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The Weak Ultrafilter Axiom
W. Hugh Woodin
Version: September 22, 2014

1 The Axiom 10

The Axiom 10 holds at A if there is an elementary embedding

J i L(Vas) = L(Vas)
with critical point below A. This axiom is among the strongest large cardinal axioms
known which is presumably relatively consistent with the Axiom of Choice.

There is now a substantial collection of results which confirm the analogy of the
Axiom I0 with the Axiom of Determinacy. More precisely, that confirm the analogy
between L(V,,1) in the context that the Axiom I0 holds at A, with L(R) in the context
that L(R) = AD. This analogy extends to a hierarchy of axioms beyond 10 and to larger
inner models of AD, [6].

However, a completely detailed structure theory of L(V,.) cannot follow simply
from the assumption the Axiom IO holds at A. For example, by analogy with the struc-
ture of L(R) under the assumption that L(R) | AD, a natural question is whether in
L(V 1), the club filter at A* is an ultrafilter on each set of constant cofinality.

The existence of an elementary embedding,

J LVar1) = L(Vas)
with critical point below A does give some information on this question. For example,

let
S ={a < A" | cof(a) = wi}.

Then in L(V,,) there is a partition of S into fewer than CRT(j)-many subsets on each
of which the club filter at A* is an ultrafilter, see the proof of Lemma 185 on page 296
of [6].

But how small can this partition be? By the results of [6], see the proof of Theorem
208 on page 311 of [6], it can be as small as w,. We prove in Section 3 that it can
be large. This result, combined with those of [6], reveals a rather significant structural
ambiguity for L(V,) in the context of the Axiom IO.

This phenomenon seems ubiquitous in the theory of L(V,;) and arises from the
fact that by forcing with partial order P € V, one can affect the structure theory of
L(V,41) above A. But the existence of an elementary embedding

J i LVas) = L(Vasr)
with CRT(j) < A is unaffected by passing to any such forcing extension, the point here
is that by replacing j with a finite iterate if necessary, one can always arrange that
PeV,,
where ky = CRT(j).

This places severe constraints on how detailed a structure theory for L(V,;) one
can hope to develop solely on the basis of the Axiom I0. It also motivates the specu-
lation that the correct theory of L(V,.) will only emerge when one has identified the
correct Vy, [6].



Thus unlike the situation with L(R), for the case of L(V,.|) one seems to really need
two things, a global axiom, playing the role of AD in the context of L(R), together with
local information about V,. This latter component has no analogy in the situation of
L(R), since V,, is for these purposes an unambiguous structure.

Alternatively one could seek a structural strengthening of the Axiom I0. This is
explored at length in Section 9 beginning on page 250 of [6] where a number of pos-
sibilities are discussed including several variations of the two axioms below. These
axioms are motivated by the analogies of the axioms, w-huge and beyond, with deter-
minacy axioms.

Definition 1 (Ultrafilter Axiom at 1). Suppose that there is an elementary embed-
ding

J i L(Vas) = L(Vasr)
with CRT(j) < A. Then for each regular (infinite) cardinal y < A, club filter on A*, as
defined in L(V,4), is an ultrafilter in L(V ;) on the set

S3 ={B<a" | cof(B) =7}.

Definition 2 (Weak Ultrafilter Axiom at 1). Suppose that there is an elementary
embedding
J 1 L(Vas1) = L(Vas1)

with CRT(j) < A. Then for each regular (infinite) cardinal y < A, there is a partition
(Se:a<m € LVa)
of the set
ST ={B <2 |cof(B) =7}.
into at most y* many sets on each of which the club filter on A%, as defined in L(V 1),
is an ultrafilter. |

Of course, the Ultrafilter Axiom is the more natural axiom especially based the
analogy with determinacy. But it is unknown if the Ultrafilter Axiom is even consistent
as opposed to the case of the Weak Ultrafilter Axiom, which can always be forced to
hold while preserving that the Axiom I0 holds at A, see Theorem 16. This is one reason
why we focus here on the Weak Ultrafilter Axiom.

There currently two classes of candidates for inner models at level of supercom-
pact cardinals, strategic extender models and non-strategic extender models, [5]. The
natural speculation is that it is the setting of an inner model which will provide the
necessary information about V. But inner models of which type?

Our main theorem is that the Weak Ultrafilter Axiom must fail at all A where the
Axiom I0 holds and in a very strong way, in all non-strategic extender models subject
to fairly general conditions on the models. This arguably (granting the validity of
the analogy with determinacy axioms) leaves only the strategic extender models as
candidates for providing the correct setting for the structure theory of L(V,,) in the
context that the Axiom 10 holds at A, and in particular that the axiom V = Ultimate-L
could be the axiom which provides that setting, [7] and the last section (conclusions)
of [8].



We emphasize that there is at present no evidence whatsoever that the axiom
V = Ultimate-L does provide such a setting or moreover that V = Ultimate-L is even
consistent with the existence of some A at which the Axiom I0 holds, though the latter is
a consequence of the Ultimate-L Conjecture, [7] and [5]. This is just sheer speculation
on our part. But it is also a prediction.

2 Preliminaries
The following definition is from [1].

Definition 3. A set of reals A C R is universally Baire if for all topological spaces, €,
and for all continuous functions,
m:Q >R,

the preimage of A under 7, 7~'[A], has the property of Baire in Q. O

The following theorem, [1], gives the fundamental connection between universally
Baire sets, determinacy, and large cardinals.

Theorem 4. Suppose there is a proper class of Woodin cardinals and that A C R is
universally Baire. Then:

(1) Every set B € P(R) N L(A,R) is universally Baire.
(2) L(A,R) £ AD". |

The next theorem shows that in the presence of a supercompact cardinal, the inner
model L(I'™) can be sealed in a very strong sense where I is the collection of all
universally Baire sets A C R. See [2] for a proof.

Theorem 5 (Sealing Theorem). Suppose there is a proper class of Woodin cardinals, 6
is a supercompact cardinal, and that G C Coll(w, Vs.1) is V-generic. Suppose V[G][H]
is a set generic extension of V[G]. Then the following hold where I'y is the set of
universally Baire sets as defined in V[G] and I'7 ,; is the set of universally Baire sets
as defined in V[G][H].

(1) Tg = L) N (PE)"6
(2) T = LT, 0 (PER) O
(3) There is an elementary embedding
J LTE) = LG ) O
For much of what we shall do, the assumption that
' =PR)NLI)

(together with a proper class of Woodin cardinals) is a very convenient hypothesis to
work with because it simplifies things. The Sealing Theorem shows that this hypothesis
arises quite naturally.



