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Version: September 22, 2014

1 The Axiom I0
The Axiom I0 holds at λ if there is an elementary embedding

j : L(Vλ+1)→ L(Vλ+1)
with critical point below λ. This axiom is among the strongest large cardinal axioms
known which is presumably relatively consistent with the Axiom of Choice.

There is now a substantial collection of results which confirm the analogy of the
Axiom I0 with the Axiom of Determinacy. More precisely, that confirm the analogy
between L(Vλ+1) in the context that the Axiom I0 holds at λ, with L(R) in the context
that L(R) |= AD. This analogy extends to a hierarchy of axioms beyond I0 and to larger
inner models of AD, [6].

However, a completely detailed structure theory of L(Vλ+1) cannot follow simply
from the assumption the Axiom I0 holds at λ. For example, by analogy with the struc-
ture of L(R) under the assumption that L(R) |= AD, a natural question is whether in
L(Vλ+1), the club filter at λ+ is an ultrafilter on each set of constant cofinality.

The existence of an elementary embedding,
j : L(Vλ+1)→ L(Vλ+1)

with critical point below λ does give some information on this question. For example,
let

S =
{
α < λ+ | cof(α) = ω1

}
.

Then in L(Vλ+1) there is a partition of S into fewer than CRT( j)-many subsets on each
of which the club filter at λ+ is an ultrafilter, see the proof of Lemma 185 on page 296
of [6].

But how small can this partition be? By the results of [6], see the proof of Theorem
208 on page 311 of [6], it can be as small as ω2. We prove in Section 3 that it can
be large. This result, combined with those of [6], reveals a rather significant structural
ambiguity for L(Vλ+1) in the context of the Axiom I0.

This phenomenon seems ubiquitous in the theory of L(Vλ+1) and arises from the
fact that by forcing with partial order P ∈ Vλ one can affect the structure theory of
L(Vλ+1) above λ. But the existence of an elementary embedding

j : L(Vλ+1)→ L(Vλ+1)
with CRT( j) < λ is unaffected by passing to any such forcing extension, the point here
is that by replacing j with a finite iterate if necessary, one can always arrange that

P ∈ Vκ0

where κ0 = CRT( j).
This places severe constraints on how detailed a structure theory for L(Vλ+1) one

can hope to develop solely on the basis of the Axiom I0. It also motivates the specu-
lation that the correct theory of L(Vλ+1) will only emerge when one has identified the
correct Vλ, [6].

1



Thus unlike the situation with L(R), for the case of L(Vλ+1) one seems to really need
two things, a global axiom, playing the role of AD in the context of L(R), together with
local information about Vλ. This latter component has no analogy in the situation of
L(R), since Vω is for these purposes an unambiguous structure.

Alternatively one could seek a structural strengthening of the Axiom I0. This is
explored at length in Section 9 beginning on page 250 of [6] where a number of pos-
sibilities are discussed including several variations of the two axioms below. These
axioms are motivated by the analogies of the axioms, ω-huge and beyond, with deter-
minacy axioms.

Definition 1 (Ultrafilter Axiom at λ). Suppose that there is an elementary embed-
ding

j : L(Vλ+1)→ L(Vλ+1)

with CRT( j) < λ. Then for each regular (infinite) cardinal γ < λ, club filter on λ+, as
defined in L(Vλ+1), is an ultrafilter in L(Vλ+1) on the set

S λ+

γ =
{
β < λ+ | cof(β) = γ

}
.

Definition 2 (Weak Ultrafilter Axiom at λ). Suppose that there is an elementary
embedding

j : L(Vλ+1)→ L(Vλ+1)

with CRT( j) < λ. Then for each regular (infinite) cardinal γ < λ, there is a partition

〈S α : α < η〉 ∈ L(Vλ+1)

of the set
S λ+

γ =
{
β < λ+ | cof(β) = γ

}
.

into at most γ+ many sets on each of which the club filter on λ+, as defined in L(Vλ+1),
is an ultrafilter. ut

Of course, the Ultrafilter Axiom is the more natural axiom especially based the
analogy with determinacy. But it is unknown if the Ultrafilter Axiom is even consistent
as opposed to the case of the Weak Ultrafilter Axiom, which can always be forced to
hold while preserving that the Axiom I0 holds at λ, see Theorem 16. This is one reason
why we focus here on the Weak Ultrafilter Axiom.

There currently two classes of candidates for inner models at level of supercom-
pact cardinals, strategic extender models and non-strategic extender models, [5]. The
natural speculation is that it is the setting of an inner model which will provide the
necessary information about Vλ. But inner models of which type?

Our main theorem is that the Weak Ultrafilter Axiom must fail at all λ where the
Axiom I0 holds and in a very strong way, in all non-strategic extender models subject
to fairly general conditions on the models. This arguably (granting the validity of
the analogy with determinacy axioms) leaves only the strategic extender models as
candidates for providing the correct setting for the structure theory of L(Vλ+1) in the
context that the Axiom I0 holds at λ, and in particular that the axiom V = Ultimate-L
could be the axiom which provides that setting, [7] and the last section (conclusions)
of [8].
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We emphasize that there is at present no evidence whatsoever that the axiom
V = Ultimate-L does provide such a setting or moreover that V = Ultimate-L is even
consistent with the existence of some λ at which the Axiom I0 holds, though the latter is
a consequence of the Ultimate-L Conjecture, [7] and [5]. This is just sheer speculation
on our part. But it is also a prediction.

2 Preliminaries
The following definition is from [1].

Definition 3. A set of reals A ⊆ R is universally Baire if for all topological spaces, Ω,
and for all continuous functions,

π : Ω→ R,

the preimage of A under π, π−1[A], has the property of Baire in Ω. ut

The following theorem, [1], gives the fundamental connection between universally
Baire sets, determinacy, and large cardinals.

Theorem 4. Suppose there is a proper class of Woodin cardinals and that A ⊆ R is
universally Baire. Then:

(1) Every set B ∈ P(R) ∩ L(A,R) is universally Baire.

(2) L(A,R) |= AD+. ut

The next theorem shows that in the presence of a supercompact cardinal, the inner
model L(Γ∞) can be sealed in a very strong sense where Γ∞ is the collection of all
universally Baire sets A ⊆ R. See [2] for a proof.

Theorem 5 (Sealing Theorem). Suppose there is a proper class of Woodin cardinals, δ
is a supercompact cardinal, and that G ⊂ Coll(ω,Vδ+1) is V-generic. Suppose V[G][H]
is a set generic extension of V[G]. Then the following hold where Γ∞G is the set of
universally Baire sets as defined in V[G] and Γ∞G,H is the set of universally Baire sets
as defined in V[G][H].

(1) Γ∞G = L(Γ∞G ) ∩ (P(R))V[G].

(2) Γ∞G,H = L(Γ∞G,H) ∩ (P(R))V[G][H].

(3) There is an elementary embedding

j : L(Γ∞G )→ L(Γ∞G,H). ut

For much of what we shall do, the assumption that

Γ∞ = P(R) ∩ L(Γ∞)

(together with a proper class of Woodin cardinals) is a very convenient hypothesis to
work with because it simplifies things. The Sealing Theorem shows that this hypothesis
arises quite naturally.
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We fix some notion in the following definition. First recall from the basic theory of
Ω-logic that if A ⊆ R is universally Baire then the term relation for A is the set of all

(P, σ, p) ∈ H(ω1)

such that σ ∈ VP and such that if G ⊂ P is V-generic with p ∈ G then IG(σ) ∈ AG where
AG is the interpretation of A in V[G]. The term relation for A canonically extends to a
global relation for all partial orders by essentially the same definition.

Definition 6. Suppose that there is a proper class of Woodin cardinals and that

Γ∞ = P(R) ∩ L(Γ∞).

Then

(1) A0 denotes the complete (Σ
∼

2
1)L(Γ∞) set.

(2) τA0 is the term relation for A0.

