Operations Research Forum (2021) 2: 32
https://doi.org/10.1007/543069-021-00074-z

ORIGINAL RESEARCH

®

Check for
updates

Mixed E-Duality for E-differentiable Vector Optimization
Problems Under (Generalized) V-E-Invexity

Najeeb Abdulaleem’2

Received: 29 April 2020 / Accepted: 31 May 2021/ Published online: 12 July 2021
© The Author(s) 2021

Abstract

In this paper, a class of E-differentiable vector optimization problems with both ine-
quality and equality constraints is considered. The so-called vector mixed E-dual
problem is defined for the considered E-differentiable vector optimization problem
with both inequality and equality constraints. Then, several mixed E-duality theo-
rems are established under (generalized) V-E-invexity hypotheses.
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1 Introduction

Multiobjective programming duality has been of much interest in the recent past.
Many authors have established duality results for various classes of multiobjec-
tive programming problems (see, for example, [1-3, 5, 7-11, 13-15, 17, 19-23],
and others). Youness [24] introduced the concepts of an E-convex set and an
E-convex function. Megahed etal. [ 18] presented anew concept of an E-differentiable
convex function and they established optimality conditions for mathemati-
cal programming problems in which the functions involved are E-differentiable.
Abdulaleem [4] introduced a new concept of generalized convexity as a
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generalization of the notion of E-differentiable E-convexity and the notion of
differentiable invexity introduced by Hanson [12]. Namely, Abdulaleem defined
the concept of E-differentiable E-invexity in the case of (not necessarily) differ-
entiable vector optimization problems with E-differentiable functions. Recently,
Abdulaleem [5] introduced a new concept of generalized convexity as a gener-
alization of the E-differentiable E-invexity notion and the concept of V-invexity
given by Jeyakumar and Mond [16]. Namely, Abdulaleem defined the concept of
E-differentiable V-E-invexity in the case of (not necessarily) differentiable vec-
tor optimization problems with E-differentiable functions and used this concept to
prove sufficient optimality conditions for a new class of nonconvex E-differentiable
vector optimization problems.

In this paper, a class of E-differentiable V-E-invex vector optimization prob-
lems with both inequality and equality constraints is considered. A mixed
E-dual problem is defined for the considered E-differentiable V-E-invex vector
optimization problem with both inequality and equality constraints. Then, various
mixed E-duality theorems are established between the considered E-differentiable
multicriteria optimization problem and its vector mixed E-dual problem under
appropriate (generalized) V-E-invexity hypotheses.

2 Definitions and Preliminaries

Let R" be the n-dimensional Euclidean space and R’} be its nonnegative orthant.
The following convention for equalities and inequalities will be used in the paper.
For any vectors x = (x;,X,,..,x,) and y = (y;,y5,...,) in R", x > y means that
the vector x is componentwise greater than the vector y. Similarly, the same con-
vention has been used for x =y, x 2 yand x > y.

First, we recall for a common reader the definition of E-differentiable function
introduced by Megahed et al. [18].

Definition 1 [18] Let £ : R" — R"and f : R" — R be a (not necessarily) differenti-
able function at a given point u € R". It is said that f is an E-differentiable function
at u if and only if foF is a differentiable function at u (in the usual sense), that is,

(foE)x) = (fo E) (u) + V(f o E) (u) (x — u) + O(u, x — u) [|lx — ul], (1)
where 6(u,x — u) — 0as x - u.

Now, we give the definition of a V-E-invex function introduced by Abdulaleem

[5].

Definition 2 [5] Let E : R" - R" and f : R* — R* be an E-differentiable func-
tion on R". It is said that f is a V-E-invex function (a strictly V-E-invex function)
with respect to n at u € R" on R" if, there exist functions # : R* X R" — R" and
a; : R"XR"—- R, \ {0},i=1,2,...k, such that, for all x € R" (E(x) # E(u)), the
inequalities
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JUE®) = flEW) Z a(EW), E@)V(E@)n(E(x), E@) (>) 2

hold. If inequalities (2) are fulfilled for any u € R"(E(x) # E(u)), then fis a V-E-invex
(strictly V-E-invex) function at u on R". Each function f;, i = 1, ..., k, satisfying (2),
is said to be a-E-invex (strictly a-E-invex) with respect to # at u on R".

