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Abstract. We describe the homotopy types of Vietoris–Rips complexes of hypercube graphs at small
scale parameters. In more detail, let Qn be the vertex set of the hypercube graph with 2n vertices,

equipped with the shortest path metric. Equivalently, Qn is the set of all binary strings of length n,

equipped with the Hamming distance. The Vietoris–Rips complex of Qn at scale parameter zero is
2n points, and the Vietoris–Rips complex of Qn at scale parameter one is the hypercube graph, which

is homotopy equivalent to a wedge sum of circles. We show that the Vietoris–Rips complex of Qn at

scale parameter two is homotopy equivalent to a wedge sum of 3-spheres, and furthermore we provide
a formula for the number of 3-spheres. Many questions about the Vietoris–Rips complexes of Qn at

larger scale parameters remain open.

1. Introduction

It is an important question in applied topology to understand the Vietoris–Rips complexes of a variety
of shapes, such as finite metric spaces and manifolds. Indeed, one of the most frequently computed forms
of persistent homology is obtained by building a Vietoris–Rips simplicial complex filtration on top of a
potentially high-dimensional dataset [17, 13]. Though these complexes are being constructed by scientists
from a wide variety of different disciplines (see for example [14, 19, 25, 27, 49, 54, 62]), we nevertheless
have a limited mathematical understanding of how the homotopy types of Vietoris–Rips complexes
behave. In this paper we consider Vietoris–Rips complexes of hypercube graphs. These questions on
hypercubes arose from work by Kevin Emmett, Raúl Rabadán, and Daniel Rosenbloom at Columbia
University related to the persistent homology formed from genetic trees, reticulate evolution, and medial
recombination [29, 30]; see also [16, 21].

Vietoris–Rips complexes were independently invented by Vietoris in order to define a (co)homology
theory for metric spaces [56], and by Rips for use in geometric group theory [35]. In both settings, one
approximates a metric space by a Vietoris–Rips simplicial complex at a chosen scale. Whereas Vietoris
took a limit as the scale parameter approached zero, Rips instead often required the scale parameter to
be sufficiently large, for example large enough to fill in holes in a δ-hyperbolic group that are not essential
up to quasi-isometry. Applications of Vietoris–Rips complexes in computational topology [28], say to
recover the “shape” of a finite dataset [17], instead take the scale parameter to be in an intermediate
range: small depending on the curvature of the underlying space from which the data was sampled, but
not tending to zero. The theory behind these applications was initiated in work by Hausmann [38] and
Latschev [45], and advanced in work by Chazal et al. [22, 24, 23].

There has been a lot of recent activity on advancing the theory of Vietoris–Rips complexes, including
the study of Vietoris–Rips complexes of planar points [20, 6], the circle [1, 2, 4], metric graphs [32], geo-
desic spaces [58, 57], wedge sums [5, 46], metric subspaces [60], and equivariant spaces [9, 55]. Vietoris–
Rips complexes of higher-dimensional spheres have been studied through neighborhoods of the Kura-
towski embedding [47] and through Vietoris–Rips metric thickenings [3], which have recently been shown
to have the same persistent homology as Vietoris–Rips simplicial complexes [10, 50]. Furthermore, Haus-
mann’s question about the homotopy connectivity of Vietoris–Rips complexes has been answered in the
negative [59]. Vietoris–Rips complexes have recently been related to Bestvina–Brady Morse theory [63],
to Borsuk–Ulam theorems mapping into higher-dimensional codomains [7, 8], to Dowker’s theorem and
nerve lemmas [61], and to the filling radius [47, 51] as studied by Gromov [34, 36] and Katz [40, 41, 42, 43].
The study of Vietoris–Rips complexes is finding connections to many different subareas of geometry and
topology, including combinatorial topology, metric geometry, equivariant topology, polytope theory, and
quantitative topology, among others. Our paper directly relates to the study of independence complexes
of Kneser graphs [12], and to Künneth formulas for persistent homology [18, 31]; we hope that the
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n = 1 2 3 4 5 6 7 8 9

r = 0 S0
∨3

S0
∨7

S0
∨15

S0
∨31

S0
∨63

S0
∨127

S0
∨255

S0
∨511

S0

1 ∗ S1
∨5

S1
∨17

S1
∨49

S1
∨129

S1
∨321

S1
∨769

S1
∨1793

S1

2 ∗ ∗ S3
∨9

S3
∨49

S3
∨209

S3
∨769

S3
∨2561

S3
∨7937

S3

3 ∗ ∗ ∗ S7

4 ∗ ∗ ∗ ∗ S15

5 ∗ ∗ ∗ ∗ ∗ S31

6 ∗ ∗ ∗ ∗ ∗ ∗ S63

7 ∗ ∗ ∗ ∗ ∗ ∗ ∗ S127

8 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ S255

Table 1. Homotopy types of VR(Qn; r).

study of Vietoris–Rips complexes of hypercube graphs will find further connections to other areas of
mathematics.