(3) τ∞A0
is the extension of τA0 to all partial orders. ut

Remark 7. Suppose that there is a proper class of Woodin cardinals and that there
exists B ∈ Γ∞ such that the complete Σ

∼
2
1 is the same set as defined in L(B,R) and

L(A, B,R) for all A ∈ Γ∞. Then one can define A0 as this set. The advantage to this
more technical definition is that the assumptions for the definition, if they hold in V ,
must hold in all generic extensions of V . In contrast, the stronger assumption

Γ∞ = P(R) ∩ L(Γ∞)

can hold in V and fail in a generic extension of V . Nevertheless, for expository purposes
we use the definition above. ut

The following “reshaping lemma” will be useful.

Lemma 8. Suppose that there is a proper class of Woodin cardinals,

Γ∞ = P(R) ∩ L(Γ∞),

and that B ⊂ ω1 is such that
ω1 = ωL[B]

1 .

Then there is a partial order
P ∈ L[B][τ∞A0

]

such that
ω1 = |P|

L[B][τ∞A0
]

and such that if G ⊂ P is L[B][τ∞A0
]-generic then there exists DG ⊂ ω1 such that the

following hold L[B][τ∞A0
][G].

(1) L[B][τ∞A0
][G] = L[B][τ∞A0

][DG].

(2) L[B][τ∞A0
] is closed under ω-sequences in L[B][τ∞A0

][G].

(3) Suppose η < ω1. Then η is countable in L[DG ∩ η][(τ∞A0
)V[G]].
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Proof. The proof is relatively standard within the theory of AD+ using the condensa-
tion properties of the term relation given by the complete Σ2

1-set and these in turn derive
from the fact that the pointclass Σ2

1 has the scale property.
The partial P is just the set of all bounded sets d ⊂ ω1, ordered by extension, such

that for all η ≤ sup(d), η is countable in

Lω1 [d ∩ η, B ∩ η][τA0 ].

We show that if G ⊂ P is V-generic then ω1 is not collapsed in L[B][τ∞A0
][G], noting

that
L[B][τ∞A0

][G] =
(
L[B][G][τ∞A0

]
)V[G]

.

The relevant form of condensation which holds for L[B][τ∞A0
] is that if

X ≺
(
Lλ[B][τ∞A0

], τ∞A0
∩ Lλ[B][τ∞A0

]
)

is countable where λ = (ω2)L[B][τ∞A0
] then the transitive collapse of X is(

Lλ̄[B̄][τA0 ], τA0 ∩ Lλ̄[B̄][τA0 ]
)

where B̄ = B ∩ X ∩ ω1 and λ̄ is the image of X ∩ λ under the transitive collapse of X.
Assume toward a contradiction that ω1 is collapsed in L[B][τ∞A0

][G]. Let σ be a
term for the collapse of ω1 and let

X ≺
(
Lλ[B][τ∞A0

], τ∞A0
∩ Lλ[B][τ∞A0

]
)

be a countable elementary substructure with σ ∈ X. Thus the transitive collapse of X is(
Lλ̄[B̄][τA0 ], τA0 ∩ Lλ̄[B̄][τA0 ]

)
where B̄ = B ∩ X ∩ ω1 and λ̄ is the image of X ∩ λ under the transitive collapse of X.

Suppose
g ⊂ X ∩ P ⊂ P

is X-generic and let dg = ∪ {d | d ∈ g}. Therefore sup(dg) = X ∩ ω1 and X ∩ ω1 is
collapsed to ω in

Lλ̄[B̄][τA0 ][dg].

But then sup(dg) is countable in Lω1 [B ∩ sup(dg), dg][τA0 ] and so dg ∈ P.
The same argument shows that P is (ω,∞)-distributive in L[B][τ∞A0

] and this proves
the lemma. ut

We define a strong version of the property that a transitive set M |= ZFC be A0-
closed which is a fundamental notion from Ω-logic.

Definition 9. Suppose that there is a proper class of Woodin cardinals and that

Γ∞ = P(R) ∩ L(Γ∞).

Suppose M is a transitve set and M |= ZFC. Then M is A0-complete if

M = L(M)[τ∞A0
] ∩ Vξ

where ξ = Ord ∩ M. ut

We note the following lemma which identifies a canonical family of A0-complete
models.
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Lemma 10. Suppose that there is a proper class of Woodin cardinals and that

Γ∞ = P(R) ∩ L(Γ∞).

Suppose A is a bounded subset of ω1. Then

Lω1 [A][τA0 ] |= ZFC.

and Lω1 [A][τA0 ] is A0-complete. ut

Definition 11 (Weak AD+ Conjecture). Suppose that there is a proper class of Woodin
cardinals and that

Γ∞ = P(R) ∩ L(Γ∞).

Suppose M is a transitve set, M |= ZFC, and that M is A0-complete. Then τ∞A0
∩ M is

definable in M from ordinal parameters. ut

Remark 12. (1) M cannot be a counterexample to the Weak AD+ Conjecture if the
AD+ Conjecture of [5] holds in M, in fact one just needs that the following holds
in M. Suppose L(A,R) and L(B,R) are each inner models of AD+ and that every
set

X ∈ P(R) ∩ (L(A,R) ∪ L(B,R))

is universally Baire. Then either (A0)L(A,R) ∈ L(B,R) or (A0)L(B,R) ∈ L(A,R).

(2) If the Mouse Set Conjecture holds in L(Γ∞) then the weak AD+ Conjecture must
hold. ut

We shall need the following theorem which requires some definitions. Suppose that
there is a proper class of Woodin cardinals. Fix a surjection,

π : dom(π)→ H(ω1)

such that dom(π) ⊆ R and such that π is definable in H(ω1) without parameters. The
natural choice for π is in fact ∆1-definable in H(ω1). A set X ⊆ H(ω1) is universally
Baire in the codes if the set,

π−1[X] = {t ∈ dom(π) | π(t) ∈ X} ,

is universally Baire. Since there exist a proper class of Woodin cardinals, this does not
depend on the choice of π.

Suppose A ⊆ R is universally Baire, A is Suslin and co-Suslin in L(B,R) for some
universally Baire set B, and X ⊂ H(ω1) is universally Baire in the codes. The game
GA

X is the game of length at most ω1 defined as follows. Player I and Player II alternate
playing reals producing by stage η < ω1,

〈xα : α < η〉 ∈ R<ω1 .

Player I plays xα for all limit ordinals, α.
The game stops at the least η such that η = (ω1)N where

N = Lω1 [〈xα : α < η〉][τA]

and where τA is the term relation for A. Player I wins if 〈xα : α < η〉 ∈ X, otherwise
Player II wins.

Since A is Suslin and co-Suslin in L(B,R) for some universally Baire set B, for all
Z ⊆ ω1 there exists η < ω1 such that
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(1) η = (ω1)N ,

(2) N |= ZFC,

where N = Lω1 [Z ∩ η][τA] and τA is the term relation for A. Therefore the game GA
X is

a clopen game of length ω1.
The following theorem is a generalization of a theorem of Neeman, [4]. The proof

of Theorem 13 involves adapting the proofs of [4] to hybrid Mitchell–Steel premice.
The hybrid structures are constructed relative to a countable transitive set M and a uni-
versally Baire iteration strategy for M which satisfies condensation and the adaptation
of the proof is completely straightforward.

Theorem 13. Suppose there is a proper class of Woodin cardinals which are limits of
Woodin cardinals. Suppose that A, B ⊆ R are universally Baire,

X ⊆ H(ω1),

X is universally Baire in the codes, and that A is Suslin and co-Suslin in L(A, B,R).
Then the game GA

X is determined and there is a winning strategy,

τ ⊆ H(ω1),

such that τ is universally Baire in the codes. ut

3 An application of Radin forcing
We show in this section that the assumption that the Axiom I0 holds at λ gives very
little information regarding a natural structural parameter. Let

S =
{
α < λ+ | cof(α) = ω1

}
.