Remark 1 Note that the Definition 2 generalizes and extends several generalized
convexity notions, previously introduced in the literature. Indeed, there are the fol-
lowing special cases:

(a) Inthecase whena;(x,u) = 1,i = 1, ..., k, then the definition of a V-E-invex func-
tion reduces to the definition of an E-invex function introduced by Abdulaleem
[4].

(b) Iffis differentiable and E(x) = x (E is an identity map), then the definition of a
V-E-invex function reduces to the definition of a V-invex function introduced by
Jeyakumar and Mond [16].

(c) Iffis differentiable, E(x) = x (E is an identity map) and a;(x, u) = 1, k = 1, then
the definition of a V-E-invex function reduces to the definition of an invex func-
tion introduced by Hanson [12].

(d) If nisdefined by n(x,u) =x —wuand a;(x,u) = 1,i = 1, ..., k, then we obtain the
definition of an E-differentiable E-convex vector-valued function introduced by
Megahed et al. [18].

(e) Iffisdifferentiable, E(x) = x and n(x, u) = x —uand a;(x,u) = 1,i = 1, ..., k, then
the definition of a V-E-invex function reduces to the definition of a differentiable
convex vector-valued function.

(f) If fis a differentiable scalar function, n(x, ) = x — u and a;(x, u) = 1, then we
obtain the definition of a differentiable E-convex function introduced by Youness
[24].

Now, we give various classes of generalized E-differentiable V-E-invex functions.

Definition 3 Let E : R* — R" and f : R" — R* be an E-differentiable function on
R". Tt is said that fis a V-E-pseudo-invex function with respect to n atu € R" on R" if,
there exist functions n : R* XR" - R"and @; : R"XR" - R_\ {0}, i=1,2,...,k,
such that, for all x € R", the relations

k k
D a(E). E@)E) < Y, a(EG). Ew)f(Ew)
i=1 . i=1 (3)
= Z VA(E@)n(Ex), E(w)) <0
i=1

hold. If (3) are fulfilled for any u € R”", then fis V-E-pseudo-invex with respect to
n on R". Each function f, i =1, ..., k, satisfying (3) is said to be a;-E-pseudo-invex
with respect to # at u on R".
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Definition 4 Let E : R* — R" and f : R" — R* be an E-differentiable function on
R". It is said that f'is a V-E-quasi-invex function with respect to # at u € R" on R" if
there exist functions n : R* XR" - R"and @; : R"XR" - R_\ {0}, i=1,2,...,k,
such that, for all x € R", the relations

k
D G (E@), EW)(E) £ Y a(E), E@)f(Ew)
i=1 i=1
4
k

k

= ) VA(Ew)nEX),Ew) =0

i=1

hold. If (4) are fulfilled for any u € R", then f is V-E-quasi-invex on R". Each
function f, i =1,...,k, satisfying (4) is said to be a;-E-quasi-invex with respect
ton at u on R".

In this paper, we consider the following (not necessarily differentiable)
multiobjective programming problem (MOP) with both inequality and equality con-
straints defined as follows:

minimize f(x) =(f1 x), ...,fp(x))
subject to g;(x) £0,jeJ={1,..,m}, (MOP)
h(x)=0,teT={1,..,q},
where f; : R" > R, iel={1,..,p} g R'—>R,jeJ,h :R" >R, teT, are
real-valued functions defined on R". We shall write g := (g1 s ees gm) :R" - R™and
h:= (hl,...,hq) : R" — RY for convenience. Let
Q:={xeX:gW=<0,jelhx=0,1eT)}
be the set of all feasible solutions of (MOP). Further, we denote by J(x) the

set of inequality constraint indices that are active at a feasible solution x, that is,
Jx)y={jeJ:gx =0}

Definition 5 A feasible point X is said to be a weak Pareto (weakly efficient) solution
of (MOP) if and only if there exists no feasible point x such that

J) <fQ).

Definition 6 A feasible point X is said to be a Pareto (efficient) solution of (MOP) if
and only if there exists no feasible point x such that

J&) <f().

