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VIETORIS-RIPS METRIC THICKENINGS OF THE CIRCLE

MICHAEL MOY

ABSTRACT. Vietoris—Rips metric thickenings have previously been proposed as an alternate approach
to understanding Vietoris—Rips simplicial complexes and their persistent homology. Recent work has
shown that for totally bounded metric spaces, Vietoris—Rips metric thickenings have persistent homology
barcodes that agree with those of Vietoris—Rips simplicial complexes, ignoring whether endpoints of bars
are open or closed. Combining this result with the known homotopy types and barcodes of the Vietoris—
Rips simplicial complexes of the circle, the barcodes of the Vietoris—Rips metric thickenings of the circle
can be deduced up to endpoints, and conjectures have been made about their homotopy types. We
confirm these conjectures are correct, proving that the Vietoris—Rips metric thickenings of the circle
are homotopy equivalent to odd-dimensional spheres at the expected scale parameters. Our approach
is to find quotients of the metric thickenings that preserve homotopy type and show that the quotient
spaces can be described as CW complexes. The quotient maps are also natural with respect to the scale

parameter and thus provide a direct proof of the persistent homology of the metric thickenings.

1. INTRODUCTION

Vietoris—Rips simplicial complexes have gained attention recently because of their use in applied topol-
ogy, and in particular, they provide a practical method of computing persistent homology. This method
is justified theoretically by stability theorems that show Vietoris—Rips persistent homology handles per-
turbations to the underlying space well ([§]). Despite their use and these stability theorems, there is
still a limited theoretical understanding of the topology of Vietoris—Rips complexes, even for simple
underlying spaces. One significant discovery in this area was the homotopy types of the Vietoris—Rips
complexes of the circle, given in [2]. This built on previous work in [I], which gave the homotopy types
of finite numbers of evenly spaced points on the circle; along with the stability of persistent homology,
these finite cases suggested reasonable conjectures for the Vietoris—Rips complexes of the circle. This
understanding of the Vietoris—Rips complexes of the circle has led to an improved interpretation of the
persistent homology of more general spaces: [17] shows that certain loops in a space may be detected by
persistent homology, as they contribute persistent homology bars similar to those of the circle.

Other work in this area has improved the understanding of the homotopy types of Vietoris—Rips
complexes of general n-spheres at low scale parameters: two distinct approaches of [13] and [I8] apply
in a range of scale parameters where the homotopy type of the n-sphere is recovered. Furthermore, [I3]
describes how their results in fact improve upon those implied by Hausmann’s theorem ([I0]), which
states that in the more general setting of Riemannian manifolds, the Vietoris—Rips complexes recover
the homotopy type of the manifold at low scale parameters (in a range depending on the manifold).

Vietoris—Rips metric thickenings, along with more general simplicial metric thickenings, were intro-
duced in [3] and provide an alternate approach. Their topology agrees with Vietoris—Rips complexes in
the case of finite underlying spaces but can differ in general. However, results in [14] and [5] show that,
under reasonable conditions, the persistent homology barcodes of Vietoris—Rips metric thickenings agree
with those of Vietoris—Rips complexes, ignoring differences of open or closed endpoints of bars. This
suggests a close topological relationship between these two constructions. In particular, the barcodes of
the Vietoris—Rips metric thickenings of the circle agree with those of the Vietoris—Rips complexes of the
circle, which provides some evidence that the homotopy types should agree. The homotopy types of the
metric thickenings were in fact already conjectured based on the known homotopy types of the simplicial
complexes: see for example Conjecture 6 of [4]. The homotopy types of the metric thickenings of the

circle have previously been found for only low scale parameters [3 [ [6]. More generally, Theorem 5.4
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of [3] identifies the first new homotopy type, S™ * %‘i‘l), that appears in the filtration of Vietoris—Rips
metric thickenings of any n-sphere. The proof applies at the single lowest scale parameter at which the
metric thickening is no longer homotopy equivalent to the n-sphere.

We will use the intuition provided by these previous results to find all homotopy types of the Vietoris—
Rips metric thickenings of the circle. The main results are the following homotopy types, given in

Theorem 2}

2k+1 : 2kw  (2k+2)7w
S ifr e [2k+17 2513 )

{*} if r >m.

Our technique will first show the metric thickenings are homotopy equivalent to CW complexes, which

VRZ(S%;r) ~ {

provide a clear understanding of why these homotopy types appear. These CW complexes provide a
much simpler view of the metric thickenings and will in fact be constructed as quotients of the metric
thickenings. The quotients will identify each measure with a measure supported on an odd number of
regularly spaced points on the circle; a large part of our work will be dedicated to constructing the
quotient maps and showing they are homotopy equivalences.

The CW complexes reveal the homotopy types of odd-dimensional spheres as follows. For k£ > 0 and
c [ 2kn  (2k+2)w
2k+1° 2k+3

is glued by its two endpoints to the 0-cell to create a circle, which should be viewed as the underlying

) as shown above, there is one n-cell for each dimension 0 < n < 2k + 1. The 1-cell

copy of S'. For k > 1, the metric thickening contains measures supported on three evenly spaced points
around the circle, which can be viewed as points of a triangle, so we obtain a subspace of triangular
measures on a set of triangles parameterized by a circle. The single two cell is represented by a single
distinguished equilateral triangle and is glued by its boundary to the circle to produce a 2-disk. The
remaining triangles are parameterized by an interval, so adding in the remaining triangular measures
amounts to gluing in a 3-cell. The boundary of this 3-cell is glued to the contractible 2-disk, producing a
space homotopy equivalent to S3. Higher dimensional spheres appear similarly. For the final two steps,
a single distinguished 2k-cell, represented by measures supported on a chosen set of 2k + 1 evenly spaced
points, is glued into the previous (2k — 1)-sphere to produce a 2k-disk, and then a (2k + 1)-cell is glued
in by its boundary, giving a space homotopy equivalent to S2*+1,

— A =
- a

FIGURE 1. The CW complex giving the homotopy type of S? has one cell in dimensions
0, 1, 2, and 3. The 2-cell is a triangle and is glued by its boundary to the circle. The
3-cell is a triangular prism with cross sectional triangles corresponding to all equilateral
triangles on the circle. Both of its triangular faces are glued to the 2-cell, with the top
face rotated by %’r The rectangular faces are collapsed to the circle.
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This approach of reducing to a CW complex is reminiscent of Morse theory and will hopefully con-
tribute to the development of a more general Morse-like theory for simplicial metric thickenings. Morse-
theoretic ideas have previously been applied to related problems. One such idea is described in [I1], and
this work was later found to be closely related to Vietoris—Rips complexes; see [13]. The main result
of [I1] in fact implies the homotopy type of S® in the case of Vietoris—Rips complexes of the circle.
Discrete Morse theory has also been applied to the study of the Vietoris—Rips complexes of spheres: [18]
uses a version of discrete Morse theory to show the complexes recover the homotopy types of n-spheres
at low scale parameters.

This paper is organized as follows. In Section [2] we provide the relevant background information
on Vietoris—Rips metric thickenings and give a useful technique for constructing homotopies in metric
thickenings. Section [3] describes properties of the Vietoris—Rips metric thickening of the circle that will
be used throughout, many of which suggest the methods of the later sections. In Section [4] we give
background information and basic results related to quotients and the homotopy extension property, and
we show that certain pairs of subspaces of the metric thickenings of the circle have the homotopy extension
property. Section [5| describes homotopies that collapse certain subspaces of the metric thickenings, and
in Section[6] we piece these homotopies together, defining a quotient map that is a homotopy equivalence.
In Section [7, we show this quotient has the CW complex structure described above and use the CW
complex to find the homotopy types of the metric thickenings. As a final result, in Section [§] we find the
persistent homology of the metric thickenings directly, that is, without relying on any previous knowledge
about the simplicial complexes.

2. BACKGROUND, NOTATION, AND CONVENTIONS

We begin with an overview of Vietoris—Rips metric thickenings and the concepts from optimal trans-
port used to define them. Details and further properties sufficient for our purposes can be found in [3],
and more general constructions and technical discussions can be found in [5].

2.1. Spaces of Probability Measures and the Wasserstein Distance. For any metric space (X, d),
we let Pfi"(X) be the space of finitely supported probability measures on X with the 1-Wasserstein
distance. We write the 1-Wasserstein distance as dy for any space (and from Section on7 it will always
be the 1-Wasserstein distance on subspaces of Pf"(S1)). Each finitely supported probability measure
p € Pi(X) can be written as a convex combination of delta measures: p = i, aiby, where a; > 0 for
each 1, Z?:I a; = 1, each §,, is the delta measure at x;, and z1,...,z, € X. We can think of each a; as
the amount of mass located at the point x;. We write the support of a measure u € Pi%(X) as supp(u),
so if u =31 | a;0,,, we have supp(u) = {x; | a; > 0}.

The 1-Wasserstein distance can be thought of in the language of optimal transport: we will imagine
transporting the mass of one measure to the mass of another, where moving a mass of m from z to z’
costs m - d(z,z"). In our setting of finitely supported probability measures, the 1-Wasserstein distance
has a simple description. A transport plan between two measures p =Y .- | a;0,, and p/ = Z?/:l a0,
can be described by a matching, an indexed set K = {k;; | 1 <i <n,1 < j <n'} of nonnegative real
numbers such that Y7 | k; ; = a for each j and Z;/:l ki; = a; for each i. Each k;; represents the
mass transported from z; to x} and we will sometimes succinctly describe matchings by describing how
mass is transported. The cost of this matching is defined by cost(k) = >\, Z?,:l wijd(xs,2%). The
1-Wasserstein distance between p and p’ is then given by

n TL/
dw (j, 1) = igf(cost(n)) = inf ZZde(mhx;) ,
i=1 j=1
where the infimum is taken over all matchings x from p to p’. In this setting of finitely supported
measures, the infimum is always attained (the space of matchings is a compact subset of R”'”/), and a

matching x from p to p’ such that cost(k) = dw (u, ') will be called an optimal matching.
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A convenient way of working with topology of Pfi*(X) comes from the relationship between the
Wasserstein distance and weak convergence. A sequence of measures {fi,}n>0 in Pi(X) is said to
converge weakly to p € P (X) if limy o0 [ f dptn = [y f dp for all bounded and continuous f: X — R.
We record the following result in language that applies to our work: for a more general statement, see [16].

Lemma 1. Let X be a Polish bounded metric space and suppose {fin}n>0 is a sequence of measures in
Pin(X). Then {pn}n>0 converges weakly to p € Pi(X) if and only if lim,, o dyy (ftn, 1) = 0.

Proof. This is a special case of Theorem 7.12 of [16] (the case of bounded metric spaces is mentioned in
Remark 7.13(iii) following the theorem). d

We will be interested in the case where X = S'. The lemma applies since S! is a Polish space: it
is separable and is complete with respect to either the usual Euclidean metric or the geodesic metric,
which we describe in Section 2.3l

2.2. Vietoris—Rips Metric Thickenings and Support Homotopies. For » € R, the traditional
Vietoris-Rips simplicial complex VR< (X 7) has all finite subsets of X of diameter at most r as simplicesﬂ
To define the Vietoris—Rips metric thickening, we replace the points of the simplices in this definition
with the corresponding finitely supported probability measures. That is, we define the Vietoris—Rips
metric thickening VRZ(X;7) to be the subspace of Pi"(X) consisting of all measures p such that
supp(p) has diameter ‘at most 7. The topology of VRZ(X;r) is thus the metric topology given by
the 1-Wasserstein distanceﬂ For all » > 0, the origingml metric space X is isometrically embedded
in VRZ(X;r) by the map « — ¢,. The corresponding inclusion from X into the simplicial complex
VR< ()Z' ;) is not even necessarily continuous, as the vertices of a simplicial complex form a discrete
subspace; this is an important difference between the topologies of metric thickenings and simplicial
complexes. We can extend the map x +— J, above by taking convex combinations to obtain a bijection
VR<(X;7r) = VRZ(X;r), which is in fact continuous. The inverse VRZ (X;r) — VR<(X;r), however,
is not necessarily ‘continuous (X can be naturally embedded in VRZL(X ;) as above, but this is not
necessarily true for VR<(X;r)). -

We now show that the metric thickening topology allows for a convenient way of constructing homo-
topies in VR (X; 7). In fact, we consider the more general setting of subspaces of Pfi"(X). The following
lemma shows that if X is bounded, then continuously deforming the supports of measures in a subset
U C Pi%(X) results in a homotopy U x I — X, as long as all measures remain in U as their supports
are deformed. We will allow the motion of a mass at a point = in supp(u) to depend on both x and p,
so we begin with a homotopy on the subspace Q(X,U) = {(x,u) € X x U | x € supp(p)} € X x U. We
define a support homotopy in U to be a homotopy H: Q(X,U) x I — X such that for any ¢ € I and
any 1=y i a0y, € U with a; > 0 for each i, we have Y7 | a;0p(x,; 1) € U (here we require y to be
written with each a; positive so that x; € supp(p), making (z;, i, t) in the domain of H). The following
lemma shows that a support homotopy in U induces a homotopy H:U x I — U if X is bounded. The
proof uses ideas similar to the proof of Lemma 5.2 of [3].

Lemma 2. Let (X,d) be a bounded metric space and let U C Pin(X). If H: Q(X,U) x I — X is a
support homotopy in U, then H: U x I — U given by H(p,t) = 37" 1 ai0p(w; pp) for p = Y11 ailg,
with a; > 0 for each i, is well-defined and continuous.

Proof. Up to reordering, there is a unique way to write a measure p € U C P (X) as p = S aiby,
with a; > 0 for each ¢ and with zq,...,z, distinct. Note that if z1,...,z, are not distinct, this does
not affect the value of H(u,t), so H(u,t) is uniquely determined for each (i,t) € U x I. Furthermore,
by definition of a support homotopy, H does in fact send elements of U x I into U, so it is a well-defined

IWe use the < convention, which includes simplices that have a diameter of exactly r. Also note that we use the same
definition for all r € R, so that for » < 0, VR<(X;r) is empty.
2If X is a bounded metric space, then any p-Wasserstein distance with p € [1,00) gives VR (X; ) the same topology: this
is discussed (in more generality) in [5]. B
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function; we must show it is continuous. Since X is bounded, let C' > 0 be such that d(z,y) < C for
any z,y € X. Fixt € I and p =Y ; a;0,, € U with each a; > 0. To show continuity of H at (1, 1), let
€ > 0. Using continuity of H at the finitely many points (x1, i, t), ..., (s, p, t), there exist 9y, 12,13 > 0
such that for each 4, if (y,p/,¢') € Q(X,U) x I satisfies d(x;,y) < n1, dw (u, ') < m2, and |t — /| < 73,
then d(H (zq, p,t), H(y, ¢/, t")) < 5. We will reduce 7y if necessary so that 0 < 7y < 5&.