By the results of [6], (
P(S )/Iλ

+

NS

)L(Vλ+1)

is atomic where Iλ
+

NS is the nonstationary ideal. In fact

|
(
P(S )/Iλ

+

NS

)
|L(Vλ+1) < CRT( j)

where j witnesses that the Axiom I0 holds at λ.
The natural structural parameter is simply the cardinality of the set of atoms. By

Theorem 16 below from [6], this parameter can be as small as ω2. We prove in this
section that it can be quite large, for example larger than the least huge cardinal etc. The
relative consistency with the Axiom I0 that this parameter can be large is essentially an
immediate corollary of the following lemma which is a straightforward application of
Radin forcing. This lemma is also a key component of the proof of our main theorem.

Lemma 14. Suppose κ is supercompact and that ε < κ < γ are strongly inaccessible.
Then there is a partial order P ∈ Vγ+ω such that if G ⊂ P is V-generic then in V[G]
there exists H ⊂ κ such that the following hold.

(1) V[H]ε = Vε .
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(2) V[G]κ ⊂ V[H] and V[H] is closed under ω-sequences in V[G].

(3) V[H] is a κ+-cc extension of V.

(4) Every regular cardinal of V in the interval [κ, γ] has cofinality ω1 in V[G].

Proof. We sketch the proof assuming familiarity with the supercompact version of
Radin forcing.

Fix an elementary embedding

j : V → M

such that CRT( j) = κ, j(κ) > γ and such that MVγ+ω ⊂ M.
Let 〈µα : α < γ〉 be the associated Radin sequence of measures this is defined by

induction on α < γ as follows.

(1.1) For all X ⊂ Pκ(γ), X ∈ µ0 if and only if j[γ] ∈ j(X),

(1.2) For all X ∈ Pκ(γ) × Vκ, X ∈ µα if and only if ( j[γ], 〈µβ : β < α〉) ∈ j(X).

Since MVγ+ω ⊂ M, if follows by induction that for all α < γ, 〈µβ : β < α〉 ∈ M.
For each κ < θ < γ, the Radin sequence, Uθ = 〈µα : α < θ〉, defines an associated

Radin forcing, PUθ
. If G ⊂ PUθ

is V-generic then the generic filter is uniquely specified
by an associated sequence,

〈(σα, uα) : α < κ〉

where for all α < κ,

(2.1) σα ∈ Pκ(γ) and σα ⊂ σα+1

(2.2) if α is a limit and α > 0 then σα = ∪
{
σβ | β < α

}
,

(2.3) uα ∈ Vκ is a Radin sequence at σα ∩ κ,

and such that γ = ∪ {σα : α < κ}.
For each 0 < α < κ such that α is a limit, the sequence

〈(σβ, uβ) : β < α〉

yields a projected sequence
〈(σαβ , uβ) : β < α〉

where σαβ is the image of σβ under the transitive collapse of σα. This sequence is Radin
generic over V for the Radin forcing Puα given by the Radin sequence, uα. This shows
the key factoring property: for each limit α < κ,

V[G] = V[Gα][Gα,κ]

where Gα is the V-generic filter for Puα given as above and Gα,κ is the V-generic filter
for PUθ

uniquely specified by the tail, 〈(σβ, uβ) : α < β < κ〉.
The usual analysis of Radin forcing shows that

(3.1) Vξ = V[G]ξ for all ξ < σ0 ∩ κ,
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(3.2) All cardinals of V in the interval [κ, γ] are collapsed to κ and that all regular car-
dinals of V in the interval [κ, γ] have cofinality δ in V[G] where δ = (cof(θ))V[G]

if θ is a limit ordinal and (cof(θ))V < κ and δ = ω otherwise.

For each κ < θ < γ, let Fθ be the filter on Vκ where

A ∈ Fθ

if
〈µα : α < β〉 ∈ j(A)

for all β ≤ θ.
Let π be the natural projection map (defined essentially as above in the definition of

the projected sequence) which given p ∈ PUθ
for some θ < γ, projects p to an element

of Vκ. With this notation, the two key points are the following.

(4.1) Suppose G ⊂ PUθ
is V-generic, q ∈ PUθ

, and π(q) ∈ π[G]. Then (by forcing
over V[G]) there is a V-generic filter g ⊂ PUθ

such that q ∈ g and

V[G]κ = V[g]κ.

(4.2) Suppose that θ0, θ1 < γ, Fθ0 = Fθ1 , and that G ⊂ PUθ0
is V-generic. Then (by

forcing over V[G]) there is a V-generic filter g ⊂ PUθ1

V[G]κ = V[g]κ.

For all κ < θ0 ≤ θ1 < γ,
Fθ1 ⊆ Fθ0 .

Therefore there exists θ0 < γ such that for all θ0 < θ < γ,

Fθ0 = Fθ

and such that cof(θ0) = ω1.
Fix G ⊂ PUθ0

such that G is V-generic and that

ε < σ0 ∩ κ

where 〈(σα, uα) : α < κ〉 is the associated sequence. Thus by (3.1)

V[G]ε = Vε .

By (4.1), (4.2), and (3.2), κ must be a regular cardinal in V(V[G]κ). Similarly,

(5.1) V(V[G]κ) |= (<κ)-DC.

We verify this. Fix a regular cardinal δ < κ in V[G]. Thus δ is a regular cardinal in V .
Let θ1 = θ0 + δ. Thus by (4.2), by forcing over V[G] there is a V-generic filter g ⊂ PUθ1

such that
V[G]κ = V[g]κ.

By the choice of θ1, cof(θ1) = δ in V and in V[G]κ = V[g]κ, and so by (3.2),
cof(κ) = δ in V[g]. Let C ⊂ κ be a closed cofinal set in V[g] with ordertype δ and let

π : γ → Vγ

be a bijection with π ∈ V .
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For each α ∈ C, let τα be the set of all b ∈ Vγ(V[g]κ) such that b is definable in(
Vγ(V[g]κ), π

)
with parameters from σα ∪ V[g]σα∩κ.

Thus for each α ≤ β, with α, β ∈ C,

τα ⊆ τβ

and for each α ∈ C, |τα|V[g] < κ. Therefore, for each α ∈ C,

P(τα) ∩ V[g] ∈ V(V[g]κ).

We also have that
Vγ(V[g]κ) = ∪ {τα | α ∈ C} .

and so since 〈τα : α ∈ C〉 is an increasing sequence of ordertype δ, V(V[g]κ) is closed
under (<δ) sequences in V[g].

Thus
V(V[g]κ) |= (<δ)-DC.

This proves (5.1).
By (4.1), V(V[G]κ) is a κ+-cc symmetric extension of V and so all cardinals above

κ are preserved in passing from V to V(V[G]κ).
By the choice of θ0, cof(θ0) = ω1 in V , and so by (3.2), cof(κ) = ω1 in V[G]. We

repeat the construction above given in the context of g ⊂ PUθ1
.

Let C ⊂ κ a closed cofinal set in V[G] with ordertype ω1 and let

π : γ → Vγ

be a bijection with π ∈ V .
For each α ∈ C, let τα be the set of all b ∈ Vγ(V[G]κ) such that b is definable in(

Vγ(V[G]κ), π
)

with parameters from σα ∪ V[G]σα∩κ.
Thus for each α ≤ β, with α, β ∈ C,

τα ⊆ τβ

and for each α ∈ C, |τα|V[G] < κ. Therefore, for each α ∈ C,

P(τα) ∩ V[G] ∈ V(V[G]κ).

We also have that
Vγ(V[G]κ) = ∪ {τα | α ∈ C} .

and so since 〈τα : α ∈ C〉 is an increasing sequence of ordertype ω1, V(V[G]κ) is closed
under ω sequences in V[G].