Let £ : R" — R" be a given one-to-one and onto operator. Throughout the
paper, we shall assume that the functions constituting the considered problem
(MOP) are E-differentiable at any feasible solution.
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Now, for the considered problem (MOP), we define its associated differenti-
able vector optimization problem (VPj) as follows:

minimize f(E(x)) =(f,(E()), ....f,(E(x)))
subject to g(E(x)) £0, j € J = {1,...m},(VPp)
h(Ex)=0,t€T=1{1,..q}

We call the problem (VP;) an E-vector optimization problem associated to
(MOP). Let

Q; :={x€eR" : gEW) L0, j€J, h(Ex)=0,1€T}

be the set of all feasible solutions of (VP}). Further, we denote by J;(x) the set of
inequality constraint indices that are active at a feasible solution x € Q, that is,

Jex)={j€J: (goE)x) =0}

Definition 7 A feasible point E(x) is said to be a weak E-Pareto (weakly E-efficient)
solution of (MOP) if and only if there exists no feasible point E(x) such that

JE®) < fEQ)).

Definition 8 A feasible point E(x) is said to be an E-Pareto (E-efficient) solution of
(MOP) if and only if there exists no feasible point E(x) such that

fEX) < f(EX)).
Lemma 1 [1] Let E : R" — R" be a one-to-one and onto. Then E(QE) =Q.

Lemma 2 [1] Let 7 € Qy be a weak Pareto solution (a Pareto solution) of the
E-vector optimization problem (VPg). Then E(Z) is a weak Pareto solution (a
Pareto solution) of the considered multiobjective programming problem (MOP).

Now, we give the Karush-Kuhn-Tucker necessary optimality conditions for a
feasible solution X to be a weak Pareto solution in (VPy). These conditions are, at
the same time, the so-called E-Karush-Kuhn-Tucker necessary optimality condi-
tions for E ()_c) to be a weak E-Pareto solution in (MOP).

Theorem 1 [4] (E-Karush—Kuhn—Tucker necessary optimality conditions). Let
X € Qg be a weak Pareto solution of the E-vector optimization problem (VPy) (and,
thus, E ()_c) be a weak E-Pareto solution of the considered problem (MOP)). Further,
/> & h be E-differentiable at x and the E-Guignard constraint qualification [4] be
satisfied at x. Then there exist Lagrange multipliers A € RP, u € R", £ € RY such
that

m

P 9 _
D AVAE®)+ Y BV (E®) + Y EVh (E®) =0, )
i=1 j=1 t=1

j=
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Higi(E®) =0, j € J(E(%)), (©6)

1>0,7

v

0. @)

3 Mixed E-Duality

In this section, a vector mixed E-dual problem is defined for the considered
E-differentiable problem (MOP) with inequality and equality constraints.

Let the index set J be partitioned into two disjoint subset J;, and J, such that
J=J,UJ, and the index set T be partitioned into two disjoint subset 7| and T,
such that 7= T, U T,. Let J; be an index set such that J, = J\J, and J, = J\J,, let
H1,81, = ey, Hi8» k = 1,2 and, moreover, |J,| and |, | denote the cardinality of the
index sets J; and J,, respectively. Further, let 7, be an index set such that T, = T\T,
and T, = T\T, let & hy, = ¥, cr &y, k= 1,2 and, moreover, |T;| and |T,| denote
the cardinality of the index sets 7' and T, respectively. Let us denote the set

Q={xeR : g0, j€ ), h(x)=0,1€T,}.

Now, for the define E-differentiable problem| J(MOP), we introduce the definition

of the scalar Lagrange function L : Q X RY X R} I RIT: S R as follows

P
L A 1, 8) 1= ) L0+ D g + ). Ehy (). ®)
i=1 = teT,

Further, let £ : R — R" be a given one-to-one and onto operator. Further, let
us define the following set

Q; :={x€R": (goE)x)£0,j€J, (hoE)(x)=0,1€T,}.
Now, we define the following vector mixed E-dual problem (VMDy) for the
considered E-differentiable problem (MOP):
maximize f(E(Y) + |y, (85,0 E)0) +¢&7, (hr,0 E) ()| e
subject to  AVF(E()) + uVg(EQ®)) + EVR(E®Y)) =0,
#y,(8,,0E)(») 20, (VMDy)

&r, (hp 0 E)(v) =0,
AER,A1>0,Ae=1,ueR", u20,& R,

where all functions are defined in the similar way as for the considered vector opti-
mization problem (MOP). Further, let I'; denote the set of all feasible solutions of
(VMDy), that is,
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={(y,/1,;4,§)eR”><RP><R’”qu:
AVF(E®Y)) + uVg(E®Y)) + EVA(E() =0
D u(g 0 E)3) 20, ) &(h 0 E)(») =0, 420, ,1e_1M>0}.