In this paper we study the homotopy types of Vietoris–Rips complexes of hypercube graphs at small
scale parameters. Let Qn be the vertex set of the hypercube graph with 2n vertices, equipped with
the shortest path metric; see Figure 1. The metric space Qn can also be described the set of all binary
strings of length n, equipped with the Hamming distance. The Vietoris–Rips complex VR(Qn; r) at scale
parameter r ≥ 0 is the simplicial complex with vertex set Qn, in which σ ⊆ Qn is included as a simplex
if the diameter of σ is at most r. We see that VR(Qn; 0) is 2n disjoint vertices, and that VR(Qn; 1) is
the hypercube graph, which is homotopy equivalent to the ((n− 2)2n−1 + 1)-fold wedge sum of circles.
We show that VR(Qn; 2) is homotopy equivalent to a wedge sum of 3-spheres.

0 1

00 01

1110

000

100 101

001

011010

110 111

Figure 1. Hypercube graphs Q1, Q2, and Q3.

Theorem 1. Let n ≥ 3. The Vietoris–Rips complex VR(Qn; 2) is homotopy equivalent to the cn-fold
wedge sum of 3-spheres, namely

VR(Qn; 2) '
∨cnS3, where cn =

∑
0≤j<i<n(j + 1)(2n−2 − 2i−1).

The first twelve values of cn, starting at n = 3, are

1, 9, 49, 209, 769, 2561, 7937, 23297, 65537, 178177, 471041, 1216513, . . . .

We note that cn = A027608(n− 3) for all n ≥ 3, where the sequence A027608 is described on the Online
Encyclopedia of Integer Sequences (OEIS) [52]. This sequence corresponds to the coefficients in the
Taylor series expansion of 1

(1−x)(1−2x)4 ; see [11, 26, 39] for other appearances of this sequence.

Table 1 gives some of the known homotopy types of VR(Qn; r). When r = n − 1, we observe that
VR(Qn;n− 1) is the boundary of the (2n−1)-dimensional cross-polytope with 2n vertices, and therefore
VR(Qn;n − 1) is homeomorphic to the (2n−1 − 1)-dimensional sphere. For example, when n = 3, the
1-skeleton of VR(Q3; 2) contains all possible edges, except for the edges between the “antipodal” vertex
pairs 000 and 111, 001 and 110, 010 and 101, and 011 and 100 that are at a distance of n = 3 apart.
Therefore the clique complex is the boundary of the 4-dimensional cross-polytope with 8 vertices. This
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is the easiest way to see that VR(Q3; 2) = S3. Since Qn has diameter n, for r ≥ n the Vietoris–Rips
complex VR(Qn; r) is a simplex, and therefore is contractible.

A better understanding of the homotopy types of VR(Qn; r) could relate to stronger versions of the
Künneth formula for persistent homology of Vietoris–Rips complexes. Indeed, [18] considers a Künneth
formula for persistent homology in which the metric on the product X ×Y is given by the sum dX +dY .
Motivated by this Künneth formula, [18, Proposition 4.10] gives the persistent homology of VR(Qn; r)
for homology up to dimension two. The 2-dimensional homology is always zero, and all 1-dimensional ho-
mology appears prior to scale parameter r < 2. Our Theorem 1 furthermore describes the 3-dimensional
homology of VR(Qn; r) that appears at scale r = 2. See [31, 47] and [2, Proposition 10.2] for versions of
the Künneth formula for Vietoris–Rips complexes which hold when the metric on X × Y is instead the
supremum metric.

Many questions about the Vietoris–Rips complexes of Qn at larger scale parameters remain open.
The topology when r = 3 is more complicated than the case of r = 2, in the sense that nonzero reduced
homology now appears in more than one dimension. Indeed, computational evidence shows that various
homology groups of VR(Qn; 3) are as follows. The cases of n = 5, 6, 7 (with integer coefficients) were
computed in polymake [33], and the cases of n = 8, 9 (with Z/2Z coefficients) were computed by Simon
Zhang using Ripser++ [64], which is a GPU-accelerated version of Ripser [13].