Suppose (¢, t') € U x I satisfies dw (p, p') < m2 and |t — | < 13, where p/ = Z;il a0y Then there
exists a matching {x; ;} from p to p' such that }°, ; ki jd(wi, 25) < m2. Let A ={(4,j) | d(z;,2}) > m}
and B = {(i,7) | d(x;,2;) <m}. Then we have

d(z;, x"
Z Ki,j < Z /ﬁ"jM < @ < %
(i)€A (i.5)€A n n

We can use the same {k; ;} to define a matching between the measures H(p,t) = > Q0 () a0d

H(,t) = Z;ll:l a}&H(137#/7t/), and by our choice of 71,72, and 73, we have

dW(H(/J/7 t)) H(/J'lv tl))
< Z Ki,jd(H(xiv My t)v H({E;, :U//a tl))
‘7j

= Z K}i’jd(H(xh/l/,t),H(.’E;,/I/7t/>)+ Z K}i’jd(H(.’Eh/L,t),H(.’I,';',M/7t/))
(i,5)€A (i,j)€B
€

< Z Hiij‘i’ Z K:i’ji

(i,5)eA (i,j)€B

€ €

e N
S0 "3
=E€.

Therefore H is continuous at (u, t). O

2.3. Coordinates on the Circle. We now describe some conventions for our work with the circle. The
straightforward techniques here will be used in detail later. We give the circle S* the geodesic metric,
written dg1, which assigns to two points the arc length of the shorter arc between them. We will typically
use an angle enclosed in square brackets to indicate a point on the circle: that is, [0] = (cos(6),sin(0)).
The square brackets can be thought of as denoting equivalence classes of points identified by the map
R — St given by 6 — (cos(),sin(d)). Thus, [61] = [fe] if and only if §; — 0 is an integer multiple
of 2mr. We can then describe the distance between two points easily: without loss of generality, two
points can be written as [#;] and [f3] with 6 < 65 < 0; + 7, and the distance between them is given by
ds1([01], [02]) = 02 — 01.

It will be convenient to identify the circle minus a point with an open interval of length 27 on the real
line in a way that preserves distances locally. For any angle 6y € R and any chosen point yy € R, we can
make this identification by a coordinate system x: S — {[#p]} — R defined by

z([0]) = yo + 6 — b,

where the representative 6 for [f] is taken in the interval (6y, 09+ 27). The image of x is thus (yo, yo+27).
We will describe such an z as a coordinate system that excludes [fp]. The 2r-periodic function 7: R — St
given by
7(2) = (cos(z + b — yo), sin(z + 6o — yo))

is a left inverse for z, that is, 7 o z([f]) = [0] for [0] # [fy]. Composing in the other direction, we have
xoT(z) =z for z € (yo,yo + 27). We note that 7 preserves distances that are at most 7. In general, we
have dg1(7(21),7(22)) < dr(z1, 22), that is, 7 is 1-Lipschitz. We will only use coordinate systems defined
as x is above, and we will also call (z,7) a coordinate system to indicate that 7 is the 27-periodic left
inverse for z.



We can convert between the coordinate system z and another, 2’: S* — {[0]} — R, defined by
' ([0]) = o + 6 — 6,

where the representative 6 for [f] is taken in the interval (6,6 + 27). We will assume without loss of
generality that 8y < 6 < 6y + 2m. These coordinate systems are related as follows:

(yo — yb) + (8 — 6p) — 27 if 6y < 0 < 6

x ([0 —33/ 0]) =
(161) (1) {(yoyé)Jr(%go) if 6y < 6 < 8y + 2,

where here we choose the representative 6 for [0] from the intervals (g, 6])) or (6(, 60 + 27). If 7 and 7/
are the periodic left inverses, then we must have

7(2) =7'(z = (o — yo) — (65 — 6o))-

2.4. The Vietoris—Rips Metric Thickenings of the Circle. Our main goal is to find the homotopy
type of VR?(S';r) for each 7. The homotopy types and the persistent homology barcodes of the
Vietoris—Rips complexes of the circle were found in [2]. Results in [14] and [0] show that the barcodes
of the Vietoris—Rips metric thickenings of the circle agree, ignoring whether endpoints of bars are open

or closed. Combining these results shows that Vietoris—Rips metric thickenings have one persistent
2km and (2k+2)m
2k+1 2k+3 -
We will show that the Vietoris—Rips metric thickenings of the circle have homotopy types of odd

homology bar in each odd dimension 2k + 1, with endpoints

dimensional spheres in these intervals, as the barcodes suggest. Lemma 2] will be a key tool: it will allow
us to define homotopies in VR?(S*;r) by sliding support points along the circle. We use this technique
to collapse the metric thickenin?g down to the CW complex described in the introduction, which we show
has the same homotopy type. The construction of this collapse will depend on properties specific to the
Vietoris—Rips metric thickenings of the circle, explored in the next section.

3. ODD NUMBERS OF ARCS ON THE CIRCLE

A surprising amount of the structure of Vietoris—Rips metric thickenings of the circle will depend on
the following simple observation. Consider n distinct pairs of antipodal points on the circle, with one of
each pair colored blue and the other red. Given such a set of red and blue points on the circle, consider
the maximal length open arcs on the circle containing at least one blue point and no red points. We can
show by induction that there will always be an odd number of these maximal blue arcs. There is one arc
for n =1 or n = 2, and adding a new pair changes the number of arcs only if the blue point is placed
between two consecutive red points. This introduces a new blue arc, but it also splits a previous blue
arc, since the antipodal red point was placed between two consecutive blue points. Therefore, each new
antipodal pair introduced increases the number of maximal blue arcs by either 0 or 2.

We find similar behavior in finite subsets of S* with constrained diameter. Let r € [0, 7), and consider
a nonempty set © = {[0],...,[0,]} C S! with diam(©) < r. Since © cannot contain a pair of antipodal
points, we may color the points in © blue and the points opposite them red, obtaining the situation
described above. Furthermore, for any [0;] € ©, the open interval of length 2(m — r) opposite [0;] does
not contain any other point in ©; we call a point in any such interval excluded by ©. Let a (©;r)-arc be a
closed arc of maximal length such that there is at least one point of © contained in the arc and no point
excluded by © is contained in the arc. We allow the case where a (©;r)-arc consists of an individual
point. This simply shrinks the blue arcs described in the case of antipodal pairs, so the number of
(©;r)-arcs is still odd. Let arcs,(©) be the number of (©;r)-arcs.

If w € VRZ(SY;7), then by definition diam(supp(x)) < r, so the definitions above may be applied
with © = sup;p(u). In this case we will call a (supp(u),r)-arc a (u,r)-arc, and will write arcs,(u) for
arcs, (supp(u)). For any [6] in supp(u), we call any point in the open interval of length 2(7w — r) opposite
[0] a point ezcluded by p (note that this definition depends on the parameter r — we will use this term
when r is understood). The set of all points excluded by p may be called the excluded region of p; this

is the set of points that are at distance greater than r from some point in supp(p). Thus, a (u,r)-arc
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FIGURE 2. Visualization of ©-arcs and points excluded by ©. The blue points are points
of ® and the red points are the points opposite them. The blue arcs show the ©-arcs
and the red arcs are excluded by ©.

is a closed arc of maximal length such that there is at least one point in supp(u) contained in the arc
and no point excluded by p is contained in the arc. Each point in supp(u) is contained in exactly one
(u,7)-arc, and as above, the number of (u,r)-arcs is odd. Note that (u,r)-arcs are defined entirely in
terms of supp(p), so if p and p’ have the same support, then the (u,r)-arcs agree with the (u’, r)-arcs.
For any k > 0, let Vagy1(r) be the set of all measures u € VRZ (S*;r) that have exactly 2k +1 (,7)-
arcs, and let Wop1(r) = Uf:o Vai+1(r) be the set of measures p with at most 2k + 1 (u,r)-arcs. For
convenience, we will let V_;(r) and W_;(r) be empty. By definition, the Var41(r) are disjoint, and their
union over all £ > 0 is VR’;(S L ). We will mostly work with a fixed parameter r and will often suppress
the 7 from the notation. In particular, we will often write the sets of measures above as VRZ (S1), Vog1,
and Wopy1, and we will use the terms ©-arc and p-arc when r is fixed or understood from context.
For r € [0,7), the region excluded by a point in the support of a measure has length 2(w — r) > 0,
so there is a maximum number of arcs a measure in VRZ (S*;r) can have. Thus, Vay41(r) is empty for
all sufficiently large k. From here on, we let K = K(r) be the largest value of k such that Var+1(r) is
nonempty; then VRZ(S1;r) = Vi(r) U+ U Vag1(r) = Wagi1(r). To find K, note that in order for
a measure 4 to have 2k + 1 arcs, the set of points excluded by g must be split into 2k 4+ 1 connected
components. Since the open arc of length 2(m — r) opposite any point of supp(u) is excluded, this can

only happen if 2(m — r)(2k + 1) < 27, or equivalently r > 22,;:’_71. Conversely, if r > %, then any
measure with support equal to a set of 2k + 1 evenly spaced points has diameter 22/:?1 and is thus in
Vag+1(r). This shows Vag41(r) is nonempty if and only if r > 22&:1.

We summarize the properties described above in the following proposition.

Proposition 1. Letr € [0,7). For any p € VRZ(S';7), there are an odd number of (p,r)-arcs. Vagy1(r)

is nonempty if and only if r > 22]!“;“1, so K = K(r) is the unique integer such that 2215_@ <r< (225;;2:2”,

Thus, Vi(r), V3(r), ..., Vag41(r) partition VRZ (S';7), and VRZ (S';7) = Wag 41 (r).

The following lemma will allow us to determine when a measure p is in VRZ'(S') — Wo,_y (that is,
when 1 has at least 2k + 1 arcs). We will write it in the general setting of finite subsets of S*.

Lemma 3. Let r € [0,7) and let © be a nonempty finite set of points in S* with diam(©) < r. There

are at least 2k + 1 distinct (©,r)-arcs if there exist distinct points [0o], ..., [02k] € © such that if the
[0;] are colored blue and their antipodal points are colored red, the red and blue points alternate around
the circle. Conversely, if there are exactly 2k +1 (©,r)-arcs, then if [6g], ..., [#2x] are points in ©, each

contained in a distinct (©,r)-arc, then coloring the [6;] blue and their antipodal points red results in red
and blue points that alternate around the circle.



Proof. Both statements are trivially true if £ = 0, so we suppose k > 1. Suppose first that there exist
distinct points [fp], ..., [f2x] € © such that if the [f;] are colored blue and their antipodal points are
colored red, the red and blue points alternate. Each blue point belongs to a unique ©-arc, and each red
point is excluded by ©. Since the red and blue points alternate, for any pair of blue points, there is a
red point on each of the two arcs between the blue points. Therefore the blue points must be contained
in distinct ©-arcs, so there are at least 2k 4 1 distinct ©-arcs.

To prove the second statement, suppose there are exactly 2k 4+ 1 (0, r)-arcs (note that if k& > 1 and
there are 2k 4+ 1 (©,r)-arcs, we must have r > 2¥ > 25) Let [0y], ..., [f2x] € © with one [6;] in each

2k+1
O-arc. Color the [;] blue and the points opposite them red. We show there must be a red point on any

arc between any distinct blue points [0;] and [#;]; without loss of generality, we assume 6; < 0; < 6; + 27
and show there is a § € (6;,6;) such that [0] is a red point. If §; +7 < 6;, then [§; + 7] is a red point and
0; < 0; +m < 0;, so now consider the case where §; < 0; < 6; + m. Since [0;] and [#;] belong to different
©-arcs, there is a point excluded by © that can be represented by an angle in (6;,0;), so ; > 0, +2(7—1)
and there is a ¢ € [0; + 7 + (7 —1),0; + 7 — (7 — )] such that [#'] € ©. Since [#'] belongs to some
©-arc, there must be a blue point [0;] in this ©-arc, and without loss of generality, we can choose the
representative 0, such that 0y, € [6; + 7+ (r —r),0; + 7 — (m —r)]. Then [f; — 7] is a red point and
0; < 0 — m < 0;. Therefore there must be a red point on any arc between distinct blue points, so the
red and blue points alternate around the circle. O

The somewhat combinatorial nature of the definition of V541 and Way41 leads to interesting topo-
logical properties. In general, the V5511 are neither open nor closed, as shown in the following example.
However, we will see soon that each Way41 is closed, and we will provide a description of the closure of
Var41 in VRZ(S1).

Example 1. For any k > 1, suppose r € [0,7) is large enough so that Vaiy1(r) is nonempty. Then
Va1 contains measures supported on 2k + 1 evenly spaced points, and we can define a sequence with
a predictable limit by varying the mass placed at these points: define the sequence {py,}n>1 by

2k
pn = 28100+ Y (35 — 3 8 227
=1

For each n > 2, u, is in Vo4 1, since it has nonzero mass at each of the 2k + 1 regularly spaced points.
2k 1
j=1 2k

On the other hand, the sequence converges to = >
[Q(k-‘rl)ﬂ
2k+1
converges to a measure in Var_1. This shows Vo1 is not open in VR'S"(Sl) and Va1 is not closed in

v . .. 2k
5[22,3:1], which is in V5,_1 because [2k+1] and

| are in the same p-arc (since 0 is not in supp(u)). Thus, {fmn, }n>2 is a sequence in Vaiyq that

VR’;(S 1). Since this example applies whenever 1 < k < K, we see Vor11 is neither open nor closed if
1<k<K-1 If K> 0, then V; is not open and Vax 11 is not closed. We will see soon that V; is
always closed and Va4 is always open.

The following lemma shows that all measures sufficiently close to a fixed measure p have certain
properties determined by u.

Lemma 4. Let k > 0 and r € [0,7), and suppose u € Vayy1(r). For all € > 0, there exists an n > 0
such that the following statements hold for all v € VR’;(Sl; r) satisfying dw (1, v) < 7.

(1) For any [0] € supp(p), there is a [0'] € supp(v) such that dg:([6],[0]) < e.

(2) v € VRZ(SY;7) — Wag_1(r), that is, v has at least 2k + 1 arcs.

(3) If AO,A_l, ..., Ao are all the v-arcs, then for each i, define the closed arc A} by expanding A;
by T5* on both sides. Then v(Aj) = v(A;) for each i, the arcs Ag, AY, ..., Ay are disjoint,
supp() € Uj AL, and |u(Al) — v(A!)] < ¢ for all i

The length of 75 in is just used for convenience, and it could be replaced with an arbitrarily small

positive number. This length will also be used later when we need to expand arcs by a small amount.
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Proof. For (1)), let m = min{u([6]) : [0] € supp(x)}, noting that m > 0 because y is finitely supported.
Then moving any point mass of p a distance of ¢ costs at least me. Choosing n € (0, me), we find that
for any v € VRZ (S') satisfying dw (i1, v) < 1, there is a transport plan between p and v with a cost of
less than me, so each point in supp(p) must be at a distance less than e from some point in supp(v).
To show , choose one point in each p-arc that is in supp(u) to color blue, and color the points
opposite them red. We apply to choose 1 such that each point in supp(u) is at a distance less that

T—T

5~ from some point in supp(r). Then for each blue point, choose a point in supp(v) at distance less

than 5~ to color green, and color the points opposite the green points orange (here a point may be
colored both blue and green or may be colored both red and orange). Since the blue points are in distinct
p-arcs, the distance between any two of them is at least 2(m — r), and thus the green points are distinct;
so we have 2k + 1 points of each color. Since the red and blue points alternate by Lemma [3]and each red
point is at a distance of at least m — r from each blue point, the green and orange points must alternate
as well. So again by Lemma [3] v has at least 2k + 1 arcs.