J€J, teT,

Further, Yy, ={y € R" : (), 4, 4, &) €I'g}. We call (VMDy) the vector mixed
E-dual problem for the E-differentiable multiobjective optimization problem (MOP).

Note that if set J; = @ and T} = @ in (VMDy ), then we get a vector Mond-
Weir E-dual problem for (MOP) [7] and, moreover, if we set J, = @ and T, = @ in
(VMDy,), then we obtain a vector Wolfe E-dual problem for (MOP) (see, for exam-
ple, [1, 6]).

Now, we shall prove several mixed duality results between E-vector optimization
problems (VP) and (VMDy) under (generalized) V-E-invexity assumptions. Then,
we use these duality results in proving several mixed E-duality results between vec-
tor optimization problems (MOP) and (VMDy).

Theorem 2 (Mixed weak duality between (VPy) and (VMDy,)). Let x and (y, A, u, &)
be any feasible solutions of the problems (VPy) and (VMDy,), respectively. Further,
assume that at least one of the following hypotheses is fulfilled:

(a) each objective function f;, i € I, is a;-E-invex with respect tonat’y on Qp U Yy,

each constraint function g;, j € J, is p-E-invex with respect to n at'y on

Qp U Yy, the functions h,, t € TY*(E(y)) = {t eT &> 0} and the functions

—h,t €T (E®y)) = {t eT &< O} are y-E-invex with respect to n at'’y on
QpUYg.

(b) (foE)(-) + [,u,l (gjlo E)(-)+§T1 (tho E)(~)]e is V-E-pseudo-invex at y on

Qp U Yg, uy, (gjzo E)(-) is pi-E-quasi-invex at y on Qg U Yp, & (hT2° E)(-) isy,
-E-quasi-invex at’y on Qg U Y.
Then

(fo E)x) £ (fo E)(y) + [ﬂjl (8/,°E)) + &, (hy o E )(y)] e. 9)

Proof Let x and (y, 4, u, &) be any feasible solutions of the problems (VPg) and
(VMDy), respectively.

The proof of this theorem under hypothesis (a). By means of contradiction, sup-
pose that

(foE )x) < (f o E)y) + |1y, (8,0 E) ) + &7, (hy, 0 E) () | e
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Thus,

(fl.oE)(x)<(fioE (y)+[2;4] oE (y)+2§z h oE)(y) i€l (10)

= teT,
Multiplying each inequality (10) by 4, and then adding both sides of the resulting
inequalities, we get

p

P
> 4(fi 0 E)@ < Y A(f 0 E) ()
i=1

i=1
P
[Zu, 0 E)3)+ ) &(h o E) (y)] 2
jel, =
Since )| A; = 1, the following inequality

izi ioE(x)<z/1 f. 0 E)()
i=1

i=1

+ ) (g 0 E)0) + D, &(h 0 E))

jel, 1T,

holds. By x € Qg and (y, 4, u, §) € I'y, we have

P

YAl o E)@+ Y w8 0 E)@+ Y & (k0 E)() <
1=1p JEJ, teT (11)
D 4o E)o) + D mi( 0 E)o) + D &(h, 0 E)),
i=1 i€l 1€T,
P )4
2 Alh o E)) < 3 4i(fy 0 E)O. (12)
i=1 i=1
2 18 0 ) = ) wi(s; 0 E)O), 13)
JjE€), JjeJ),
Y &(h o E)) = Y &(h 0 E)(). (14)
teT, teT,

Combining (11)—(14), we get

@ Springer



Operations Research Forum (2021) 2: 32 Page90f18 32

p

m q
Y ailfio E)) + ) wi(g 0 E)) + Y & (R, 0 E)) <
i j=1 =1

z=1p § ) 15)
; Ai(fi 0 E)») + FZ, u;(g; © E)() + 2], & (h, 0 E)().