Finally, using the sequence 〈τα : α ∈ C〉, there exists a V(V[G]κ)-generic filter

H ⊂ Coll(κ,V[G]κ)

such that H ∈ V[G]. Viewing H naturally as a subset of κ, H is as required. ut
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Lemma 14 yields the following corollary which shows that(
P(S )/Iλ

+

NS

)L(Vλ+1)

can be quite large and in fact that

(P(S ) ∩ L(Vλ+1)) /Iλ
+

NS

can be quite large, where Iλ
+

NS is the nonstationary ideal on λ+ and

S =
{
α < λ+ | cof(α) = ω1

}
.

The distinction here is between (Iλ
+

NS)L(Vλ+1) and (Iλ
+

NS)V .
Suppose that 〈S α : α < η〉 is a sequence of subsets of λ+ with η ≤ λ+. Then we

say (as is completely natural) that the sequence is definable from parameters in H(λ+)
if the set

Z = {(ξ, α) | ξ ∈ S α, α < η}

is definable from parameters in H(λ+).

Theorem 15. Suppose that there exists an elementary embedding,

j : L(Vλ+1)→ L(Vλ+1)

with CRT( j) < λ. Then for each γ < CRT( j) there is a partial order P0 ∈ VCRT( j) such
that if G0 ⊂ P0 is V-generic then in V[G0] the following hold where

S =
{
α < λ+ | (cof(α))V[G0] = ω1

}
.

(1) V[G0]γ = Vγ,

(2) There is a partition
〈S α : α < γ〉

of S into stationary sets such that 〈S α : α < γ〉 is definable in (H(λ+))V[G0] from
parameters.

Proof. Fix γ < κ0 < γ0 < CRT( j) such that γ0 is strongly inaccessible and such that κ0
is supercompact in Vλ.

By Lemma 14, there is a partial order P0 ∈ Vγ0+ω such that if G0 ⊂ P0 is V-generic
then in V[G0] there exists H0 ⊂ κ such that

(1.1) Vγ = V[H0]γ = V[G0]γ,

(1.2) V[H0] is a κ+
0 -cc extension of V ,

(1.3) every regular cardinal δ of V with κ0 ≤ δ ≤ γ0 has cofinality ω1 in V[G0],

(1.4) (V[H0])ω ⊂ V[H0] in V[G0].

Let I be the set of regular cardinals δ of V such that κ0 ≤ δ < γ0 and for each δ ∈ I,
let

S δ =
{
α < λ+ | (cof(α))V = δ

}
=

{
α < λ+ | (cof(α))V[H0] = δ

}
.

The set
A = {(δ, α) | δ ∈ I and α ∈ S δ}

11



is definable from parameters in (H(λ+))V[H0]. The key point is that by (1.4),
(H(λ+))V[H0] is definable from parameters in (H(λ+))V[G0] and so the set A is defin-
able from parameters in (H(λ+))V[G0]. But for each δ ∈ I, cof(δ) = ω1 in V[G0] and so
the sequence

〈S δ : δ ∈ I〉

is a sequence of pairwise disjoint stationary subsets of{
α < λ+ | (cof(α))V[G0] = ω1

}
.

Finally |I|V[G0] > γ in V[G0]. ut

In contrast to Theorem 15 is the following theorem which is a variation of Theo-
rem 208 on page 311 of [6]. The proof of the version here is the same as the proof of
the version there, the difference simply concerns the formulation of the Weak Ultrafil-
ter Axiom–here the formulation concerns L(Vλ+1) and in [6] the formulation involves
Lλ(H(λ+)).

Theorem 16. Suppose that the Axiom I0 holds at λ. Then there is an ω-closed partial
order P such that if G ⊂ P is V-generic then in V[G] the following hold.

(1) The Axiom I0 holds at λ.

(2) The Weak Ultrafilter Axiom holds at λ. ut

4 A0-good models
We review the relevant definitions from [5] but we use a sightly more general notion of
a coarse premouse to simplify things.

Definition 17. A coarse premouse is a pair (M, δ) such that M is transitive, δ ∈ M,
and:

(1) M |= ZC + Σ2-Replacement.

(2) Suppose that F : Mδ → M ∩ Ord is definable from parameters in M, then F is
bounded in M.

(3) Either δ is strongly inaccessible in M or δ is a limit of strongly inaccessible
cardinals of M and (cof(δ))M = ω. ut

We fix some notation.

Definition 18. Suppose that E is an extender. Then

(1) κE = CRT(E),

(2) ρ(E) = sup {α | Vα ⊂ Ult(V, E)},

(3) SPT(E) = sup {α | jE(α) < νE};
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where
jE : V → ME � Ult(V, E)

is the ultrapower embedding and

νE = sup {ξ + 1 | ξ , jE( f )(s) for all s ∈ [ξ]<ω, f ∈ V} . ut

The following is the definition of an iteration tree from [5], we really only need the
special case where all extenders are short extenders and in this case the definition is
due to Martin and Steel, [3].

Definition 19. Suppose that (M, δ) is a coarse premouse. An iteration tree, T , on
(M, δ) of length η is a tree order <T on η with minimum element 0 and which is a
suborder of the standard order, together with a sequence

〈Mα, Eβ, jγ,α : α < η, β + 1 < η, γ <T α〉

such that the following hold.

(1) M0 = M,

(2) jγ,α : Mγ → Mα for all γ <T α < η,

(3) Suppose that α+ 1 < η. Then α+ 1 has an immediate predecessor, α∗, in the tree
order <T and:

a) Eα ∈ j0,α(M ∩ Vδ) and Mα |= “Eα is an extender which is not ω-huge” ;

b) If α∗ < α then SPT(Eα) + 1 ≤ min
{
ρ(Eβ) | α∗ ≤ β < α

}
;

c) Mα+1 = Ult(Mα∗ , Eα) and

jα∗,α+1 : Mα∗ → Mα+1

is the associated embedding.

(4) If 0 < β < η is a limit ordinal then the set of α such that α <T β is cofinal in β
and Mβ is the limit of the Mα where α <T β relative to the embeddings; jα,β. ut

Definition 20. Suppose that (M, δ) is a coarse premouse and that T is an iteration tree
on (M, δ) with associated sequence,

〈Mα, Eβ, jγ,α : α < η, β + 1 < η, γ <T α〉.

Suppose that θ ∈ Ord. Then the iteration tree, T , is a (+θ)-iteration tree if for all
α + 1 < η,

sup
{
SPT(Eβ) | α + 1 ≤ β and β∗ ≤ α

}
+ θ ≤ ρ(Eα)

where for each β + 1 < η, β∗ is the T predecessor of β + 1. ut

Definition 21. Suppose that (M, δ) is a coarse premouse. An iteration strategy of order
ω1 + 1 for (M, δ) is a function I such that the following hold.

(1) Suppose that T is an iteration tree on (M, δ) of limit length such that
LTH(T ) ≤ ω1. Then T ∈ dom(I) and I(T ) is a maximal wellfounded branch
of T of limit length.

13



(2) Suppose that T is an iteration tree on (M, δ) of limit length such that
LTH(T ) ≤ ω1. Suppose that for all limit η < LTH(T ), I(T |η) = {ξ < η | ξ <T η}.
Then I(T ) is a cofinal wellfounded branch of T . ut

Of course one can modify the notion of an iteration strategy by restricting the col-
lection of iteration trees on (M, δ) under consideration. This yields a range of notions
of iterability.

Definition 22. An iteration tree, T , on a coarse premouse (M, δ) is strongly closed if:

(1) T is a (+1)-iteration tree;

(2) Each extender, E, occurring in T is LTH(E)-strong in the model from which it is
selected and LTH(E) is strongly inaccessible in that model. ut

Definition 23. Suppose that there is proper class of Woodin cardinals and that

Γ∞ = P(R) ∩ L(Γ∞).

A countable coarse premouse (M, δ) is an A0-iterable if M is A0-complete and there is
an ω1-iteration strategy I for countable strongly closed iteration trees on (M, δ) such
that the following hold.

(1) I ∈ L(B,R) for some universally Baire set B.