Hi(VR(Q5; 3);Z) ∼= Z for i = 4, ∼= Z10 for i = 7, ∼= 0 for 1 ≤ i ≤ 7 with i 6= 4, 7

Hi(VR(Q6; 3);Z) ∼= Z11 for i = 4, ∼= Z60 for i = 7, ∼= 0 for 1 ≤ i ≤ 7 with i 6= 4, 7

Hi(VR(Q7; 3);Z) ∼= Z71 for i = 4, ∼= Z280 for i = 7, ∼= 0 for 1 ≤ i ≤ 7 with i 6= 4, 7

Hi(VR(Q8; 3); Z
2Z ) ∼= ( Z

2Z )351 for i = 4, ∼= ( Z
2Z )1120 for i = 7, ∼= 0 for 1 ≤ i ≤ 9 with i 6= 4, 7

Hi(VR(Q9; 3); Z
2Z ) ∼= ( Z

2Z )1471 for i = 4, ∼= ( Z
2Z )4032 for i = 7, ∼= 0 for 1 ≤ i ≤ 9 with i 6= 4, 7

The sequence 1, 10, 60, 280, 1120, 4032, . . . might lead one to conjecture that H7(VR(Qn; 3);Z) ∼=
Z2n−4(n

4) for all n ≥ 4. Similarly, the sequence 1, 11, 71, 351, 1471, . . . might lead one to conjec-

ture that H4(VR(Qn; 3);Z) ∼= Z
∑n−1

i=4 2i−4(i
4) for all n ≥ 5. Interestingly, 2n−4

(
n
4

)
is the number of

4-dimensional cube subgraphs in the n-dimensional hypercube graph. Also, the 4-dimensional skeleton

of the n-dimensional hypercube polytope is homotopy equivalent to a
(∑n−1

i=4 2i−4
(
i
4

))
-fold wedge sum

of 4-spheres.

Question 2. Are the Vietoris–Rips complexes VR(Qn; r) always homotopy equivalent to a wedge sum
of spheres?

Question 3. In what dimensions do the Vietoris–Rips complexes VR(Qn; r) have nontrivial reduced
homology for 3 ≤ r ≤ n− 2?

Question 4. What are the homotopy types of the Vietoris–Rips complexes VR(Qn; r) for 3 ≤ r ≤ n−2?

We overview notation and preliminaries in Section 2, prove our main result (Theorem 1) in Section 3,
and conclude by listing some more refined open questions in Section 4.

2. Notation and preliminary results

We refer the reader to [37] for more background on topology.

Topological spaces. When two topological spaces X and Y are homeomorphic, we write X = Y . We
write X ' Y to denote that they are homotopy equivalent. The main results of this paper will show
that certain topological spaces are homotopy equivalent to a wedge sum of spheres. We let Sn denote
the n-dimensional sphere Sn = {x ∈ Rn+1 | ‖x‖ = 1}.

Given two topological spaces X and Y , we denote their wedge sum by X ∨ Y ; this is the space
obtained by gluing X and Y together at a single point. If X and Y are connected CW complexes, then
the homotopy type of X ∨Y is independent of the points chosen to glue together. For n ≥ 0 we let

∨n
X

denote the n-fold wedge sum of X, namely
∨n

X = X ∨X ∨ . . . ∨X. By convention we let the 0-fold
wedge sum of any space X be a single point.

Let X be a topological space. We let C(X) = (X× [0, 1])/(X×{0}) denote the cone over X, which is
a contractible space. The suspension of X is formed by joining two cones along their boundary X. We
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denote the suspension of X by ΣX = (X × [0, 1])/ ∼, where (x, 0) ∼ (x′, 0) and (x, 1) ∼ (x′, 1) for all
x, x′ ∈ X. For spheres we have ΣSn = Sn+1.

Let X and Y be topological spaces, let A ⊆ X be a subspace, and let f : A→ Y be a continuous map.
The adjunction space Y ∪f X = (Y

∐
X)/ ∼ is formed by taking a quotient of the disjoint union, where

the equivalence relation is generated by a ∼ f(a) for all a ∈ A. Adjunction spaces satisfy convenient
homotopy invariance properties. Indeed, if the inclusion A ↪→ X is a cofibration (for example an inclusion
of CW complexes), and if the maps f, g : A → Y are homotopy equivalent, then we have a homotopy
equivalence of adjunction spaces Y ∪f X ' Y ∪g X. Indeed, this is described in [15, 7.5.5 (Corollary 1)]
or [53, Proposition 5.3.3].