By assumption, (y, 4, p, &) is feasible in (VMDp,). Hence,
Zm], Mg (E(x)) = 21, 18 (E()). (16)
= =

Since x € Qp and y € €, one has
Zq:, Eh(EWX) = Zq:, Eh(E®Y)). (17)
= =

Since the functions f;, i € I, 8 je€J, h,t €Tt and —h,,t € T~, are V-E-invex
at y on Q U Y, by Definition 2, the following inequalities

JLE®) = fEW) Z a,(E(x), EO)VAEG)NER), E(), i € 1, (18)
GEW) — gEW) Z FEW), EG)VEEWMMEX), E(y)).j € JEY). (19)
h(E(x)) = h(EY)) Z 7(E(x), EQ)VR(EQ)M(EX), EY)), t € T*(EQ)), (20)

—h(E()) + h(E(Y)) 2 =y, (E@), EO)Vh(EG)MEX), E(y), t € T (E(Y)

hold, respectively. Combining (12) and (18), we have o
a,(E(), EODAV (f; © E)0n(E(x), E(y)) < 0. (22)

Since a,(E(x), E(y)) > 0,i = 1,2, ..., p, the above inequalities yield
AV (f; 0 E)(n(E®), E(y)) < 0. (23)

Multiplying (23) by the corresponding Lagrange multipliers, we get that the
following inequality

p
lZ AV (f; o E)(y)] n(E(), Ey)) < 0 24)
i=1

holds. Multiplying inequalities (19)—(21) by the corresponding Lagrange multipli-
ers, respectively, we obtain

g EW) = g, EM) Z BEW, EO)p; Vg EONIEN,EM)). j € JEW)),
(25)

@ Springer



32 Page100f18 Operations Research Forum (2021) 2: 32

Eh(E()) = §h(EM) 2 v(E(), EONE VR (E)NEX), EY)), t € TT(EW)),

26

Eh(E(x) — Eh(EQ) Z v, (E(x), EO)E VR (EW)n(E(X), E()), 1 € T_(E(y))(-27)
Combining the above inequalities with (16)—(17), we obtain that the inequalit(ies)
BEX), EO)u;Vg,(EG)n(E), E(y) £ 0, j € J(E®Y)), (28)

r(EQ), EONEVR(EG)NEX), EY)) £ 0,1 € T(E®D)), (29)

Y((E(x), EO)EVh(EN(E(x), E(y)) = 0,1 € T (E(y)) (30)

hold. Since B/(E(x),E(y)) >0, j=12,...m, y,(E(x),E(y)) >0, 1=1,2,..,q, the
above inequalities yield, respectively

WV gEONEX), Ey)) = 0, € J(EY)), (31)
EVh(E0))N(EX), E()) £ 0,1 € TT(E(®y)), (32)
EVR(EG)N(EX),E(y)) 20, t € T™(E(y)). (33)

Adding both sides of the inequalities (31)—(33) and (24), we obtain that the
inequality

)4 m 9
[Z AV (0 EYO) + . VG EG) + Y, é,Vh,(E(y))] n(EQ), EG)) < 0
i=1 j=1 =1

(34)
holds, contradicts the first constraint of the vector mixed E-dual problem (VMDy).
This means that the proof of the mixed weak duality theorem between the E-vector
optimization problems (VP) and (VMDy,) is completed under hypothesis (a).

The proof of this theorem under hypothesis (b). We proceed by contradiction.
Suppose, contrary to the result, that (10) holds. Since the function

(f o E)(-) + [ujl (g,l o E) )+ STI (hT] o E) (-)] e is V-E-pseudo-invex at y on

QU Y, by Definition 3, the inequality

P
[Z AV (o EY0) + Y V(g0 E)() + Y, &V (hy o E)(y)] n(EX), Ey) < 0
i=1

JEJ, teT,
(35)
holds. By x € Q; and (y,4,u,&) € I'y, it follows that the relations (12)—(14)
are fulfilled. Since p;, (g,zo E)(-) and &7, (tho E) (+) are V-E-quasi-invex at y on
Qp U Yy, by the foregoing above relations, Definition 4 implies that the inequalities
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j; 1V (g ° E)0)n(Ex), E(y)) £ 0, (36)
I;TZ &V (h, 0 E)0n(E®), E(y)) £ 0. (37)

hold, respectively. Combining (35), (36) and (37), it follows that the inequality
(34) is fulfilled, contradicting the first constraint of the vector mixed E-dual problem
(VMDy). This means that the proof of the mixed weak duality theorem between the
E-vector optimization problems (VP;) and (VMDy,) is completed under hypothesis (b).

