(Tr, A")H) 2.

The bound for the dimension given in the statement is obtained by using Galindo et
al. (2019¢, Thm. 13).

On the other hand, for the minimum distance, we have the BCH-type bound for
D(Trg, A)*, which gives wt(D(Trg, A)t) > a; 4 2, and it is inherited by (D(Tre, A)4), 2.
O

The previous result shows that, if a;41 + 1 = a; + 2, then the code (D (Try, A)L)qz has 1
more length and dimension than the code (RS(Trg, A” by ey In the next example we obtain
some codes (D(Tr;, A)1) P with record parameters according to Grassl (2007).

Example 6.5 We consider the field extension Fys D Fy2, i.e., we have ¢ = 2 and £ = 4.
Therefore, we will get codes with length N = 129. Let A = Jo U T U ---Tg,_, U {as}.
Hence, we have wt ((D(TI‘[, A)J-) qz) > a; + 2. The dimension of these codes can be easily
computed using Magma (Bosma et al. 1997). In this case, we obtain a lot of codes whose
parameters achieve the best known values in Grassl (2007), and in many cases we are obtaining
codes with higher length and dimension, but same minimum distance as in the affine case.
Moreover, we obtain the parameters [129, 90, 15]4, [129, 86, 16]4 and [129, 41, 44]4, for
a; equal to 13, 14 and 42, respectively. In Grassl (2007), a construction of a code with
parameters [129, 86, 16]4 is currently missing, and we are able to obtain one. The codes with
parameters [129, 90, 15]4 and [129, 41, 44]4 exceed the best known values in Grassl (2007).
Furthermore, by shortening and puncturing these codes we are able to obtain more codes
with record parameters or missing constructions in Grassl (2007). For instance, from the
code with parameters [129, 41, 44]4, we obtain the parameters [129 —i — j, 41 —i, 44 — jla,
for0 <i <4,0 < j < 3, which are either records or the construction of a code with those
parameters is missing in Grassl (2007).

The next result shows that we can construct quantum codes over IF, using Theorem 6.4
together with the Hermitian construction 5.14.

Theorem 6.6 Let A ={ag =0 < a; < ap < --- < a;} be the set of minimal representatives

of the cyclotomic sets J,;, 0 <i <z, 0f{0, 1, ..., g% — 1} with respect to g*. Let t < z be
an index, such that
-] (g—1
et |@=D e 1
ar=q 2 q ) q

Then, for A = Ul{;l Ja; U {a;} as before, assuming that (D(Try, A)J‘)qz is not degenerate,
we have that:

dim ((D(Tre, &)1 N (D(Tre, A)H),2) = dim (D(Tre, A)H)2)* — 1.
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As a consequence, we can construct an EAQECC with parameters

t
H:n,zn—ZZna,- +c,zat+2;6H ,
i=0

q

where n = q%_] +landc < 1.

Proof Similarly to the proof of Theorem 5.15, we are going to consider the code C =
((D(Try, A)l)qz)lh for the Hermitian construction 5.14. By Theorem 6.4 we obtain the
bound for the minimum distance, and we also obtain that dim ((D(Tty, A)l)qz)lh <
Zfzo ng;, which explains the dimension of the quantum code. The only thing left to prove
is the claim about the intersection of (D(Tr,, A)1) o with its hermitian dual.

Under our assumptions, in Galindo et al. (2019¢, Thm. 15) it is proved that we have
RS(Tre, A”),2 C (RS(Try, A”)qz)lh for A” = | Ji_y Ja- The reasoning from the proof of
Theorem 5.15 finishes the proof. O

Example 6.7 We continue with Example 6.5. For a; = 10, we have a; + 2 = 12, and,
computing the dimension with Magma (Bosma et al. 1997), we obtain a quantum code with
parameters [[129, 67, 12; 1]]» using Theorem 6.6. In the affine case from Galindo et al.
(2019c), the parameters [[128, 65, 12; 0]], are obtained. Therefore, we have increased the
length by 1 and the dimension by 2, at the expense of increasing the parameter ¢ by 1.
Moreover, the codes [[129, 73, 11; 1112, [[129, 67, 12; 1]]2 and [[129, 59, 13; 1]], that we
can obtain in this way (by changing a;) cannot be deduced using the propagation rules from
Luo et al. (2022) with the codes in the table of QECCs from Grassl (2007).

In Galindo et al. (2019c), the authors consider what they call complementary codes, which
are obtained in an analogous way, but evaluating in precisely all the points in 2 besides the
zeroes of Trg(x). For the projective case, it is easy to see that including the point at infinity
in this set corresponds to considering the zero set of

20 20
xox;] - xg X1
Tre(x1)"

All the results we have given in this section apply to these types of codes as well, but with
length ¢%¢ — g%~ + 1 (instead of ¢2¢~! + 1).
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