We fix some notion in the following definition. First recall from the basic theory of
Q-logic that if A € R is universally Baire then the ferm relation for A is the set of all

(P, 0, p) € H(w)

such that o € V¥ and such that if G c Pis V-generic with p € G then I(0) € Ag where
Ag 1is the interpretation of A in V[G]. The term relation for A canonically extends to a
global relation for all partial orders by essentially the same definition.

Definition 6. Suppose that there is a proper class of Woodin cardinals and that
" =PR)NLI).
Then
(1) Ap denotes the complete (;%)L(rw) set.
(2) T4, is the term relation for Ao.

3) 7y is the extension of 74, to all partial orders. a

Remark 7. Suppose that there is a proper class of Woodin cardinals and that there
exists B € I'™ such that the complete ZI} is the same set as defined in L(B,R) and
L(A,B,R) for all A € T'™. Then one can define Ay as this set. The advantage to this
more technical definition is that the assumptions for the definition, if they hold in V,
must hold in all generic extensions of V. In contrast, the stronger assumption

" =PR)NLI™)
can hold in V and fail in a generic extension of V. Nevertheless, for expository purposes
we use the definition above. |

The following “reshaping lemma” will be useful.

Lemma 8. Suppose that there is a proper class of Woodin cardinals,
" =PR)NLI™),
and that B C w is such that

L[B]

0.)120.)1

Then there is a partial order
Pe L[B][r})]

such that
W = |P|L[B][TA0]

and such that if G C P is L[B] [‘r;’f(]]-generic then there exists Dg C w; such that the
following hold L[ B] [TZOO][G].

(1) L[Bl[ty 1G] = L[Bl[ty 1[Dg].
(2) L[B] [TZ] is closed under w-sequences in L[ B] [TZ)][G].

(3) Suppose n < wy. Then n is countable in L[Dg N n][(TZ)V[G]].



Proof. The proof is relatively standard within the theory of AD* using the condensa-
tion properties of the term relation given by the complete Zf—set and these in turn derive
from the fact that the pointclass Z% has the scale property.

The partial P is just the set of all bounded sets d C w;, ordered by extension, such
that for all < sup(d), n7 is countable in

Lo, [d 0n, BOnl[T4,].

We show that if G c P is V-generic then w; is not collapsed in L[B] [TZ]][G], noting

that ViG]
LIBI[7 1G] = (LIBIGITY1)

The relevant form of condensation which holds for L[ B] [‘rf{’o] is that if
X < (LalBllzy 1. 75, N LaBII75)])
is countable where A = (wg)L[B][T:o] then the transitive collapse of X is
(LalBIlTa,1. 74, N L3[Bll74,])

where B = BN X N w; and A is the image of X N A under the transitive collapse of X.
Assume toward a contradiction that w, is collapsed in L[B] [Tf;:)][G]. Let o be a
term for the collapse of w; and let

X < (LalBllz3 1. 75, N L BII75)])
be a countable elementary substructure with o € X. Thus the transitive collapse of X is
(LalB1[7a, ). T4, N L3[Bll74,])

where B = BN X N w, and A is the image of X N A under the transitive collapse of X.
Suppose
gCcXnNPcP

is X-generic and let d, = U{d | d € g}. Therefore sup(dy) = X N w; and X N wy is
collapsed to w in
Ly[B][74,1(d,].

But then sup(d,) is countable in L, [B N sup(d,), d,[74,] and so d, € P.
The same argument shows that P is (w, oo)-distributive in L[B] [Tffo] and this proves
the lemma. |

We define a strong version of the property that a transitive set M = ZFC be Ag-
closed which is a fundamental notion from Q-logic.

Definition 9. Suppose that there is a proper class of Woodin cardinals and that
e =PR)NLIT™).
Suppose M is a transitve set and M |= ZFC. Then M is Ay-complete if
M = L(M)[ry 1N Ve
where £ = Ord N M. |

We note the following lemma which identifies a canonical family of Ag-complete
models.



Lemma 10. Suppose that there is a proper class of Woodin cardinals and that
" =PR)NLI™).
Suppose A is a bounded subset of wi. Then
L, [Allta,] E ZFC.
and L, [Al[t4,] is Ao-complete. m|

Definition 11 (Weak AD* Conjecture). Suppose that there is a proper class of Woodin
cardinals and that
e =PR)NLIT™).

Suppose M is a transitve set, M |= ZFC, and that M is Ao-complete. Then 7% N M is
definable in M from ordinal parameters. a

Remark 12. (1) M cannot be a counterexample to the Weak AD™ Conjecture if the
AD" Conjecture of [5] holds in M, in fact one just needs that the following holds
in M. Suppose L(A,R) and L(B, R) are each inner models of AD" and that every
set

X e P(R) N (L(A,R) U L(B,R))

is universally Baire. Then either (4¢)““® e L(B,R) or (A9)“5® e L(A,R).

(2) If the Mouse Set Conjecture holds in L(I'™) then the weak AD* Conjecture must
hold. =

We shall need the following theorem which requires some definitions. Suppose that
there is a proper class of Woodin cardinals. Fix a surjection,

7 dom(r) —» H(w,)
such that dom(r) € R and such that r is definable in H(w,) without parameters. The

natural choice for 7 is in fact Aj-definable in H(w). A set X C H(w) is universally
Baire in the codes if the set,

7' [X] = {t € dom(n) | 7(r) € X},
is universally Baire. Since there exist a proper class of Woodin cardinals, this does not
depend on the choice of .

Suppose A C R is universally Baire, A is Suslin and co-Suslin in L(B, R) for some
universally Baire set B, and X ¢ H(w) is universally Baire in the codes. The game
g;} is the game of length at most w; defined as follows. Player I and Player II alternate
playing reals producing by stage n < wj,

(X : @ <)y € RTY,
Player I plays x, for all limit ordinals, a.
The game stops at the least 7 such that 7 = (w1)" where

N = Ly, [{xe : @ <m)[7al
and where 7, is the term relation for A. Player I wins if (x, : @ < i) € X, otherwise
Player II wins.
Since A is Suslin and co-Suslin in L(B, R) for some universally Baire set B, for all
Z C w; there exists 7 < w; such that



(1) 7= ()",
(2) N E ZFC,

where N = L, [Z N n][ta] and 74 is the term relation for A. Therefore the game Q?( is
a clopen game of length w;.

The following theorem is a generalization of a theorem of Neeman, [4]. The proof
of Theorem 13 involves adapting the proofs of [4] to hybrid Mitchell-Steel premice.
The hybrid structures are constructed relative to a countable transitive set M and a uni-
versally Baire iteration strategy for M which satisfies condensation and the adaptation
of the proof is completely straightforward.