Theorem 3 (Mixed weak E-duality between (MOP) and (VMDy)). Let E(x) and
(v, A, 4, &) be any feasible solutions of the problems (MOP) and (VMDy,), respec-
tively. Further, assume that all hypotheses of Theorem 2 are fulfilled. Then, mixed
weak E-duality between (MOP) and (VMDy,) holds, that is,

(f 0 EX®) £ (f 0 EYO) + |uy, (8,0 E)0) + &7, (hy 0 E) ()| e

Proof Let E(x) and (y, 4, u, £) be any feasible solutions of the problems (MOP) and
(VMDy), respectively. Then, by Lemma 1, it follows that x is any feasible solu-
tion of (VPy). Since all hypotheses of Theorem 2 are fulfilled, the mixed weak
E-duality theorem between the problems (MOP) and (VMDy,) follows directly from
Theorem 2.

If some stronger V-E-invexity hypotheses are imposed on the functions constitut-
ing the considered E-differentiable problem, then the following result is true.

Theorem 4 (Mixed weak duality between (VPy) and (VMDy)). Let x and (y, A, u, )
be any feasible solutions of the problems (VPy) and (VMDy), respectively. Further,
assume that at least one of the following hypotheses is fulfilled:

(A) each objective function f;,i € I, is strictly a;-E-invex with respect to 5 at'y on
Qg U Yg, each constraint function g;, j € J, is Bi-E-invex with respect to n at y
on Qg U Yy, the functions h,, t € TT(E(y)) and the functions —h,, t € T~(E(y)),
are y-E-invex with respect ton at'y on 5 U Y]

B) (foE))+ ['“11 (gj1 o E) )+ §T1 (th o E)(-) e is strictly V-E-pseudo-invex at

yonQpUYp, uy (gj2 ° E)(') is fE-quasi-invex aty on Qp U Yg, & (hT2 o E)(')
is y-E-quasi-invex at y on Qp U Y.
Then

Voamfvomw+PA&AEMMfMMpm@F. (38)
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Theorem 5 (Mixed weak E-duality between (MOP) and (VMDp)). Let E(x) and
(0, A, 4, &) be any feasible solutions of the problems (MOP) and (VMDy,), respec-
tively. Further, assume that all hypotheses of Theorem 4 are fulfilled. Then, mixed
weak E-duality between (MOP) and (VMDy) holds, that is,

(f o E)x) £ (f 0 E)y) + [ml (8),0 E)¥) + &, (hy,0 E)()|e

Theorem 6 (Mixed strong duality between (VPy) and (VMDy) and also strong
E-duality between (MOP) and (VMDy)). Let X € Qg be a weak Pareto solution (a
Pareto solution) of the E-vector optimization problem (VPp) and the E-Guignard
constraint qualification [4] be satisfied at x. Then there exist A € RP, A # 0, u € R,
uz20,EeRrd, E20 such that ()_c, A,ﬁ,f) is feasible for the problem (VMDy) and
the objective functions of (VPy) and (VMDy) are equal at these points. If also weak
duality (Theorem 2) holds between (VPg) and (VMDy), then <i, RTINS ) is a (weak)
maximum point for (VMDy).In other words, if E(x) € Q is a (weak) E-Pareto solu-
tion of the problem (MOP), then | X, A, 1, & ) is a (weak) efficient solution of a maxi-

mum type in the vector mixed dual problem (VMDy). This means that the mixed
strong E-duality holds between the problems (MOP) and (VMDy,).

Proof Since X € Q1 is a (weak) Pareto solution of the problem (VPp) and the E-Guignard
constraint qualiﬁcation [4] is satisfied at x, by Theorem 1, there exist 4 € R”, A # 0,

UER" uz0, é € RY, 5 2 0 such that <x Au, € ) is a feasible solution of the problem

(VMDyp). This means that the objective functions of (VPg) and (VMD;,) are equal. If we
assume that weak duality (Theorem 2) holds between (VP;) and (VMDy), (x A, é) is

a (weak) maximum point for (VMDy,) in the sense of mixed.

Moreover, we have, by Lemma 1, that x € Q. Since x € Q is a weak Pareto
solution of the problem (VPy), by Lemma 2, it follows that £ ()_c) is a weak E-Pareto
solution in the problem (MOP). Then, by the strong duality between (VP;) and
(VMDy), we conclude that also the mixed strong E-duality holds between the prob-
lems (MOP) and (VMD},). This means that if E (_) € Qs a weak E-Pareto solution
of the problem (MOP), there exist AER,A#0, 4 €R", uz0, £EeRY, <§ 2 O such

that (x A, é‘) is a weakly efficient solution of a maximum type in the mixed dual
problem (VMDy).