(2) If j : M → N is an iteration embedding given by an iteration tree which follows
I then N is A0-complete and

j(τA0 ∩ M) = τA0 ∩ N. ut

Our formulation of the definition of an A0-good model requires the following pre-
liminary definition.

Definition 24. Suppose that N is a transitive inner model of ZFC and γ is a strongly
inaccessible cardinal of N. Then N factors at γ if for all P ∈ Nγ, if G ⊂ P is V-generic
and if

Nγ[G] = M[g],

for some (M, g) with g an M-generic filter on some partial order in M, then M extends
to a inner model M∗ such that

(1) M = (M∗)γ,

(2) N[G] = M∗[g]. ut

Factoring can happen for trivial reasons in the sense that, with notation as in Defini-
tion 24, it may always be the case that M = Nγ. Nevertheless, factoring is a key feature
of extender models: if L[E] is a fine-structural extender model and κ is a strongly in-
accessible cardinal of L[E] such that no cardinal δ < κ is κ-strong in L[E] then L[E]
factors at κ. Further if there is a Woodin cardinal below κ then the factoring is not trivial
since (L[E])κ is actually a generic extension of a transitive set M ⊂ (L[E])κ, [8].

The following lemma, first proved by Laver using a key notion of Hamkins, shows
that factoring is a first order property.
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Lemma 25 (Laver’s Lemma). Suppose G is V-generic for a partial order P ∈ H(γ+)
where γ = |P|V . Then for all η > γ such that η = |Vη|, if N ⊆ V[G]η,

P(γ) ∩ N = P(γ) ∩ V,
and if Vη[G] = N[G], then N = Vη. ut

We now define the notion of an A0-good model.

Definition 26. Suppose that there is proper class of Woodin cardinals and that
Γ∞ = P(R) ∩ L(Γ∞).

Suppose thatM is a countable transitive model,M is A0-complete,
M |= ZFC + “There is a proper class of Woodin cardinals”,

and that (M, δMω ) is A0-iterable where for each i < ω, δMi is the i-th Woodin cardinal of
M and

δMω = sup
({
δMi | i < ω

})
.

ThenM is an A0-good model if the following hold for all i < ω.

(1) τA0 ∩M = (τ∞A0
)M.

(2) Suppose δi ≤ κ < δ
M
i+1 and there are no measurable cardinals inM in [δi, κ]. Then

Vκ ∩M =
(
Vκ ∩ L[Z][τ∞A0

]
)M

where Z ⊂ δMi is any set inM which codesM ∩ VδMi
.

(3) Suppose δ < sup
{
δMk | k < ω

}
and δ is a Woodin cardinal in(

L(N)[τ∞A0
]
)M

where N = Vδ ∩M. Then δ = δMk for some k < ω.

(4) M factors at κ where κ is the least strongly inaccessible cardinal ofM above δMi .ut

We note that ifM is an A0-good model then there is essentially no restriction on the
model below the first measurable cardinal of the model (beyond A0-completeness) and
very little restriction below the least Woodin cardinal of the model. Thus the definition
of an A0-good model is not as restrictive as one could naturally require as motivated by
fine-structural extender models.

The following theorem shows that A0-good models always exist if there is a proper
class of Woodin cardinals,

Γ∞ = P(R) ∩ L(Γ∞),
and the Weak AD+ Conjecture holds. However we shall not need this theorem and
moreover the proof does not need the full strength of the Weak AD+ Conjecture, it just
needs that if L(A,R) |= AD+ then for a cone of x ∈ R,

(τA0 )L(A,R) ∩
(
Lω1 [x][τA0 ]

)L(A,R)

is definable in
(
Lω1 [x][τA0 ]

)L(A,R) from ordinal parameters.

Theorem 27 (Weak AD+ Conjecture). Suppose that there is a proper class of Woodin
cardinals and that

Γ∞ = P(R) ∩ L(Γ∞).
Then there is an A0-good model. ut
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5 The game GA0
X0

Suppose that there is a proper class of Woodin cardinals, and that
Γ∞ = P(R) ∩ L(Γ∞).

Let X0 to be the set of all sequences
〈xα : α < η〉 ∈ R<ω1

such that there exists a bounded set H0 ⊂ ω1 such that the following hold where
N = Lω1 [〈xα : α < η〉][τA0 ].

and where
M = Lω1 [H0][τA0 ].

(1) M ⊆ N and M |= ZFC.

(2) Mω ⊆ M in N, N is a set-generic extension of M, and
N = M[G]

for some set G ⊆ (ω3)N .

(3) η = (ω1)N and
|
{
γ < ωN

4 | γ is a regular cardinal in M and (cof(γ))N = ωN
1

}
|N ≥ (ω3)N .

We note that since A0 is a universal set for
(Σ2

1)L(Γ∞)

and since
Γ∞ = P(R) ∩ L(Γ∞),

necessarily N |= GCH. In fact, N must satisfy fairly strong condensation principles and
moreover if N is a set-generic extension of some inner model M∗ ⊂ N then necessarily

M∗ = Lω1 [H∗][τA0 ]
for some bounded set H∗ ⊂ ω1, but we shall not need this.

By the definition of X0,
X0 ∈ L(A0,R).

By our assumptions A0 ∈ Γ∞ and so it since X0 ∈ L(A0,R), X0 is universally Baire in
the codes.

Therefore if there is a supercompact cardinal then by Theorem 13 applied in Vδ

where δ is supercompact, the game GX0
A0

is determined. The key question is which
player has a winning strategy.

The assumption that Player I has a winning strategy is likely a strong assumption,
indeed the assumption that just X0 , ∅ is likely a strong assumption. The natural
conjecture is that if there is a supercompact cardinal then it is Player I who has a
winning strategy. But we can only prove this under the additional assumption that
there is an A0-good modelM such that

M |= “There is a supercompact cardinal ”,
though one can drop the key factoring requirement in the definition of an A0-good
model for this particular application.

The proof that Player II cannot have winning strategy requires the following pre-
liminary theorem and here we exploit the lack of restrictions on an A0-good model
below the least Woodin cardinal of the model.
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Theorem 28. Suppose that there is a proper class of Woodin cardinals and that
Γ∞ = P(R) ∩ L(Γ∞).

Suppose that there exists an A0-good model such that
M |= “There is a supercompact cardinal ”

and that X ⊂ R. Then there exists an A0-good model M̂ such that the following hold.

(1) M̂ |= “There is a supercompact cardinal ”.

(2) X ∩ M̂ ∈ M̂.

(3) (Vω+1 ∩ M̂, X ∩ M̂) ≺ (Vω+1, X).

Proof. Clearly we can assume that CH holds. Let I be an ω1-iteration strategy for
(M, δω) which witness that (M, δω) is A0-iterable where for each i < ω, δi is the i-th
Woodin cardinal ofM and

δω = sup {δi | i < ω} .
Let Z ⊂ ω1 be a set which codes (H(ω1), X) such that for all η < ω1, if

η = (ω1)L[Z∩η]

then the following hold.

(1.1) X ∩ (H(ω1))L[Z∩η] ∈ L[Z ∩ η], A0 ∩ (H(ω1))L[Z∩η] ∈ L[Z ∩ η] and
I ∩ (H(ω1))L[Z∩η] ∈ L[Z ∩ η].

(1.2)
(
(H(ω1))L[Z∩η] , X ∩ (H(ω1))L[Z∩η] , A0 ∩ (H(ω1))L[Z∩η] ,I ∩ (H(ω1))L[Z∩η]

)
≺ (H(ω1), X, A0,I).

By modifying Z is necessary we can also suppose that for all limit ordinals η < ω1,
{i < ω | η + i ∈ Z}

codes η.
Let E0 be the set of all E ∈ Mδ0 such that inM:

(2.1) E is an extender such that LTH(E) is strongly inaccessible and such that E is
LTH(E)-strong.