Theorem 13. Suppose there is a proper class of Woodin cardinals which are limits of
Woodin cardinals. Suppose that A, B C R are universally Baire,

X € H(wy),

X is universally Baire in the codes, and that A is Suslin and co-Suslin in L(A, B,R).
Then the game Q; is determined and there is a winning strategy,

7T C H(wy),

such that T is universally Baire in the codes. |

3 An application of Radin forcing

We show in this section that the assumption that the Axiom I0 holds at A gives very
little information regarding a natural structural parameter. Let

S ={a < A" | cof(a) = wy}.

By the results of [6],

(P(S)/IﬁS)L(VAH)

is atomic where 1 ﬁs is the nonstationary ideal. In fact

|(P(S)/ Tis) MV < crr(j)

where j witnesses that the Axiom I0 holds at A.

The natural structural parameter is simply the cardinality of the set of atoms. By
Theorem 16 below from [6], this parameter can be as small as w,. We prove in this
section that it can be quite large, for example larger than the least huge cardinal etc. The
relative consistency with the Axiom I0 that this parameter can be large is essentially an
immediate corollary of the following lemma which is a straightforward application of
Radin forcing. This lemma is also a key component of the proof of our main theorem.

Lemma 14. Suppose « is supercompact and that € < k < y are strongly inaccessible.
Then there is a partial order P € V., such that if G C P is V-generic then in V[G]
there exists H C k such that the following hold.

(1) V[H]c = V.



(2) VIG]i c VI[H] and V[H] is closed under w-sequences in V[G].
(3) V[H] is a k*-cc extension of V.
(4) Every regular cardinal of V in the interval [k, y] has cofinality w; in V[G].

Proof. We sketch the proof assuming familiarity with the supercompact version of
Radin forcing.
Fix an elementary embedding

j:V-oM
such that CRT(j) = , j(x) > vy and such that MV c M.

Let (i, : @ < y) be the associated Radin sequence of measures this is defined by
induction on @ < y as follows.

(1.1) Forall X c P.(y), X € yo if and only if j[y] € j(X),
(1.2) Forall X € P (y) X Vi, X € u, if and only if (jly], {us : B < @)) € j(X).

Since M"»» c M, if follows by induction that for all @ <y, (ug : B < @) € M.

For each k < 6 < v, the Radin sequence, Uy = (u, : @ < 6), defines an associated
Radin forcing, Py,. If G C Py, is V-generic then the generic filter is uniquely specified
by an associated sequence,

(TasUa) * @ < K)

where for all @ < «,
(2.1) 04 € Pu(y)and o C 0g+1
(2.2) if aisalimitand @ > 0 then o7y = U{os | B < ),
(2.3) u, € V, is a Radin sequence at o, Nk,

and such thaty = U{o, : @ < «}.
For each 0 < @ < « such that « is a limit, the sequence
{((op,up) : p <)
yields a projected sequence
(05 up) : B <)

where g is the image of og under the transitive collapse of o,. This sequence is Radin
generic over V for the Radin forcing P, given by the Radin sequence, u,. This shows
the key factoring property: for each limit a < «,

VIG] = V[Gol[Gaul

where G, is the V-generic filter for P, given as above and G, is the V-generic filter
for Py, uniquely specified by the tail, (o, ug) : @ < 8 < ).
The usual analysis of Radin forcing shows that

(3.1) Vg = V[G]g for all§ < 0gNK,



(3.2) All cardinals of V in the interval [, y] are collapsed to « and that all regular car-
dinals of V in the interval [«, y] have cofinality ¢ in V[G] where ¢ = (cof(6))"¢!
if 0 is a limit ordinal and (cof(6))" < « and § = w otherwise.

For each « < 6 < vy, let ¥4 be the filter on V, where
A€eFy
if
(o * @ < B) € j(A)

forall < 6.

Let 7 be the natural projection map (defined essentially as above in the definition of
the projected sequence) which given p € Py, for some 6 < v, projects p to an element
of V.. With this notation, the two key points are the following.

(4.1) Suppose G C Py, is V-generic, g € Py,, and n(q) € n[G]. Then (by forcing
over V[G]) there is a V-generic filter g C Py, such that g € g and
VIG]k = Viglk-
(4.2) Suppose that 6y, 6, < vy, Fg, = Fa,, and that G C Py, is V-generic. Then (by
forcing over V[G]) there is a V-generic filter g C IP’UH1
VIG] = V[g]K
Forallk <6y < 0) <v,
%1 g Tg@'
Therefore there exists 6y < y such that for all 6 < 6 < v,
7:0() = 7:9

and such that cof(6y) = w;.
Fix G c Py, such that G is V-generic and that

e<oogNk
where (0, 1) : @ < k) is the associated sequence. Thus by (3.1)
VIG]e = Ve.
By (4.1), (4.2), and (3.2), « must be a regular cardinal in V(V[G]). Similarly,

(5.1) V(V[G],) E (<«)-DC.

We verify this. Fix a regular cardinal 6 < k in V[G]. Thus ¢ is a regular cardinal in V.
Let 6, = 6y + 6. Thus by (4.2), by forcing over V[G] there is a V-generic filter g C Py,
such that

VIGIk = VIg-

By the choice of 6;, cof(6;) = 6 in V and in V[G], = VI[gli, and so by (3.2),
cof(x) = 6 in V[g]. Let C C « be a closed cofinal set in V[g] with ordertype ¢ and let

iy =V,

be a bijection with r € V.



For each « € C, let 7, be the set of all b € V,(V[g].) such that b is definable in
(Vy(Viglo), )

with parameters from o, U V[gls, -
Thus for each @ < 8, with @, 8 € C,

Te & Tp
and for each @ € C, |t,|"1¢! < k. Therefore, for each « € C,
P(ra) N VIgl € V(VIglo).

We also have that
Vy(V[g]K) =Ul{r, |la € C}.

and so since (7, : @ € C) is an increasing sequence of ordertype o, V(V[g],) is closed
under (<9) sequences in V[g].
Thus
V(VIgly) E (<6)-DC.

This proves (5.1).

By (4.1), V(V[G],) is a k" -cc symmetric extension of V and so all cardinals above
k are preserved in passing from V to V(V[G],).

By the choice of 6, cof(6y) = w; in V, and so by (3.2), cof(x) = w; in V[G]. We
repeat the construction above given in the context of g C Py, .