Theorem 7 (Mixed converse duality between (VPy) and (VMDy)). Let ()_c AT E) be

a (weakly) efficient solution of a maximum type in mixed E-dual problem (VMDy)
such that x € Q. Moreover, that the objective functions f,,i € I, are ai-E-invex with
respect to 1 at X on Qp U Y, the constraint functions g;, j € J, are fr-E-invex with
respect to n at X on Qg U Yy, the functions h,, t € T* (E( )) and the functlons —h,,
teT” (E( )) are yE-invex with respect to n at X on Qg U Yy. Then X is a (weak)
Pareto solution of the problem (VPy).
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Proof Let ()_C, E, ﬁ,E) be a (weakly) efficient solution of a maximum type in mixed
E-dual problem (VMDy) such that x € Q. By contradiction, suppose that

(f 0 BY®) < (f o E)X) + [ﬁ,, (8,0 E)®) + &7, (g0 E)@] e.

Thus,

(fieE)®) < (fio E)®) + [ij(gj o E)(®) + ZE,(h, 0 E)(®)

jel, =

,iEel (39)

Multiplying each inequality (39) by Ei and then adding both sides of the
resulting inequalities, we get

p p

V4
2 4ilfi 0 E)) < Z fio E)®+ | (8 0 E)® + Y E(h 0o E)®| X4

i=1 i=1 JE€N teT, ] i=1

Since Zle Ei = 1, the following inequality

P P
D a0 E)w) < Y Ao EY® + D (g 0 E)® + D & (h, 0 E)®)

i=1 i=1 Jjel, (€T,

holds. By x € Qp and ()_c, E, p,E) € I'p, we have

p
Zii(ioE (X)"‘Z”J 0 E) (x)+2§, (0 E)@) <

i=1 = 1T,
. i (40)
2 A0 E)D + Y Hy(g; 0 E)) + X (1 0 E) D).
i=1 JEJ, €T,
p —_
Z/li(ioE(x)<Z/1 f; 0 E)(®), (41)
i=1
D (g0 E)0) £ Y (g 0 E)®), 42)
i€l JEJ,
Z Et(l’l, o E)(x) = Z Ez(ht ° E)()_C) 43)
teT, €T,

Combining (40)—(43), we get
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p m q
4(f 0 E)@) + ) T (g, 0 E) ) + Y&, (h, 0 E)(x) <
l=lp _/=lm l=lq (44)
Lo EY® + Y Ti(8; 0 E)® + Y & (h, 0 E)(®.
i=1 j=1 =1
By assumption, ()_c, E, U, E) is feasible in (VMDy). Hence,
D Hg(EW) £ ) g (ER). 45)
j=1 =1
Since x € Q  and X € €, one has
q q
En(E®) =) Eh(E®). (46)
=1 =1

Since the functions f;, i € I, g JEJ, h,t €T, and —h,, t € T~, are V-E-invex
at x on Qg U Y, by Definition 2, the following inequalities

[EX) - f(E(X)) 2 a(E®), EQ)VS(E(X))n(Ex),E(X)),i €1,  (47)

g(E() — g,(E(F)) Z fUEQ), E@)Vg;(E(F))n(E@).E(3)).j € J(E(F)),

(48)
h(E(x)) — h(E(X)) 2 y,(E(x), E&)Vh,(E(X))n(Ex),E(X)), t € T+(E(i)),( )
—h(E(X)) + h(E(X)) 2 =7,(Ex), EX)Vh,(E(X))n(Ex), E(X)),t € T~ (E(X))
hold, respectively. Combining (41) and (47), we have >
a(E@), E@) AV (f; 0 E) (X)n(E(x), E(X)) < 0. (51)
Since o,(E(x), E(X)) > 0,i = 1,2, ..., p, the above inequalities yield
2V (f:0E) (X)n(E@), E(x)) < 0. (52)

Multiplying (52) by the corresponding Lagrange multipliers, we get that the
following inequality

lizzv(fz 0 E) (2)] n(Ex),E(x)) <0 (53)

holds. Multiplying inequalities (48)—(50) by the corresponding Lagrange mul-
tipliers, respectively, we obtain

@ Springer



Operations Research Forum (2021) 2: 32 Page 150f 18 32

Hig/(EW) — Hg(Ey)) Z BE), EG)H Vg (E(X))n(E(), E(X)).j € J(E(X)),

(54

E(E)) — Eh(E(X)) 2 7, (EC), EG)E Vh,(E(X))n(Ex),E(X)), t € TH(E(%) 255)
E(EW) — ER(E(X)) 2 7 (E®), EG)E Vh,(E(Z))n(Ex),E(X)), t € T7(E(%)).