Let B0 be the extender algebra with δ0-many generators as defined in M using E0.
Since I is universally Baire in the codes, I canonically extends to an (ω1 + 1)-iteration
strategy and so there is an iteration embedding

j : (M, δ0)→ (M∗, j(δ0))
following I such that Z ∩ η isM∗-generic for j(B0) where η = j(δ0). Note that since

j(δ0) = sup( j[δ0]),
necessarily η < ω1 and soM∗ is countable.

Thus
M∗[Z ∩ δ∗0]

is a δ∗0-cc generic extension ofM∗ where δ∗0 = j(δ0) is the least Woodin cardinal ofM∗.
M∗ is iterable and there is a measurable cardinal inM∗ above δ∗0 and so

(Z ∩ δ∗0)# ∈ M∗[Z ∩ δ∗0].
Therefore by the choice of Z and since δ∗0 is a cardinal inM∗[Z ∩ δ∗0],

δ∗0 = (ω1)M
∗[Z∩δ∗0] = (ω1)L[Z∩δ∗0].

Therefore again by the choice of Z,
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(3.1) X ∩M∗[Z ∩ δ∗0] ∈ M∗[Z ∩ δ∗0].

(3.2) (Vω+1 ∩M
∗[Z ∩ δ∗0], X ∩M∗[Z ∩ δ∗0]) ≺ (Vω+1, X).

Note thatIwitnesses thatM∗[Z∩δ∗0] is an A0-iterable since j is given by an iteration
of (M, δ0) which follows I and since

j(δ0) = (ω1)M
∗[Z∩δ∗0].

The point here is that every strongly closed iteration tree on M∗[Z ∩ δ∗0] is uniquely
specified by a strongly closed iteration tree onM∗ with critical point above δ∗0 and this
strongly closed iteration tree naturally extends the strongly closed iteration tree on M
used to defineM∗.

By Laver’s Lemma, Lemma 25, and the elementarity of j, for each i < ω, M∗

factors at j(κi) where for each i < ω, κi is the least strongly inaccessible cardinal of
M above δi. Finally the first ω-many Woodin cardinals ofM∗[Z ∩ δ∗0] are given by the
sequence 〈 j(δi) : 0 < i < ω〉.

Therefore setting M̂ = M∗[Z ∩ δ∗0], M̂ is an A0-good model and so witnesses the
theorem. ut

Theorem 29. Suppose that there is proper class of Woodin cardinals which are limits
of Woodin cardinals,

Γ∞ = P(R) ∩ L(Γ∞),

and that there exists an A0-good modelM such that

M |= “There is a supercompact cardinal ”.

Then Player I has a winning strategy in GA0
X0

. ut

Proof. By Theorem 13, GA0
X0

is determined and there is a function

τ : R<ω1 → R

such that τ winning strategy for either Player I or for Player II in the game GA0
X0

and
such that τ is universally Baire in the codes.

Assume toward a contradiction that τ is a winning strategy for Player II in the game
G

X0
A0

. Fix Z ⊂ R which codes τ. By Theorem 28 and replacingM by M̂ if necessary we
can suppose that

(1.1) Z ∩M ∈ M.

(1.2) (Vω+1 ∩M,Z ∩M) ≺ (Vω+1,Z).

For each i < ω, let δMi be the i-th Woodin cardinal ofM and fix δM0 < γ0 < γ1 < γ2
such that inM,

(2.1) γ0, γ1 and γ2 are strongly inaccessible,

(2.2) γ0 is γ2-supercompact.
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Fix a set
A ∈ P(γ2) ∩M

such that A codesM ∩ Vγ2 .
We shall construct a play against τ which defeats τ by constructing a generic ex-

tension ofM.
By Lemma 14 there is a partial order P0 ∈ Vγ2 ∩M such that P0 is (γ1)+-cc and such

that if G0 ⊆ P0 is M-generic (with G0 ∈ V) then in M[G0] there exists H0 ⊂ γ0 such
that the following hold.

(3.1) (M)ε = (M[G0])ε where ε is the least measurable cardinal ofM above δM0 .

(3.2) For all γ ∈ [γ0, γ1], if γ is a regular cardinal inM then

(cof(γ))M[G0] = ω1.

(3.3) (M[G0])γ0 ⊂ M[H0] and inM[G0], (M[H0])ω ⊂ M[H0].

(3.4) M[H0] is a (γ+
0 )M-cc extension ofM.

Let
g0 ⊆ Coll

(
(ω1)M, δM0

)
be anM[G0]-generic filter and let

g1 ⊆ Coll
(
(ω3)M[g0], (M[G0][g0])γ2 × A

)
be anM[G0][g0]-generic filter with g0, g1 ∈ V .

Fix
B0 ⊂ (ω1)M

such that
M[G0][g0] = M[G0][B0]

and fix
B1 ⊂ (ω3)M[g0]

such that
M[B0][B1] = M[G0][g0][g1].

The key point is that

(H(ω3))
L
ωV

1
[B0][τA0 ]

= (H(ω3))M[B0][B1]

By almost disjoint coding (in an iteration of two steps), there exists

S 0 ⊆ (ω1)M

such that S 0 ∈ V and such that

(4.1) S 0 isM[B0, B1]-generic for a partial order P such that

P ∈ H(ω4)L[S 0][τA0 ] ∩ H(ω4)M[B0,B1],

(4.2) (ω2)M[B0,B1] andωM[B0,B1]
3 are preserved in passing fromM[B0, B1] to the generic

extensionM[B0, B1][S 0],
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(4.3) (M[B0, B1])ω ⊂ M[B0, B1] inM[B0, B1][S 0],

(4.4) (B0, B1,M|γ2) ∈ L[S 0][τA0 ],

(4.5) H(ω3)M[B0][B1][S 0] = H(ω3)L[S 0][τA0 ].

By Lemma 8, there exists
S 1 ⊆ (ω1)L[S 0][τA0 ]

such that S 1 ∈ V and such that

(5.1) (L[S 0][τA0 ])ω ⊂ L[S 0][τA0 ] in L[S 0][S 1][τA0 ],

(5.2) for all ξ < (ω1)L[S 0][τA0 ], ξ is countable in L[S 1 ∩ ξ][τA0 ].

Since
Vω+1 ∩M = Vω+1 ∩ L[S 0, S 1][τA0 ],

it follows that
τ ∩ L[S 0, S 1][τA0 ] ∈ L[S 0, S 1][τA0 ]

and so there is a play against τ by Player I in V yielding, 〈yα : α < η〉 such that

(6.1) S 0 ∩ η =
{
ξ | yω·ξ+2 = 0

}
,

(6.2) S 1 ∩ η =
{
ξ | yω·ξ = 0

}
,

(6.3) η = (ω1)L[S 0][S 1][τA0 ],

(6.4) L[〈yα : α < η〉][τA0 ] = L[S 0][S 1][τA0 ].

Therefore setting
N = LωV

1
(〈yα : α < η〉)[τA0 ]

and setting
M = LωV

1
[A][H0][τA0 ],

we have that the following hold.

(7.1) M ⊆ N and M |= ZFC.

(7.2) Mω ⊆ M in N, N is a set-generic extension of M and

N = M[H]

for some set H ⊆ (ω3)N .

(7.3) Let I be the set of all γ < ωN
4 such that γ is a regular cardinal in M and such

that (cof(γ))N = ωN
1 . Then

|I|N ≥ (ω3)N .

This defeats τ as a strategy for Player II and therefore τ is a winning strategy for Player I
in the game, GA0

X0
. ut
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6 The main theorem
We prove our main theorem. Recall that our convention is that a sequence 〈S α : α < η〉
of subsets of λ+ where η ≤ λ+ is definable from parameters in H(λ+) if the set

Z = {(ξ, α) | ξ ∈ S α, α < η}

is definable from parameters in H(λ+).
We restrict to singular strong limit cardinals λ of countable cofinality since of

course our primary concern is the case where the Axiom I0 holds at λ. Also, the
following remarkable theorem of Shelah shows there is no reason anyway to consider
the case of singular strong limit cardinals of uncountable cofinality.