Finally, we prove . By , we may choose 7 so that each point in supp(u) is within a distance of

T

5~ from some point in supp(v), and this will imply supp(u) C |J; 4. Since Ao, A1,. .., Ag are distinct

v-arcs, each is at a distance of at least 2(m — r) from all others, so each A} is at a distance of at least
m — r from all others. This shows that the A} are disjoint. For each 4, the only points of supp(v) in
A’ are those that are in A;, so v(A4;) = v(4;). In any transport plan between p and v, for each i, at
least a mass of |u(A}) — v(A})| must be transported from Aj to outside of Aj. Since all other A’ are at
a distance of at least m — r from A}, we must have |u(A;) — v(AL)|(m —r) < dw(p,v). Therefore, if we
require n < (m — r)e, we find that if dy (u,v) <n, then |u(A}) —v(A})| < e. O

For any k > 0 and any p € VRZ(S') — Wapq1, Lemma [4(2) above implies there is an open neigh-
borhood of p in which all measures have at least as many arcs as p. This neighborhood is therefore
contained in VRZ (S') — Wap11. This gives us the following lemma.

Lemma 5. For any r € [0,7) and any k > 0, Wary1(r) is closed in VRZ(S';r).

Note that in the case k = 0, we have W = Vi, so this lemma shows V; is closed in VRZ'(S!). This
lemma also implies Vori1 = Wopy1 — War—1 is open in Wy, g for each k. We now give7 an explicit
description of the closure of each Vaiy1: we will write the closure of Vay 1 (7) in VR (S;7) as Vag 1 (7).
Note that Lemma [5| already implies Va1 € Waryi. The following lemma shows that situations like
that in Example [1} in which a sequence in Vax41 converges to a point in Vai, 1 by altering the masses on

a fixed support, in fact account for all measures in V5 1. While this result is not unexpected, the proof
is long and we give it in the appendix.

Lemma 6. For allk >0 and allr € [0,7), p € Vagy1(r) if and only if supp(u) is contained in a finite
set T C St such that diam(T) < r and arcs,(T) = 2k + 1.

Lemma |§| will allow us to describe measures of VRZ(S1) in a concise and useful form. First, by
Lemma the closure of Vog 1 in Wapyq is Va1, and the interior of Vory1 in Wap1 is Vapy1. Therefore,
the boundary of Vojyq in Wapy1 is Vagy1 — Vory1. From here on, we write OVay 1 = Vory1 — Vory1 for
the boundary of Vori1 in Wagy1. Note that this is not necessarily the boundary of Vari in VRZ(S?),
as there may be points in Va41 that are not in the interior of Vop41 in VR? (S1) (see Example . By
LemmaEl7 we may write any measure j € Vapy1 as j = Z?io a;jt; where | J; supp(u;) has 2k4-1 arcs, each
H; is a probability measure supported on a distinct (|J, supp(u;))-arc, a; > 0 for each i, and ), a; = 1.
Furthermore, 1 € Vi1 if and only if a; = 0 for some i. If p € Vo1, then each a; is the amount of
mass in an individual p-arc, so in this case we will refer to the a; as the arc masses of u. When we write
pE Vapyy as i = Zfio a;p; meeting the description above, we will say p is written in (2k+1)-arc mass
form, or simply arc mass form when k is understood. The value of k is relevant, as measures may be
in m for multiple values of k (in general, the closures m are not disjoint, even though the Voi4 1
are disjoint: again, see Example [I)). If p € Vg1, both the set of y; and their corresponding a; are

completely determined by pu, so the arc mass form of y is unique up to reordering the sum. In general, it
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is not unique if g € OVai41, since if a; = 0, there are many choices for p;. We now expand on the ideas
of Lemma [4; the following lemma essentially shows that close measures have close arc masses.

Lemma 7. Let r € [0,7), and let each sum below express measures in arc mass form.

(1) Let k > 1, and let p € OVari1(r). For any € > 0, there exists an n > 0 such that if v =
Z?ﬁo biv; € Vari1(r) satisfies dw (u,v) <n, then b; < e for some i.

(2) Let k > 0, and let p = Z?io aipy; € Vapy1(r). For any e > 0, there exists an n > 0 such that
ifv = Z?io biv; € Vopy1(r) satisfies dw (p,v) < n and Ao, ..., Asi are closed arcs obtained by
expanding the v-arcs by 5= on both sides, then possibly after reordering, we have supp(u;) C Aj,
a; = W(A;), by = v(4;), and |a; — b;| < € for each i.

Proof. To prove , suppose v = Z?ﬁo biv; € Vopy1(r) is written in arc mass form and satisfies
dw (p,v) <. For each i, supp(u) must have a point within ;- of some point in supp(v;), otherwise the
mass of b;v; could not be transported for a cost of less than 17. We now suppose for a contradiction that
#{b} < T5*. For each i, we may choose a point in supp(v;) to color green and a point in supp(u)
within a distance of #{51} from this green point to color blue (here we allow a point to be colored both
green and blue). The green points are in separate v-arcs, so they are at distance at least 2(m — r) from

T
T2
color. Color the points opposite the blue points red and the points opposite the green points orange.

each other. Since #{b} < the blue points must be distinct, so we have 2k 4+ 1 points of each
By Lemma [3] the green and orange points alternate around the circle, and each green point is at a
distance of at least m — r from each orange point since diam(supp(r)) < r. Since #{b} < T3, this
implies the red and blue points alternate as well. But by Lemma [3| this implies p has at least 2k + 1

SO

arcs, contradicting the assumption that p € 0Vapy1. Therefore we can conclude that W > 5,

min; {b;} < % So given any ¢ > 0, setting n = "5"¢ gives the desired result.
To prove , let € > 0. Applying parts and of Lemma |4l we can choose an nn > 0 such

that for any v = Z?ﬁo biv; € Vary1(r) written in arc mass form and satisfying dw (u,v) < 7, the

T—r

following hold: each point in supp(p) is within "5 of some point in supp(v), and letting Ao, ..., Aoy

m—r

be the disjoint closed arcs obtained by expanding the v-arcs by 5= on both sides, supp(u) € [J; 4; and

|(A;) —v(A;)] < e for each i. If k = 0, we are done, since Ay contains all points of supp(u) and supp(v),
so we can suppose k > 1. Reordering if necessary, we have b; = v(A;) by the definition of arc mass
form. We will show that for any ¢, the points of supp(u) contained in A; all belong to the same p-arc;
since supp(u) C |J; A;, this will imply that each A; contains some points of supp(p) and thus contains
exactly the points of supp(u) belonging to a particular p-arc. After reordering if necessary, this will show
a; = p(A4;) for each i. Suppose for a contradiction that [0:],[f2] € supp(u) are in distinct p-arcs and
that [0], [#2] € A;. Color one point of supp(p) in each p-arc blue, choosing [#1] and [f2] for their p-arcs,
and color the points opposite the blue points red. By Lemma [3, the red and blue points alternate, so
there is a red point [#'] contained between [#1] and [6;] in A;, and since [#'] is at distance at least 7 —r

from both [#;] and [f2], [#'] must in fact be contained in the v-arc contained in A;. Since there must be
7T§T‘
the fact that it is in a v-arc. Therefore if [61], [f2] € supp(u) N A;, they must belong to the same p-arc,

a point of supp(v) within of the blue point [#" 4+ 7], the point [#'] is excluded by v, contradicting

as required. O

We can now define certain subspaces of VRZ'(S 1) of interest and describe how these subspaces will
eventually be used to define a CW complex. As with our previous definitions, we will often omit the
parameter . For 0 < k < K, let Pogy1 = Po41(r) C VR;”(Sl; ) be the set of measures whose support

is 2k +1 evenly spaced points; we refer to these as regular polygonal measures. Each Paj 1 is nonempty if

2km
Z 2k+1"

of Pypy1 in VRTS”(S 1) consists of measures whose support is contained in a set of 2k + 1 evenly spaced

and only if Vog11 is nonempty, and by Proposition this holds if and only if r The closure Pay1
points (where not all of these points are required to be in the support). The set of measures with support
contained in a fixed individual (2k+ 1)-gon is homeomorphic to a 2k-simplex (and thus homeomorphic to

the disk Doy ), where a homeomorphism can be defined by taking linear combinations of delta measures to
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the corresponding linear combinations of vertices of a 2k-simplex. This homeomorphism sends a measure
with all 2k +1 points in its support to the interior of the simplex. Furthermore, Poy 1 = D?* x S, where
the S parameterizes the set of regular (2k + 1)-gons on the circle (this S* may be better thought of as

the quotient of S! by the action of These homeomorphisms can be checked using Proposition

Z
(2k+1)z>'
5.2 of [3], for instance. We define 0Pa11 = Pogt1 — Pogt1 = Pagy1 N OVagy1 since for k£ > 1, we have

the homeomorphism 9Py, 1 = S?8~1 x S1; however, Py 1 is in general not the boundary of Py in
VRZ(S'). Note that Py (r) consists of all delta measures, is equal to its own closure, and is homeomorphic
to S' by the canonical embedding of S* into VRZ'(S'). We also let Rop = Rar(r) € VRZ(S';r) be
the set of measures with support equal to the specific regular (2k + 1)-gon {[0], [%], e [%’fo{]} (the
choice of the polygon containing [0] is just for convenience; any fixed individual polygon could also be

used). Then Raj, C Vari1 and Ray is homeomorphic to the interior of a 2k-simplex. The closure Ry, of
Ry, in VRZ(S?) is the set of measures with support contained in {[0], [2113:1]’ Cee [22’,2_%’17]}, and we will
write Rgy = Roi, — Rag. Thus, for k > 1, the pair (Rax, ORay) is homeomorphic to (D?#, 52%=1). Note
that 0 Rgy, is not necessarily the boundary of Ry, in VRZ(S1). For k = 0, we let D° be a space with one
point, so Ry = DO, -

Our strategy for finding the homotopy type of VRZ'(S) will be to define (in Section @ a quotient

map ¢: VRZ(S') — VRZ(S!)/ ~ that is a homotopy equivalence. Under the equivalence relation ~,
cach measure of VRZL(ST) will be equivalent to exactly one regular polygonal measure, that is, one
measure in some ngJ:l. Thus, VRZ(S')/ ~ can be described by specifying how the closures P41 are
glued together by their boundaries. We further split each Pog11 into Rox and Poiy1 — Raok, which are
homeomorphic to an open 2k-disk and an open (2k + 1)-disk respectively. We will show that these form
open cells of a CW complex that is homeomorphic to VRZ(S')/ ~ and thus homotopy equivalent to
VRTS”(S 1). We thus have one cell in each dimension 0 < n S_ZK + 1, and these cells are glued together as
described in Section to give a space homotopy equivalent to S2%+1. In the following section, we record
some technical results that will allow us to describe a quotient map that is also a homotopy equivalence.

4. HOMOTOPIES, QUOTIENTS, AND THE HOMOTOPY EXTENSION PROPERTY

4.1. General Facts. This section covers some facts related to quotient maps and the homotopy exten-
sion property. We recall the relevant definitions. If X is a topological space and A C X, the pair (X, A)
is said to have the homotopy extension property (HEP) if given any homotopy H: A x I — Z and any
map f: X — Z such that f(a) = H(a,0) for any a € A, there exists a homotopy G: X xI — Z such that
Glaxr = H and G(_,0) = f. A fiber of a function is a preimage of a singleton. A surjective continuous
function g: X — Y is a quotient map if and only if it satisfies the following universal property: for any
space Z and any continuous f: X — Z that is constant on the fibers of ¢ (that is, ¢(z1) = q(z2) implies
f(x1) = f(x2)), there is a unique continuous function g: ¥ — Z such that g o ¢ = f, as in the following

diagram.
X
| X
Y -——-- >y Z

Furthermore, if this property holds, then Y is homeomorphic to the quotient space X/ ~ where z1 ~ x4
if and only if ¢(z1) = g(z2) and a subset of X/ ~ is open if and only if its preimage under ¢ is open in
X.

Proposition [2| below shows that quotient maps meeting certain conditions are homotopy equivalences,
and this is one of the main tools we will use. Lemma[9 will be used in the proof of Proposition 2] as well
as in a later section. Lemma [§] will only be used for proofs in this section.
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Lemma 8. Suppose q: X = Y is a quotient map and Z is a locally compact Hausdorff space. Then the
product map q X 17: X X Z —'Y X Z is a quotient map.

Proof. Lemma 4.72 of [12]. O

Lemma 9. Suppose X is a topological space, ~ is an equivalence relation on X, and ~' is an equivalence
relation on X X I defined by (x1,t1) ~' (22,t2) if and only if x1 ~ x5 and t; = to. Then we have a
homeomorphism (X/ ~) x I 2 (X x I)/ ~' defined by ([z],t) — [(z,?)].

Proof. Let q: X — X/ ~and ¢': X x I = (X x I)/ ~/ be the quotient maps. By Lemma [8] since I is
locally compact and Hausdorff, the map ¢ x 1;: X x I — (X/ ~) x I is also a quotient map. It can be
checked that the function f: (X/ ~) x I — (X x I)/ ~' given by ([z],t) — [(x,t)] is well-defined and is
a bijection, so we just must verify it is continuous and has a continuous inverse. This follows from the
universal property of quotients since the fibers of ¢ x 1; and ¢’ agree and we have both fo (¢ x 1;) =¢
and f~loq =qx1;.

X x1I

gx1y

(X/ ~) X T — (X x 1)/ ~/
O

We will use the following fact about pairs of spaces with the HEP, which establishes that certain
quotient maps are homotopy equivalences. This is a modest generalization of Proposition 0.17 from [9],
and we will mimic its proof.

Proposition 2. Suppose (X, A) has the HEP and suppose H: A x I — A is a homotopy such that
H(_,0) =14 and each H(_,t) sends each fiber of H(-,1) into a fiber of H(-,1). Define an equivalence
relation on X by x1 ~ xo if and only if either x1 = x9 or x1,x2 € A and H(x1,1) = H(x2,1). Then the
quotient map q: X — X/ ~ is a homotopy equivalence.

Proof. Apply the HEP to find a homotopy G: X x I — X such that G(_,0) = 1x and G(a,t) = H(a,t)
for all (a,t) € A x I. Let ~’ be an equivalence relation on X x I defined by (z1,t1) ~' (22,t2) if and
only if 1 ~ x2 and ¢; = to. Because each H(_,t) sends fibers of H(_,1) into fibers of H(_,1), each
G(_,t) sends fibers of ¢ into fibers of q. Thus, g o G is constant on the fibers of the quotient map
X xI— (X x1I)/~' soweget an induced map on the quotient. By applying the homeomorphism of
Lemma EI, we obtain a homotopy G such that the following diagram commutes for each t¢.