Combining the above inequalities with (45)—(46), we obtain that the inequalities o

BE@), EG)m; Vg (E(X))n(E®),E(x)) £0,j € J(E(X)), (57)

r(E(), EG)E VR, (E(X))n(Ex),E(X)) £0,1 € TH(E(X)), (58)

Y(E(), EG)E Vh,(E(X))n(E®),E(X)) £0, te T~ (E(%)) (59)

hold. Since F(E(x),E(x)) >0, j=1,2,...m, y(Ex),EX) >0, t=1,2,...,q, the
above inequalities yield, respectively

H;Vg;(E(%))n(E@,E(X)) £0,j € J(E(X)). (60)
EVh(EX))n(Ex),E(X)) £0,t € TH(E(3)), 61)
EVh(E(X))n(Ex),E(X)) £0,1€ T (E(X)). (62)

Adding both sides of the inequalities (60)—(62) and (53), we obtain that
the inequality

[ilv(ﬁoE +Zu,Vg, i ] (E().E(x)) <0

(63)
holds, contradicts the first constraint of the vector mixed E-dual problem (VMDy).
This means that the proof of this theorem is completed.

Theorem 8 (Mixed converse E-duality between (MOP) and (VMDy)). Let (]_C, 2, U, E)

be a (weakly) efficient solution of a maximum type in mixed dual problem (VMDyp).
Further, assume that all hypotheses of Theorem T are fulfilled. Then E(x) € Q is a
(weak) E-Pareto solution of the problem (MOP).

Proof The proof of this theorem follows directly from Lemma 2 and Theorem 7.
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Theorem 9 (Mixed restricted converse duality between (VPg) and (VMDy)). Let x
and (ﬁ, 2, ﬁ,g‘) be feasible solutions for the problems (VPg) and (VMDy,), respec-
tively, such that

(foE)® < (foE)(+ [Zﬁ_,-(g,- CE)®+ Y & (h 0 E)Pe. (9 (64)

jeJ, (€T,

Moreover, assume that Ibf,, i € 1, are a-E-pseudo-invex at }_on Qp U Yy, the func-
tions p,, (gjzo E)(-) is BrE-quasi-invex at'y on QU Yg, & (hT2° E)() is y.E-
quasi-invexatyon&Qg U Y. Thenx =y, thatis, x is a(weak) Pareto solution of the prob-
lem (VPg) and (y, A, u, & | is a (weakly) efficient point of maximum type for the
problem (VMDy,).

Proof The proof of this theorem follows directly from Theorem 2 and Theorem 4.

Theorem 10 (Mixed restricted converse E-duality between (MOP) and (VMDy)). Let
(i, AH, 5) be a feasible solution of the problem (VMDy). Further, assume that there

exist E ()_c) € Q such that x =Y. If all hypotheses of Theorem 9 are fulfilled, then
E ()_c) is an E-Pareto solution of the problem (MOP) and (i, A, f) is a weakly effi-

cient solution of maximum type for the problem (VMDy).

Proof The proof of this theorem follows directly from Lemma 2 and Theorem 9.

4 Conclusion

This paper analyzes mixed E-duality results for E-differentiable V-E-invex multiob-
jective programming problems with both inequality and equality constraints. The
so-called vector mixed E-dual problem has been formulated for such nonconvex
(not necessarily)differentiable multiobjective programming problems. Then, various
mixed E-duality theorems between the considered E-differentiable vector optimi-
zation problem and its mixed dual problem have been proved under (generalized)
V-E-invexity hypotheses. The results established in this paper for E-differentiable
vector optimization problems extend and generalize similar duality results in the
sense of mixed established under other concepts of E-differentiable (generalized)
convexity and also duality results in the sense of Mond-Weir and in the sense of
Wolfe established for such multicriteria optimization problems.

However, some interesting topics for further research remain. It would be of
interest to investigate whether it is possible to prove similar results for other classes
of E-differentiable vector optimization problems. We shall investigate these ques-
tions in subsequent papers.
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