Theorem 30 (Shelah). Suppose that λ is a singular strong limit cardinal of uncount-
able cofinality. Then

L(P(λ)) |= ZFC.

Proof. For the special case that λ is a limit of Woodin cardinals, there is an elemen-
tary proof using the generic elementary embeddings associated to the stationary towers
defined at Woodin cardinals, [2]. We sketch the proof in that special case.

Let γ = cof(λ) and fix a Woodin cardinal δ such that γ < δ < λ. Let Q<δ be the
countably based stationary tower at δ. Suppose that G ⊂ Q<δ is V-generic and let

j : V → M ⊂ V[G]

be the associated generic elementary embedding. Thus

Mω ⊂ M ∈ V[G],

CRT( j) = ω1, and j(ω1) = δ. The key point is that this implies that

sup( j[λ]) < j(λ).

Let < be a wellordering of H(λ) of length λ. Thus j(<) wellorders j(H(λ)). Therefore
there is a wellording of P(λ) ∩ V which can be defined in V[G] from

( j(H(λ)), j|λ, j(<))

together with b where b ∈ j(H(λ)) is a wellordering of

P(sup( j[λ])) ∩ j(H(λ)).

But
j|H(λ+) ∈ L(P(λ))[G]

since H(λ+) is closed under Vδ-sequences which implies the generic ultrapower of
H(λ+) given by G is correctly computed in L(P(λ))[G]. This shows that in V[G], there
is a wellordering of P(λ) ∩ V in

(L(P(λ)))V [G] = (L(P(λ)))V[G] .

Therefore since Q<δ is wellordered in H(λ)V ,

L(P(λ)) |= ZFC. ut
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In fact with notation as in the proof above of the special case of Shelah’s Theorem
where λ is a limit of Woodin cardinals, the indicated wellordering of P(λ) ∩ V defined
in V[G] from j and b, is definable from parameters in(

H(λ+)
)V [G] =

(
H(λ+)

)V[G]
.

This in turn yields in V , a sequence 〈 fα : 0 < α < λ+〉 of surjections, fα : λ → α, such
that the sequence is definable in H(λ+) from parameters. Finally one gets a regressive
function

F : λ+ → λ+

such that F is definable in H(λ+) from parameters and such that for cofinally many
ξ < λ+, the set {

α < λ+ | F(α) = ξ
}

is stationary in λ+. Here the point is that for some β < λ, Fβ must have this property
where Fβ(α) = fα(β) for all α > λ.

Therefore (in V), for each infinite regular cardinal γ < λ there is a partition

〈S α : α < λ+〉

of the set
S λ+

γ =
{
ξ < λ+ | cof(ξ) = γ

}
such that 〈S α : α < λ+〉 is definable from parameters in H(λ+) and such that{

α < λ+ | S α is stationary in λ+
}

has cardinality λ+.
If the Axiom I0 holds at λ then such partitions cannot be defined in H(λ+) on any

cofinality, and so the case where λ has countable cofinality is quite different.
We note that by the large cardinal hypothesis of the Theorem 31, the game GX0

A0
is

determined and moreover there is a winning strategy which is universally Baire in the
codes. However, we only know that Player I has a winning strategy if in addition we
assume there is an A0-good modelM such that

M |= “There is a supercompact cardinal”.

This accounts for the formulation of Theorem 31.

Theorem 31. Suppose that there is proper class of Woodin cardinals which are limits
of Woodin cardinals,

Γ∞ = P(R) ∩ L(Γ∞),

Player I has a winning strategy for the game GX0
A0

, and that M is an A0-good model.
Then the following hold inM at any λ which is inM a singular strong limit cardinal of
countable cofinality above δ0, where δ0 is the least Woodin cardinal inM.

(1) There exists a sequence, 〈S α : α < δ++
0 〉, of pairwise disjoint sets such that for

each α < δ++
0 , S α is a stationary subset of λ+ and

S α ⊆
{
η < λ+ | cof(η) = δ0

}
,

and such that the sequence, 〈S α : α < δ++
0 〉, is definable in the structure, H(λ+),

from parameters.
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(2) If there is an elementary embedding,

j : L(Vλ+1)→ L(Vλ+1),

with CRT( j) < λ then the Weak Ultrafilter Axiom fails at λ.

Proof. Clearly we can assume that CH holds. Let

τ ∈ L(Γ∞)

be a winning strategy for Player I in the game GX0
A0

and let I be an ω1-iteration strat-
egy for (M, δ1) which witness that (M, δ1) is A0-iterable where δ1 is the least Woodin
cardinal ofM above δ0.

Let Z ⊂ ω1 be a set which codes (H(ω1), τ, A0,I) such that Z ∩ ω codes M and
such that for all η < ω1, if

η = (ω1)L[Z∩η]

then the following hold.

(1.1) τ ∩ (H(ω1))L[Z∩η] ∈ L[Z ∩ η], A0 ∩ (H(ω1))L[Z∩η] ∈ L[Z ∩ η] and

I ∩ (H(ω1))L[Z∩η] ∈ L[Z ∩ η].

(1.2)
(
(H(ω1))L[Z∩η] , τ ∩ (H(ω1))L[Z∩η] , A0 ∩ (H(ω1))L[Z∩η] ,I ∩ (H(ω1))L[Z∩η]

)
≺ (H(ω1), τ, A0,I).

We also assume to simplify things that for all limit ordinals η < ω1:

(2.1) {i < ω | η + i ∈ Z} codes η.

Fix Y0 ∈ P(δ0) ∩M such that Y0 codesMδ0 . SinceM is an A0-good model,

P(δ0) ∩M = P(δ0) ∩ Lω1 [Y][τA0 ].

Let E0 be the set of all E ∈ Mδ0 such that inM:

(3.1) E is an extender such that LTH(E) is strongly inaccessible and such that E is
LTH(E)-strong.

(3.2) jE(Y0∩CRT(E))∩LTH(E) = Y0∩LTH(E) where jE is the ultrapower embedding
given by E.

Let B0 be the extender algebra with δ0-many generators as defined in M using E0.
Since I is universally Baire in the codes, I canonically extends to an (ω1 + 1)-iteration
strategy and so there is an iteration embedding

j : (M, δ0)→ (M∗, j(δ0))

such that Z ∩ η isM∗-generic for j(B0) where η = j(δ0). Note that since

j(δ0) = sup( j[δ0]),

necessarily η < ω1 and so M∗ is countable. Let T denote this iteration tree, say of
length ηT , and with models MTξ for ξ < T . The situation here is essentially the same
as in the proof of Theorem 28 except here we require that all extenders in the iteration
tree are from the image of E0.

We claim
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(4.1) P( j(δ0)) ∩M∗ = P( j(δ0)) ∩ Lω1 [ j(Y0)][τA0 ].

Fix an E ∈ M∗j(δ1) of strongly inaccessible length which is LTH(E)-strong such that
j(δ0) < CRT(E). For each ξ < ω1, the iteration producing j can be continued by the
linear iteration

kξ : (M∗, j(δ1))→ (M∗ξ, kξ ◦ j(δ1))

of length ξ defined using E.
Since I witnesses that (M, δ1) is A0-iterable:

(5.1) kξ ◦ j(M ∩ τA0 ) = τA0 ∩M
∗
ξ = (τ∞A0

)M
∗
ξ ,

and since CRT(kξ) > j(δ0), kξ( j(Y0)) = j(Y0). Thus

kξ
((

Lω1 [ j(Y0)][τA0 ]
)M∗)

=
(
Lω1 [ j(Y0)][τA0 ]

)M∗ξ .
This implies that for all j(δ0) < ξ0 < ω1 and for all sufficiently large ξ0 < ξ < ω1,(

Lξ0 [ j(Y0)][τ∞A0
]
)M∗ξ

= Lξ0 [ j(Y0)][τA0 ]

and this proves (4.1).
Since j is given by a genericity iteration, for all ξ < j(δ0), if ξ = (ω1)Lω1 [Z∩ξ] then

the following hold whereMTξ is the ξ-th model of the iteration tree T .