Let C C « aclosed cofinal set in V[G] with ordertype w; and let

miy—>V,

be a bijection with 7 € V.
For each « € C, let 7, be the set of all b € V,(V[G],) such that b is definable in

(Vy(VIG1), 7)

with parameters from o, U V[G]y, -
Thus for each o < B, with @, € C,

Te ©Tp
and for each @ € C, |7,|"I¢! < k. Therefore, for each @ € C,
P(ty) N VIG] € V(VIG]y).

We also have that
V,(VIG]) = U{te | @ € C}.

and so since (7, : @ € C) is an increasing sequence of ordertype w;, V(V[G],) is closed
under w sequences in V[G].
Finally, using the sequence (7, : @ € C), there exists a V(V[G],)-generic filter

H c Coll(x, V[G],)
such that H € V[G]. Viewing H naturally as a subset of «, H is as required. |

10



Lemma 14 yields the following corollary which shows that

(P(S)/I/IN;)L(VM)
can be quite large and in fact that
(P(S) N L(Var)) /T
can be quite large, where I le;s is the nonstationary ideal on A* and
S ={a < A" | cof(@) = w1}.

The distinction here is between (I )“"+) and (I)".

Suppose that (S, : @ < ) is a sequence of subsets of A* with < A*. Then we
say (as is completely natural) that the sequence is definable from parameters in H(A*)
if the set

Z={¢a)|é€Saa<n)

is definable from parameters in H(1%).

Theorem 15. Suppose that there exists an elementary embedding,
J: L(Var1) = L(Var1)

with CRT(j) < A. Then for each y < CRT(j) there is a partial order Py € Vig(jy such
that if Gy C Py is V-generic then in V]G] the following hold where

S ={a <" | (cof(@)"' = w}.
(1) VIGol, =V,
(2) There is a partition
Sera<y)

of S into stationary sets such that (S, : @ <) is definable in (H(A*))V160] from
parameters.

Proof. Fix y < kyp < yp < CRT(j) such that vy is strongly inaccessible and such that
is supercompact in V).

By Lemma 14, there is a partial order Py € V,, ., such that if Gy C Py is V-generic
then in V[Gy] there exists Hy C « such that

(1.1) Vy = VIH,l, = VIGol,.
(1.2) V[Hy] is a kj-cc extension of V,

(1.3) every regular cardinal § of V with xy < d < g has cofinality w; in V[Gy],
(1.4) (V[Hyp])® c V[Ho] in V[Gy].

Let I be the set of regular cardinals ¢ of V such that kg < ¢ < ¥y and for each ¢ € I,
let
S5 = o <" | (cof(@) = 6} = {a < A" | (cof(a)V"! = 6],

The set
A={0,a)|6e€land a € Ss}

11



is definable from parameters in (H(A))V!f0l.  The key point is that by (1.4),
(H(A1))VIHol is definable from parameters in (H(1*))VI%! and so the set A is defin-
able from parameters in (H(1*))VI%!. But for each § € I, cof(§) = w; in V[Gy] and so
the sequence

(Ss:0€l)

is a sequence of pairwise disjoint stationary subsets of
{or < 2% | (cof (@)1 = w,}.

Finally |1]V1%! > y in V[Gj]. O

In contrast to Theorem 15 is the following theorem which is a variation of Theo-
rem 208 on page 311 of [6]. The proof of the version here is the same as the proof of
the version there, the difference simply concerns the formulation of the Weak Ultrafil-
ter Axiom—here the formulation concerns L(V,,) and in [6] the formulation involves
Ly(H(AY)).

Theorem 16. Suppose that the Axiom 10 holds at A. Then there is an w-closed partial
order P such that if G C P is V-generic then in V[G] the following hold.

(1) The Axiom I0 holds at A.
(2) The Weak Ultrafilter Axiom holds at A. a

4 Ap-good models

We review the relevant definitions from [5] but we use a sightly more general notion of
a coarse premouse to simplify things.

Definition 17. A coarse premouse is a pair (M, 6) such that M is transitive, § € M,
and:

(1) M E ZC + Z,-Replacement.

(2) Suppose that F' : Ms — M N Ord is definable from parameters in M, then F is
bounded in M.

(3) Either ¢ is strongly inaccessible in M or ¢ is a limit of strongly inaccessible
cardinals of M and (cof(6)) = w. ]

We fix some notation.

Definition 18. Suppose that E is an extender. Then
(1) kg = CRT(E),
(2) p(E) = sup{a | Vo c Ul(V, E)},

(3) SPT(E) = sup{a | je(a) <vgh

12



where
je: V> Mg = Ul(V,E)

is the ultrapower embedding and

ve =sup{&+ 1| &+ je(f)(s) forall s € [£]<, f e V}. a

The following is the definition of an iteration tree from [5], we really only need the
special case where all extenders are short extenders and in this case the definition is
due to Martin and Steel, [3].

Definition 19. Suppose that (M, ) is a coarse premouse. An iteration tree, 7, on
(M, 6) of length n is a tree order <7 on n with minimum element 0 and which is a
suborder of the standard order, together with a sequence

(Mo, Ep, jyo:a<nB+1<ny<ra)
such that the following hold.
(D) My =M,
(2) jya: M, > M, forally < a <n,

(3) Suppose that @ + 1 < 5. Then @ + 1 has an immediate predecessor, a*, in the tree
order <4 and:
a) E, € joo(M N Vs)and M, = “E, is an extender which is not w-huge” ;
b) If @* < a then SPT(E,) + 1 < min {p(Ep) | " < < af;
¢) My = Ul(M,, E,) and
Jara+l @ Mo — Moy
is the associated embedding.

(4) If 0 < B < nis a limit ordinal then the set of @ such that @ < 8 is cofinal in 8
and Mg is the limit of the M, where a <5 S relative to the embeddings; j,z. O

Definition 20. Suppose that (M, ¢) is a coarse premouse and that 7~ is an iteration tree
on (M, §) with associated sequence,
(Mo, Eg, jyo:a<nB+1<nv<ra).

Suppose that § € Ord. Then the iteration tree, 7, is a (+0)-iteration tree if for all
a+1l<n,
sup {SPT(EB) la+1<Band B < a} +0 < p(E,)

where for each 8+ 1 < n, 8" is the 7 predecessor of 5 + 1. O
Definition 21. Suppose that (M, §) is a coarse premouse. An iteration strategy of order

w; + 1 for (M, §) is a function [ such that the following hold.