Simplicial complexes. A simplicial complex K on a vertex set V is a family of subsets of V , including
all singletons, such that if σ ∈ K and τ ⊆ σ, then also τ ∈ K. We identify a simplicial complex with
its geometric realization, which is a topological space. The star of a vertex v ∈ C is stK(v) = {σ ∈
K | σ ∪ {v} ∈ K}. Note that the star is contractible since it is a cone with apex v. The link of a vertex
v is lkK(v) = {σ ∈ K | v /∈ σ and σ ∪ {v} ∈ K}. For v ∈ V a vertex, we let K \ v denote the induced
simplicial complex on vertex set V \ v; the simplices of K \ v are all those simplices σ ∈ K such that
v /∈ σ.

A splitting up to homotopy type. The following preliminary result is likely well-known to combina-
torial topologists.

Lemma 5. Let K be a simplicial complex, and let v ∈ K be a vertex such that the inclusion ι : lkK(v) ↪→
K \ v is a null-homotopy. Then up to homotopy we have a splitting K ' (K \ v) ∨ Σ lkK(v).

Proof. By definition of a null-homotopy, the inclusion ι : lkK(v) ↪→ K \v is homotopic to a constant map
c : lkK(v) → K \ v that maps to a single point p ∈ K \ v. By the homotopy invariance properties of
adjunction spaces, we have the following homotopy equivalence:

K = (K \ v) ∪ι stK(v) ' (K \ v) ∪c stK(v) = (K \ v) ∨
(
{p} ∪c stK(v)

)
.

In the right-most space, the wedge sum is taken over the point p, and the adjunction space {p}∪c stK(v)
is arising from the map c : lkK(v)→ {p}. We have

{p} ∪c stK(v) = stK(v)/lkK(v) ' stK(v) ∪ C(lkK(v)) = Σ lkK(v),

where the homotopy equivalence is described, for example, in [37, Example 0.13]. Recall C(·) denotes
the cone over a topological space. The last equality is since stK(v) is also a cone over lkK(v), with apex
vertex v. It therefore follows that

K ' (K \ v) ∨
(
{p} ∪c stK(v)

)
' (K \ v) ∨ Σ lkK(v).

�

Graphs. In this paper we consider only simple graphs, i.e. graphs in which the edges are undirected,
there are no multiple edges, and there are no loop edges. Let G be a simple graph with vertex set V .
The set E of edges is a collection of subsets of V of size two.

We let NG(v) = {u ∈ V | uv ∈ E} denote the (open) neighborhood of vertex v in graph G. That is,
NG(v) contains all vertices not equal to v that are connected to v by an edge.

For V ′ ⊆ V , the subgraph of G induced by the vertex subset V ′ has V ′ as its vertex set, and as its
edges all edges of G whose vertices are each elements of V ′.

We let Cl(G) denote the clique complex of G. This simplicial complex is the maximal simplicial
complex with 1-skeleton equal to G. That is, the vertex set is V , and Cl(G) contains a finite set σ ⊆ V
as a simplex if for any two vertices u, v ∈ σ, we have that uv is an edge in G.

If G is a graph with vertex set V and edge set E, then its complement graph G also has vertex set V ,
and G has an edge uv if and only if uv /∈ E. The independence complex I(G) of a graph G, which is a
well-studied simplicial complex in combinatorial topology, can be defined as I(G) = Cl(G). Therefore,
the study of clique complexes of graphs is closely related to the study of independence complexes.

Vietoris–Rips complexes. Let X be a metric space, equipped with a distance function d : X×X → R.
Given a subset σ ⊆ X, we define its diameter to be diam(X) = supx,x′∈σ d(x, x′).

Definition 6. The Vietoris–Rips complex of X at scale r, denoted VR(X; r), is the simplicial complex
with vertex set X that contains a finite simplex σ ⊆ X if and only if diam(σ) ≤ r.
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Note that a Vietoris–Rips complex is the maximal simplicial complex that can be built on top of its
1-skeleton, and hence it is a clique or a flag simplicial complex.

We remark that this definition makes sense for any symmetric function d : X ×X → R, even if it is
not a metric (for example, even if it does not satisfy the triangle inequality).

Star clusters and Kneser graphs. We now review star clusters, introduced by Barmak in [12] for
studying clique and independence complexes of graphs. For K a simplicial complex and for σ ∈ K a
simplex, the star cluster of σ is the simplicial complex SCK(σ) = ∪v∈σstK(v); see Figure 2. Lemma 3.2
of [12] states that if K is a clique simplicial complex, then SCK(σ) is contractible for all simplices σ ∈ K.
We will simplify notation by writing SC(σ) when K is clear from context.