Since G(_,0) = 1x, we have G(_,0) = 1x/~. Furthermore, since G(a,t) = H(a,t) for all (a,t) € A x I,
we can see that G(_,1) is constant on the fibers of ¢, so we get a map ¢g: X/ ~ — X such that the

following diagram commutes.

x GV, ¥

B
¢ i lq
/ G(-,1) /

Therefore go g~ 1x via G and go g >~ 1y, via é, so ¢ is a homotopy equivalence. ([
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The next proposition will allow for further use of the HEP in combination with quotient maps.

Proposition 3. Let (X, A) be a pair of spaces with the HEP and let ~ be an equivalence relation on X
with quotient map q: X — X/ ~ . If for each x € X — A the equivalence class of x is the singleton {x},
then the pair (X/ ~, q(A)) has the HEP.

Proof. A pair (X, A) has the HEP if and only if there exists a retraction 7: X x I — X x {0} UA x I
(see Proposition A.18 of [9]). We will find a map 7 making the following diagram commute.

X xI - X x{0JUAXxIT
gx1y (gx11)|xx{oyuaxr

(X/ ~) % T =memsmmmor (X ~) % {0} U (A ~) X T

By Lemmal[g] the map ¢ x 17 is a quotient map, so by the universal property of quotients, it is sufficient
to show that (g x 17)|xx{ojuaxrs © 7 is constant on the fibers of ¢ x 1;. This follows from the fact that
r is constant on A x I and each x € X — A is the only element of its equivalence class. Finally, 7 is a
retraction because r is, so the pair (X/ ~, q(A)) has the HEP. O

4.2. The Homotopy Extension Property for (VRZ(S';r), Wai41(r)). In order to apply the ideas
above in later sections, we will first demonstrate that certain pairs of spaces within VR”?(S') have the
HEP. We will use the fact that a pair (X, A) has the HEP if and only if X x {0} U A x I is a retract of
X x I (Proposition A.18 of [9]). For any n > 1, let A™ C R™ be a regular n-simplex centered at the origin.
We can first obtain retractions that demonstrate (A™, 0A™) has the HEP similar to the retractions used
in Proposition 0.16 of [9]. Let A,: A™ x I — A™ x {0} U9A™ x I be the map defined by projecting
radially from the point (6, 2) € A" x R, where A™ x R is considered as a subspace of R"*1. Then )\, is
continuous, and if the vertices of A" are vy, ..., v,, then A, has the form

n n
)\n (Zaivi7t> = (Z)\n7i(a07~-~7an7t)viao-’n(a/07'"7an7t>> )
=0 =0

where o, : A" x I — I is continuous and the barycentric coordinates A, ;: A™ x I — I are continuous.
Any point in the codomain A™ x {0} U 9A™ x I has at least one of the barycentric coordinates or
the coordinate for I equal to zero, so for any (31 ,a;v;,t) € A™ x I, either o,(ag,...,an,t) = 0 or
Ani(ag, ..., an,t) = 0 for some . Furthermore, A, respects the symmetry of A™, so any permutation
of the vertices v; does not affect the definition. Since A, fixes points in A™ x {0} UJA™ x I, it is a
retraction; specifically, A, (D1 a;vi, t) = (D i a;v;, t) if either t = 0 or a; = 0 for some 1.

We extend the ideas above to subsets of VRZ (S1). Recall that we have defined OVay 11 = Vary1—Vort1
and that Va1 is the boundary of Voiiq1 in Wopyq, although it is not necessarily the boundary in
VR’;(Sl). For each k > 1, we define a retraction pojy1: Vary1 X I — Va1 x {0} UOVari1 x I based on

2. With measures written in (2k + 1)-arc mass form, define

2% 2%
P2k+1 (Z%MJ) = (Z Aok,i(ag, . - ., ok, t) i, Uzk(a0,~--7a2k,t)> .
i=0 i=0

Since for any ag,...,az,t, either oo (ag,...,a2k,t) = 0 or Aok i(ao,...,a,t) = 0 for some i, pogt1

does in fact send points into m x {0} U dVogy1 x I. Each measure u € m may be expressed in
arc mass form p = Z?io a;p; in multiple ways, either by permuting indices or by a choice of p; when
a; = 0; we must check that the definition of par+1 does not depend on the choice of how pu is written.
First, if a; = 0 for some 4, then as described above, Ao (Z?io a;v;,t) = (Z@Qio aivi,t), which implies

pok+1(p,t) = (u,t). Thus, if a; = 0 for some i, then p(u,t) is uniquely defined. If a; # 0 for each ¢, then
13



u has 2k 4+ 1 arcs, and thus two different ways of expressing p in arc mass form must be the same up to
a permutation of indices. By the symmetry of Aox, permuting the set of indices does not affect the value
of p(u,t). Therefore pogy1 is a well-defined function.

Lemma 10. For each k > 1, the function pagi1: Vag11 X I = Va1 x {0} UOVagy1 X I is a retraction,
and thus the pair (Vag41(r),0Var41(r)) has the homotopy extension property.

Proof. Since A9 is a retraction, pogy1 fixes all points of Vopiq1 x {0} U OVarq1 X I, as required. We

need to show it is continuous. We will suppose {(Vy,tn)}n>0 is & sequence in Vaiyq1 x I that converges
to (i,t) € Vagy1 x I and check that pogi1(vp,t,) converges to pari1(u,t), splitting into cases for when
€ Vopyq and when p € OVopyq.

For the first case, suppose p € Vory1 and write p in (2k 4 1)-arc mass form as p = Z?io a;j. Then
a; # 0 for all j, since 4 € Vor41. Applying Lemma , we see that for all large enough n, we can

. . 2k . . .
write each v, in arc mass form as v, = ijo @n,jVn,; such that lim, . a,; = a; for each j. As in the
s

lemma, the v, ; can be chosen so that expanding the v,,-arc containing supp(v, ;) by *5- on either side

produces an arc that contains supp(u;). Furthermore, we show v, ; converges weakly to p; for each j.
™=

!
on either side. For all large enough n, supp(v,, ;) is contained in A’, since

Let A; be the p-arc containing supp(s;). Define A’ by expanding A; by on either side, and define

mT—r

2

by Lemma [4{|1), expanding all open arcs excluded by v, by T7% covers all points excluded by p. Any

bounded continuous function f: S' — R can be replaced with a bounded continuous function f equal
to f on A} and with supp(f) C A}. Then [, fdv, ; = [ fdvy for all large enough 7, so

A by expanding A; by

lim/ fdvg; = lim [ fdv, = j‘vdu:/ fdu;,
St n—oo Jg1 St St

n— oo

where the second equality follows from Lemma [1} Therefore v, ; converges weakly to u; for each j.

Since a,, ; approaches a; for each j, continuity of each Aoy ; and oar show that Aok ;(an o, ..., Gn 2k, tn)
approaches Ao ;(ao, . . ., ask,t) for each ¢ and ook (an,o0,-- -, an,2k, tn) approaches ogy(ag, . .., gk, t) as n
approaches infinity. Then since v, ; converges weakly to p; for each j, Lemma shows the components
Z?io Aok i (@0, - -+, Gn2k, tn)Vn,; converge in the Wasserstein distance to Z?ﬁo Aok.i(ao, - .-, azk, t) i,
which is the first component of porr1(u,t). We have thus shown both components of pogyi1(vp,ts)
converge, S0 pag+1(Vn, tn) converges to pog41(p,t), as required.

We now consider the second case, where p € 0Va11, and we have previously noted this means
par+1(p,t) = (p,t). First, we determine how Agj behaves near A2¥ x I. Since Mgy is continuous, we
have a continuous function ng: A%F T — R2**1 given by ng(x, t) = Ag(x,t) — (x,t). For any open
neighborhood of 0 in R2F+1 the preimage under sz is an open set that contains the compact set OAZF x I
and thus contains an open ball around this compact setﬂ Therefore, for any € > 0, there is an n > 0
such that if (ao, ..., a,t) € A% x I with a; < 7 for some j, then |Aay i (ao, . .., az,t) —a;| < e for all i
and |oag(ag, - .., ak,t) —t| < e.

We apply this fact to describe the image of the sequence {(vy,t,)} under por11. Again, write each
v, in arc mass form as v,, = Z?io Qn, jVn,j. Temporarily write the first component of par41 as a map

W41+ %k-&-l X I — Vg1, so that

2k
W2k+1 (Vn7 tn) = E )\2k,i(an,0a ceey Qp 2k, tn)Vn,i-
=0

By Lemma and the fact that v,, converges to u € 0Vai41, given any n > 0, for all sufficiently large n,
we have a,, ; < n for some j. Applying the fact above, this shows that given any ¢ > 0, for all sufficiently
large n, we have |Agk ;(@n0, .- ., Gn,2k; tn) —an | < € for all ¢ and |ook(an,0, - - -, Gn 2k, tn) —tn| < €. Simple
bounds on the Wasserstein distance show that this implies wag11(vn, t,) is arbitrarily close to v, for all
sufficiently large n. Combined with the fact that (v,,t,) converges to (u,t) = par+1(i,t), this shows
P2k+1(Vn, tn) converges to papi1(p,t). O

3This is a general fact about compact subsets of metric spaces: see, for instance, Exercise 2 in Section 27 of [15].
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We use Lemma to prove the fact we will use in later sections, that (VR’;(Sl), W2k+1) has the
homotopy extension property for each k. Recall we have defined K = K(r) to be the smallest integer
such that VRZ (S') = Wak 1. For each k > 1, we extend the retraction pyy11 to a retraction

P2k+1: Wag 1 X {0} U Woppr X T = Wogiq x {0} U Wap_y x I
defined by
- par1(p,t) if (p,t) € Vo x 1
P2r+1(p, t) = ,
(,u,t) if (,u,t) c W2K+1 X {O} U Wap_1 x 1.

We have defined paj1 on two closed subsets of Wag 1 X {0} UWagyq1 x I, since Way 1 X I is closed for
each k by Lemmal[5] The intersection is given by

V2k+1 x 1IN (W2K+1 X {O} U ng_1 X I) = V2k+1 X {O} U 6V2k+1 x I

and popy1 is constant on this intersection by Lemma which shows pag41 is well-defined. Again by
Lemma the definitions on the two closed sets are continuous, so pag41 is continuous. By definition,
all points of Wop 1 X {0} UWar_1 x I are fixed, so pak41 is in fact a retraction for each k. By applying
these retractions in decreasing order starting with pax 1, we obtain a retraction

Pok430...0par1: Worpr X I — Wagqn X {0} UWapyq x
for any 0 < k < K. Thus, Lemma [10] implies the following.

Proposition 4. For any k > 0, there exists a retraction
VRZ(SY7) x I — VRZ(S";7) x {0} UWappa(r) x 1,

and thus the pair (VR’STL(Sl; T), W2k+1(7“)) has the homotopy extension property.

5. COLLAPSE TO REGULAR POLYGONS

For each £k > 0 and any r € [0,7) such that Vagy1(r) is nonempty, we define a homotopy that
collapses Vap41 to the set of regular polygonal measures Pai 1. We first define a support homotopy (see
Section . Let u € Vary1. We will choose a coordinate system (z,7) with x: ST — {[6p]} — R. If
k = 0, we can choose [0p] to be any point excluded by u and let Ay be the single p-arc. Otherwise, let
Ag, A1, ..., Ag be the p-arcs, in counterclockwise order around the circle and with [fp] chosen strictly
between the two closest support points of Agp and Ag. Let v2k+1 S — R be a function such that
0] € Ay,

Vokt

it to be continuous. Define m3, ,: Vag+1 — R by

- 2T
M1 (1) :/sl (ff 2k+1”2k+1> dp = Z/ ( 2k+1>dﬂ,

where we recall x: S* — {[fy]} — R is a continuous function, defined everywhere except the set {[fo]},
which has measure 0. Furthermore, let Q(S*, Vary1) = {([0], 1) € S* x Va1 | [0] € supp(p)} and define,
using any such coordinate system (z,7), the functiorﬁ Fopy1: Q(SY, Vapy1) x I — St by

Fara (0 ,0) = 7((1 = )00 + ¢ ( 5250 (6D + s )

The intuition for these definitions is as follows. We use the choice of x to work with coordinates in R

(6D for any [] belonging to any A;. Then U2k+1 is constant on the arcs, and we can choose

(we will soon show that the definition of Fpi1 is independent of the choice of coordinate system). The
homotopy is constructed as a composition

Q(SY, Vapy1) x [ —— R ——— SL.

4We define F541 for any value of r such that Vai11(r) is nonempty. However, the definition does not depend on r, so
we can safely omit it from the notation. We follow this convention for the homotopies Fog41, Gagt1, and Gagy1, defined
later, as well. In fact, we could even treat r as fixed until the end of Section
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The integral [ . xdp acts as a weighted average (ignoring the total mass of A;) of the images under
x of the support points in A;. Since the p-arcs Ay, ..., Agg are in counterclockwise order around the

circle, the integral m3, (1) = Z?ﬁo A, (x - 2?;11) dp takes an average of where points in supp(u)
“expect” Ag to be centered. Then for each [0] € supp(u), sa7v5;l ([0]) + m3 ., (1) is an angle of a
point on a regular polygon associated to pu, as v;’c’jrl € {0,...,2k}. The homotopy is then defined as a
linear homotopy in R, and we compose with the map 7 to return to S'. This has the effect of moving
all masses in a single p-arc to the same point and ending with masses located at 2k + 1 evenly spaced
points; we can picture Fo,1 as deforming the support of each measure in Voiy1 into an average regular

polygon.

Lemma 11. For each k > 0, the function Foyyq1: Q(S*, Vari1(r)) x I — St is well-defined and is a
support homotopy.

Proof. We begin by showing Foj41 is well-defined, that is, that the choice of coordinate system does
not affect the definition. We compare the definition for two coordinate systems z: St — {[fp]} — R and
2': ST —{[0)]} — R, where {[0o]} and {[f]} are points excluded by u. As above, if k = 0, let Ag be
the single p-arc, and otherwise, let Ag, Ay, ..., Asr be the p-arcs, in counterclockwise order around the
circle, and with [0p] between Ag, and Ag. If k > 1, then [0)] is excluded by pu, and it lies between two
p-arcs; let [ be such that [0(] lies between A;_; and A;, or let | = 2k + 1 if [0]] lies between Ay, and Ayg.
If k=0, let I = 1. By converting between coordinates 2 and x’ as in Section we find that there is
an s € R such that on arcs,

() = {x([@])s+27r if 0] € AgU---UA;_y
x([&]) - S if [0] €A U---UAg.

Furthermore, there exist periodic functions 7,7’: R — S* such that T oz = 1g1 and 7/ o2’ = 141, and
these must satisfy 7(z) = 7/(z — s).

We just need to convert each term in the definition of Fbyy; between the two coordinate systems.
First, for [] € Ag U --- U Agg, we have

VIR ([6]) = vEt (0 + 2k +1) — 1 if[fl € AU U A,
o Ugily ([0]) — 1 if [f] € AjU---U Agg.