(1) Suppose that 7  is an iteration tree on (M,d) of limit length such that
LTH(7) < w;y. Then 7 € dom(/) and I(7") is a maximal wellfounded branch
of 7 of limit length.
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(2) Suppose that 7~ is an iteration tree on (M,6) of limit length such that
LTH(7") < w;. Suppose that for all limit n < LTH(7), (T 1n) = {£ <n | & <7 n}.
Then I(7") is a cofinal wellfounded branch of 7. a

Of course one can modify the notion of an iteration strategy by restricting the col-
lection of iteration trees on (M, §) under consideration. This yields a range of notions
of iterability.

Definition 22. An iteration tree, 7, on a coarse premouse (M, 0) is strongly closed if:
(1) 7 is a (+1)-iteration tree;

(2) Each extender, E, occurring in 7 is LTH(E)-strong in the model from which it is
selected and LTH(E) is strongly inaccessible in that model. |

Definition 23. Suppose that there is proper class of Woodin cardinals and that
" =PR)NLI).
A countable coarse premouse (M, 9) is an Ag-iterable if M is Ap-complete and there is

an w;-iteration strategy 7 for countable strongly closed iteration trees on (M, §) such
that the following hold.

(1) I € L(B,R) for some universally Baire set B.

(2) If j : M — N is an iteration embedding given by an iteration tree which follows
7 then N is Ag-complete and

JTa, " M) =714, NN. O

Our formulation of the definition of an Ay-good model requires the following pre-
liminary definition.

Definition 24. Suppose that N is a transitive inner model of ZFC and v is a strongly
inaccessible cardinal of N. Then N factors at y if for all P € N,, if G C P is V-generic
and if

Ny[G] = M[g],

for some (M, g) with g an M-generic filter on some partial order in M, then M extends
to a inner model M* such that

(1) M = (M),
(2) NIG] = M"[g]. O

Factoring can happen for trivial reasons in the sense that, with notation as in Defini-
tion 24, it may always be the case that M = N,. Nevertheless, factoring is a key feature
of extender models: if L[E] is a fine-structural extender model and « is a strongly in-
accessible cardinal of L[E] such that no cardinal 6 < « is k-strong in L[E] then L[E]
factors at x. Further if there is a Woodin cardinal below « then the factoring is not trivial
since (L[E]), is actually a generic extension of a transitive set M c (L[E]),, [8].

The following lemma, first proved by Laver using a key notion of Hamkins, shows
that factoring is a first order property.
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Lemma 25 (Laver’s Lemma). Suppose G is V-generic for a partial order P € H(y")

where y = |P|". Then for all n >y such that = |V,|, if N € V[G],,
Py)NN=PHy)NV,

and if V,[G] = N[G], then N =V, m|

We now define the notion of an Ap-good model.

Definition 26. Suppose that there is proper class of Woodin cardinals and that
" =PR)NLI).
Suppose that M is a countable transitive model, M is Ap-complete,
M [ ZFC + “There is a proper class of Woodin cardinals”,
and that (M, 6%1) is Ap-iterable where for each i < w, 6;M is the i-th Woodin cardinal of
M and
St = sup ({6iM i< w})
Then M is an Ay-good model if the following hold for all i < w.

(1) T4, "M = (T

(2) Suppose §; < k < 6%1 and there are no measurable cardinals in M in [8;, «]. Then
M
VM = (V0 LIZ][73)])
where Z C 6* is any set in M which codes M N V.

(3) Suppose 6 < sup {S}EAI | k< a)} and ¢ is a Woodin cardinal in

o \M
(L))
where N = Vs " M. Then § = 6§’ﬂ for some k < w.

(4) M factors at k¥ where « is the least strongly inaccessible cardinal of M above 6§W.D

We note that if M is an Ayp-good model then there is essentially no restriction on the
model below the first measurable cardinal of the model (beyond Ag-completeness) and
very little restriction below the least Woodin cardinal of the model. Thus the definition
of an Ap-good model is not as restrictive as one could naturally require as motivated by
fine-structural extender models.

The following theorem shows that Aj-good models always exist if there is a proper
class of Woodin cardinals,

" =PR)NLI),
and the Weak AD* Conjecture holds. However we shall not need this theorem and
moreover the proof does not need the full strength of the Weak AD* Conjecture, it just
needs that if L(A,R) i AD" then for a cone of x € R,
(T4)" % 1 (Lo, [xllra, 1)

is definable in (L,,, [x][TAO])L(A’R) from ordinal parameters.

Theorem 27 (Weak AD* Conjecture). Suppose that there is a proper class of Woodin
cardinals and that
" =PR)NLI™).

Then there is an Ag-good model. |
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S The game g;*(g

Suppose that there is a proper class of Woodin cardinals, and that
" =PR)NLI™).
Let X to be the set of all sequences
(Xg : @ <1y €R™
such that there exists a bounded set Hy C w; such that the following hold where
N = Ly, [{xe : @ <mllTa,].
and where
M = L, [Hol[7a4,]-

(1) M C N and M E ZFC.

(2) M® C M in N, N is a set-generic extension of M, and
N = M[G]
for some set G C (w3)".

(3) n=(w)" and
I{y < a)iv | v is a regular cardinal in M and (cof (y))" = wllv} N > (w3)V.

We note that since Ay is a universal set for
@

and since

I'” =PR)NLI™),
necessarily N = GCH. In fact, N must satisfy fairly strong condensation principles and
moreover if N is a set-generic extension of some inner model M* C N then necessarily

M* = Ly, [H"][7,]
for some bounded set H* C wq, but we shall not need this.

By the definition of X,
Xo € L(Ag,R).

By our assumptions Ag € I'™ and so it since Xy € L(Ag,R), Xp is universally Baire in
the codes.

Therefore if there is a supercompact cardinal then by Theorem 13 applied in Vi
where § is supercompact, the game Qﬁg is determined. The key question is which
player has a winning strategy.

The assumption that Player I has a winning strategy is likely a strong assumption,
indeed the assumption that just Xy, # 0 is likely a strong assumption. The natural
conjecture is that if there is a supercompact cardinal then it is Player I who has a
winning strategy. But we can only prove this under the additional assumption that
there is an Ap-good model M such that

M E “There is a supercompact cardinal ”,
though one can drop the key factoring requirement in the definition of an Aj-good
model for this particular application.

The proof that Player II cannot have winning strategy requires the following pre-
liminary theorem and here we exploit the lack of restrictions on an Ag-good model
below the least Woodin cardinal of the model.
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Theorem 28. Suppose that there is a proper class of Woodin cardinals and that
" =PR)NLI™).
Suppose that there exists an Ag-good model such that
M [ “There is a supercompact cardinal ”
and that X C R. Then there exists an Ay-good model M such that the following hold.

(1) M E “There is a supercompact cardinal ”.
(2) XNM e M.
(3) (Vsr NV X NN < (Vs X).