σ
τ

Figure 2. (Left) A clique simplicial complex, (middle) the star cluster of a 2-simplex
σ, and (right) the star cluster of a 1-simplex τ .

The Kneser graph KGn,k has as its vertices the k-element subsets from a set of size n, where two
vertices are adjacent if their corresponding subsets are disjoint. Kneser conjectured in 1955 [44] that
for n ≥ 2k ≥ 2, the chromatic number of KGn,k (i.e. the number of vertex colors required so that
adjacent vertices receive different colors) is n − 2k + 2. This was first proven in 1978 by Lovász [48];
the proof uses topological techniques and helped initiate the field of topological combinatorics. In [12,
Theorem 4.11], Barmak uses star clusters to prove that for n ≥ 4, the independence complex of the
Kneser graph I(KGn,2) is homotopy equivalent to a wedge sum of

(
n−1
3

)
copies of the 2-sphere. We use

the ideas behind this proof in our verification of Lemma 7 (in Section 3).

Hypercube graphs. Let Qn be the set of all 2n binary strings of length n. For example, Q3 consists
of eight strings: 000, 001, 010, 011, 100, 101, 110, and 111. We equip the set Qn with the Hamming
distance: the distance between two binary strings is the number of positions in which their entries differ.
Equivalently, Qn is the vertex set of the n-dimensional hypercube graph (with 2n vertices), equipped
with the shortest path distance in the hypercube graph; see Figure 1. Alternatively, Qn is the set of
lattice points in Rn with all coordinates equal to 0 or 1, equipped with the L1 or taxicab metric.

3. Results

Let n be a positive integer. The Vietoris–Rips complex of Qn at scale parameter 0 is simply the
simplicial complex with 2n vertices and no higher-dimensional simplices. Therefore VR(Qn; 0) is the

union of 2n distinct vertices, or alternatively, VR(Qn; 0) =
∨2n−1

S0 is the (2n − 1)-fold wedge sum of
0-spheres.

The Vietoris–Rips complex of Qn at scale parameter 1 is the underlying hypercube graph. This is a
connected graph with 2n vertices and n2n−1 edges, which therefore is homotopy equivalent to the wedge

sum of n2n−1−2n+1 = (n−2)2n−1+1 circles. So VR(Qn; 1) '
∨(n−2)2n−1+1

S1 is homotopy equivalent
to the ((n− 2)2n−1 + 1)-fold wedge sum of circles.

The Vietoris–Rips complex of Qn at scale parameter n−1 is is the boundary of the (2n−1)-dimensional
cross-polytope with 2n vertices. To see this, note that the 1-skeleton of VR(Qn;n − 1) consists of all
possible edges, except that it is missing the “antipodal” edges between vertices (such as 00 . . . 0 and
11 . . . 1) that are at the maximal distance n apart. Taking the clique complex gives that VR(Qn;n− 1)
is the boundary of the (2n−1)-dimensional cross-polytope with 2n vertices, and therefore VR(Qn;n− 1)
is homeomorphic to the (2n−1 − 1)-dimensional sphere.

Our main result is to characterize the homotopy type of the Vietoris–Rips complex of the hypercube
graphs at scale parameter 2, which for convenience we restate below. It is easy to see that VR(Q1; 2)
and VR(Q2; 2) are contractible.
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Theorem 1. Let n ≥ 3. The Vietoris–Rips complex VR(Qn; 2) is homotopy equivalent to the cn-fold
wedge sum of 3-spheres, namely

VR(Qn; 2) '
∨cnS3, where cn =

∑
0≤j<i<n

(j + 1)(2n−2 − 2i−1).

We now build notation to be used in the proof of Theorem 1. Recall that the metric space Qn is the
set of all 2n binary strings of length n, namely the numbers from 0 to 2n− 1 written in binary, equipped
with the Hamming distance. In order to enable proofs by induction, we consider the metric spaces Vm,
consisting of all numbers from 0 to m − 1 written as binary strings, also equipped with the Hamming
distance. Note that V2n = Qn. To ease notation in the following proofs, we also switch to clique complex
notation. Let Grm be the graph whose vertex set is Vm, and that has an edge between two vertices if
their Hamming distance is at most r; see Figures 3 and 4. Note that Cl(Grm) = VR(Vm; r), and so in
particular Cl(Gr2n) = VR(Qn; r). In Theorem 8 we give the homotopy types of Cl(G2

m) for all m, and
hence Theorem 1 will follow as a corollary after letting m = 2n.