Next, keeping in mind that supp(p) C Ag U - -+ U Agg, we compute

s 27T
m2k+1(ﬂ) = /S1 (95/ %+ 1 2k+1> dp
2
:/ <x—s—|—27r—W(%H—&—(Qk‘—l—l)—l))d

AgU---UA;_1 2k +1

2
—|—/ (m—s— vt o —1 )du
ALU»--UAZk 2k+ 1 ( 2k+1 )

_ 2 l—s+/ T — 2m vy d
T ok +1 o S 1 2k )

2T

= ml — s+ myp (1)

From these, we can convert the following term in the definition of Foyyq:

2k27T 1“51;%([9]) + M (1) = {21@11”2“1 Fmg () —s+2m [0l e AgU---U A
Jr

m”zkﬂ +m3y (1) — s if [0] € AyU---U Agy.
16



Along with the conversion for z/([f]), this gives

2

(=) + o (5ot ) + g )
_ T((l — D) a(9) + ¢ <2;Lv§;;‘il([9]) + m§k+1(u>> ) :

where we have used the fact that 7(z) = 7/(z — s) for all z € R and 7/ is 27-periodic. This shows the
definition of F5j41 does not depend on the choice of coordinate system.

We next show Fyyi; is continuous at an arbitrary point ([],u/,t). First, choose a [fg] such that
[0 + 7] € supp(p) (thus, [fp] is excluded by p), and work with a coordinate system z: ST — {[fo]} — R
and 7 such that 7oz = 1g1_(ps,]y- By Lemma7 for any measure u sufficiently close to p/, there is a
point in supp(p) at distance less than 7 —r from [y + 7| and thus excludes [6y] as well. Therefore we may
use the same coordinate system (z,7) in some neighborhood of x/. Since x and 7 are continuous and the
argument for 7 in the definition of Fyi41 is defined by a linear homotopy in R, it is sufficient to check
that the function given by ([6‘}, 1) = s vaiti ([0]) + m3y., 1 (1), defined on a neighborhood of ([6'], 1),
is continuous. By Lemma[7|[2), for any u suﬂi(nently close to p, if Ag, ..., As are defined by extending
(1) contained in a single p’-arc are contained in the

same A,, with dlstlnct W' -arcs correspondlng to distinct A;. This implies that if [#”] € supp(p) and
ds1(0',0") < m — r, then 02k+1([9’]) = vy 1([0"]), and thus we now only need to show the function
p = mi; (1), defined on some neighborhood of y/, is continuous. With y and Ao, ..., Az as above,

we have

2T 2T
z N —m?2 = dy’ d
M1 (1) — M pq (1) /S1 <5C %+ 1 2k+1) W= /S1 <f’5 2k+ 1 2k+1) K

2im
= :cd//—/ xdyp+ w(A;) — ' (Ay)).
[ = ;Q,m(( )~ (49)

For the integrals, [, g1 T dp approaches /. g1 xdy' as p approaches p': this follows from Lemma (1] after
replacing x by an appropriate bounded continuous function without changing the values of the integrals.
For the sum, by Lemmal[7|(2), each |(A;)—p/(A;)| can be made arbitrarily small by choosing a sufficiently
small neighborhood of 1. Therefore the function p — m3, 41(#) is continuous, so we conclude that Fhy 1
is continuous.

Finally, to see that Fhpiq satisfies the definition of a support homotopy (Section , we must
check that for any u = ZLI ai0p,) € Vags1 with a; > 0 for all 4, and for any ¢t € I, we have
> @i0Fy,  ((0.].ut) € Vors1. This amounts to checking that " | ai0p,, . ((6.),u¢) has diameter at
most r and has exactly 2k + 1 arcs. First, supposing Vai,1 is nonempty, we must have r > 28T by

2k+1
Proposition [I} For the diameter bound, consider any two points in supp(u), without loss of generality

writing them as [61] and [#;]. Choose a coordinate system (x,7) with a corresponding ordered set of
p-arcs Ao, ..., Asy so that, without loss of generality, [61] € Ay and [f2] € A; with 0 < j < k. Then
|2([61]) — z([02])] < r. For any t € I, we apply the fact that 7 is 1-Lipschitz (Section [2.3), giving the
following bound:
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dst (Fars1(101], 11, 1), For1([02], 1))

—dg: (T (1= O)x([02)) + t By (1) 7 ((1 — t)((6a]) +1 <213]:1 " mg““”)))

< ‘(1 e ((64]) + t g () <<1 — )a([0]) +¢ <2:]f1 * mgk“(“))) ‘

< (1= 0fa(B1] - l(0a)| + o5 a() ~ (5o 4 )
2

<(1-

<( t)T-‘rt?kJrl
2km

<(
<A -t)r+tr
r.

Therefore, >, ;0 Fyy 1 ([0:],1,¢) has diameter at most 7.

To see that each Z?zl ;0 Fyy oy ([0:),,t) has 2k +1 arcs, we first associate to any nonempty finite subset
© C S! of diameter at most r a continuous map fe: S' — S'. Color the points of © blue and the points
opposite them red. Let fo send each blue point to [0] and each red point to [7]. On any arc between
consecutive colored points that are the same color, let fo remain constant at the value of the endpoints.
On an arc between consecutive colored points with opposite colored endpoints, let the angle of fo([0])
increase at a constant rate as 6 increases, such that it increases by 7 across the length of the arc. Since
each blue point is at a distance of at least 7 — 7 from each red point, fe is ——-Lipschitz. We can see
that arcs,(0) is equal to the degree of fg. Letting Oy = {For+1([0:], 1,t) | 1 < i < n}, we get a function
fo,: S! — S for each t. The continuity of Fyi41 can be used to check that we get a continuous map
St x I — S defined by ([0],t) — fe,([]). Thus, any fe, is homotopic to fe,, so for each ¢,

arcs,(0;) = deg(fo,) = deg(fo,) = arcs,(O¢) = arcs, (supp(p)) = 2k + 1.

This shows each Z?:l ai0F,, 1 ([6:],u,¢) Das 2k + 1 arcs and completes the proof that Fyy 1 is a support
homotopy. O

Applying Lemmato the support homotopy Fsi+41, we obtain a homotopy ﬁ2k+1 : Vort1 X I — Vagq,
defined for p = Y7, a;idp,] with a; > 0 for each i by ﬁ2k+1(,u,t) = > i1 @ilpy, .1 (10:],,t)- For each
uw € Vot ﬁ2k+1(ﬂ, 1) is a measure supported on 2k + 1 evenly spaced points on the circle, and all
masses in g in a single p-arc are moved to a single one of these evenly spaced points. FExplicitly,
following the notation above, for each p € Va41, we have

Fopp1(1,0) = o

2k
(1) Forga(p,1) = z; AN (2 sz ()
P

Thus, ﬁgkﬂ(,, 1) sends Vogy1 into Pogyi.

For each k, it can be checked that the homotopy ﬁ2k+1 is a deformation retraction, which is enough to
show that Vopy1 o~ Pogy1. However, this is not enough for our purposes, as we would like to collapse all
the Va1 while preserving the homotopy type of the entire space VRZ (S*). We will describe in Section@
how this can be accomplished using Proposition [2 by defining equiva_lence relations that relate measures
in Vop41 if they are sent to the same measure by ﬁ2k+1(,, 1). To prepare for this use of Proposition
we prove the following lemma, which implies that each ﬁglﬂ_l(,,t) sends each fiber of ﬁglﬂ_l(,, 1) into
the same fiber.
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N Ny

FicUure 3. ﬁ2k+1 can be visualized for an individual measure by sliding the sup-
port points along the circle. This example shows Fori1(p,0) = p, Fopr1(p, %), and

ﬁ‘QkJ’_l(ILL, 1) for a specific measure p. The blue points are the support points, which
move until they reach the smaller black points.

Lemma 12. For any r € [0,7) such that Vagy1(r) is nonempty, any k > 0, any t € I, and any
t € Vary1(r), we have
Fopp1(Fopra(pst),1) = Fogpa(p, 1).

Proof. Let p = Y1, a;0pp,) with a; > 0 for each i. We will show the claimed equation holds at a
fixed tg € I. We first show we can find a coordinate system that can be used for each computation of
ﬁzk_t,_l. Temporarily, we define a reduced p-arc to be the smallest closed arc containing all the points
of supp(p) contained in a given u arc; that is, its endpoints are the outermost support points of the
p-arc. For any p € Vapy1, we know that ﬁgk.}rl collapses the masses of each reduced p-arc to a single
point. If some reduced p-arc contains the point it is collapsed to, let [fp] be the point opposite it (note
that this is the only possible case when k = 0). Otherwise, suppose each reduced u-arc is collapsed
to a point outside it and hence, within each reduced p-arc, all support points are moved in the same
direction by Fag41. Since m3, , is defined by a weighted average, we can show not all support points are
moved clockwise and not all are moved counterclockwise. This can be seen using any valid coordinate
system (z,7): by the definition of Fbri1, a point [0;] € supp(u) is moved in z values from z([6;])
to sZv5 ((0:) + mE (). Since 7 a; (2((0:)) — (520, ([6:]) +m§k+1(u))> = 0 by the
definition of mogy1, not all support points move in the same direction. Thus, beginning with an arc
that is moved clockwise and reading counterclockwise around the circle until we reach the first arc
that is moved counterclockwise, we can find two reduced p-arcs A and A’ such that A’ is the p-arc
immediately counterclockwise from A, A is moved clockwise, and A’ is moved counterclockwise. Because
these are contained in distinct p arcs, there must be a point excluded by p between the two, immediately
counterclockwise of A and clockwise of A’; let [fp] be any such point. In either case, we can check that
no mass is moved through [fg] by Fars1(p,-), so the coordinate system (z,7) with z: S* — {[6]} — R
is a valid choice of coordinate system for both p and ﬁqurl(/i’ t) for the computation of ﬁ2k+1. In the
notation of Section we can choose yo to be 0, so that the image of x is (0,27) . By the choice of [fy],
the expression (1 —t) z([0]) + ¢t (2131111;;’11([9]) + m§k+1(u)) used in the definition of Fbjyq produces

values in (0,27) for all ¢ and all [#] € supp(x). This means we will be able to use the fact that z o7
restricted to the interval (0,2m) is the identity.
Equation above shows

2k
F2k+1(‘u’ 1) - ZM(Ai)aT(%+mgk+l(ﬂ))
1=0

and
_ ! _
Fopr1(Farta1(psto), 1) = ZO For1 (1 00)(A)0(2im 4 (Fopy (ito)))
where Ay, ..., Ay are the arcs of p and Ay, ..., A}, are the arcs of ﬁ2k+1(/l, to), 1), both ordered coun-

terclockwise starting at [fo]. Since the arcs of y and Fhyi1 (1, to) remain in the same order and have
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the same amounts of mass, Fhpi1(,t0)(A]) = u(A;) for each i. Thus, it is sufficient to show that
m§k+1(ﬂ) = m§k+1 (Fory1(p,to)). By definition,

2
mgkﬂ»l(u) = Ll (l’ 2k+1v2k+1) d/’L7

T P 2 z,F. 1(p,t0) =~
M1 (Fart1 (o)) Z/S1 (fU 2% + 1 2k+21k+ 1R} dFpq (ps o).

Again, the arcs of p and ﬁ2k+1(ﬂ, to) remain in the same order and have the same amounts of mass, so

the terms vy;" ; and v;’j_gf“(” rto) integrate to the same value. We thus need to show that

/xdu:/ & dFopi1 (1, to).-
51 5t

By definition, if 1 = Y71 | a;d[,) with a; > 0 for each , then Fopr1(p, to) = > Oy, ([0:]pt0)- TVE

and

compute, applying the fact that = o 7 restricted to the interval (0, 27) is the identity:

/sl  dFyi1(p, to) = > aix(Farga ([0:]), . to)

n
i=1

-

©
Il
=

ot (1= t0)a() + o (57mo3ths (6] + w50 )

i (=020 +to (5703 (0 + s )

\E

1
2T
=(1—tp) . xdp + ty 2+ 1“2k+1 dp + may ()

= / z dp,
Sl

where the last step uses the definition of m3, | (u). O

.
I

—~

6. A SEQUENCE OF QUOTIENTS

Having defined homotopies ﬁ2k+1: Vor+1 X I — Vo1 that collapse the Vo1 to measures supported
on regularly spaced points, we now show how to collapse all Vor11 at once in a way that preserves the
homotopy type. There is not necessarily a natural way to extend a given f‘ng continuously to all of
VR?(SI). However, it turns out that proceeding one k at a time, we can identify points with equal
images under ﬁ2k+1 while preserving the homotopy type, which produces a much simpler space. We
introduce a sequence of quotient maps as follows.

VRm Sh)
VR'"(SU \\
VRm Sl VRm(S ) VR?(Sl)

~3 s T Qa1 V2Kl

For each k > 0, let the equivalence relation ~op11 on VRTS"(Sl) be defined by pq ~ap11 p2 if and only
if 11 = po or for some I < k, 1 and po are in Voyyq and Fayqq (1, 1) = Faypn(pe, 1). Let g1, ..., g2k 11
be the associated quotient maps. For convenience, we will also let ~_; be equality and let ¢_; be the

identity map on VR?(Sl). Because each equivalence relation respects the previous ones, we also get
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quotient maps qi,...,G2k+1. We also note that for all k& and I, W41 is a closed, q2k+1—saturatecﬂ
subspace of VRZ(S1), which implies the restriction Q2k11|Woryr : Warsr — qars1(Warg1) is a quotient
map (Theorem 22.1 of [I5]). Our aim is to show that each quotient ga11 is a homotopy equivalence.

We extend the composition gox_1 © ﬁ2k+1: Vok+1 X I = qog—1(Vag41) to the following map so that we
will be able to apply Proposition For each k > 0, define Gagy1: Wagt1 X I — gog—1(Wagy1) by

G2b-1 0 Fapp1(p,t)  if po € Varga
q2r—1(1) if e Wop—1.

Gopy1(p,t) = {

Thus, we have pq ~opt1 pe if and only if Gagiq(p1,1) = Gaga1(p2,1).

Checking that each Gag41 is continuous will be tedious, so we place the proof of continuity in Appen-
dix [B] The intuition for the continuity of Gai1 is as follows. We can reduce to checking continuity at
each point in 0Vak11 X I. Since ﬁglﬁ_l(,, 1) performs an averaging operation on measures of Vory1 and
q2x—1 identifies measures with the same averages under the various ﬁglﬂ(,, 1) with I < k, we need to
check that these averages are compatible with each other (where for ﬁ2k+1 we actually need to consider
a limit as we approach 0Vai41). This compatibility is analogous to the fact that to take a weighted
average in R, we can perform the sum in any order, and in particular, averaging certain subsets of points
first does not change the final average. Since the averaging operation performed by each ﬁ21+1 depends
on taking weighted averages of coordinates in R, it is reasonable to expect that the various averages are
in fact compatible.