Proof. Clearly we can assume that CH holds. Let 7 be an w-iteration strategy for
(M, 6,,) which witness that (M, 6,,) is Ag-iterable where for each i < w, §; is the i-th
Woodin cardinal of M and
0y, =sup{o; | i < w}.
Let Z c w; be a set which codes (H(w1), X) such that for all n < w;, if
n = ()

then the following hold.
. N w1 € nnl,Ap N w1 € Nn] an
(L) X N (Hw)"™M € LIZ 0y, Ag N (H(w))"*™ € L|Z N 7] and
InHw)H" e [[Znn).

(1.2) ((H@ )™, X 0 (Hw)"?™, Ag 0 (H(w )M, T 0 (H(wy)) ")
< (H(w1), X, Ao, I).
By modifying Z is necessary we can also suppose that for all limit ordinals < wy,
{i<wln+ieZ}

codes 7.
Let & be the set of all E € My, such that in M:

(2.1) E is an extender such that LTH(E) is strongly inaccessible and such that E is
LTH(E)-strong.

Let By be the extender algebra with §p-many generators as defined in M using &.
Since 7 is universally Baire in the codes, J canonically extends to an (w; + 1)-iteration
strategy and so there is an iteration embedding

Jj (M, 80) = (M, j(60))
following 7 such that Z N i is M*-generic for j(Bg) where nn = j(dp). Note that since

J(60) = sup(j[dol),
necessarily 7 < w; and so M* is countable.
Thus
M*[Z N 6;]

is a 6-cc generic extension of M* where ¢;; = j(dp) is the least Woodin cardinal of M*.
M is iterable and there is a measurable cardinal in M* above d; and so

Z syt e M [ZNn 6l
Therefore by the choice of Z and since ¢ is a cardinal in M*[Z N &7 ],

68 — (wl )M*[Zﬂéa] — (wl )L[er&(*)] .

Therefore again by the choice of Z,
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(3.1) XN M*[Z N 6] € M[Z N 6]
(3.2) (Vor1 NM[ZN 6], X N MT[Z N 65)) < (Vipr1, X).
Note that 7 witnesses that M*[ZNd;] is an Ag-iterable since j is given by an iteration
of (M, 6p) which follows I and since
J(80) = (w1270l

The point here is that every strongly closed iteration tree on M*[Z N &3] is uniquely
specified by a strongly closed iteration tree on M* with critical point above 6;; and this
strongly closed iteration tree naturally extends the strongly closed iteration tree on M
used to define M*.

By Laver’s Lemma, Lemma 25, and the elementarity of j, for each i < w, M*
factors at j(k;) where for each i < w, «; is the least strongly inaccessible cardinal of
M above ¢;. Finally the first w-many Woodin cardinals of M*[Z N ;] are given by the
sequence (j(9;) : 0 <i < w).

Therefore setting M = M*[Z n 651, M is an Ap-good model and so witnesses the
theorem. |

Theorem 29. Suppose that there is proper class of Woodin cardinals which are limits
of Woodin cardinals,
" =PR)NLI™),

and that there exists an Ay-good model M such that
M [ “There is a supercompact cardinal .

Then Player I has a winning strategy in Q;‘(g a

Proof. By Theorem 13, Qﬁg is determined and there is a function
T:R™ >R

such that 7 winning strategy for either Player I or for Player II in the game Q’?(g and
such that 7 is universally Baire in the codes.
Assume toward a contradiction that 7 is a winning strategy for Player II in the game
fg. Fix Z c R which codes 7. By Theorem 28 and replacing M by M if necessary we
can suppose that

(1.1) ZNM € M.
(1.2) (Vo "M, ZNM) < (Vys1,2).

For each i < w, let 61M be the i-th Woodin cardinal of M and fix 68M <Y <Y1 <VY2
such that in M,

(2.1) v, v1 and 7y, are strongly inaccessible,

(2.2) 7o is y2-supercompact.
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Fix a set
A eP(y) "M

such that A codes M N V,,,.

We shall construct a play against 7 which defeats 7 by constructing a generic ex-
tension of M.

By Lemma 14 there is a partial order Py € V,,, "M such that Py is (y1)*-cc and such
that if Gy C Py is M-generic (with Gy € V) then in M[Gy] there exists Hy C g such
that the following hold.

(3.1) M), = M[Gy])e where € is the least measurable cardinal of M above 6?‘)4.
(3.2) Forall y € [yp, 1], if y is a regular cardinal in M then
(cof(y)"1! = wy.
(3.3) MI[Gol)y, € M[Hp] and in M[Go], M[HoD* < M[Ho].
(3.4) M[Hplis a (yg)M-cc extension of M.

Let
go € Coll (@)™, 67')

be an M[Gy]-generic filter and let
g1 € Coll ((w3)"), MIGol[go])y, X A)
be an M[Gy][go]-generic filter with go, g; € V.

Fix
By C (w)"
such that
M[Gollgo] = M[Gol[Bo]
and fix
By c (wy)"!
such that
M[Bol[B1] = M[Gollgollg1]-
The key point is that
(H(ws) 1™ = (@) P
By almost disjoint coding (in an iteration of two steps), there exists
So S (@)

such that S € V and such that

(4.1) Sqis M[By, B;]-generic for a partial order P such that
Pe H(w4)L[SO][TA0] o) H(w4)M[BU,Bl]’

(4.2) (w)MBo:Bil and wgﬂ[B 051l are preserved in passing from M[By, B ] to the generic
extension M[By, Bi][So],
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(4.3) (M[By, B1])” € M[By, Bi] in M[By, B11[Sol,
(4.4) (Bo, Bi,Mly,) € L[Soll74,],
(4.5) H(ws)IBIBISO] = (g5 HS0lrag),

By Lemma 8, there exists
S, c ((l)l)L[SO][TAO]

such that S € V and such that
(5.1) (LISollTa,D® < LIS oll7a,] in LIS o1[S 1174, ],
(5.2) forall ¢ < (w; )LISollTag] & is countable in L[S | N &][4,].

Since
Vort "M = Vi1 N L[S0, S 11[74,],

it follows that
TN L[S0, S1][7a,] € L[S0, S 11[74,]

and so there is a play against 7 by Player I in V yielding, (y, : @ < ) such that
6.1) So N7 ={¢] e =0},

6.2) Sinp= {f | Vot = ()},
6.3) n= (wy)HSollS1IITa0]

(6.4) L[(yo : @ <m]lta,] = LISol[S1][74,]-

Therefore setting
N = L,y((ya : @ <m)lTa,]
and setting
M = Ly[Al[Hollta,).

we have that the following hold.
(7.1) M € N and M [ ZFC.
(7.2) M® € Min N, N is a set-generic extension of M and
N = M[H]

for some set H C (w3)V.