000

100 101

001

011010

110

000

100 101

001

011010

000

100

001

011010

000

100 101

001

011010

110 111

Figure 3. The graphs G1
m for m = 5, 6, 7, 8.

000

100 101

001

011010

000

100

001

011010

000

100 101

001

011010

110 111

000

100 101

001

011010

110

Figure 4. The graphs G2
m for m = 5, 6, 7, 8.

Let Lrm be the subgraph of Grm induced by the vertex set consisting of the (open) neighborhood of
the “last” vertex m− 1. That is, the vertices of Lrm are all vertices from 0 up to m− 2 whose Hamming
distance from m − 1 is at most r, and we have an edge between two vertices of Lrm if and only if their
Hamming distance is at most r; see Figure 5. Note that Cl(Lrm) is the link of the vertex m − 1 in the
simplicial complex Cl(Grm); this is the reason for our interest in the subgraphs Lrm.

000

100 101

011010

000

100

001

011

000 001

010

100 101

001

011010

110

Figure 5. The graphs L2
m for m = 5, 6, 7, 8. Note Cl(L2

8) = S2, as it is the boundary
of the 3-dimensional cross-polytope.
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We now focus attention again on the case r = 2. Suppose we have a nonnegative integer x with binary
representation x = 2i1 + 2i2 + · · ·+ 2il , where i1 > i2 > · · · > il. Then define

(1) α(x) = (i3 + 1) + 2(i4 + 1) + · · ·+ (l − 2)(il + 1) =

l∑
s=3

(s− 2)(is + 1) =

l∑
s=3

(s− 2)is +
(
l−1
2

)
.

In particular, note α(x) = 0 if and only if x has at most two ones in its binary representation. For example,

we compute α(7) = 1. The following lemma will generalize the fact that Cl(L2
8) '

∨α(7)
S2 = S2.

Lemma 7. For all m ≥ 1, we have a homotopy equivalence

Cl(L2
m) '

∨α(m−1)
S2.

Proof. If x is a nonnegative integer written in binary notation and A ⊆ N is a finite set, then we denote
by xA the number obtained from x by flipping the i-th digit for all i ∈ A. We will write xi or xi,j as a
shorthand for x{i} and x{i,j} for i > j, respectively.

Let x = m− 1. The vertices of L2
m are all numbers smaller than x which can be obtained from x by

flipping one or two digits. These are

(i) xi whenever the i-th digit of x is 1, and
(ii) xi,j , for all i > j ≥ 0, whenever the i-th digit of x is 1.

There is an edge between vertices xA and xB in L2
m if and only if the symmetric difference satisfies

|A4B| ≤ 2.
Recall that we decompose x as x = 2i1 + · · ·+ 2il , where i1 > · · · > il. In particular, all the vertices of

the form (i) above are xi1 , . . . , xil , and the vertices for (ii) are xi,j , where i = ik for some k, and where
0 ≤ j < ik is arbitrary. For 1 ≤ k ≤ l+ 1, let L2

m,k be the subgraph of L2
m induced by all the vertices of

the form xi,j , together with xik , . . . , xil . In particular L2
m,1 = L2

m is the full graph, and L2
m,l+1 denotes

the subgraph induced by the xi,j vertices only; see Figure 6.

100 101

001

011010

110

100 101

001

010

110

100

001

010

110

100

001

010

Figure 6. Let m = 8, so x = m − 1 = 22 + 21 + 20 is 111 in binary. We show the
graphs graphs L2

8,k for k = 4, 3, 2, 1. Note L2
8,1 = L2

8.

We will prove by induction on k, starting from k = l + 1 and going down to k = 1, that Cl(L2
m,k) is

homotopy equivalent to a wedge of 2-spheres, where the number of 2-spheres in the wedge sum is

(2)

l∑
s=3

(s− 2)is +

l−2∑
s=k

(l − s− 1).

The lemma will then follow by taking k = 1, since
∑l−2
s=1(l − s − 1) =

(
l−1
2

)
, and so the number of

2-spheres is α(m− 1) (see Equation (1)).
We start the induction at k = l + 1. Recall that L2

m,l+1 is the subgraph of L2
m induced by the xi,j

vertices only. Note that if |A| = |B| = 2, then xA and xB are connected by an edge in L2
m,l+1 if and

only if A ∩B 6= ∅. This establishes Cl(L2
m,l+1) as an induced subcomplex1 of the independence complex

of a Kneser graph with vertices (such as xi,j) corresponding to subsets of size two. We will determine
the homotopy type of Cl(L2

m,l+1) by borrowing Barmak’s ideas from [12, Theorem 4.11]. The maximal

simplices of Cl(L2
m,l+1) are of the form

• σ(is) := {xi1,is , . . . , xis−1,is} ∪ {xis,j | j < is}, as s varies over 1, . . . , l, or
• τ(it, is, j) := {xit,is , xit,j , xis,j}, for it > is > j.