(6.1) MTξ ∩ Vξ ∈ Lω1 [Z ∩ ξ],

(6.2) MTξ ∩ Vξ = M∗ ∩ Vξ.

This is because by the choice of Z,

I ∩ (H(ω1))Lω1 [Z∩ξ] ∈ Lω1 [Z ∩ ξ].

Note that (Z∩ j(δ0))# ∈ M∗[Z∩ j(δ0)] and so inM∗[Z∩ j(δ0)], the set of ξ < j(δ0) such
that ξ = (ω1)Lω1 [Z∩ξ] contains a closed unbounded subset of j(δ0) = (ω1)M

∗[Z∩ j(δ0)].
We now come to the key claims.

(7.1) j(δ0) = (ω1)Lω1 [Z∩ j(δ0)].

(7.2) j(Y0) ∈ Lω1 [Z ∩ j(δ0)].

(7.3) For all ξ < j(δ0), ξ is countable in Lω1 [Z ∩ ξ][τA0 ].

By the definition of j, j(δ0) is a cardinal in Lω1 [Z ∩ j(δ0)] and so by (2.1), the first
claim, (7.1), holds. By the definition of Z, if T is the iteration tree of length j(δ0) + 1
which gives j then

T | j(δ0) ∈ Lω1 [Z ∩ j(δ0)].

The second claim follows easily from this, the definition of E0 and in particular the
coherence of Y0 by every extender in E0, and the fact that at every stage of the iteration
the extender used is from the image of E0 at that stage. We prove (7.3).

Fix ξ0 < j(δ0) and assume toward a contradiction that ξ0 is not countable in
Lω1 [Z ∩ ξ0][τA0 ]. By (2.1), necessarily

ξ0 = (ω1)Lω1 [Z∩ξ0][τA0 ].
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LetMTξ0
be the ξ0-th model of the iteration tree T which givesM∗ and let

j0,ξ0 : M→ MTξ0

be the associated embedding. Arguing exactly as above by continuing the iteration,

P( j0,ξ0 (δ0)) ∩ Lω1 [Z ∩ j0,ξ0 (δ0)][τA0 ] = P( j0,ξ0 (δ0)) ∩MTξ0
.

Note that
ξ0 ≤ j0,ξ0 (δ0).

SinceM is an A0-good model, for all θ < δ0, θ is not a Woodin cardinal in

Lω1 (M ∩ Vθ)[τA0 ].

Further for all ξ ≤ ξ0
j0,ξ(τA0 ∩M) = τA0 ∩M

T
ξ

whereMTξ is the ξ-th model in the iteration tree T which givesM∗. Thus for all ξ ≤ ξ0,
for all θ < j0,ξ(δ0), θ is not a Woodin cardinal in

Lω1 (MTξ ∩ Vθ)[τA0 ].

If ξ0 is a Woodin cardinal in
Lω1 (MTξ0

∩ Vξ0 )[τA0 ]

then ξ0 is a Woodin cardinal in

Lω1 (M∗ ∩ Vξ0 )[τA0 ]

since by (6.1)–(6.2), M∗ ∩ Vξ0 = MTξ0
∩ Vξ0 . But then ξ0 = j(δ0), a contradiction.

Therefore ξ0 is not a Woodin cardinal in

Lω1 (MTξ0
∩ Vξ0 )[τA0 ].

But then j0,ξ0 ∈ Lω1 [Z∩ξ0][τA0 ] since the iteration yieldingM∗ is a genericity iteration.
This implies that ξ0 is countable in Lω1 [Z ∩ ξ0][τA0 ] which is again a contradiction.
This proves (7.3).

By (7.1)–(7.3), there is a play against τ by Player II inM∗[Z ∩ j(δ0)] yielding

〈yα : α < j(δ0)〉 ∈ M∗[Z ∩ j(δ0)]

such that
Z ∩ j(δ0) = {α < j(δ0) | yω·α = 0} .

Therefore setting
N = Lω1 (〈yα : α < j(δ0)〉)[τA0 ],

there exists M ⊂ N such that the following hold.

(8.1) M ⊆ N and M |= ZFC.

(8.2) Mω ⊆ M in N, N is a set-generic extension of M and

N = M[H]

for some set H ⊆ (ω3)N .

(8.3) Let I be the set of all γ < ωN
4 such that γ is a regular cardinal in M and such

that (cof(γ))N = ωN
1 . Then

|I|N ≥ (ω3)N .
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Note that

(9.1) ωM
∗[Z∩ j(δ0)]

1 = j(δ0),

(9.2) ωM
∗[Z∩ j(δ0)]

2 = (( j(δ0))+)M
∗

,

(9.3) ωM
∗[Z∩ j(δ0)]

3 = (( j(δ0))++)M
∗

,

(9.4) ωM
∗[Z∩ j(δ0)]

4 = (( j(δ0))+++)M
∗

.

Let κ0 be the least strongly inaccessible cardinal of M above δ0. Since M is an A0-
good model,M factors at κ0 and so by Laver’s Lemma, Lemma 25,M∗ factors at j(κ0).
Further again sinceM is an A0-good model,

M ∩ Vκ0 = Lκ0 [Y0][τA0 ]
and so arguing as in the proof of (4.1),

M∗ ∩ V j(κ0) = L j(κ0)[ j(Y0)][τA0 ].
This implies that

M∗[Z ∩ j(δ0)] ∩ V j(κ0) = L j(κ0)[Z ∩ j(δ0)][τA0 ] ∩ V j(κ0).

Therefore there exists a transitive set M∗ such that the following hold noting that since
Mω ⊆ M in N, (10.3) follows from (10.1)–(10.2).

(10.1) M j(κ0) = (M∗) j(κ0).

(10.2) M∗[Z ∩ j(δ0)] = M∗[H].

(10.3) (M∗)ω ⊂ M∗ in M∗[H].

Finally suppose that λ > j(δ0), and inM∗, λ is a strong limit cardinal of countable
cofinality.

Then
P(λ) ∩ M∗

is definable in
H(λ+)M

∗[Z∩ j(δ0)]

from (H(λ))M∗ . Let I be as in (8.3) and for each γ ∈ I, let
Tγ =

{
α < (λ+)M∗ | (cof(α))M∗ = γ

}
.

Thus
〈Tγ : γ ∈ I〉

is definable (in our standard sense) in
H(λ+)M

∗[Z∩ j(δ0)]

from (H(λ))M∗ . For each γ ∈ I,
Tγ ⊂

{
α < (λ+)M

∗[Z∩ j(δ0)] | (cof(α))M
∗[Z∩ j(δ0)] = ω

M∗[Z∩ j(δ0)]
1 = j(δ0) = (cof(α))M

∗
}

and inM∗[Z ∩ j(δ0)], Tγ is stationary in (λ+)M
∗[Z∩ j(δ0)].

Finally by fixing a term σ for (H(λ))M∗ with σ ∈ H(λ+)M
∗

, there exists I∗ ⊂ I and
〈T ∗γ : γ ∈ I∗〉

such that:
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(11.1) 〈T ∗γ : γ ∈ I∗〉 is definable from parameters in (H(λ+))M
∗

.

(11.2) For all γ ∈ I∗, T ∗γ ⊂ Tγ and inM∗, T ∗γ is stationary in (λ+)M
∗

.

(11.3) For all γ ∈ I∗, for all ξ ∈ T ∗γ , (cof(ξ))M
∗

= j(δ0).

(11.4) |I∗|M
∗

= (( j(δ0))++)M
∗

.

This proves that the conclusion (1) of the theorem holds in M∗ for j(δ0) and so by the
elementarity of j, (1) must hold in M for δ0. Finally (2) is an immediate corollary of
(1). ut
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