We proceed with our goal of showing each ¢ax+1 is a homotopy equivalence. Letting r € [0,7) and
0 < k < K(r), we will check that we can apply Proposition [2| to the pair (%(_Sj), qgk,l(ngH))
and the homotopy 62k+1 constructed below. Proposition [4] states that each pair (VRZ(S), Wari1)
has the HEP. By Proposition (3} since each p € VRZ(S') — Wagy is only equivalent to itself un-

YRIG) qzk,l(WZkH)) has the HEP.

der the equivalence relation ~gi_1, we find that each pair ( Sov—
Each Gaogi1(-,t): Wogr1 — gog—1(Wagy1) is constant on the equivalence classes of ~g_1, so apply-

ing Lemma [9| and the universal property of quotients, we get a homotopy é2k+1: gok—1(Wapq1) x I —
q2r—1(Wapy1) defined by Gopy1(gar—1(1),t) = Gary1(u,t). Specifically,

~ gor—1 0 Fopyr (pt)  if 1 € Varn
Gaky1(qar—1(p),t) = .
q2r—1(10) if p € Wop_1.

Thus, Gopr1(g2r—1(Vak+1) X I) C gok—1(Vars1) and Gogr1(g2x—1(War—1) X I) C gag—1(Wop_1), where we
can note that gog—1(Vak41) and gar—1 (Wak—1) are disjoint. Furthermore, equivalence classes of Va1 with
respect to gag—1 are singletons, so for py, o € Vagy1, we have Gagy1(gar—1(11), 1) = Gagr1(gar—1(12), 1)
VRZ(S1) VRZ(S1)

= = de-
— ~2k—1 ~ok+41
scribed above identifies gox—1 (pt1) and qQk_l(,uQN) if anolvonly if G2k+1(q2k_1(,u1),~1) = Gop+1(qar—1(p2),1).
Finally, by Lemma for any t € I, we have Gog+1(Gagr1(gor—1(1),t),1) = Gops1(gar—1(p), 1), so each
Gak+1(-,t) sends each fiber of Goiy1(-, 1) back into the same fiber. Therefore, all conditions of Propo-
sition [2| apply to the pair of spaces (w, q2k71(W2k+1)) and the homotopy 62k+17 so we conclude

~2k—1

if and only if ng_t'_l('ull, 1) = f2k+1(u2, 1). Therefore, the quotient map gogy1:

that gox41 is a homotopy equivalence. By forming the composition gax 41 0 -+ 0 g3 o ¢1 of homotopy
equivalences, we have thus proved the following theorem. We now simplify notation, writing the final
equivalence relation ~sx 41 above as ~ and writing ¢: VRZ(S') — VRZ(S')/ ~ for the quotient map.

Theorem 1. Define an equivalence relation ~ on VR;"(Sl; r) by setting 1 ~ uso if and only if for some
k>0, p1 and po are in Vogy1(r) and ﬁgkﬂ(uh 1) = ﬁ2k+1(/,62, 1). Then VRg(Sl;r) ~ VR%’(SI;T)/ ~.

5Given a function f: X — Y, a subset U C X is called f-saturated, or simply saturated, if U = f=1(f(U)). A continuous,
surjective function between topological spaces is a quotient map if and only if the image of each saturated open (closed)
set is open (closed) [15].
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The quotient VRZ'(S';r)/ ~ is a much simpler space than VRZ (S';r). Each measure is deformed
to a regular polygonal measure by some Fb;11 and is equivalent to this measure under the equivalence
relation. This means every class in VRZ (S*;7)/ ~ can be represented by a regular polygonal measure.

7. THE CW CoMPLEX AND HomoTOPY TYPES

We now show that each quotient VRZ'(S';r)/ ~ described in Theorem [1| has the topology of a CW
complex, which will allow us to determine the homotopy types. We will use the description of CW
complexes from Proposition A.2 of [9], which first requires that VR (S';7)/ ~ be Hausdorff; this is
not generally true of a quotient of a metric space, so the proof will d:epend on the construction of this
particular quotient.

Lemma 13. For each 0 < k < K(r), VRZ(S';r)/ ~apq1 is Hausdorff.

Proof. We will use induction on k. Recall we defined ~_; as equality, so that VRZ'(S!)/ ~_12 VR (S?)
is Hausdorff. We use this as the base case. For the inductive step, let k } 0 and supposg that
VRZ(S')/ ~ak—1 is Hausdorff. Supposing that qari1(p11) 7 gar+1(p2), we must find disjoint open neigh-
borhoods of these points in VRZ(S')/ ~ai41. This is equivalent to finding gos1-saturated, disjoint,
open neighborhoods of 411 and p; in VRZ(S1).

We split into three cases. If 1 and pg are in VRZ(S') — Wapq 1, then let Uy = Byrm(s1)(p1,€) and
Uy, = BVR@(Sl)(,ug,a), with € > 0 small enough so that U; and Uy are disjoint. Then since Wogy; is
closed in V_R7<”(Sl)7 Uy — Waga1 and Uy — Woyy 1 are open, disjoint neighborhoods of u; and ps. They
are q2k+1—satﬁrated since each element in VR’S”(S 1) — Wag41 is the only element in its equivalence class.

Next, suppose p1 € Wagtr and pp € VRZ(S') — Wapp1. Let Ul = U,emwy, ., Byrp(s1) (1) and let
Us = Byry(st)(p2,€), where € > 0 is chosen by Lemma [4 I so that all measures of Byre (st (12, 2¢)
have at least as many arcs as po. Suppose for a contradiction that there is a v € unus. T hen for some
€ Wagi1, we have v € Byrm(s1)(1,€), so dw (i, pi2) < dw (p1,v) +dw (v, p2) < 2¢. But this contradicts
the choice of ¢, since p has at most 2k + 1 arcs and s has greater than 2k + 1 arcs. Therefore Uy and U}
are disjoint open neighborhoods of pq and po. Furthermore, Woy,1 C Uy and Ul N Wap1 = & because
all measures in Uj have at least as many arcs as ps. Therefore U] and U are ¢opt1-saturated, again
because each element in VRZ (S') — Wap is the only element in its equivalence class.

Finally, we consider the case where p; and ps are both in Wsiyi. Recall we have shown that
Gogy1: Wopt1 X I — qogp—1(Wags1) is continuous and that Gogy1(v1,1) = Gopg1(v2,1) if and only
if gogs1(v1) = qopy1(va), for vi,ve € Wory1. Since we have supposed gor41(141) # gor+1(p2), we must
have Gag11(11,1) # Gakt1(p2,1). By the inductive hypothesis, we can find disjoint open neighborhoods
of Gogy1(p1,1) and Gogy1 (2, 1) in gor—1 (Wags1) € VRZ(SY)/ ~ap_1; let Uy and U be their preimages
under Gag11(-,1). Then Uy and U} are qQkH—saturatJd, disjoint, open subsets of Wy 1 that contain
p1 and pg respectively. We must extend these to open subsets of VRZ(S'), so we will thicken around
every point, as follows. For each 14 € Uy’ and each vy € UY, define

E1(1/1) = sup{s | BW2k+1(V1’5) C U{I}
EQ(VQ) = sup{s | BW2k+1(V2’€) - Ué/}

These are always positive since U; and Uj are open in W11, so we can obtain the following open sets
of VRZ(S"):

U/// _ U BVRZI(Sq) (V17 %EI(VI))
U1€U{/ -

U/// _ U BvRTg(Sl) (V27 %52(1/2)) .
VQGUé, -

If v € U;” N Wagy1, then v € Uy by choice of £1(v), so we have U] N Wy = Uj’. Therefore U;”

is gop+1-saturated, since U; is gopy1-saturated and each point not in Wopyq is the only element in its
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equivalence class. Similarly, we see U}’ is gog41-saturated. To show Uj” and Uy’ are disjoint, suppose
v e U"NUY", so that v € Bypm(s1)(v1, 361(11)) N Byrm (s1)(v2, 362(v2)) for some vy € Uf’ and v, € Uy
Without loss of generality, suppose e1(11) > e3(r2), so that dy (11, vs) < L(e1(n) + e2(12)) < e1(wn).
Then by definition of €1 (v1), we have vy € Uy NUY, contradicting the fact that Uy and Uy are disjoint.
Therefore U;j” and U}’ are gor1-saturated, disjoint, open neighborhoods of 11 and o in VR™(S1;7), as

required. O
For the following lemma, recall that we have defined Ry, € VRZ'(S') to be the set of measures with
support equal to the regular (2k + 1)-gon {[0], [%], e [%if’f]}

Lemma 14. For each k > 1, and any r € [0,7) such that Rop C VR’;(Sl;T), restricting q gives a
surjective map qlor,, : ORar — ¢q(War—1(r)). If we further restrict the domain to ORay, N Vag—1(r), then
Q0o RakVar 1 (r) 15 @ bijection onto q(Vap_1(r)).

Proof. To simplify notation, we will write (zo, 21, ..., 29;) for the measure Z?ﬁo 2;0) s.2n ) and will refer

2ik+1

to the masses being in positions 0 through 2k. When we describe points between consecutive positions,

we will mean points on the shorter arc, of length 22%, immediately between them (as opposed to the
2k-2m

-1 on the other side of the circle). Any equivalence class in q(W2j—1) can be
represented by a regular polygonal measure with at most 2k — 1 vertices, so we begin with an arbitrary

longer arc of length

set of masses aq, ..., asr_s with a; > 0 for each 7 and 21220_2 a; = 1. We will write indices of the masses
a; modulo 2k — 1 and the positions modulo 2k 4+ 1. To determine the arcs of a measure in 0Rsk, we
can use the fact that a position ¢ has nonzero mass in a measure p if and only if the open arc between
positions ¢ + k and i + k + 1 contains a point excluded by pu.

We begin with the measure (ag,0,a1,...,a5-1,0,ag,...,a2:,—2) and gradually pass masses between
the support points. Define vq: [0, ag] — 0Rax by

Yo(t) = (a0 — t,t,a1,...,ax-1,0,a, ..., a2k_2).

Since there is zero mass at position k 4+ 1 throughout, this is in fact a map into 0 Rs, and furthermore,
there is no excluded point between positions 0 and 1. This shows positions 0 and 1 belong to the same
arc of v (¢) for each ¢. Thus, if k" is such that v,(0) € Vagr41, then vo(t) € Vogr41 for all ¢ € [0, ag), and if
we consider (2’4 1)-arc mass forms, the arc masses of 7o (¢) are the same for all values of . The measure
vo(ap) has zero mass at positions 0 and k + 1, so positions k and k + 1 belong to the same ~yy(ap)-arc.
We will next move mass between these positions, then repeat this process. In general, we obtain paths
Y1+ [0, ay—1y] — ORay, defining () by letting the masses as positions [k through [k + 2k be, in order,

yk—1) — bt Qu(k—1) 415 - s Qk—1)+k—15 05 Q= 1) k> - - +» QY(k—1)+2k—2-

Note that the domain of ~; is the singleton {0} if a;;—1) = 0. Again, a mass of zero at position [k +k+1
implies that positions [k and [k + 1 are in the same arc, so the arc masses remain constant in each path.

It can be checked that v;(a;(x—1)) = Yi+1(0) for each I, so we may concatenate these paths; write the
resulting path as y;-v;41. Then the path vy 71 ---72r—2 preserves arc masses throughout and has starting
point (ag,0,a1,...,ax-1,0,ak,...,a2,_2) and ending point (ask_s2,ag,0,a1,...,a5-1,0,ak,...,a2k_3).
That is, the overall effect has been to move each mass over one position. Repeating 2k + 1 times, we
define v = vo + y1 * * - Y(2k—1)(2k+1)—1, Which rotates each mass once around the circle; thus, v is a loop.
By scaling, we can assume the domain of v is [0, 1]. More generally, for any [ and I’, we have v, =y if
I=1 mod (2k —1)(2k + 1).

To see that g|sg,, is surjective onto q(Way_1), take any equivalence class in ¢(Wa,_1) and choose a
representative u € Way_1 with support a regular (2k' + 1)-gon, with k' < k. We can choose aq, . .. agk_2
and set v = (ag,0,a1,...,a5-1,0,ag,...,asx_2) such that in (2k" + 1)-arc mass form, the ordered arc
masses of v match those of p: for instance, if we choose v to have nonzero masses at exactly positions
0,k,...,2k'k, then these positions lie in separate v-arcs, and we can choose the masses at these positions
to match the arc masses of pu. Define each 7 and v as above with this choice of ag,...as,_2. Then

~(0) = v, and for any t € [0, 1], since (t) and v(0) have the same ordered arc masses, Fory1(7(t),1) is
23



a a; —t 0
ao —t 0 t
0 t ai
as az az —t
70(t) = (a0 — t,t,a1,0,az) Y1 (t) = (0,a0,a1 — t,t,a2) Y2(t) = (¢, a0,0,a1,a2 — t)

FIGURE 4. Paths in the proof of Lemma [14] with & = 2. We have vo(ap) = 71(0) and
~1(a1) = 72(0), so the paths may be concatenated. Compare v5(0) to y2(az): the masses
are shifted by one position.

a measure with support a regular (2k’ + 1)-gon and ordered arc masses matching those of p. Working
in any coordinate system z valid near some 7(t), we can see that m3,, ,,(y(t)) is strictly increasing in ¢,
since y moves mass counterclockwise. This implies that locally, the masses of For 41 (v(t), 1) move strictly
counterclockwise as t increases. Furthermore, 7 is a loop and each mass of ﬁgkurl(’}/(t), 1) traverses the
entire circle exactly once as ¢ ranges from 0 to 1, so there is some to such that Fopry1(v(to),1) = . This
shows that ¢(v(to)) = ¢(1), and since y(tg) € ORak, we can conclude that ¢lgr,, is surjective.

To show that qlor,,nva,_, 1S injective a bijection onto ¢(Var—1), consider any equivalence class in
q(Var—1) and let p' be a representative measure with support a regular (2k — 1)-gon. We show the
equivalence class of 1/ intersects ORax N Vap—1 in a single point. Let aj), ..., a5, o be the masses at the
support points of y', ordered counterclockwise around the circle, and note that a} > 0 for all i, since
i € Vap_1. Define each 7] like 5; above, with a; in place of a; in each case, and define 4 similarly to ~.
If v € ORgy N Voi—1 satisfies q(v') = q(u'), then v/ must have 2k — 1 arcs, so one of the positions will
have zero mass. Then the opposite two positions are in the same v’-arc, and the remaining positions
must each be in separate v/-arcs. It follows that the masses of v/ are, in order counterclockwise and
beginning with the two positions opposite a position with mass zero,

/ / / !/ /
a; —tt a1, 0,a5 0 Qoo

for some j and some ¢ € [0,a}]. In fact, if ¢ = a};, we could instead write the list above starting with
a} 41 (or starting with the only nonzero mass if k = 1), so the masses of V' can actually be written
as above with ¢ € [0,a}). Thus, we have v’ = /(t) for some ! and ¢ € [0,a;,,_,)): in particular, we can
choose 0 <1 < (2k — 1)(2k + 1) by the Chinese remainder theorem. Therefore, every v’ € ORa N Vaj—1
satisfying ¢(v') = q(') is of the form v/ = +/(¢) for some t € [0,1), so it is sufficient to show that if
q(v'(t1)) = q(+'(t2)), then v/ (t1) = 7/ (t2).