1If x = 2n − 1, i.e. if m = 2n, then we have exactly the independence complex of the Kneser graph, since there is a
vertex xA for every subset A ⊆ {0, . . . , n− 1} with |A| = 2. A sign that this method may be harder for r > 2 is that the

independence complexes of higher Kneser graphs are not well-understood, to our knowledge.
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The star cluster SC(σ(i1)) = SCCl(L2
m,l+1)

(σ(i1)) contains all of the simplices σ(is) because σ(is) ∈
st(xi1,is) ⊆ SC(σ(i1)) for every s. Also, τ(i1, is, j) ∈ SC(σ(i1)) for any i1 > is > j. However if t ≥ 2,
then the simplex τ(it, is, j) is not in SC(σ(i1)), although its boundary is. Therefore, Cl(L2

m,l+1) is

obtained from SC(σ(i1)) by attaching 2-cells along their boundaries, one 2-cell for each triple it, is, j
with it > is > j ≥ 0 and t ≥ 2. Recall that SC(σ(i1)) is contractible by [12, Lemma 3.2], and therefore
Cl(L2

m,l+1) is homotopy equivalent to the quotient Cl(L2
m,l+1)/SC(σ(i1)), which by the prior sentence

is homotopy to a wedge sum of 2-spheres. The number of 2-spheres is equal to the number of 3-tuples

it > is > j ≥ 0 with t ≥ 2, which is
∑l
s=3(s−2)is. Indeed, once we fix s, then there are is ways to choose

j and s − 2 ways to choose t. So Cl(L2
m,l+1) is homotopy equivalent to a wedge sum of

∑l
s=3(s − 2)is

copies of the 2-sphere, as desired for Equation (2).
For the inductive step, suppose we have Equation (2) for k + 1 ≤ l + 1, and we want to prove it

for k. Recall that L2
m,k arises from L2

m,k+1 by adding the vertex xik , i.e. Cl(L2
m,k) \ xik = Cl(L2

m,k+1).

Consider the link lkCl(L2
m,k)

(xik). It is the clique complex of the subgraph of L2
m induced by the vertex

set X1 ∪X2 ∪X3, where we define

X1 = {xik+1
, xik+2

, . . . , xil}
X2 = {xik,ik−1, xik,ik−2, . . . , xik,0}
X3 = {xi1,ik , xi2,ik , . . . , xik−1,ik}.

Each of the subsets X1 and X2∪X3 induces a clique, hence a simplex in the clique complex. (The subset
X1 is empty if k = l.) Moreover, there are edges between xis and xik,is for every s = k+ 1, . . . , l, and no
other edges. It follows that lkCl(L2

m,k)
(xik) is contractible when k = l, as it is a single simplex. Similarly,

lkCl(L2
m,k)

(xik) is contractible when k = l − 1, as it is obtained by connecting two simplices via a single

edge. Furthermore, lkCl(L2
m,k)

(xik) is homotopy equivalent to a wedge of l − k − 1 copies of the circle

S1 for k ≤ l − 2. The inclusion lkCl(L2
m,k)

(xik) ↪→ Cl(L2
m,k+1) is null-homotopic since, by induction, the

latter is homotopy equivalent to a wedge of 2-spheres. By Lemma 5 this leads to the splitting

Cl(L2
m,k) ' Cl(L2

m,k+1) ∨ Σ lkCl(L2
m,k)

(xik)

up to homotopy type. The induction step proving Equation (2) is therefore complete, since the number
of S2 wedge summands increases by zero if k = l or l − 1, and by l − k − 1 if 1 ≤ k ≤ l − 2. �

100 101

001

011010

110

Figure 7. A figure for the inductive step for Equation (2) in the proof of Lemma 7. Let m = 8,
so x = m − 1 = 22 + 21 + 20 is 111 in binary. We have i1 = 2, and xi1 = 21 + 20 is 011 in binary.
We see that lkCl(L2

8,1)
(xi1), drawn in blue, is a single circle. In this example, X1 is the single edge

between 101 and 110, and X2 ∪X3 = X2 is the single edge between 001 and 010.

Theorem 8. The space Cl(G2
m) is homotopy equivalent to a wedge of

∑m−1
k=0 α(k) copies of the 3-sphere.