(7.3) Let I be the set of all y < a)iv such that vy is a regular cardinal in M and such
that (cof(y))" = w). Then

1Y = (w3)".

This defeats 7 as a strategy for Player II and therefore 7 is a winning strategy for Player |
in the game, Q’?(g O
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6 The main theorem

We prove our main theorem. Recall that our convention is that a sequence (S, : @ < 1)
of subsets of A* where n < A* is definable from parameters in H(1") if the set

Z={¢a)| €S a<n

is definable from parameters in H(1%).

We restrict to singular strong limit cardinals A4 of countable cofinality since of
course our primary concern is the case where the Axiom I0 holds at 4. Also, the
following remarkable theorem of Shelah shows there is no reason anyway to consider
the case of singular strong limit cardinals of uncountable cofinality.

Theorem 30 (Shelah). Suppose that A is a singular strong limit cardinal of uncount-
able cofinality. Then
L(P)) E ZFC.

Proof. For the special case that A is a limit of Woodin cardinals, there is an elemen-
tary proof using the generic elementary embeddings associated to the stationary towers
defined at Woodin cardinals, [2]. We sketch the proof in that special case.

Let y = cof(4) and fix a Woodin cardinal ¢ such that y < 6 < A. Let Qs be the
countably based stationary tower at 6. Suppose that G C Qs is V-generic and let

j: V- McV[G]
be the associated generic elementary embedding. Thus
M® c M € V[G],
CRT(j) = wy, and j(w;) = 6. The key point is that this implies that
sup(j[A]) < j(D).

Let < be a wellordering of H(A) of length A. Thus j(<) wellorders j(H(A1)). Therefore
there is a wellording of (1) N V which can be defined in V[G] from

(JHW), jlA, j(<)
together with b where b € j(H(A)) is a wellordering of
P(sup(jl1]) N j(H(A).

But
JIH(AT) € LP)[G]

since H(A") is closed under Vs-sequences which implies the generic ultrapower of
H(A") given by G is correctly computed in L(P(2))[G]. This shows that in V[G], there
is a wellordering of (1) NV in

(LPW)” [G] = (LEP)'1.
Therefore since Q.4 is wellordered in H(1)",

L(P(1)) E ZFC. O
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In fact with notation as in the proof above of the special case of Shelah’s Theorem
where A is a limit of Woodin cardinals, the indicated wellordering of (1) N V defined
in V[G] from j and b, is definable from parameters in

(HQH)Y [G] = (HAH).

This in turn yields in V, a sequence (f, : 0 < @ < A*) of surjections, f, : 1 — @, such
that the sequence is definable in H(A") from parameters. Finally one gets a regressive
function
F:a" -2
such that F is definable in H(A") from parameters and such that for cofinally many
& < AF, the set
<" | F@)=¢}

is stationary in A*. Here the point is that for some 8 < A, Fjg must have this property
where Fg(a) = f,(B) for all @ > A.
Therefore (in V), for each infinite regular cardinal y < A there is a partition
(Se:a< )
of the set
ST =€ < 2" | cof () = 7}
such that (S, : @ < A™) is definable from parameters in H(1") and such that
{a < A" | S, is stationary in A*}

has cardinality A".

If the Axiom I0 holds at A then such partitions cannot be defined in H(1") on any
cofinality, and so the case where A has countable cofinality is quite different.

We note that by the large cardinal hypothesis of the Theorem 31, the game gjg is
determined and moreover there is a winning strategy which is universally Baire in the
codes. However, we only know that Player I has a winning strategy if in addition we
assume there is an Ap-good model M such that

M E “There is a supercompact cardinal”.

This accounts for the formulation of Theorem 31.

Theorem 31. Suppose that there is proper class of Woodin cardinals which are limits
of Woodin cardinals,
" =PR)NLI™),

Player I has a winning strategy for the game Qfg and that M is an Ay-good model.
Then the following hold in M at any A which is in M a singular strong limit cardinal of
countable cofinality above 6y, where g is the least Woodin cardinal in M.

1) There exists a sequence, (S, : @ < 6.7, of pairwise disjoint sets such that for
q 0 p ]
each a < 6(*, S, is a stationary subset of A* and

So C{n < A" | cof(n) = 6o},

and such that the sequence, S, : @ < 6}*), is definable in the structure, H(1"),
from parameters.
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(2) Ifthere is an elementary embedding,
J L(Vas1) = L(Vas),
with CRT(j) < A then the Weak Ultrafilter Axiom fails at A.

Proof. Clearly we can assume that CH holds. Let
TeLI™)

be a winning strategy for Player I in the game gfg and let J be an w;-iteration strat-
egy for (M, ¢;) which witness that (M, ;) is Ag-iterable where ¢, is the least Woodin
cardinal of M above §.
Let Z C w; be a set which codes (H(w), T,Aq, 1) such that Z N w codes M and
such that for all 7 < wy, if
1 = (w)"

then the following hold.
(1.1) TN (Hw)"?™M e LIZ N7, Ay N (H(w)"?™ € L[Z N7 and
I N(Hw)H" e L[Z ).

(1.2) ((H@ )™ 70 (H(w)" 0, Ag 0 (H(w)Y™, T 0 (H(w )2
< (H(wy),T,Ap, 1).

We also assume to simplify things that for all limit ordinals 1 < w;:
Q2.1D) {i<w]|n+ieZ}codesn.
Fix Yy € P(60) N M such that ¥, codes M. Since M is an Ag-good model,
P(60) N M = P(60) N Loy, [Y1[74,]-
Let & be the set of all E € My, such that in M:

(3.1) E is an extender such that LTH(E) is strongly inaccessible and such that E is
LTH(E)-strong.

(3.2) je(YoNCRT(E))NLTH(E) = Yy NLTH(E) where jg is the ultrapower embedding
given by E.

Let B be the extender algebra with §p-many generators as defined in M using &.
Since 7 is universally Baire in the codes, 7 canonically extends to an (w; + 1)-iteration
strategy and so there is an iteration embedding

J (M, 69) — (M, j(S0))
such that Z N i is M*-generic for j(Bg) where n = j(dp). Note that since

J(60) = sup(jldol),
necessarily 7 < w; and so M* is countable. Let 7~ denote this iteration tree, say of
length 77, and with models M7 for ¢ < 7°. The situation here is essentially the same
as in the proof of Theorem 28 except here we require that all extenders in the iteration
tree are from the image of &.
We claim
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(4.1) P(j(60)) N M" = P(j(60)) N Lo, [j(¥Yo)l[Ta,].