The simplest case occurs when the masses of y' have no rotational symmetry: that is, there is no
nontrivial cyclic permutation of its masses that leaves it unchanged. In this case, since the masses of
ﬁgk,l(w’(t), 1) move strictly counterclockwise as ¢ increases and traverse the circle exactly once, there is
a unique ¢ € [0,1) such that ¢(+'(t)) = q(¢'). Now consider the case where the masses of p/ have some
nontrivial symmetry: let j be the least positive integer dividing 2k — 1 such that aj ;= a; for all i. Then
once again, since each mass of Fyi_1(7/(t), 1) traverses the circle exactly once as  ranges from 0 to 1,
there must be exactly 2'“]—_1 values of t € [0,1) such that g(v/(t)) = ¢(p'). We show that each of these
values of ¢ yields the same value of /(). It can be checked that for any I, v, 4., (t) is defined by the
formula for +;(t) with each aj replaced by a;_;. Applying the assumed symmetry, 7, @kt = ~, for
each [, so v, =, if L =1 mod (2k + 1)j. Therefore, there must be an index 0 <ly < (2k+1)j and a
to € [0, aj, (1) such that g(v, (to)) = ¢(1'). Furthermore, we have defined v =471 "+ ¥ap_1)(2k+1)-1
and we have 71/0+n(2k+1)j(t0) =1, (to) for each 0 < n < % Therefore, the %T’ values of ¢t € [0,1)
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such that ¢(7/(t)) = q(i') all satisfy v'(t) = v, (to), so there is exactly one v € ORa; N Vag_1 such that
q(v') = a(1). O

We can now describe VRZ (S 1Y/ ~ as a simple CW complex, with one cell in each dimension from 0
to 2K + 1. See Figure |1/ for an illustration of the case of K = 1. We partition VRZ(S')/ ~ into cells
Co,y...,Coxy1: for 0 <k < K, define

Caor = q(Rax)
Cors1 = q(Vary1) — q(Rax).

Since ¢ only identifies a measure with measures that have the same number of arcs, the collection of
subspaces q(Var41) for all k& > 0 partitions VRZ(S')/ ~, and thus the cells Cy,...,Cox41 partition
VRZ(5')/ ~ as well. Since VRZ'(S')/ ~ is Hausdorff by Lemma to give VRZ (S')/ ~ the structure
of a CW complex, it is sufficient to construct for each n > 1 a map from a closed n-disk D™ into
VRZ(S 1)/ ~ such that the interior is mapped homeomorphically onto C,, and the boundary is mapped
into the union of the lower dimensional cells; see Proposition A.2 of [9]. We will write each n-skeleton
as X, = CoU---UC(C,, so for each 0 < k < K, we have

Xop = q(Wag—1) U q(Rax)
Xok+1 = ¢q(Waky1)
We consider the even dimensions first. For k = 0, the single 0 cell is ¢(Ro) = {q(Jjo})}. For each k > 1,
choosing a homeomorphism D% — R that maps §2k—1 homeomorphically onto dRsj, we define the

characteristic map ®s5 by the following composition:

o

D* = Ry VRZ(S) — VRZ(SY)/ ~ .

Combining Lemma [L3] with the closed map lemma, we find that ®4 is a closed map. Since ¢ is injective
on Ry, ®9; maps the interior of D?* bijectively onto Coy. It can be checkedﬂ that since ®9;, is a closed
map and the interior of D?* is ®,-saturated, it is in fact mapped homeomorphically onto Csj,. Because
ORsj; consists of measures with less than 2k+1 arcs, the boundary of Doy, is sent into g(Wap_1) = Xog_1,
as required.

For the odd dimensions, for any & > 1, we consider D* x I as a (2k 4 1)-cell and construct
a map into VRZ(S'). We can choose a continuous, surjective map D2?* x I — Py, ; that, for
each t € I, mal;s D?F x {t} homeomorphically onto the set of measures with support contained in
{527, 52w, - (3 2n]} and maps 271 x {t} to the set of such measures with zero mass at
at least one of these points. Thus, I parameterizes the regular (2k+1)-gons and D?* x {0} and D?* x {1}
are both mapped into Ryy. Define ®,5,; by the following composition:

D? x I —— Pypy1 — VRZ(S') —1= VRZ(SY)/ ~

Each element of ¢(Var41) can be represented by a unique measure in Psi11, so by an argument similar
to the above, ®5;1 maps the interior of D?F x I homeomorphically onto Coy1. Furthermore, points in
the boundary of D? x I are mapped into either q(0Pa;+1) € q(Wax_1) or q(Rayi), so the boundary is
mapped into Xoj,. We have thus shown VR”?(S')/ ~ has the CW-complex structure described above.

We now find the homotopy types of the skeletons: we show for each k > 0 that Xop, ~ D% ~ {4}
and Xopy1 ~ S?¢*t1. We use induction on k to construct, for each k¥ > 0, a homotopy equivalence
Vort1: Xopp1 — S?FF1 that maps Xox to a point z € S?¢1 and maps the cell Cyyy; homeomorphically
onto S2**1 —{z}. For the base case, ¢(Ro) = {q(d[g])} is the single O-cell, and since X; = q(W}) is formed
by gluing a 1-cell to by its two boundary points to the zero cell, we in fact have a homeomorphism X; = S*
that maps C; homeomorphically onto S* — {[0]}.

6 general, if f: X — Y is a closed map and A C X is an f-saturated set, then f|a: A — f(A) is a closed map. We will
use this fact once more below.
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Pok|g2k-1

2k—1
S Xog—1
1 P2k—1
2k—1 ! 2k—1
S S
o
D2k 2k X2k
1 RNRRY
.
2k 2k—1 2k
D S L|f D

FIGURE 5. Diagram for determining the homotopy type of Xor. The front and back
squares are pushouts and the map 1 is a homotopy equivalence.

For the inductive step, let k > 1 and suppose por_1: Xop_1 — S2k—1 jg a homotopy equivalence that
maps Xop_o to a point z € S?*~1 and maps the cell Cy,_; homeomorphically onto S2¢~1 — {z}. In
the diagram in Figure |5} ®g;: D?* — Xy is the characteristic map defined above, with the codomain
restricted. By Lemma Dop|g2x—1 1s surjective, and this implies ®of is also surjective. Since Pgy, is
a closed map, this implies it is a quotient map, and these facts can be used to check that the square
in the diagram containing ®o and Pox|g2x-1 is a pushout. Letting f = @ar—1 0 Pog|g2k-1, the diagram
commutes and both the front and back squares are pushouts. By the gluing theorem for adjunction spaces
(7.5.7 of [7]), the resulting map 1: Xop — S?*~1 1y D! defined by the universal property of pushouts is
a homotopy equivalence. Since (D?*,5%~1) has the HEP, the homotopy type of S2¢~1 Ly D?* depends
only on the homotopy equivalence class of the map f (Proposition 0.18 of [9]). This, in turn, depends
only on the degree of the map f (see, for instance, Corollary 4.25 of [9]), which we will find by considering
the local degree at a suitable point.

Since (qlor,, ) (Car—1) C (qlory )" (q(Var—1)) € V71 N ORyy, Lemma [14] shows ¢ restricts to a
bijection from (q|gr,, )~ (Cax_1) onto Cox_1. Furthermore, ®o|g2x—1 factors as

S =GRy, Hora, q(Wak—1),

50 ®op|g2r—1 restricts to a bijection from (®op|ges-1)71(Cox_1) onto Cox_1. Since P9 is a closed
map and S?*~! is ®yp-saturated, Pop|ger-1: S?*71 — Xy, is also a closed map. Similarly, since
(®op|g2r—1) "1 (Oop_1) is Pop|ger—1-saturated, it can be checked that the restriction of ®op|g2x—1 to
(®Por|g2r—1)"1(Cox_1) is in fact a homeomorphism onto Cy,_;. By the inductive hypothesis, we have
<p2_k171(52k_1 —{z}) = Coi,_1, and this cell is mapped homeomorphically onto S?~1 — {2} by por_1,
so we can conclude that f restricts to a homeomorphism from f=1(S%~! — {21) onto S?~! — {2}
Therefore, the local degree of f at any point in f~1(S%*~1 — {z}) is £1, which shows that the degree
of f is &1 (see Proposition 2.30 of [9]). This shows S?*~1 11, D?* is homotopy equivalent to the space
formed by gluing the boundary of D to S?*~! by the identity map, which is homeomorphic to D?*.
Thus, we find X, ~ S?~1 Uy D? ~ D2k ~ {x}.

Finally, since CW pairs have the HEP and we have shown Xs; is contractible, the quotient map
Xok+1 — Xok+1/Xak is a homotopy equivalence by Proposition 0.17 of [9] (or by our Proposition . In
our case, Xokt1 is obtained by gluing single a (2k + 1)-cell by its boundary to Xay, and thus we have
the homotopy equivalence o1 defined by the composition

~

X2k+1 —_— X2k+1/X2k —_— D2k+1/52k —_— 52k+1.
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Furthermore, @o41 sends Xoi to a single point of 5261 and sends the cell Csj+1 homeomorphically
onto the remainder of S?**1, completing the inductive step.

We have thus found the homotopy types of the skeletons. Furthermore, for r > 7, it can be checked
that VRZ'(S?) is contractibleﬂ Recalling the r values for which Vagy1(r) is nonempty, described in
Proposition [I} we have proved the following theorem.

Theorem 2. For each k > 0, if Vay11(r) is nonempty, then q(Wagi1(r)) = S?*T1. This implies

2k+1 - 2kw  (2k+2)w
) ifre [2k+17 2513 )

{(}  ifr>m.

VR?(Sl;r) ~ {

8. PERSISTENT HOMOLOGY

Finally, we will address the inclusion maps between the metric thickenings as the parameter r varies
and find the associated persistent homology barcodes. As mentioned above, the barcodes are already
implied by previous work, as long as we disregard whether endpoints of bars are open or closed. Thus,
this section simply demonstrates that the techniques we have used are sufficient to find the barcodes
directly; this will hopefully be of use in future research.

Here we must be careful to distinguish between the quotients we have constructed at different values
of the parameter r. Let £ > 0 and let r, 7’ € [22&:1, (22k }:f?z”) with 7 < r’. Let the equivalence relations on
VRZ (S';7) and VRZ (S*;7') described in Theorembe denoted ~ and ~' respectively, and let the corre-

sponding quotient maps be ¢ and ¢’ respectively. In both quotients VRZ (S*;7)/ ~ and VRZ (S*;77)/ ~/,

any equivalence class can be represented by a regular polygonal measure with at most 2k + 1 support
points, and all such regular polygonal measures represent distinct equivalence classes. Since the defini-
tion of each Fy; does not depend on the parameter r, if y € VRZ(SYr) € VRZ(SY;77), then q(u)
and ¢'(p) are in fact represented by the same polygonal measure. ~We thus have a homeomorphism
VRZ(S';7)/ ~ = VRZ(S';7')/ ~' that sends the equivalence class of a regular polygonal measure in
VRZ(S';7) to the equivalence class of the same regular polygonal measure in VRZ'(S;7/) (note that
thisihomeomorphism can be viewed as the natural homeomorphism of the CW corﬁplexes constructed
in Section . This homeomorphism makes the following diagram commute:

VRZ(S';r) —— VRZ(S';7)

VRZ (5';r) VRZ(S';r)

~ N/

The vertical maps are homotopy equivalences by Theorem [1| and the bottom map is the homeomor-
phism described above. Therefore, after applying a singular homology functor H,, in any dimension
n > 0 and with coefficients in any fixed field, we obtain a commutative square in which each map is an
isomorphism:

H, (VRZ(S"7)) ————— Ho(VRZ(S%;1))

VRZ (styr) )

m 1_7,/
H, ( ¢ VRZ (S )) .

H, (V55

"One simple option to show VRQ”(Sl) is contractible is to use a linear homotopy in the metric thickening. Specifically, fix
some po € VR (S!) and define L: VR (S) x I — VRZ(S!) by L(u,t) = (1 —t)p + tpo. Linear homotopies have played
a significant role in previous work: see Lemma 3.9 of [3], Lemma 4 of [14], and Proposition 2.4 of [5].
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By Theorem [2, both VRZ (S*;7)/ ~ and VRZ (5';77)/ ~' are homotopy equivalent to S2**!. From the

homology of spheres, for any r € [;,ifl, (22]?52”), we find that HO(VR%”(Sl; r)) and H2k+1(VR;”(Sl; r))

are 1-dimensional and the homology in all other dimensions is zero. Applying these facts across all scale

parameters r, this shows that the quotient maps induce an isomorphism of persistence modules between
m 1,
Ho(VRZ(S% ) and H, (Y722

class of a fixed delta measure is a generator for all » > 0. By considering all £ > 0, we can find the

). In particular, for zero-dimensional homology, we note that the

persistent homology in all dimensions. The barcodes are given in the following theorem.

Theorem 3. The filtration VR’S”(Sl; _) of Vietoris—Rips metric thickenings of the circle has one persis-

tent homology bar [0,00) in dimension 0, one bar [;,ffl, (22]2:23”) in dimension 2k + 1 for each k > 0,

and no bars in the remaining dimensions.

—
Hs ™=
Hs —
H,
27 4 67
0 3 37 Q

FIGURE 6. Visualization of the reduced persistent homology bars of VRZ (S*; ). There
is one bar in each odd dimension, corresponding to the homotopy types of odd-
dimensional spheres.

9. CONCLUSION

While certain techniques used here depend on specific properties of the circle, such as characterizing
a measure g by the number of p-arcs, some ideas will hopefully generalize to other settings. The
notion of a support homotopy already applies to more general Vietoris—Rips metric thickenings (and
other simplicial metric thickenings), as we proved Lemma [2] with only the requirement of a bounded
metric space. This suggests that the idea of collapsing a Vietoris—Rips metric thickening to a subset
of representative measures, which we did via a support homotopy, could work in other spaces as well.
Here we used p-arcs to describe how to identify p with a simple representative in a quotient. In another
space, a similar description of what portions of the space are excluded by a support point may lead to a
similar, albeit possibly more complicated, way to choose a representative.

For those interested in pursuing other specific spaces, natural choices include spheres of higher dimen-
sions. Previous work indicates the homotopy types are likely to be more complicated than those of the
circle: see Theorem 5.4 of [3]. Another approach to future work would be to examine what techniques
presented here can be generalized to reasonable classes of metric spaces, for instance, those that have
the topology of a compact manifold. Ideally, we would eventually be able to show that Vietoris—Rips
metric thickenings (and possibly other simplicial metric thickenings) of metric spaces meeting reasonable
conditions are homotopy equivalent to CW complexes, thus providing an analog of Morse theory. Even
in cases where the homotopy types are too difficult to describe fully, such a theory could provide bounds
on the dimensions of homology modules and the numbers of persistent homology bars, analogous to the
Morse inequalities. Results in this direction will improve our understanding of not only Vietoris—Rips
metric thickenings but also of Vietoris—Rips simplicial complexes, since in terms of persistent homology,

these constructions are essentially interchangeable.
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APPENDIX A. PROOF OF LEMMA

Here we prove Lemma |§|, which states that p € Vap41(r) if and only if supp(p) is contained in a finite
set T C S* such that diam(T") < r and arcs,(T) = 2k + 1.