Proof. We proceed by induction on m. For base case m = 1, note that Cl(G2
1) is a single vertex. This

agrees with the fact that for m = 1 the sum returns α(0) = 0, and the 0-fold wedge sum of 3-spheres is
a single point as well.

For the inductive step, assume that Cl(G2
m−1) is homotopy equivalent to a wedge of

∑m−2
k=0 α(k)

copies of the 3-sphere. Recall that Cl(G2
m) \m = Cl(G2

m−1), and that lkCl(G2
m)(m) = Cl(L2

m). We now

consider the inclusion Cl(L2
m) ↪→ Cl(G2

m−1). By induction, and by the description of Cl(L2
m), this map is

null-homotopic, because it goes from a homotopy wedge of 2-spheres to a homotopy wedge of 3-spheres.
Therefore, by Lemma 5 we have

Cl(G2
m) ' Cl(G2

m−1) ∨ Σ Cl(L2
m)
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up to homotopy type. By Lemma 7 this proves that Cl(G2
m) is homotopy equivalent to a wedge of

3-spheres, and that the number of 3-spheres has increased by α(m − 1) over those in Cl(G2
m−1). This

give
∑m−1
k=0 α(k) copies of the 3-sphere in total. �

The main theorem now follows as a special case.

Proof of Theorem 1. Let n ≥ 3. Our task is to show that the Vietoris–Rips complex VR(Qn; 2) is
homotopy equivalent to the cn-fold wedge sum of 3-spheres, namely

VR(Qn; 2) '
∨cnS3, where cn =

∑
0≤j<i<n

(j + 1)(2n−2 − 2i−1).

From Theorem 8, we have that

VR(Qn; 2) = Cl(G2
2n) '

∨∑2n−1
k=0 α(k)

S3.

We compute
∑2n−1
k=0 α(k) as follows. Recall α(k) = (i3 + 1) + 2(i4 + 1) + · · · + (l − 2)(il + 1) if k =

2i1 + 2i2 + · · ·+ 2il with i1 > i2 > · · · > il. By looking carefully, we see that the sum
∑2n−1
k=0 α(k) can be

obtained as follows. For every pair of positions (i, j) with i > j in the binary representation, if we add
j+ 1 once for every instance where k = · · ·+ 2i + · · ·+ 2j + · · · ≤ 2n− 1 and 2i is not the leading term in

k, then the result will be
∑2n−1
k=0 α(k). There are 2n−2 − 2i−1 numbers k with 0 ≤ k ≤ 2n − 1 for which

that happens, giving

2n−1∑
k=0

α(k) =
∑

0≤j<i<n

(j + 1)(2n−2 − 2i−1) = cn.

�

4. Conclusion and open questions

We conclude with a description of some open questions. We remind the reader of Questions 2–4 in
the introduction, which ask if VR(Qn; r) is always a wedge of spheres, and what the homology groups
and homotopy types of VR(Qn; r) are for 3 ≤ r ≤ n − 2. Below we give some more refined versions of
these questions.

Question 9. Does Cl(Grm) collapse to its (2r − 1)-skeleton? If so, this would in particular imply that
the homology groups Hi(Cl(Grm)) are zero for i ≥ 2r.

Question 10. Is H̃i(Cl(Grm)) ∼= H̃i(Cl(Grm−1))⊕ H̃i−1(Cl(Lrm)), where H̃i denotes reduced homology?

Question 11. Is the inclusion ι : Cl(Lrm) ↪→ Cl(Grm−1) null-homotopic for all m and r?

Recall that Cl(Lrm) is the link of the vertex m− 1 in Cl(Grm). The inclusion ι : Cl(Lrm) ↪→ Cl(Grm−1)
has as cofibre Cl(Grm), i.e.

Cl(Grm) = Cl(Grm−1) ∪ι stCl(Gr
m)(m− 1).

By Lemma 5, an affirmative answer to Question 11 would provide a homotopy equivalence Cl(Grm) '
Cl(Grm−1)∨Σ Cl(Lrm). So an affirmative answer to Question 11 would also provide an affirmative answer
to Question 10, and it would also follow that the inclusion Cl(Grm−1) ↪→ Cl(Grm) induces an injection in
homology.

In the proof of Theorem 8 we show that Question 11 is answered in the affirmative when r = 2.
Computational evidence shows that Question 10 is also answered in the affirmative when r = 3 and
n ≤ 64.
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[60] Žiga Virk. Footprints of geodesics in persistent homology. arXiv preprint arXiv:2103.07158, 2021.
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