Fix an E € M;.(é]) of strongly inaccessible length which is LTH(E)-strong such that
Jj(69) < CRT(E). For each ¢ < wy, the iteration producing j can be continued by the
linear iteration

ke o (M, j(01)) — (Mg, kg 0 j(61))

of length ¢ defined using E.
Since 7 witnesses that (M, §;) is Ag-iterable:

(5.1) ke o M N Ta,) = T4y "M = (73,
and since CRT(kg) > j(0o), kz(j(Yo)) = j(¥p). Thus
ke (Lo OO D™ ) = (Lo, LYo [T4, )% .
This implies that for all j(dg) < & < w; and for all sufficiently large &, < ¢ < wy,

(Le 1) ™ = Lo Li(Yo)llra, ]

and this proves (4.1).
Since j is given by a genericity iteration, for all & < j(6y), if & = (w;)r1#¢] then
the following hold where MZ— is the £-th model of the iteration tree 7.

6.1) Mg NVe € Ly,[ZN€l,
(6.2) Mz NVe=M"NV.
This is because by the choice of Z,

I 0 (Hw) e L, [Zné&).

Note that (Z N j(69))* € M*[Z N j(6o)] and so in M*[Z N j(5p)], the set of & < j(5p) such
that & = (w;)"*11#"¢] contains a closed unbounded subset of j(5y) = (w; )™ ZN@01,
We now come to the key claims.

(7.1) j(80) = (wy)ker 200,
(7.2) j(Yo) € L, [Z N j(S0)].
(7.3) Forall £ < j(dy), & is countable in Ly, [Z N €][Ta,]-

By the definition of j, j(d¢) is a cardinal in L, [Z N j(dp)] and so by (2.1), the first
claim, (7.1), holds. By the definition of Z, if 7 is the iteration tree of length j(dp) + 1
which gives j then

T1j(60) € Lo, [Z 1 j(0)]-
The second claim follows easily from this, the definition of &y and in particular the
coherence of Y, by every extender in &, and the fact that at every stage of the iteration
the extender used is from the image of &y at that stage. We prove (7.3).

Fix & < j(dp) and assume toward a contradiction that &, is not countable in
L, [ZN&]lTa,]- By (2.1), necessarily

& = (w; )Lwl [Zn&ollTag]
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Let M;{; be the &y-th model of the iteration tree 7~ which gives M* and let
Jog : M — ML
be the associated embedding. Arguing exactly as above by continuing the iteration,
P(jo,g(00)) N Ly, [Z N jog,(60)1[Ta,] = Pjo.g(00)) N MZ;
Note that
&o < Jog, (00).

Since M is an Ap-good model, for all < &, 6 is not a Woodin cardinal in

Ly, (M N Vp)[Ta,].
Further for all £ < &

Jog(Ta, NM) = 74, N M

where Mg is the &-th model in the iteration tree 7~ which gives M*. Thus for all £ < &,
for all 8 < jo £(60), 6 is not a Woodin cardinal in

Loy, M 0 Vo)lTay].
If & is a Woodin cardinal in

Loy (MZ N Vi,)Ta,]
then &, is a Woodin cardinal in

Loy, M 0 Vg)[7a,]

since by (6.1)-(6.2), M* N Vg = Mg N Vg,. But then & = j(do), a contradiction.
Therefore & is not a Woodin cardinal in

Lo, (M7, 0 Vi)lTa, ).
But then joz, € Ly, [ZN&l[T4,] since the iteration yielding M™ is a genericity iteration.
This implies that &, is countable in L, [Z N &y][T4,] which is again a contradiction.
This proves (7.3).
By (7.1)—(7.3), there is a play against 7 by Player II in M*[Z N j(dy)] yielding
(Ve : @ < j(60)) € MT[Z N j(60)]
such that
Z N j(60) = {a < j(b0) | Yoo = 0}.
Therefore setting
N = Ly, ((ya : @ < j(60))[Ta,],
there exists M C N such that the following hold.

(8.1) M C Nand M E ZFC.
(8.2) M® € M in N, N is a set-generic extension of M and
N = M[H]

for some set H C (w3)V.

(8.3) Let I be the set of all y < wﬁ’ such that vy is a regular cardinal in M and such
that (cof(y))" = w). Then
N = ().
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Note that

9.1 w?ﬂ*[znj(éo)] = j(60),
9:2) wy PN < (g™
9.3) @y PO = (s,

9.4) wy PO = (o)

Let ko be the least strongly inaccessible cardinal of M above §y. Since M is an Agp-
good model, M factors at xy and so by Laver’s Lemma, Lemma 25, M* factors at j(kp).
Further again since M is an Ay-good model,

M N Vi, = L [Yol[7a,]
and so arguing as in the proof of (4.1),
M" N Vi) = Liwp [J(Yo)[T4,].
This implies that
M*[Z N j(60)] N Vi = Liwp[Z N j(60)1[Ta,]1 N Viy)-
Therefore there exists a transitive set M* such that the following hold noting that since
M® C M in N, (10.3) follows from (10.1)—(10.2).
(10.1) Mjuy) = (M) jixg)-
(10.2) M*[Z N j(6p)] = M*[H].
(10.3) (M*)“ c M* in M*[H].

Finally suppose that A > j(dp), and in M*, A is a strong limit cardinal of countable
cofinality.
Then
P NM

is definable in
H(/lJr)M”[Zﬁj(&o)]
from (H(1))"". Let I be as in (8.3) and for each y € I, let
T, = {a < @) | (cof@)™ =7}.
Thus
(T, :yel)
is definable (in our standard sense) in
HOH1Z0i60)
from (H(1))"". Foreach y € I,
Ty € fa < (A)F PO | (cof(a)) #0700 = VO < isy) = (cof(a))™ )
and in M*[Z N j(6o)], T, is stationary in (A+)* ZNjG0)],
Finally by fixing a term o for (H(A))" with o € H(A*)"", there exists I* ¢ I and
(T; ty el
such that:
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(11.1) (T; : y € I") is definable from parameters in (H(1%))""".
(11.2) Forally € I, T; C T, and in M", Tf; is stationary in (AHM,
(11.3) Forally € I, for all & € T, (cof (&) = ().

(11.4) |1 = ((Go) ™)™ .

This proves that the conclusion (1) of the theorem holds in M* for j(dy) and so by the
elementarity of j, (1) must hold in M for ¢y. Finally (2) is an immediate corollary of

(D). m|
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