Proof of Lemmal[@ Let C be the set of measures u € VR (S) with supp(u) contained in some finite set
T C St such that diam(7T") < r and arcs,(T) = 2k + 1. We must show C = Vak+1, and we start by noting
that Vary1 C C. We first show C' C Vapy1. We can write any a € C' in the form o = Y7 a;0p6,), with
a; > 0 for each i and such that diam({[fo], ..., [0.]}) < r and arcs,({[0o],...,[0n]}) = 2k + 1 (note that
some a; may be 0, allowing for the case when the support of p is strictly contained in {[fo],...,[0n]}).

n

For each positive integer j, let o; = >, ((1 — %)ai + 5 (n+1)) dj0,)- Then oy € Vapyq for each j and

the sequence {a;} converges to a, so a € Vap1.

The remainder of the proof will handle the converse: we suppose u € VRZ(S!) — C and show
e VR’S”(Sl) — Vapy1. If k = 0, then this is true since V; is closed (by Lemma_and Vi C C; thus, we
may assume for the remainder of the proof that k > 1. If arcs,(u) > 2k+1, then u € VRZ(S') — Wap 41,
SO 1 € VR%"(SI) — Var41 because Lemma |5 implies Vo1 € Wagy1. Thus, we consider the case where
arcs, () < 2k+1, and in this case, we must in fact have arcs,(u) < 2k + 1 because Va1 C C. Then for
any finite set 7' C S* with diam(7) < r such that supp(u) C T, we must have arcs,(T) < 2k + 1, since
péC.

We examine the ways that points can be added to supp(u) to produce such a set T'. Begin by coloring
the points of supp(u) blue and the points opposite them red. From here on, whenever we color a point
red or blue, we assume the point opposite it is colored the opposite color, and thus it is sufficient to
describe colored points on half the circle. Fix some blue point [f] € supp(u), and let A;,..., Ay be all
arcs between consecutive colored points on a fixed half of the circle between the blue point [6] and the
red point [0+ 7]. Then diam(A4;) is the length of the arc A; for each i. In general, if a finite set of points
on the circle are colored blue and the points opposite them are colored red, the set of blue points has
diameter at most r if and only if the distance between any blue point and any red point is at least m —r.
Following this restriction on distances, we search for a way to color additional points of an arc A; that
produces the greatest increase in the number of arcs of the set of blue points. Adding a pair of antipodal
points, with one red and one blue, increases the number of arcs of the set of blue points by two if and only
if the blue point is placed between consecutive colored points that are both red, which happens if and
only if the red point is placed between consecutive colored points that are both blue. If the endpoints
of A; are both the same color, without loss of generality we let them be blue and note that after adding

additional points, the increase in the number of arcs is equal to two times the number of new red points
diam(A;)
2(m—r)
because of the required distance between red and blue points, and this number of new red points can

in A; immediately counterclockwise of a blue point. There can be at most | | such red points

be achieved by placing points of alternating colors at distance m — r from each other, beginning at one
endpoint A and continuing until no new red points can be placed. Therefore QL%(A)U is the maximal
increase in the number of arcs of the set of blue points that can be produced by coloring additional points
of A;, and this maximal increase can be achieved. By similar reasoning, if one endpoint of A; is red and
the other is blue, we find that the maximal increase is 2L%J

If T C S! is any finite subset with diam(7) < 7 and such that supp(u) C 7', then T can be obtained as
a set of blue points meeting the description above. Using the bounds on the maximal increases described

above, we have

diam(A diam(4;) — (7 —r)
arcs,(T') < arcs,(u) + { J + 2{ J
Z —r) mZJ 2(r =)
where I is the set of all ¢ such that A; has endpoints of the same color and J is the set of all 7 such that
A; has endpoints of opposite colors. Furthermore, this bound is tight, since the maximal increase can be

achieved for each A;, so since pu ¢ C implies arcs,(T) < 2k 4+ 1 for a T producing the maximal increase
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in arcs, we have

arcs, (1) +;2{WJ +;2{diam(;(l;)_f; *’")J <2k + 1.

We can now choose an € > 0 such that increasing any diam(A;) by 2 does not increase the value of
any floor function above. Specifically, choose £ > 0 so that
Qdiam(Ai)J t1- diam(Ai))

e < (m—r)min 2 —1) r—7)

icl

and

({diam(Ai) — (7 — T)J 1 diam(A4;) — (7 — r))

2(m —r) 2(r —r) ’
noting that each minimum is taken over a finite set of positive values. By Lemma , there exists a
0 > O such thatif v € VR;"(Sl) and dy (p,v) < 4, then each point of supp(p) has a point of supp(v) that
is at distance less than €. For any such v, choose one such point in supp(v) for each point of supp(u) to

€ < (m—r)min
icJ

define a set U C supp(v), and color the points of U green and the points opposite them orange. Shrinking
€ if necessary, we can assume each green point is within € of a unique blue point, and the ordering of the
green and orange points matches the ordering of the corresponding blue and red points. This implies
that arcs,(U) = arcs,(u); that the arcs A;,..., Ay above have corresponding arcs A, ..., Ay defined
analogously for corresponding the green and orange points; and that for each ¢ the endpoints of A} differ
from the corresponding endpoints of A; by less than €. Since U C supp(v), arcs,(v) can be bounded
by the same method we used to bound arcs,(T") above, replacing A; with A. for each i. For each i,
diam(A}) < diam(A;) + 2¢, so by the choice of €, we have

arcs,(v) < arcs,(U) + ; 2 {WJ + Z 2 {diam(;éir) _—f;T — T)J

= ares, (1) + Z?[WJ Ly ) — ()

Py 2(mr —r)

<2k + 1.

This shows v ¢ Va1, so p has an open neighborhood that does not intersect Va1, and we can conclude
MEVRTS”(Sl)—ngH. O

APPENDIX B. CONTINUITY OF Gagi1

We now return to check that each Gagy1 is continuous. The intuition is described in Section @ The
main challenge is that there is not a unique natural way to extend the definition of ﬁQkJ,_l to OVopy1 X 1,
which makes it difficult to consider a limit as p approaches dVagy1. To handle this, we consider all
sensible ways one could attempt to extend ﬁ2k+1 to a given point in 0Vai41 X I and find that there are
finitely many. This allows us to use a compactness argument to consider a limit as p approaches dVap 1.

In the proof, it will be convenient to bound the 1-Wasserstein distance between measures by spec-
ifying how only part of the mass is transported. Formally, this will be described by a partial match-
ing between measures =y ; a;0,] and ' = Z;il aj
#={ri;|1<i<n,1<j<n'} of nonnegative real numbers such that Y1 | x;; < af for all j and

6[9;], which is defined to be an indexed set

Z?:l kij < a; for all . A partial matching gives an incomplete description of how mass is transported
from p to p', and the cost of a partial matching is defined in the same way as the cost of a matching.
Any partial matching from g to g’ can be completed to a matching from p to p': that is, given a partial
matching x, there exists a matching &’ such that x;; < ff;J» for all 4,j. The cost of transporting the

remaining mass not accounted for by the partial matching x can be bounded using the diameter of S*

(as a metric space): the maximum distance between two points of St is 7.
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Proof of continuity of Gory1. Note that G = 131 is continuous, so we let & > 1. It is sufficient to
check sequential continuity for each point in 0V, 1, since the continuity of gox—1 and ﬁ2k+1 imply that
Gagy1 is continuous on Voiyy and Wagyy — Vapy1, which are open in Wapy 1. Suppose {(itn,tn)}n is
a sequence in Wagiq X I that converges to (p,t) € OVagi1 X I. We need to show {Gakt1(tin,tn)}n
converges to Gagy1(ft,t) = gar—1(). For the subsequence consisting of those (un,t,) in War_1 x I,
we have Gogy1(tin,tn) = qak—1(pn), and we can apply continuity of gor—1 to show this subsequence
converges. Thus, we can reduce to the case where (pp,t,) € Vagy1 x I for all n.

Let [ < k be such that yu € Vo41. By Lemma , for any p’ € Vapy1 sufficiently close to u, if we
..., Agi that collectively contain

the support of . Let (z,7) be a coordinate system that excludes a point not in these arcs and assume
the arcs are in counterclockwise order starting from the excluded point. As before, we let vy} e ST R

be a function such that for any [f] in some A;, we have [f] € A . . With p fixed as above, define

(I

- 27T z, /
m " :/;'1 <$—2k+1’02ki1) d/’L

and writing p as p = Zf\;l a;0[g,], define Jer' L T Vaiy1 by

Qf,u ’ 7 .
J Z“Z ([0:)+t (527 o5 ([0:])+me k"))

This mimics the definition of Fbj1, but applies it to g, which is not in Vak+1(r). By an argument
similar to that in the proof of Lemma each J”‘/( t) is in fact in Voiqq1. Since Jor g continuous
J“‘,(I ) is compact. Note that the only reason J*: #" depends on 4’ is because of the use of v 41 in
these definitions. Since there are only finitely many points in supp(u) and finitely many indices of arcs
they are assigned to by vi,’g‘il, there are only finitely many sets J W"(I ) that can be obtained from all
possible pi/. Taking the union of these finitely many J*# (I) for all possible 4/, we obtain a compact set
S C Wapg1.

Any open set of gar—1 (Wak41) containing Gog1(p, t) = gor—1(1) has a preimage equal to a (gog—1)-
saturated open subset U C Wayiy1 containing pu. For any such U, we show S C U by showing
ﬁng(Jx’“/(t), 1) = ﬁQl_A,.l(/,[/, 1) for each t € I and each p’ meeting the description above. We mimic
the proof of Lemma omitting details. As in the proof of Lemma we can choose (z,7) to be a
valid coordinate system for both y and J%# () and such that all points of supp(u) and supp(J®* (t))
are sent into (0,27) by z. Since the masses of the corresponding arcs of p and J%* (t) agree, following
Equation |1| before Lemma it is sufﬁcient to check that m3, ,(u) = mng(J“"“,(t)). If Ag, ..., Al
are the arcs of j, we have mg; (1 fsl cdp— N2 2in (A%), and analogously for mng(J“E’“' ().

i=0 21+1 M
Again, since the arc masses of p and J®H (t) agree, we only must check that Jorzdp= [o xd(J5H (t)).

Using the notation above for x and J%# (t), we have

Z‘“(lt [9])+t<2k211§k11([9])+m >>

2
:(1—15)/Slxdu—l-t/s1 2k+1v%+1du—|—tm

= / zdp,
Sl

where the last equality follows from the definition of moH

32



Therefore we have S C U, and since S is compact and U is open in Way 41, there existﬁ an € > 0 such
that any point within € of S is contained in U. We will show that even though {ﬁ2k+1(pn,tn)}n does
not necessarily converge to a specific point in S, the points of the sequence become arbitrarily close to .S
as n approaches infinity and are thus contained in U for all sufficiently large n. Since u,, approaches p,
we can set u' = p, for all sufficiently large n. We can also make a choice of a coordinate system (x, )
that meets the requirements above simultaneously for all u,, with n sufficiently large: for instance, let x
exclude a point opposite a point of supp(u). Then we have

- 2 o
me = /51 <x 2k +1 21#1) dp

2
mj n) = xr — ahm ) d ns
k1 (Hn) /51 ( %1 2k+1> H

where m3, , ; is as defined in Section 5| E Thus,

J* #n Zal 7((L=tn)x([0:]) +tn (gRE v (10:]) +me kn))s
1=1
. N’n/
and if i, = Zj:1 an,jo, ], then
Ny,

F2k+1(lu‘na tn) = Z an,j57’((1—1&7,,)m([en,j])—ktﬂ,(%v;y_‘*_’i([9711J])+m§k+1(,un)))'
j=1
We show that ﬁ2k+1(ﬂn,tn) becomes close to S by showing the distance between ﬁgk.’.l(un,tn) and
J%#n(t,) approaches zero as n approaches infinity. For all sufficiently large n, we will have a bound
|m®Hr —m3, ()| < § by Lemma 1) and the fact that fSl x dp, approaches fSl x dp as n approaches
infinity (by Lemma replacing x with a suitable bounded continuous function that does not change the
value of the integrals). As long as n is sufficiently large, we can define the arcs Ay,..., As; as above
with ¢/ = p, and these arcs collectively contain supp(u) and supp(p’). We now fix n and let {x; ;}
be an optimal matching between p and p,. Distinct arcs are separated by a distance of at least m —r,

so a mass of no more than M may be transported between distinct arcs by {r; ;}. Thus, letting

B ={(i,4) [ vy ([6:]) = v,y ([Bn 1)}, we have

d n
Z Kij > 1— W(Ma# )
(i,)eB T

We define a partial matching for the measures J*#n(t,,) and ﬁ2k+1(l,bn7 tn) by using the same values k; ;
for (¢,7) € B. We will use the fact that for (i, ) € B, the distance |z([0;]) — ([0 ;])| is the arc length
between [0;] and [0, ;] in the arc Ayzpn ((o,)) containing them, so |z([0:]) — z([0n,;])| = ds1([0i], [On4])-

8This is a general fact about compact subsets of metric spaces, which was also used in the proof of Lemma See, for
instance, Exercise 2 in Section 27 of [I5].
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Thus, the cost of this partial matching is bounded by

Z Kijdgt (T((l — tn)a([03]) + to (5 sl ([03]) + m®i)),
(i.7)eB

(1 = tn)2([0n5]) + tn (57570571 (0, D+m§k+1(/~tn))))

Z Hi’de((l = tn)2([0:]) + tn (2k+1”§klf|-n1([‘9¢]) +m®Hn),
(i,4)€B

(1= ta)a([0n,5]) + ta(5Z7 055 (On.a]) + m;”m(un)))

<(1—tn) Z ki jle([0i]) — 2([On,;])] + tn Z Kig|m®Hn —mG ()]
(i,7)€B (i,j)eB

=(1=tn) > kigdsi ([0, 0n;]) +tn D Kiglm™Hn —mEy (i)l
(i,5)€B (i,5)eB

3
)
gdW(NaMn) + 5

There is mass at most % remaining, and this mass can be transported arbitrarily at a cost of at

most

" dw (4, tiry). This shows there exists a matching between J*#= (t,,) and ﬁ2k+1 (ftn, tn) with cost at

T

most (

" )dw (i, pin) + 5. Thus, for all sufficiently large n, we have dy (J*# (t,,), Foi1 (s 1)) < €.

Therefore, for all sufficiently large n, Fopi1(fin, tn) is within & of J##= (t,,) and is thus within ¢ of S, so
itisin U. So for any open neighborhood of gax—1 (1) in gog—1 (Wag+1), we have shown qgk,lofgkﬂ(un, tn)
is in this neighborhood for all sufficiently large n, so {Gag+1(tn,tn)}n converges to Gagr1(p,t). This
completes the proof that Gay1 is continuous. O
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